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Otb peaaktopa pycckaro nepesoza.

Ipu o6paGorkbh Bropo# uyactu yuebhuxka Uesdpo Mul H3MBHHIM
CUCTEMY, KOTOPOH NpUAEPKHUBATHUCHL BB MEPBOH YaCTH, a UMeHHO BMb-
CTO TOro, yroGbl BhIbASTL HawM npumbyaHis W HOMOJHeHis BB OcoOwbe
oTxbabt Bb Kouub Kawaod wxnury, Mul nomvbuaems sxbcs v nNpumb-
yaHid W [OMOJHedis HemocpencTBeHHO 3a Thmu MmbcraMu TeKCTa, Kb
KOTOPHIMb OHH OTHOCATCH, OTMbYAs HXD NpPAMbIMM cKoGxamu [ ].

Kpomt toro, whkoroprie §§ opuruHana, Bb KOTOPBIXD C/MLI-
KOMb CKATOE H3/MOXKeHie MOrIo Gbi I0BECTH Kb HexopasyMbHiAMB,
u3NoMeHsl HAMM Bb uambHeHHoR u Gonbe nompoGHoit penakuin. Ham-
6onke cymecrsesHoMy wu3aMbHenilo BB 3TOMD OTHOUIeHiH f10JBEprca
§ 714, rpaxryiowidi 006b ycr0BinXx® HHTerpupyeMoctH yHKuUid, a
§§ 708* u 736* pcraBnensl WhAMKOMD Aas moscHeHia cabayoUIHXD 33
HHUMH CcTaTell.

Tnasa o nuddepenuianbHbIXD yPaBHEHIAXD MpeACTaBAsneTs co6010
He Oonbe, Kakb KOHCOEKTDb, KOTODHIF MOXHO pa3CMATPUBATb JHIUb
KaKb BBeleHie Kb 3TOMYy BaXHOMYy K OGWIMpHOMY OTAbAy anAnH3a; ans
10ApOGHAro ero H3yyewis Heo6X0AMMO O6DaTUTBCS Kb OIHOMY H3B
YKa3aHHBIXb CAMHMb aBTOPOMb, Bh MPENHCIOBIM Kb MEPBOH HacTH €ro
yueOHHKa, COYMHeHiH,

Msb aBTOpckaro nonojHeHin kb ero yueGuuky (Anhang) mui
uckmountn §§ 815 —— 825, BB KOTOpHIX® CO06WATCA HEKOTOPHIA
cebibHisi 0 BapialliOHHOMB HMCUMC/IeHiM, NOTOMY 4TO KpaTKoe H3/10XeHie
Ha4YaIb 3TOr0 WCYHC/EHis, NaHHOE aBTOPOMB, Mbl CYHTAEMB MAJIOLOCTYM-
HbIMb, 4 Pa3suBaThb 3TH Hayana noapoGuke, 4To ysenuyusaio Gbl pas-
mbpel U Ge3b TOrO OueHb GOMBLIIOH KHMrM, MBI HE cyuTanu Heo6Xomu-
MbIMB, Bb BUJIY OTAaNeHHOW cBf3W 3Toro oTabsa c¢b OCTAIBHBIMB
colepxaHieMdb KHHUIH.



Vi OTh PEIAKTOPA.

B® noacrpoynoms npumbuanin kv § 815, aBTOpb pekomeHAyeTb
st noapobHAaro  O3HaKOMJeHid b BapialiOHHBIMB  HMCUHC/IeHieMb
II-# romb ,Cours d’ Analyse*, C. Jordan’a n crateio Hadamard'a
B8b ,Bulletin des sciences mathématiques et astronomiques“, 1901,
cTp. 5, corepxaiuyio Bb ce6b KpuTHKY Hayans BapialiOHHArO0 MCuMC-
aenis. CoBpemMeHHOE H3J0MXKeHie 3TOro McuuciaeHis 4uTaTeNb HalneTsh BD
kuurs O. Bolza , Vorlesungen iiber die Variationsrechnung*“, 1909.

K. Jlocce.
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KHWUTA WECTAS

[AuddepeHuianbHoe ucuucnetie,

ANOOEPEHUHNPOBRHIE.
dyHKLiM 0Tb OAHON He3aBUCHMMON nmepeMBHHOM.

546. Be3xoHe4HO Malbld M O6e3kOHe4HO Oo/bmis. Besko-
He4yHO GO/NbIIMMDB WIH mnpPocTO OGe3KOHEeYHBIMb, KaKb Mbl yxe
3HaeMb, Ha3biBalOTh NepeMbHHOe 4YHCIO, cTpeMmslleecs NPeB3OUTH 1O
abco/loTHOH BenMuMHb BCAKYIO TpaHHIY, Kakb Obl BelvKa OHA HU Oblia,
a 6e3KOHeYHO MaJbiMb Ha3bIBATHL BcAKoe nepeMmbHHOe uncao, umbio-
uce npenbaoms Hyab !). HUrakb, nondrie o Ge3kOHEUHO MalOMb, PaBHO
KaKb M noustie o GeakoHeuHoMb (cM. § 254, b), 3akmouaers camo
Bb ce6b mnousrie 061 M3MEBHseMocTH. Takb, Hanpumbpb, 06beMb
TBepaaro Thia, noagBepramoIarocs TasHbIO, MOXHO Ha3BaTh Oe3KOHEYHO
ManbiMb, a 00beMb Heu3MbHHaro aroMa BO BCeJ€HHOH TaKOBLIMDB Ha-
3BaTh Heib3sd. Bt camomb nbab, ecan Gbl Mbl monbiTaaMCh CPaBHUBATDH
o0beMb aToMa cb 00beMOMb BCeleHHOH, npennosaras nocabaHilt Ges-
KOHEYHBIMb, TO NpPHHYXAeHbl Gblin Obl NPHHATH, YTO edHHHUA MEpHI
GeanpenkabHO BO3pacTaeTh, U KawIOMy 3HaueHil0 3TOH eIMHHUBI COOT-
sbrcTBOBao 6bl HbkoTOpoe uucno, ciayxauee Mbporw o6bema atoma
u yGuiBawouiee Geanpenbasio. CnbnosatenbHo, He camblil 06beMb aToMa,
a uucio, cayxawee o9 ero usmbpedis, Gbi10 66l nepeMbHHbIMB H
6e3xoHeyHO MaiabiMb. OIHAKO, CTaTb Ha TaKyl0 TOUKy 3pbHin MH He

1) A. Komn (Cauchy), ,Anre6panyeckit aHaausb* (1821). Bw +,Bulletin
de la classe des Sciences de 1'Académie de Belgique* (1901, p. 549) ubabix®
40 cTpaHHUb MOCBsLIEHH] ONpOBepXKeHilo 3Toro, 6yaro O6bl ,coBchMB MNMIOXOI'0
onpeabaenia®. Ha camom®b ke nbalt apryMmeHTsl aBTopa 3TOH CTaTbH MOryTb
CAYXKHTb, H TO TOJAbKO OTHACTH, YKa3aHieMb Ha HeAOCTATOYHOCT, HBKOTOPHIXD
O6ILEeNPHHATHX onpeabnaenift (BbposaTHocTe# u T. A.), BOCIOJHEHi€ KOTOPHIXD
HMEHHO H Tpe6yeThb YCTPaHEHi BCAKOrO HHOrO TOJMKOBAHiA TepMHHa ,06e3ko-
HEYyHO MaJjoe“, ‘



4 VI, 1, AHOGEPEHLIMPOBAHIE, §§ 546—547

MO¥EMh, NOTOMY 4TO BO BCAKOMD BblyHMC/AeHiH Bch Bxoasdulis BB Hero
yucna 0MKHH ObITb OTHeceHbl Kb OAHOH W ToH e eaunuub mBpsi.
Kakb 6u! Benvka HH Oblia 3Ta eAMHHLA, 06beMb aTOMa Bceraa Bblpa-
3urcd onpenbneHHBIMb UYHCAIOMB, MOXeTH ObITb, BECbMa MajbiMb, HO
TOCTOSHHBIMD,  JI/1f ACHAro nOHMMaHiA ucuMc/ieHin Ge3KOHEYHO MAJIHXb
HHKOrda He cabayeTs ymyckaTh H3b BHIA, YTO Oe3KOHEYHO MaJbid H
6e3kOHeyHO O60JblIiA YHCAa—BeNHYHHBI TO CAMOMY CYLIECTBY CBOEMY
nepembHHbIA, H YTO HXDb Hano, rosops ciaoBamu HeloToHa, pascmarpu-
BaThb, KaKb ,quantitates magnitudine determinatas, sed cogita semper
diminuendas sine limite“, 1. e. kakb GeanpeababHo yG6wiBalowis, pasy-
mberca no a6conoTHOH Bennuuub.

547. Izt Ge3kOHeYHO Manbisi BENMYMHBI HA3bIBAIOTCH BEJHYHHAMH
OLHOTO M TOrO e MOpAAKa, eClH OTHOUIeHie HXBb CTPEMHUTCH Kb KO-
HeuHoMYy npeabay, OTAHMYHOMY OTB Hyas. Ecaum e oTHOweHie oaHoO#M
Ge3koHeuHo Manoft 3 Kb APYroH a CTPeMHTCSs Kb Hyao (Takb 4to
eCTb NPOH3BeldeHie d Ha BelH4YHMHY TaKKe Ge3KOHeYHO Manyio), TO rOBO-
paTb, urto [ Ge3KOHEUHO Manad noOpsaka Beicwaro, vbMb a. Bb
NPOTHBOMONOXHOMB caydat, koraa ortHoutenie 3 kb @ 6GesnpenbibHo
BO3pacTaeTh N0 abcomorHoit Beanunnbs, § 6yners nopsaka Huazwaro,
ykMb a. He Bceraa, oanako, BO3MOXHO, Ha OCHOBaHiH 3THXB onpenk-
AeHif, pbuwHTL, 6yayTb A AaHHBIA 1Bb Ge3KOHEYHO Manbis OAHOTO H
TOro ®e TNOpAAKa, HWIH HBTBH, MOTOMYy uUTO OTHOWEeHie MXDB He Bceraa
crpemurcs Kb onpenbaennomy npeabay. Taks, Hanpumbpb, uucao

1
ﬂ = a sm —&-, OUYE€BHIHO, 6e3KoHEeYHO Majo OJHOBPEMEHHO Cb @, HO HEADb3A

CKa3aTb, CTPeMHTCH JH [ Kb HYJIO CTOAb ke GHICTPO, KaKb @, HIH
6ucrpbe *). Thub He menbe, ecan orTHoweHie § Kb @& NMOCTOAHHO KO-
ne6netcd, no abCcoNOTHOH BeaHuHHb, Memny ABYMS TIOJ0MKHTENbHBIMH
rPaHHIAMH, TO TIPHHATO CYUTAThb W ¢ G6€3KOHEUHO MaJBIMH OLHOTO
H TOoro xe mopsaka. Koraa pascMaTpHBalOTL OLHOBpeMeHHO Hb-
CKOJbKO O0€3KOHEYHO Manbixb, TO OGLIKHOBEHHO OAHY H3b HHXD,
CKaweMb @, BHIGPaHHYI0 TNO TPOH3BONY, HAa3bLIBAOTb [J1aBHOW Oe3-
KOHEYHO MaJ0l0, H PAa3CMaTPHBAIOTDH OTHOLIEHis APYrHXb Kb & M pas-
JHYHBIMB e cTeneHaMb. [IpH 3TOMD Ha3biBalOTh GE3KOHEYHO MaNLIMH
nopsaaka # (n > 0) T5 u3b HHMXDB, NOPALOKD KOTOPBIXH pPaBEHD TO-
paaky a* *¥). Takb, Hanpumtps, log (1 + a), sina, tga — 6Ges-
KOHEYHO Manbii TEPBATO TMNOPALKA, eclH @ TlaBHag Ge3KOHEeuYHo
manas. Ianbe, 1 — cosa — BTOpPOrOo, a — sina -— TpeTharo,
a sin (sin @) —sin? ¢ — wecroro, tg (sin a) — sin (tg a)— ceavmoro
nopsaka ¥ T. A.'). Bnpouemb, Hano sambTHTb, YTO He Bcerna BO3-

*) WnpiMH crosam, Oyners a4 S ORHOrO MOPSAKA Cb @, WIM BHICIIATO,
TaKb Kakb OTHoLleHie B/a HH Kb KakoMy npeabay He crpeMHtcs.
*+) WnbpMM cnoBaMH, J 6yneTn nmopsiaxa w, ecin limF CyllecTByeTd H
n

He paBend 0.
1y CMm. ynpawHeHia BB ,Mathesis® 1898, ctp. 31 u 1902, crp. 145.



§§ 547—548 @yHKIIM OTHL OAHON HE3ABHCHMON TNEPEMBHHOH. 5

MOXHO onpenbauTh MOPAROKD JaHHOH Ge3koHedyHO ManoH. Takb, Hampu-

= 1
mbpb, Ipu ¢ Ge3KOHEYHO MalOMb, e < H foga TaKxe 6e3KOHeYyHO Ma-

Abifl, HO Bb TO BpeMd, KaKb OTHOweHie nepsodt kb a* (§ 312, a)
CTPEMUTCH Kb HYJI0, KAKOBO Obl HH OBbIIO 4HCJIO #, OTHOIIEHie BTOPOH
Kb " Bo3pacraeTdh Ge3npenbiabHO mo abconoTHONH BeanuuHb, U Henb3s
CKa3aTh, KaKb BEIWKD NOPAAOKDB MepPBOH H KaKb Malb MOPAAOKD BTO-
po#l. Be3koHeYHO Manbisi BEIHYHHBI

1 1 —
T T Y a, sina,
log log — log —
g gaz gag
1 1
. al ¥Qa’2
l—cosa, a—sina, ..., ¢ , €

pacno/ioxeHn Bb TaKOMb nopaakh, yTo Kakmas U3b HUXD OE3KOHEYHO
Majla OTHOCHTeNbHO BChXb npeablaymuxs. [losromy, cuuras cnpaBa Ha-
15BO, HaX0IHUMD, YTO NOPANOKD Oe3KOHEYHO MajlbiX'b, Ha4uHHasi Cb MPO-
M3BO/JLHO GOJBIIOrO 3HaueHis, yGbIBaeTH U CTPEMHTCS Kb HYJI0. AHajno-
FHYHO 3TOMY MOXHO KJACCH(PHUUMPOBATh Ge3KOHEUHO GOMbLIiA BeTHYHHBL *).

548. 3ambrump 31bCch We, 4TO HecnpaBeIHBO OHIO Gbl CYHMTATh,
4TO BCAKas Ge3KOHeYyHO Majas uiau 6e3KoHeyHO 60/bLIas BeJHYHHA MOJY-
yaers onpeabieHHoe MbBcTo BB nmopo6uo#t ckanbt cpaBHenia. Takws,
Hanpumbpsb, Helb3s CKa3aTb, 4YeMy paBHO 4HCIO #, onpexbasomee
a

NOPSAAOKD BeJHYHHEI ﬂ:m~

Bt camomsb nbab, cb 0aHON cTOPOHSI,

3 1
SICHO, YTO # LOMKHO GblI0 6bl GbITh Gosblie 1 (noTomy uTO 'Z = loga

cTpeMHTCs Kb Hyaw BMbBcTh ¢b @), a ¢b Apyro#t ctopoHs, HEBO3MOXHO,
4yToGH # Owuio Gosbmie 1, Takb Kakb NMpu J0060MB # > 1 oTHOWEH]ie
. S
ar ar—llogu )
Bt ussbctHomb cmuicah (§ 169) MoxHo, mowanyi, ckasarth, 4TO BB
ckdnbt cpaBHeHiss, cocrosuledft u3b nocabgoBaTenbHBIXL CTeneHed «,

Bo3pacTaers GeanpenbisHo ¢b npuGamkeHieMd a Kb 0 ¥¥),

a
4HCII0 fog a JeXHUTH CpaBa OTb (., U YTO MOPAAOKD ero paseHnb 14-0.

TouHo Takb we TeTHO Oulio Obl HcKaTh MbcTO, KOTOpoe 3aHHMaeTdb

- - a
6eskoHeuHo Manas 3, cB#3aHHas Cb @, cooTHoueHieMb f = a? log—B—-
1 1

r 0= ’
t2log ¢ tlog¢
OTKyna BMAHO, 4TO f HOMKHO Bo3pacTatb GesnpembibHo, 4To6ul ¢ u 3

IlblcTBUTebHO, TONOXKHMBL o = ¢, Halimems =

*) PaacmotpbRie uXDb, OJHAKO, BCeria MOXHO 3aMbHUTh pascMoTpbHiEMB
1
6e3KOHEYHO MaJBIX'b, 3aMBTHBD, YTO MPH ¢ GE3KOHEUHO 60JBLUIOMb, e 6e3KoHeY -

HO Maioe.
**) Totomy 4to mpu u>0 lim a#» log a=0,
a—=0



6 VI, 1. nMoPEPEHLUPORAHIE. § 548

N [:3 _ n—2 n—1
CTPEMHJHCh Kb Hymo. 3ambuas Tenepb, 4TO Eﬁ_t (log?)™ ", BH-

JIMMb, YTO 0OpPH #>=>2 3TO OTHOlUeHie Ge3npedbibHO BO3pAcTaeTDH, a
npu # <2 cTpeMdTcs Kb HyMo, I[To3ToMy [ JeXuTh, Takb CKasarhb,
cabBa OTb a2 T. e, CTPEMHTCA Kb HYJ0 He CTOJb OLICTPO, KaKb a2,
Ho Guictpbe, ubMb BeAkoe @ npu 1< 2; ecIH YrOAHO, MOXHO CKa-
3aTh, yTo mopsinokb 3 paseHdb 2--0. O606imas sTH 3ambuanis, noso-
MHMB, YTO CYIIECTBYIOTH BOOGUIE aBa uuciAa # U #", A1 KOTODBIXb

B

an'’’

lim(;ﬂ;,:O, lim = 4 co-

Bb Takomb cayuab, oueBHAHO, MOXKHO 3aMbBHHTb BB 3THXDb DABEHCTBAXb
BCAKOE YMCAO 7' MEHBIIHMB, 4 BCAKOe #’ — GOJMBLIMMDB YHCJAOMb. SlcHO
O3TOMY, 4TO 4Mcna ' 06pasytoTh ancambib, umblowiit BepxHwO rpa-
nuy @ (§ 172), a yucna #”/— ancamGab, uMbOILi# HIKHIOW rpaHULYy
A, Opu YeMb, O4eBHAHO, A = u. Ecau ciyuurces, yro 3Havenin A u p©
COBMajawTb, U 00lias MXb BeJIHYHHA DABHA #, TO MOXHO CKa3aTb, YTO
mopanokb 3 paBeHb #, Korda 7 He MPHHAIEKHTL HH TOMY, HH ApY-
roMy aHcam6it0, XOT9 U He cyuiecTByeTb npeabna mwis C‘;—n~ Ho moxers
CNlyuuThCd, YTO # HAWGOJblIEE M3D yucenb # (T. €. MPUHALIENHTD Kb
lepBOMYy aHcaM6/i0) WM HaHMeHbllee H3b 4ucedb #  (T. e. MpHHALe-
WUTbH KO BTOPOMY aHCAMGM0); TOraa HasbpHO MOPAAOKDL 4Hcaa 3 He
pasendt #. Ero MoxHO 6bl10 6B M306pa3uTh BB NEepBOMB ciayuyab ue-
pe3b #-+ 0, Bo BropoMb uyepe3b # — 0. HaxoHels, MOXeTD CilyduThCH,
yto A He = @, W TOr4a Hcye3aeTb BCAKOE CPeACTBO HaMbpuTb mnops-
A0Kb YHcaa § KaKHMDb HHGYIAb YHCAOMDB. JLOCTATOYHO MPHBECTH NPHMBPD
6e3KOHEeUHO Manot

1 1
el

J=na R

IS KOTOpO#

.8 0 Bb cayyab n < 1,
lim - =
@ + oc BB cayuak » > 2.

B

3ambuaemMs, uTO -, He CTPEeMHTCA Kb HYJIO, MOTOMy 4TO MPHHHMAETb

Gesunc/eHHOEe MHOXECTBO pasb 3HadyeHie 1, KOrlia a MPOXOAHTDL pAlLb.
gnawenitt 1, 1, %, 4, .... Orcona cabayers, uro u=1. Touno

TaKkKe 2 He CTpPEMHTCA Kb iOO, MOTOMY 4YTO 3TO OTHOLUeHie ocTaercs

< e, KOrja ¢. MPOXOAMTDb PALDb 3HAYeHIN

1 1 1 1
y y y — 3

1 1 1

“log 2 3*log3 4 log 4 5710g5

2

CrnbnoBatenbHo, A =2. Jlns BeAkaro 3Hadenis s Mexay 1 um 2, oTHO-
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LeHie fn MOXKETBb HPHHUMATL CKOJb YFOAHO Majbil H CKOJb YyroaHo

6oJbilisg 3HAUYEHis, H HEBO3MOXHO YKasaTb 4MCIa, ciayxawaro Mbpow
nopsizka S.

549. OcHoBHasi Teopema. Korma rosopsats, uto nBb 6esxo-
HEYHO MaJ/bsg OTJMYAKTCA ONHA OTH APYrod Ha 6Ge3KOHEYHO
MaJylo BEHICIIATO MOPsANKa, WIH, YTO OTHOMIeHie HXB CTPEMHTCH
Kb npenbay, paBHOMY eAuHuub, TO 3TUMB YTBEPKAATH [Ba
NOJIOKEHifl, BB CYIIHOCTH PaBHOCH/ABHBIA, NOTOMYy 4YTO KaXIOe H3D
PaBeHCTBD

B—a i

lim ——=0, lim-~=1
a

Ry

ectb cabacteie apyroro ¥). 3ambrTusb CKasaHHOe BbiLle, JErKO NOKa3aTh
cabayiomyo, ocHOBHYI0 sl nuddepeHliatbHATO HCUHCIEHid, Teopemy:
llpenEn® oTHOWEHiA ABYXD 6e3KOHEYHO MaNbIX'B He H3MBHHUTCH,
€CIM 3TH 6e3KOHEYHO Majibli 3aMBHMTHL [PYTMMH, HMB JKBHBa-

8
JIEHTHbIMH. [IBACTBUTENBLHO, €C/IM HYKHO BBIYHUCIANUTE Npenbasb < M

nasbeTHO, uto B orb 3, @’ OTB @ OTAMYaNTC Ha Ge3KOHEYHO Malbis

7
BBICIIATO TNOPSALKA, TO AOCTATOYMHO BBIYUCAUTBL npenbab —57, H  3amb-
THTb, YTO
) \ o a . ’
lim L—:llm—ﬂ;-—ﬂ—,— . —=11m-[i, .
a B a ¢ a

550. MMonoxumb Tenepb, yTo NaHo HBKOTOpOE ypaBHeHie Mexmy
ABYMSl 6e3KOHEYHO MAIbIMH 0 = 3, KOTOPHIMB HYXKHO BOCMOJb30BATHCA
¢b crbpyoweit wubabio: pasnbauss 061 uyacTH paBeHCTBA Ha MPHJIHYHO-
BLIOpaHHYI0 Ge3KOHEYHO Majlyl0 y M Nepexois Kb npexbiaMb, BbIBECTH
PaBEHCTBO @ = b Mex1y IABYMs NOCTOSHHLIMU BeJdndnHaMU, O6bIKHOBEHHO
ypaBHetie o = 3 uMbeTh CIOKHBIA BHLD, HEYNOGHBIH WM Oake HeNO-
CTynHbid s npumbHeHil O6GbIKHOBEHHBIX® NMPAaBHIbL BbHYHCIEHia npenb-
JOBD; BB TAKOMDB C1yyah NOKa3aHHas TeOPeMa M OKa3biBaeTCAd NONE3HOI
NOTOMY, UYTO MNO3BOJSIETb Bb OOBHUXD YACTAXDL paBeHCTBAa OTOPOCHTH
c/1laraeMbisi, 6e3KOHEUHO MaJbil BHICIIATO MOPSANKA OTHOCHTENbHO ThX,
KOTOpbi ocraHyTcs. TakuMb 06pasoMb NOJMydYaeTcss HOBOe YpaBHeHie
a’=f’, 310 ypasuenie 6ynernb, BOOGIIE FOBOPA, He TOYHOE, 4, KAKb
rOBOPATYL, BEPHOE 10 Ge3KOHEYHO MANBIX'h BHICIIATO MOPSiAKA. ITO 0GCTONA-
Te/NbCTBO, OHAKO, HUKAKOTO BJIsIHIA He OKa3biBaeTh HA TOTH PE3yJ/bTaTh,
KOTOpbI XenalTh BbIBECTM H3B AaHHAro ypasdHeHin. I bHcTBHTenbHO,
pasnbaueb 06b wacTm HoBaro ypamHedin a’=" Ha y (WM Oawe Ha
ApYryo 6e3KOHeYHO MadyK ', IKBHUBATEHTHYK 7) M Nepexons Kb npenh-

*) Beskoneuno Manbla « H 3, yAOBIETBOPAIOILIA TaKUMD PABEHCTBAMD,
Ha3bIBAIOTh 3IKBHBAJEHTHBIMH.
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J1aMb, Mbl BCE€ TaKH MOJAYy4YHMD HUCKOMOE PAaBEHCTBO a=b, noTOMY 4YTO

a’ g B

lim 2 <iim 2| 4 limw 2. =lim
v 7 ¥

ar

i

3ambruMb, 0lHAKO, YTO HE BB 3TOMB COCTOMTE CYWHOCTh Auddepen-
uiaabHaro ucuucaedis. [dnddepenuiansHoe wucuucaeHie nNOAb3yeTcd CH-
cTeMaTHYecKUMDb npumbHeHieMb HbEKOTOparo cuMBOJa, Cb MOMOLULIO
KOTOparo AOCTHraeTcd TO, YTO MOXHO a priori GbITb yBBPEHHBIMB, YTO
NoJYyyeHHOEe YKA3aHHLIMB MyTeMb paBeHcTBO o ==’ GyxeTh TaKme
TOYHBIMDB, 4 He TOJbKO BEPHHMB 10 6e3KOHEYyHO MajbiXb BbICHIATO
nopsiaka. TakdMbs 06Gpa3oMb oOkasbiBaeTcd, 4yto npu 3sambub uyucean
o u B uucnamu o’ u B° Mbl oT6paceiBaeMb Bb 06bMXB 4acTAXb PaBEHCTBA
A'BACTBUTENLHO PaBHBIA MeX Ay co00010 Ge3KOHeYHOMAbIs BhICUIAro NOPSAKa,
camMu TOTO He sambuasi, ¥ TMPSAMO M0/yYaeMb GE3KOHeuHO Maiwsa o' =ay’,
B =by. A Torma nepexoids Kb npeabsaMb CTaHOBHUTCH yxKe He
HYXHBIMb, MOTOMY UYTO paBeHCTBO @' = 3’ HENMOCPEACTBEHHO 4aeTb H
a=0. Buuucnenie npenbiosd orxoauts, carbaoBarensHo, Ha 3anHilt
naans, 4To6el yetynuts mbcro guddepenniasHoMy HcaucaeHito, koto-
poe, KOHeuHo, ThMb He MeHbe, OcHOBbiBaeTcs Ha nousartiu o npepbat *).

551. PascmarpuBas audgepeHuiaibHoe ucuncaeHie ¢b HambueHHOH
TOYKH 3DHHIfA, MOXKEMT CKasaTh, YTO OHO 0O6f13aHO CBOMMB MPOHCXO-
#aeHieMd reniro Jleh6uuna. [fo Hacrofwaro BpeMeHH 3Ta HayKa coXpaHu/ia
Ty camyio dopmy, Bb KOTOpok OHa Gbina uso6phrena JleWGuuuemb;
coxpaHuiuch Th e HasBaHin u TH ke cumBosbl, usobpbrenie xoto-
pHIXH HalO MPUMHCATH HE CTOJLKO YyAayHO cibiaHHOMY BeIOOpY, CKO/IBKO
ocTpoyMilo u3o6phTarens. TwaTenbHOCTh, ¢b KoTOpow Jle#6uuus ab-
Janb BuIGOPD THXb WIM HHBIXD 0603HAueHilt, BUAHA U3b Toro dakral),
YTO, CPaBHHBasi CBOK MeTOLy Cb MeTonolw HblOTOHa (OAXHOBpEMEHHO
cb Jleii6uuueMs oTKpuiBIIaro auddepeduiatbHoe HcuncaeHie) U 3awM-
as es NpedMyulectsa nepeib nocibiHe, OHb [OBOPHUTEB, YTO ,CMO-
co6b 0603HaueHilt ecTh BaxkHad, 6pocaioiascs Bb [/1a3a, 4aCTe UCKYyCCTBA
u306phTaTh, M HaMb Kaxercda, YTO HawM o06Go3HayeHia Jyyue OcBh-
warTe cywHocts Akaa“ (donnent plus d’ouverture). (Oeuvres math.
t. V, p. 307). B HenasHee Bpemsd, BaXHOe 3HaueHie HOMEHKIATYDBl M
0603HayeHi cHOBa OblIO0 BHICTABJAEHO HAa BHABL JpHecToMb Maxomsb
(Mach), BB ero ,[lonyaspHo-HayyHbIX'D JEKUiAXB*, A5 OHB rOBOPHTH, 4TO
»CNoco6b BeIpaxeHis U whiecooGpa3Has cucTeMa CHMBOJOBD M TEXHHU-
YECKUXb TEPMHUHOBD IPEACTaBASIOTH COGOW He TOJBKO HEOGXONHMOE
noco6ie 41 cOBMECTHOH paGOTHl yYeHbIxb H A5 repelayd LOOLITHIXH
pe3yabTaTOBBL H3b MOKOALHIA BB nokoiabHie, HO BB TO e BpeMs OHH
MPeACTaBIAIOTDh COGOI0 Mpexie BCero eIHHCTBEHHOE CPeiCTBO H36aBHThL
yeqoBbueckylo mnamaTb M 4YeqaoBbueckit yMB OTB BCAKAr0 MSJHIIHACO

*) Hambuennass 3abcs BB 00MXB YepTaxd MbicAb nmoapo6Hbe pasBu-
Baerca fpanke B § 556.

1) Cm. P. Mansion ,Résumé du Cours d’Analyse* (crp. 209).
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Gpemend M TpyAa H TakuMb o6pa3omb cOepeub uxb ma Gonbe Bax-
HbIXb M Gonbe CyulecTBeHHBIXD akTOBbL MXb jbAtenpHocTH. Besikilt, kTo
3aHMMAJIC MATeMaTHYeCKMMH pa6oTaMH, HCOBITHIBAADL TaKoe 4YyBCTBO,
kakb 6yato ¢GopMyasl W CHMBOAL GepyTb OTYacTH Ha cels TPyab
pa6oTaTb 3a Hero, Wid, ynorpeGiss C/10Ba 3HaMEHHTaro Jinepa, 4TO
,ero KapaHaaws uHoraa GbiBaers ocTpoymHbe ero ronose“. ,Kakb
6b CTPaHHHIMB 3TO HH Ka3aloch“, TroBopuTb Maxb, ,HO CHIa MaTeMma-
THYECKHX'b HAYKb OCHOBaHA [/1aBHbIMBL 06pa3oMb Ha TOMBb, YTO HMb
NOCYACTIMBHIOCH YCTPAHHTh BCAKYIO JIHILHION pa6oOTy yMa M JOBECTH
SKOHOMil0 YMCTBEHHbIXb CHJIb A0 KpaHHxb mnpeabaosb. Kb 3aToMmy
uieany CTPeMSTCS M eCTeCTBEHHbIl HayKH, oco0eHHO HauGonbe pasBH-
This BETBH HXB“ '),

552. Mepsruiii guddepennians. Uab onpeabaenin (§ 281) npo-
u3BOAHOH HEKOTOPOH QyHKUIM ¥ 0T x crbayers, uto 0y =y dx 4 Q0x
A BCAKATO [J4HHArO 3HayeHis x, NpH YeMb Q CTPEMHTCH Kb HYJIO,
KOraa, NpH QHUKCHPOBAHHOMDb 3HaueHiM x, Gyxemb npuGamKaTh Ox Kb
uyaio. Takb Kakb pasHocTh Meway 0y M y'0x Ge3KoHeYyHO Manas mo-
piaka Buiclwaro, ybMbv dx, To npu pasbickaHin npenbJOBL MOKHO
“sambuuT Oy uyepesb y'dx. Mbl Bckoph y6baumcs BB 60ab1woR noab3h
Tako#t 3ambHu. BeanuuHy 3’0 x, Bb TOMb NPEANOJONKEHIH, YTO x He3a-
BHCHMan nepeMbnHas, Mnl GyaeTs 0603HauaTh 4yepesb Ay H Ha3biBaTh
aaddepennianoms dyukuin y. Hrakb, auddepenuiasoms ¢yHk-
iy HasbiBaeTcs MNpOM3BeAeHie NPOM3BOAHOH GYHKuUIM Ha
6e3KkOHeYHO Majoe TmnpHpauleHie, TPOH3BOJLHO MpPHNHCAHHOE
HesaBucuMo# nepembuHo# ¥). Hsb 31oro onpeabnenin ToTuyaChH
BHITeKalOTh Huxecrbayouris cabacTsia;

a) Iuddepenuianty Hezasucumaro mnepeMbHHaro x ectb He 4TO
HHOE, KaK'b POM3BO/ILHOE NPHpaUleHie, KOTOPOE MPUNUCHIBAIOTD KAKAOMY
3HAaueHil0 x M pa3cMaTPUBAIOTH, KaKb NepeMbHHOe 4YHCNO, CTpemauleecs
Kb Hymo. Bb camomb nbab, npu y = x umbem» 3= 1, u, no onpe-
nbaenito auddepenuiana (dy = y'dx), noayuums dx = OX.

b) Pasencrso, onpeabasiouee auddepenuiars, obpautaercs Tenepsb
Bb dy =y dx, 0TKyaa nonyyaercs
(1) v
D10 HOBOe 0603HAaueHie NMPOW3BONHOH M ynoTpebaseics Bb auddepeH-
uia/bHOMD HcuMc/eHid. [1pon3BOAHbIA MPeNCTaB/SIOTCA Tenepb yxe Kakb
OTHOIUEeHid, a He Kakb npeabas oOTHOWeHiIH ABYyXb 6e3KOHEYHO
MaJlbIXb.

¢) O6uinbe, oTHowenie auddepenuianoss AByXb ¢PyHK-
Hi# usobpawxaerTsh NMPOM3BOAHYIO OAHON PyHKUiH, B3ATYI0 MO

1y Hsb peuensiu G. Vailati (Rivista sperimentale di Freniatria, 1896).

*) Co6cTBeHHO TOBODS, NpHpalleHie 4 x He3aBHCHMOH NepeMbBHHOH ecTb
COBEPILEHHO TPOU3BOJALHOE YHCAO, W JHIUb Bb BHAY NPHIOKEHRIA ero o6bIKHO-
BEHHO pa3CMaTpPHBAIOTh, Kakb GE3KOHEUHO MaJoe.
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apyro#. Bb camomb abab (§ 284), ectn y = f(u), rab u dyukuia
OTb He3aBUCHMOH nepembuHOH x, TO

dy

dy = vidy = f' (yu'dx = f' (u)du, ' (4) = Tu

553. TeomeTrpHyeckas WHTepnpeTania. Ha kpuBo#t anuHim,
u306paxaeMoll ypaBHeHieMb y=f(x), Bb CMeXHOCTH Cb JaHHOIK Herno-
ABMXHOKW Toukow M, umbioueo
abcuMccy X, pascMOTPHMB ApPYTYIO
touky M, abcumncca KOTOpPOH mycThb
6yners x|+ dx. [Npeanonowuts dx
6e3KOHEUHO ManpiMb 3HaYuTh (§ 546)
npeacrasuts ce6h, yro Touka M’
ABHXeTCHd N0 KPHUBOH H CTPEMHTCH
cosnactb ¢v M. Myers H n Q
6yayTs TO4kM nepechueHia opaH-
Hathl TOYKM M’ Cb ABYMA NpPSAMbIMH,
NpOXOAALUIUMH yepedb M, npu YeMb
nepBas HW3b 3THXD NPAMHXb NapalienbHa OCH X-OBb, a BTOpas — Kaca-
TeJbHas Kb KpuBOH. Eciu x—HesaBucuMas nepembHHas, To, OueBHAHO,
Gynemsb umbte (§ 293).

MH=dx=0x, HO=dy, HM =dy.

Cnbnosarenbho, noacrasute dy BMbcTo dy, 3HaunTh npeHeGpeus
orpbskome ) M’ unu 3ambHuth Touky M’ Toukow () anm BCkXDb No-
AoxeHit Touku MM’ BB cMmexHOCTH b TOukow VM, umaye roBopd,
3aMbBHUTL KPUBYIO el KacaTeJbHOI Bb CMEXKHOCTH Cb KaXA0I0
NaHHOW e TOYKOIW. Bnpouemb, Kakosa Obl HH ObW1a He3aBUCHMas
nepembHHas, Touka (x+ dx, y 4+ dy) Bcerna NpHHAANENHTD KacaTeNbHOH,
TOrAd Kakb Touka (x+dx, y+dy) Bcerna npUHAAIEKHTDL KPHBOH.
Ho npu nannom® nonoxenin sropo#t touku M’ nepsas (x+dx, y+dy)
MoxeTh ObiTh Bb (J, Bb (), WM BB HHOMB NOJOWEHIH HA KacaTelbHOH,
CMOTPs NO TOMy, OyAeTh /M HesaBHcHMan NepembHHas x, y HAM Kakas
HUOyAb Apyras *).

554. TlpaBuna puddepeHuupoBaHis. Yrobel aud pepenuu-
pOBaTh NaHHYI0 (QYHKUiO, T. €. BLIUMCAHTL AuddepeHliant KakoH-
Hubyab GYHKUIH OTH X, AOCTATOYHO, HAa OCHOBAHiM onpeabneHis Aud-
(epenliana, BLIMHCIHTD NPOM3BOAHYIO M YMHOMHTL €€ Ha d a. TakuMb
o6pa3oMb mosyuyaemb

d(xr)=nxn—1ldx, der=evdx, dsinx=cosxdx, dcosx= -—sinxdx,
dx dx dx
dlogx =" "r digx =G darctgr =40y

*) T. e., cMOTPR 1o ToMy, 6yners a4 0x == dx, WiK 0y = dy, WIH HH TO,
HH Apyroe.
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. dx
darcsiny = -———- U T. I,
V12
x0T 6l x W He 6bulo HesaBHcuMol mnepembHuow (§ 552, c). Hseh-
CTHbIA TMpaBHJa Da3biCKaHid NPOM3BOAHLIXD TaKke JIerKO MepeBOAATCS
BB cootebTcTByOWin npaBuia auddepenunposania. Takb, Hanpumbpb,
4yTo6bl AH(PPEPEHUHPOBATh CYyMMY IBYXD HAM HBCKOAbKUXD GYHKILH,
Hago cnoxute AuddepeHuianst Bebxb  cnaraembixb.  JIuddepenuians
NPOU3BEAEHiI NBYXD QYHKUIH MNOYyYHTCA, KOra YMHOKHMD KaXAyIo
¢GyHKUiO Ha aMddepeHuiant IPYroft M CN10KMMD MOJYUYEHHbI MPOH3BeE-
aeHia, u T. 1. B camomb nbak, Mbl umbems

d(u+v)=@w+vydx= W +v)dxr=w'dx+vdx=du-+dv,

duv=(uvydx =uv'dx+ovuw'dx=udv+tovdu,

- > ¢

u w\’ o — ur’ vu'dx —uv'dx vdu--udv
d— = dx = dx = > = - -
v 2 2 e

M T. I *).

555. MocnbposaTenbubie auddepenuiansl. [lpexne, ubmb
HaTtH nanbe, HaMb Hano HbCcKoOAbKO OGJHXKe 3aHATbCA Pa3cMOTphHieM®b
cmbicna, Koropbih uMmbers auddepeHuiant HesaBucHMOH mnepeMbHHOMN.
[pu nanHoMd x nuddepeHiant dx ecTb Ge3KOHEUHO Majad BelHuMHa,
KOTOPYIO MbI TMpPeJABAPHTENLHO MNpPEANOJOKHMD 3aBHCALLEI OTb HbKO-
TOpo# Apyro#t 6e3koHeyHO MajJoH @, BbIOpaHHOH 3a rnaBHyw. Korna
Mbl MEepPeXOAHWMDB OTb OJHOrO 3HaueHids x Kb APYyroMmy, T0 HBTH HHKa-
KOro OCHOBaHifl CUMTaTb, YTO MPOH3BOABHBLIK 3aKOHDB, BbIPAMAIOLIIN 3a-
BHCHMOCTb dX OTBH @, OCTaeTcs Ge3b usmbHeHis. - [loaromy dx MOxHO
pascMaTpHBaTh Kaxkb (YHKUiO HEe TOJBKO OTb @, HO H OTDH X:

2) dx=q (¥, a)

Ecau npencraBumb ce6b, uTo OCb X-0Bb MOXETH RedOPMHPOBATHCH,
NpH 4eMb BCAKad TOYKA X MEPEXOAHTH Bb & +dx, TO ypasHeHia (2)
MOXHO pa3cMaTpHBaTh, KaKb BblpaMeHie 3aKOHA, MO KOTOPOMY TOYKH
1eOPMHDOBAHHOH OCH BO3BPALAIOTCA BB MEPBOHAYANbHbIA 0] OXEHIA
¢b NpuUbAHKeHieMb ¢ Kb Hyawo *¥). [IpoussoabHas GyHKUiA ¢ noxyu-
HeHa JHUllb TOMY YCAO0BilO, UTOObl OHAa cTpemHaach Kb Hy o BMbeTh ¢b @
u umbia nocnbroBarenbHbii dacTHbig MpousBoAHbiA (§ 368) nmo mepe-
mbHHOH x. [lpu >TUXDB yca0BisXb dx, Kakb (QYHKIA OTH x, TaKKe

*) OmHuMB CIOBOMB, NpaBuia aHddepeHUHpOBaHiS MOMYYaAOTCH H3b
NpaBUND Pa3biCKaHifs NMPOM3BOAHBIXDB, ecAd BB PopMyaHposkb nocrbanuxs 3a-
MbHIMB €C10BO ,IpOH3BOAHAA®, CIOBOMB ,autdepernians®. Ha atoms ocHOBaHiu
"Ha pyCCKOMB A3blkb TepMHHB ,AuddepeHnupoBaHie” ynorpebasgeTcs Kakb BB
cMblcab pasbickaHis MPOU3BOAHON, Takb U BB cMbicab paswickadis auddepeHniana.

**) Hedopmanio ocn x-08b Hago ceGb MpeacTaBUTbh COCTOAIIEH BB TOMB,
YTO CaMa OCb OCTAETCAd HEMOABHXHOI, a OTAbBJAbHbIA €4 TOYMKH no Hel nepemb-
walores (in sich deformierbar).
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uvbers nuddepenunians, KOTOpH Ha3biBaeTcs BTOPLIMB AUddepeH-
1ialoMB OTh X H 0603HAYaETCH 3HAKOMD A2y :

3) d’x =ddx =/ (x,a)dx = ¢ (x,0) - ¢,/ (%, Q).

Tenepr Mbl yCTaHOBHMB OXHO coOrjaiieHie, umbiollee NepBOCTENEHHOE
3Hayenie s Bcero mocabayiowaro. IlepBeiMb abioMb Mbl npuMeMs,
uTo 06a CBOHCTBA, KOTOPLIMH MO/b3YeTcd dx, a UMEHHO CTPeMieHie Kb
Hyatl0 BMBCTh ¢b @ M 3aBHCHMOCTb OTDb X, ABAAKTCA OTAhJIEHHHIMH
ONHO OTb APYTOr0o BDb BhIpaxeHiM (2). [l 3TOro KOCTaTOYHO MOJIOKHTD:

4) dx = ay(x),

NpH YeMDb HA MHiYTy Mbl eule O6yneMb CYHTaTh X (x) 3a NPOH3BOJbLHYIO
dyukuito orbs x. TakuMb 06pasomb, dx siBaserca Bb BULL mpousBene-
Hi ONHOH Ge3KOHeUHO MaJOH, He3aBHcsAlled OTHb x, HA (PYHKLiIO OTH X
cnbaoBarenbHo, dx GydeTh GE3KOHEYHO Ma/OK NEepBATO MODAIKA, H ee
OTHbIHB Mbl M NpuMeMb 3a raasHyw. [uddepenunpys nanbe, Mbl Haii-
IeMb OIHHDb 3a APYrOMb TpeTil, yeTBepTHH U T. A. AUPdepeHian :

dBx=a@r?+ 22", dix=atay3 4200+ By

Iuddepenuiant nopsaka #, T. e. pe3yabTaTb 7 NoOCThbrOBaTeNLHBLIXD
auddepeHunpoBaHifl, o6o3Hauaercs 3HaKOMD d"x U OyneTh Ge3KOHeu-
HO Majol #-To nopsanka, Kakt BuauM®B, pesy/bTaTh nociabroBartenbHbIXb
auddepeHLUpoBaHilt GLICTPO YCIOKHAIOTCH, U MHOTIS [PEHMyLIecTBa
aubdeperialbHaro HcUHCIeHis GbVIH 6bl MOTepPsAHbl, ecId 6bl Mbl ph-
IUMAH OCTaBHTb PyHKLilO ¥ (x) npousBoabHOW. [opasno whiecooGpasube
6yneTnh nojowmuTh y{x)=1, Takb Kakb TOoraa Gynemb uMbThb:

(5) d2x =0, ddx =0, dix=0, -

Hu Bch BHIUMCIEHI, KAaKb CKOPO OKAaXeTcs, 3HAUMTENBbHO YMPOCTATCA.
Bb 3TOM: M cOCTOMTH OCHOBHOe coriaiedie. Ero MoxHo ¢opmy.upo-
patb Takb: [lepBolii guddepenuians HezaBucHMoil nepeMBHHOMN
npefnojiaraeTcss He3aBHCAIMMD OTDH 3TOH nepembHHON. Teneps
JIETKO BLIYHCIHTL nocabrosarteibHble  aHbdepeHuiaabl M060H dyukuiu
M NOKasaTh, uTo #-Thil NUddepeHuians ecTh 6Ge3KOHeYHO Majad
#-TO NOpANKA:

a2y =ddy =d(y'dx) =dy - dx = y"dx - dx = yv"d 2,
d% = dd2%y = d(y"dx?) = dy" - da® = y"dx - dx® = y"d 23

v T. A. Boobue d"y=y™Mdx" ecin yciosumcs nucath dx» smbcro
(dx)" *). Takumb 06pasOMB, NPUXOAUMB Kb COOTHOLIEHiIO

6 : Y@y

dx®’

¥) Uero He Hago cmbimuath cb d(x") —na™ tdx.
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BKJIOYalouleMy Bb ce6b u pasencrtBo (1) (mpu # =1). Uraks: npowus-
BoAHAas nopaaka # HbkoTopo#t dyHkuid, B3fATan no He3aBH-
cuMoi nepembHHOM, paBHa oTHOwWeHiO #-aro Auddepenuiana
byHKUin kb #-0# cTenenn aAuddepeHuiana HesaBUCUMOH mne-
pembunod. Ilpu stomb (§ 552, ¢), npu #=1, MOKHO ONYCTHTL OrO-
BOPKY, 4TO TmepembHHas He3aBHCHMAa, a mnpu # >1 3rtoro cabaath
He/b3sl, IOTOMY YTO MpH TOCTbAOBATENbHHXD AHD(epeHurpoBaHiaxL 4y
Mbl T0/b30BaauCh ¢opMmyaamMu (5), a owbt He O6yayTb umbre mbcra,
eciM x He He3aBHcuMas nepeMbuHas.

556. Teneps Mbl BB COCTOSHIM NOHATL TO, HA 4TO BB § 550
661 1aHD TOJbBKO HaMekb. PaBeHCTBO Meway 6e3KOHEUHO MallbIMH
a’ = f (nonyyeHHoe uepe3b ycTpaHeHie GE3KOHEYHO Manbixb BbIC-
Ilaro MOpsfka u3b paBeHcTBa &= f) —6yneTHb HABBPHO TOUYHHIM™D,
ec/u Bb HETO He BXOAATDH HHUKAKif APyris 6e3KOHEYHO MaJjbid,
KkpoMb Takuxb, KOTODHIA MOJyYeHb TPH NMOMOWH AHPepeH-
LMpoOBaHifl, mpeanonaras, 4TO 3TO ypaBHeHie (mpuBeldeHHOEe Kb L baoMYy
Buay) cab/JaHO ONHOPOMHLIMDB, TaAKb YTO Bb HEMB OCTATHCh TOILKO
yleHbl HauHU3waro mnopsaka 72. Bb camomb Abab, 4To6bl MOAYYHTH
TOYHOE ypaBHenie Hamno Onuio 6ol pa3abaute 06h yacTH Ha da™ u ne-
pefit kb npenbay. Ho 3tors nepexods kb npegbay cabaanca ywxe
H3JUILIHUMDB, TOTOMY YTO OTHOWIEHI Mex Ay cTenmeHaMu Audde-
peHUianOBB, KOTAA 3TH cTeneHu OYAYTH O€3KOHEUHO MaAbIMHU
OLHOTO U TOTO K€ MOPfAKA, paBHbl CBOUMB npeabramsb, Takb
YTO UCKOMOE TOUYHOE PABEHCTBO Kakb pasb M Oyrers o /da* = f'/dx"
i @' = f’. Bb 3TOMD M 3aKni0uaerca Bech ceKpeTb AuddepeHiiaibHaro
ucuucienis. Kpomb Toro, olHOPOAHOCTb OKOHYATE/NbHHIXb COOTHOLLIEHIH
Mexay auddepeHuiaraMy CayXUTb CPeACTBOMB KOHTPO/AS Bb NpakTHkb
BoluHC/IeHi. Tenepb MOHATHO, HACKOMBKO BaXHO pasbickanie Audde-
peHUiaNbHBIXD GE3KOHEYHO MalbiXb, MOMYYaeMbXb OTHb NpeHebpexeHis
6e3KOHEYHO MaJIbIMH YacTAMHM BbICIIATO TOPsiAka BB ThXxb Oe3kOHeuHO
MalbIX'b, KOTODBIS IBASIOTCA MPU BhUMCAeHiaxb. [laa kawxparo a cyute-
CTByeTh 6e3uHC/eHHOEe MHOKECTBO GE3KOHEYHO MaMbiX'b, OTIHYAIONIHXCH
OTb O Ha 0e3KOHEYHO MaJblfl BBICILATO MOPSAAKA, HO MEWAY HHUMH HAaXo-
OUTCS TOJAbKO ORHA, parHad Auddepenuiany uvbkoropo#t ¢yukuin u.
Bb camomb abab, ecan ans apyroit ¢yHkuim v, pasHocth a — dv,
Kakb M 0 — du, Gbina 6bl GE3KOHSYHO MANOK BHICUIATO TOPAAKA, TO
6b10 6B AOCTATOYHO OTOPOCHTH 3TH GE3KOHEYHO Maibis Bb paBeHCTBh

du=dv+ (a — dv) — (a — du),

yTo6bl MPHUATH Kb paBeHCTBY d# = dv, Hasbphoe Tounomy. Cabaosa-
TeabHO, AuddepenLlianbhbia 6e3KOHEUHO Manbid, T. €, du v dy, cosna-
1alTh No BednyuHb, PYHKUA ¢ CyniecTBEHHO HE OTIMYAETCA OTb #,
notomy uto d(u# —v)=0, oTkyaa # — v = nocroanuo#. Bb npaxTnye-
CKOMD BHIUMC/IEHIM BCerAa CTapaloTcsd NpeacTaButh ¢ Bb Qopmb npupa-
weHia wbkotopoit dyukuin z (§ 552) u Toraa eauHcTBeHHas audde-
peHuianbHas Ge3KOHeYyHO Manas, KOTODYK) MOXHO MNOACTABHTL BMECTO a
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u 6yaeTb UMeHHO d#. TakuMb 06p430Mb, Cb MOMOILLIO CHMBOJA Ofe-
pauiu d, AnddepeHuianbHOE HCYMCIEHIE NOCTMrA€Th MOMHOH TOYHOCTH,
TaKb KaKb OHO €AHHCTBeHHBIMDb 06pa3omMb 3ambuAerTs BeTphyaeMbis
NpH BblYHC/IEHIH 6€3KOHEUHO Majblf APYTHMH, MOJAyYaeMbIMH MPH MOMOLIH
nuddepeHuupoBatifn onpenbreHubXb GyHKUiIH, ITH HOBbIA Ge3KOHEUHO
Majblsl CBA3aHH! TBMH e COOTHOIIEHiAMH, KaKifl CYUECTBYIOTH Mexiy
ThMH 6€3KOHEYHO MalbIMH, KOTOPbIA HMH 3ambHAIOTCS.

[ Mpumbuanie. Pascymnenin § 556 moryrsd nokasartbes He noauh
SICHBIMH 115 JHLb, BNEPBbie 3HaKOMALIMXcA Cb AHGdepeHLiatbHBIMD
HCYHCIEHIEMD, HO Cb NpuUMbBHEHIeMD 9THXDB pa3cywaeHilt Mbl BCTphTHMCH
JIIb Bb TEOMETPHYECKHXD MNPHIOKEHIAXD AuddepeHlianbHaro HcuM-
caenif, rab oHu M npeactasiatcs Bb Gonbe sicHoMb cBbrb. 3aber e
Mbl OrpaHdudMMca Humecnbayounmi 3ambuadiamd. Beskoe oaHopoaHoe,
Bb YKa3aHHOMD Bbllle CMbICTb, cooTHOWeHie Mexay AuddepeHuianamu
HbKkoTOpHIXD GYHKLIA 9, 2, ... OTb 0AHOH He3aBUCHMON nepembHHON x,
BB KOTODOE MOXETHL BXOAMTb H dx, Bb CYUIHOCTH NPELCTABIASETH CO-
OTHOIIeHie MexmJy NPOWU3BOAHBIMM 3THXB (YHKLIlH, B3THIMH 0O X,
TO/NbKO MEPEenUHCaHHOe Cb MOMOILLI0 HOBLIXDb, AHPdepeHLiaNbHBIXD
c603HayeHilt 3THXD> NPOW3BOJHBIXDB, YKa3aHHBXDB ¢dopmyaot (6). Utobbi
nepeidTH OTDb COOTHOLUeHIA Meway AuddepeHuiaraMd Kb COOTHOlIEHiIO
MeXy SIDOH3BOJAHBIMH, CTOHTDB TOAbKO pasabauTh Bch usneHbl nepBaro
_COOTHOILIEH{s HAa OAHY H Ty Xe Hamjlexaulyl creneds dx. O6partHo,
4TO6b OTDb COOTHOILEHI MeXAy NPOH3BOAHBIMH MN2pPelTH Kb COOTHO-
wedito Mexay adddepeHuianaMu, CTOMTH TOJAbKO HANHCATh BhIpaXeHis
npousBoAHbIXL Mo ¢opmyat (6) u 3arbMb noMHOWUTHL Bch uneHH Ha
onHy u Ty e crenedb dx. Hanpumbps, cooTHouenie

dz2=dx? 4 dy?

dz\2 dy\?
(@) =1+ (2)

2'2=14 "%

PaBHOCH/IBLHO DaBEHCTBY

HJIH

COOTHOLLEHie
dyd?z —dzd2?y = da3

PAaBHOCH/BHO PAaBEHCTBY

dy d*z ds d?y |
dx da® dx dx?
HJIH

yrzr/__ zryn = 1.

Ilpu Takomb pascMoTphHin cooTHOmeHId Mewnay AuddepeHuianamu, Bo-
Opoch O TOMb, 6YAyTH N4 3TH COOTHOLIEH{ss TOYHBIMH, WIH TOMbKO
BEpHBIMH 10 G€3KOHEYHO MajblXbh BEICLIATO MOPAAKA, OTMAlaeTh CaMb
cobow. CooTHoweHia 3TH, OyAyuyHd PaBHOCHAbHbLIMH COOTHOIIEHIAMDB
MEXIYy MPOHSBOAHBLIMH, T. €. COOTHOLICHIAMBL MO CaAMOMY CYMIECTBY
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CBOEMY TOUHbIMb, KaKb He 3aK/1i04aioiMb Bb ce6b HHUKAKMXD GesKo-
HEYHO Ma/lbiXb, OYAyTb, KOHEUHO, H caMH TOYHHIMH. Bmbctd cb ThMb
JAerko BUABThH, UTO HEOMLHOPOIHLIA COOTHOlIEHIA Mexay AHbbepeH-
wianamu He umbiors cMeicia. Bb camomb abab, ecain 6b Takoe cooOT-
vowenie umbio mbcro, TO nepenéca BB OAHY 4YACTh DPaBEHCTBA W/EHbI
HAWHM3LIATO MOpAAKA #, a Bb APYryio Bch ocranbabie, W pasnbausb
06t yactTy Ha dx™, NONyuuad Obl HEBO3MOXKHOE PaBEHCTBO Meway Hb-
KOTOpbIMb ONpeabieHHbIMb UYHCIOMD, He PaBHHMDB HYJI0, Cb ONHOH
CTOpOHBI, U NepeMbHHBIMD GE3KOHEHHO MalbiMb YHCIOMB — Cb APYTOH].

557. WamEHenle Hesasucumoit mnepembBuuoil. Popmyna (6),
npu s >1, BhiBedeHa Bb TOMD MpeANoJOXeHiH, 4To nepembHHas x
He3apucuMa. [Jo3TOMy, eciu KenaioTb BBECTH HOBYIO HE3aBHCHMYIO
nepembHHyi0 (4TO 4acTO GHIBAETbH HYXHO), TO TNpeXAe BCero Heo6Xo-
AMMO BepHYTb 3TOH# GopMynt ed OGIIHOCTL M NOTOMDb TOJbKO NPHCTY-
muTh kb 3ambuh npewsed nepembuHofi HoBO#. Cb 3To#f wbabio mocra-
TOYHO MOBTOPHTHL NocAbaoBaTeNbHbIA AHdpepeHLnpoBaHis BbipaxeHia dy,
BHIMOJHEHHHIA Bb § 555, HO He NONb30BaThCs NPH 3TOMD Gopmyaamu (5).
Takumb nyTeMb Halimemb

d%y = d(y'dx) = dy'dx+y'ddx =y dx2 + y'dx,

nanbe

d3y = y"dx®+ 3y dxd?x + V'dix,

diy = yIVdat + 6y da2d2x + 3y d2a? + 4y dxdix + y'dix
M T. A. VI3b nepBaro paBeHCTBA HAXONHMD
a2y d?x  dxd?y —dyd3x

o P Bl RO
N Y T d2 Y dan dx?
Touno Ttakxe

ddy , , d%x d3ax
w2 T 4
8 Y= s Y ae Y as
_ dd3y—3dxdPxd2y+3dyd?x®*—dxdydix
- dx®

u T. 1. Kb ThMb me pe3dyabrataMb MOwHO ckopbe mnpuatH, audde-
penuupys Hbckonbko pasb noab psaab dopmyay (1), cnpasennuByio
6e3b BCAKMXDH orpanuyedifi, IBHcTBUTENbHO, TOrA2 NOJYYHMDB

dy _dxdly —dydix

7 _ g
yrds = ddx dx?

oTkyna Beitekaetb dopmyna (7). Hubdepenunpys (7), Hainemdb

dx(dxdsy — dyddx) — 3d%x (dxd?y —dyd®x)
dx

y///dx —_

oTkyna nonyudtces (8) v T. 4. BnocnbiacTein HaMb MHOTAZ CAYUHTCA

pascMaTpUBaTh - KaKb CHMBOAD onmepauiu, cocrofiied BB pa-

3bicKaHiu mpou3BONHOH, B3ATOH no x. Coo6pa3Ho BbilleCKa3aH-
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HOMYy, ecaM Mbl 3Ty onepauiio eme pass XOTHMD IMOBTOPUTH, HE
Ha3Hauas He3aBUCUMOH nepembHHOH, TO HOMKHBI NPUMBHUTH CHMBOIB

4 4 Mexay ThbMb, Kakb CHMBOIDL a 6yners 0003HauyaTL Ty XKe
dx dx’ Y ! d x? y y
onepaiito, koraa 3a He3asUcuMyio mnepeMmbHHyl0 B3nTO x, Bb camom®
nbab, uan (7) mui umbems

d d d2 d®x d

Touno Ttakb ke u3b (8) noayuumsb

9 d dd_ d . d’xd? @2x®  ddx\ d
©) didzds dd Sdede T3 da dB)axn TR

558. Ynpawmwuenin. a) Ecan B wbrkotopoe BhipaweHie, colepwkaiuee Bb
ce6t nponsBoAHbI OTb ¥ MO X, WeldeMb BBECTH NPOH3BOAHBIA OTb y, B3ATHIA
no apyro#f nepeMbHHOH 7, TO MOKHO BOCMONb30BATHCA BbIBEACHHBIMH Bl MpEAbi-

aymwems § BoipaweHisMu V', y7, v/, ..., ecain v 3alaHa, KaKb QYHKLiA OTb f,
x d?x
H, cnbaoBateapbHO, H3BBCTHHI NPOH3BOAHLIA FTRT - JIbicrBUTEABHO, TA-

KHMDb NyTeMb HalxeMb

dx , _dy [dx\3  _ dxd®y dyd’x
a1 = at’ \di didf ~ dt df

<£1£>0 ”_ <dx>2 ddy dxd?x d?y dy (d2x>2 dxdyd3x

di)” di) a6 " CditdEdr T °di\de) T dididb

H T. & Ecan wxe, Hao6opoTs, HOBas nepembHHas ! 3ajaHa, Kakb QYHKLIA OTb X,
H MBbl XOTHM®B NMPHHATh ! 32 HE3aBHCHMYIO, To 6yaems HMbBTh BCeraa

dy dydt dy
|t A S !

(10) Y= dx T dtdx di'

Hanbe,yro6b1 BEIpasuTb ¥”, MOXHO BOCNOAL30BaThes dopMynomn (7), 3ambtuBb npea-

BAPHTENbHO, UTO BeabacTBie paBeHCTBA d2f =0 A0MKHO 6biTh 1"d X%+ Fd2x =0 %),
H cabroBaTenbHO,

dat _rag
an dx = dw= —
Orcrona. no gopMyas (7), Haitaems
2
(12) y=22 i Dy,

de

3T0 COOTHOLIEHIe MOXKHO Jerde NOJAYYHTb, B3ABH NPOH3BOAHBIA NO x OTh 06bHXD
qacTtell paseHcTBa (10). [loctynas aHajzoruyno stoMy cb gopmynoit (12), HaitaeMp

_ 43y dzy dy
4 3 4 B
Y=g B ot

*) di = tdsx, d?f = t"dx?+d?x = 0, Takb Kakb ! NPHHATO 32 HE3aBH-
CHMYI0 nepeMbHHYIO.
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Kb aToMy e pe3y.ibTaTy MOMHO NPUATH M Cb NOMOLIBIO Gopmyabl (8), HO He
CTOJIb NPOCTO, NPUCOCAWHUBD Kb (11) eime dopmyny

"o __ "
(13) d3x =3—i't"5t,i~dis,

KOTOPYIO MOAY4YUMB, HanUcaBb, 4T0 43¢==0 uau, AuddepeHunpys BTopylo dop-
myay (11), v 1. &

b) IToAoXHUMB, YTO KEAAITH NPUHATL 32 HE3ABUCHMYIO NepeMBHHYIO caMylio
GYHKUIIO ¥ ¥ BbIYUCAUTD NPOU3BOAHBIA «', x”, &/, ... OTB ¥, B3ATbi MO y.
dopmyabl (11), (13) u 1. A. AaAyTH

x':: 1 x” _ L{/ x///__: 3},//2 _:y!y/// ,
e

"’ P

VIX> MOXHO MOAYYUTH Mpollle, B3fBD NocibioBaTeibHbis MNPOM3BOAHBIA OTH

’

1
0o6buXB uyacTe#t nepsaro paBeHcTBa x' = e MoxHO TaKXKe BOCMOJb30BATHCA

dopMynamu (7), (8) 4 T. A, BblpasuBb paBeHcTBaMH d2y =0, d3y =0, ...,

YTO ¥ B3ATO 32 He3aBUcHMYI0 nepembHHylo. TakMMb nyTeMb MNpPHXOAHMD Kb
dbopMyaamMb

x’/ 3x’/2 — x/x///

N y///: oy

x'3 x5

1
y’=?yy”=_

KOTOPbI OTJAMYAIOTCA OTb NPEeALAYIIUXD TOAbko 3aMbHO OykBbl x Ha ¥y H
obpaTHo. Bupouems, sapawbe G0 0ueBUAHO, 4TO 3TH COOTHOLIEHI JOMMKHbI
6bITb CUMMETPUYHbl OTHOCHTEJbHO X M ¥, ¥ JXHACTBUTEIBHO UMD MOXKHO JaTb
BHID:

£y =1, x”x'_% +yrlyr*§' =0,

3x//2 — 2x/x/// 3y//2 —_— ley///
— + > =0, ...,

uWi¥ Jpyrie aHajoruuHble, MPAMO MNoAydaeMble AHddepeHHpoBaiiieMd NepBaro
paBeHcTBa x'y' = 1. CMOTps no TOMY, NpHMEMH JAH X HAH y 3a HE3aBUCHMYIO
nepeMbHHY0 Npd 3TOH onepalid, noAy4uMD NEPBOE WM BTOPOE U3b HUNKeCHb-
AYIOLUXD ypaBHEHIR:

xyy// +x’/y12 — 0, y:x// +y//x/2 = 0.
1 1
YMHOXas nepBoe Ha x'% WAM BTOPOe Ha y’2, moiyvaemsb
x//y/% —}"}/”,x'é — O.
JvddepeHnupys Xe nepeoe no y, a BTOPoe Mo ¥, Hafaemb

x///yfz + 3x//y//+y///x/2 =,
U T. I

c) Jlerko nokasaTb, uTo dxd?y — dy d?x BHIPAXAETCS 4epesb MeEPBbid
¥ BTODbIfl MPOU3BOAHbIA OTb X M ¥ OTHOCHTENbHO Kakoh yroaHo nepembHHOR #
¥ uepesb nepsHH auddepenitians 2 IloaTomy, NpH BHIYUCAEHIM 3TOro BhIpa-
MEHifi Bb PasAUYHBIXD JACTHLIXD CAYYAaSXb, MOXHO, Aif YNPOIUEHIA BBHIKJALKH,
NpUHATbL ! 3a HeaaBUCHMYIO nepembuHylo, ¥ 3apaHbe 6blTb YBbBpeHHBIMH, UTO
pesyabTaTh GYAEeTH CHpaBeJiHBD U TOTAA, KOrja ! He OYAETh HE3aBUCUMOIO TNe-
pembHHO0. BB camomb abak, Mbl umbeMmp
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dx dex dx d2?x

) ar 2 g

dx d°x 2: 4 =5 t+ a’t 5 an
— 4 2 = 4 2 dn

2 4 a‘y .. 2 y 'y

dy d2y —dtdt e dt+ dt 2 AR

HIH

; dx d?y dy d’x
29 _ 2y = | & 3
dxd?y — dyd?x <dt a2 T dt dt2>dt

d710 3ambyanie npuMbHUMO BooOLle KO BCAKOMY onpedbauTento #-ro nopsaxa,
Bb KOTOPOMB v-bili CTONGELs COCTOUTH H3B V-biXb AHddepeHUiatoBs # dyHKUIH.
Hanpumtps *),

dx d?x d3x
.2 3 ax a ihad
az dxdx‘ ‘dt ar a’f3‘
. dy d2y diy
2 3 = 2 7
dy dy dvy ‘dl ar ar |
dz d?2z ddz
2 3
dz d?z diz J : A2 4P

Bosspamascs kb BbipaxeHilo dx d®y — dy d2x, nOAOKHMB, 4T0 X U ¥ 060-
3Ha4aoTh J[lexaproBbl KOODAMHATHI TOYKM HAa IVIOCKOCTH M HpPelIOXHMb cebb
npeo6pasoBaTh €ro Kb NMOASAPHLIMB KOOpAMHATaMB # W 6. [loab3ysch npeaniay-
LiIMMDB 3aMbyaHieMb, MOXKHO, AJs YN polileHiss BBIKAAAKH, NPHHATH § 3a He3a-
BHCHMY!0 nepeMBHHyl0, M BB TakoMb caydal H3Bb paBeHcTBa X = 7 oS 0,
¥y = 7 sin 6, HAXOAMMB

dx=cosb.-dr —rsinb-db6, dy=sinb.-dr-rcosb-db,
d?2x =cosb-d2y —2sinb-drdb —rcosb.doz
d?y =sinb-d?r42cosb-drdb — rsinb.do2
OTkyaa BHIHO, YTO
dx dx
dy dy
M OKOHYATelbHO

14y dxd?y —dyd2x =1r2d® 4 2d0dr2 — vd0d2y = (#2 4 2#'2 — ") d 65,

dy A2y —rdb?
rdd 2drdb

—sinb6 cosb

‘ cos b simb

XoTa 3TOTH pPe3yabTaTh MoOAydYeHB BB NpeanonoxweHin 426 = 0, Ho oHb ocraercs

CrpaBeJHBBIME HE3aBUCHMO OTH 3TOr0, KOHEYHO, Npeanosaaras, 4to nogsb #”
a2r d dv _ d?r ,dze

NOHHMaeTcsd He —— e =

ae’ *gsdsae " ae
d) MNpennoxums ce6b npeobpasoBaTh BblpaxeHie paliyca KPHBH3HBI
(§ 348, ¢

_ 4yt
- /7
Y
310 BblpameHie He TpeGyerh, uTo6bl HempeMbHHO X 6blI0 HE3ABHCHMOIO mepe-

MEHHOIO, ecid Toabko noad ¥y’ 6yreMsb nmoapasymbsats es obluiee BruipaxeHie (7).
Takumb obpasomb, nmpuMbHsas ewe dopmyay (1), noay4ums

as) (da?+dy?)t

T dxd?y —dydx’

*) 310 BHITEKaeTh W3 OCHOBHEIXB CBOHCTBL onpeabaurenett (§ 17).
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Bb noaspHBIX® KOOpAHHATaxb uMbeMd
dx? 4+ dy? = (cosb-dr —rsind-do2 4 (sinbd.dr -+ »cosb-d)?
=dr2 4 r2de2,
a notoMy, npunoMuHas (14) v paspbaas udcaHTeds ¥ 3HAMEHATeass Ha d 63,
3
(2 4 r%)?
BT
OToMy BBIpAXKEHiI0 MOXHO Aath Goabe mnpoctyio ¢opMy, NOJE3HYI0 BB NPHIO-

WeHiaxb. Mbl Kb Hell MpuieMb, NpHHHUMAs, YTO ypaBHeHie KPHBOH JaHO BB Buxb
r = 1//(8) w BbIpaxas ¢ Bb QYHKIIH oTH f, /7, /”; MBl TOTYACDH HAXOAHMB

’ ” g 9 "o fr2
A g

P2y =

OTKy A
RV
S+

¢) Kp npyrums aambuatesbHBIMB (QopMaMb A @ NPHAEMDb, €CIH BBe-
AeMb HOBYIO nepeMbHHYI0 S, yIOBICTBOPSIOLLYI0 YpaBHeHiI0 ds? = da? | dy?
H 0603HAYAIOLLYI0, KAKD YBWAMMD BnocabICTBiM, ANMHY AYTH KDHBOH, OTCUH-
ThIBaeMy!l0 oTh HbKoTOpOo# naHHO# ToukH. Mckmouas d2x wan 42y M3b Qop-

Myabl (15), ¢b NOMOILLBIO COOTHOLICHIS
dsd?s = dxd?x + dy d?y,
T0JAYYHMD (POPMYJIbI

dyds? 0 dxds?
dsd’x —dxd?s °  dsd?y — dyd®s

Q= —

KOTOpbIS, Ha OCHOBaHiK (9), MOXHO HamHcaTh TaKb

ddy__ldy ddy_ldx,

dsds st ds ds st

31u dopmyabl, kotopbis BoocabacTsin (§ S591) okakyTcs OUYEBHAHBIMH, 0CO-
6eHHO NoJe3Hbl BB Bonpocaxb MexaHukd. Bo3Bsbilllas HXb BB KBaApaTh U CKJa-

JbIBasi, HAHAEMD
1 /d dx 2+ d dy\?
? \dsds dsds

HiIM, HA OCHOBAHIM cOOTHolueHis (9),

1 d2x\2 d2y\2 d?s\?

o=+ (@) - (7)°
559. Mpumbuanin. a) O6bikHoBeHHOe AU depeHLialbHOE HCUH-
ciaedie Bcebao OCHOBaHO, Kakb Mbl BUABAM BB § 555, Ha ycioBin (4),
Cb TNpucoeiuHeHieMb Kb Hemy fanbubiinaro: x(x) = 1. Dbeskouneuno
pas3auuHbisl GOPMBI, KOTOPbld MOXETH NPHUHATh AuddepeHuiaipHoe HCUM-
cleHie COOTBETCTBEHHO pas3duyHbIMb (opMvamb oyuxmiu y (x), Bch
CBOIATCA Kb OJHOH, NOTOMY YTO MEPexonb OTb O4HOH GYHKHIH X (x)
Kb Jpyrofl paBHOCWIeHb H3MbHeHil0 HesaBucumo#f nepembHHOH BB
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06LIKHOBEHHOMB AHM(pdepeHlianbHOMD HcuHcaeHin. YTo6el BB 3TOMB
y6banuTbes, Hano mpeanocaath, YyTo (Kakbs 6yneThb Moka3aHO BB Hayadb
cenbMOH KHHIH), Bb CHIy Heobxoaumofi HenpepbiBHOCTH yHKLin  (x),
BCeraa cyuectsyerb Hbkoropas ¢yHkuia / oTh x, NPOH3BOAHAA KOTO-
po#t paBHa x(x). Bb» tomMBb nuddepeHuiabHOMDB HCUHCIEHIH, BB OCHOBhH
KOTOparo JAexuTE QyHkuia y (x), Anddepenuiansl ¢yHkuiM ¢ 6yayTs

dt:t’dx=k—(l.%—)~a’x(x)=a, d?t=d3t=...=0,

T. e. cBoficTBa (D) mepeHocATcs Cb X Ha 7, U pa3cMaTpusaemoe audde-
peHuiaJbHOE HCYHCIeHie He OT/MYaeTcs OTb OOBIKHOBEHHAro, Bb KOTO-
pOMB 3a He3aBHcHMy® tiepeMbHHyio Basdta /. [lo3TOMYy ecTecTBeHHO Cb
camaro Hayajga [MpUNMcaTb He3aBUCHMOH nepembuHO# cBOHCTBO, cocro-
fulee Bb TOMB, 4TO e auddepeHuians yucio nocrosHHoe. [IpoTHBL
3TOro corjallexis, H3JaBHa BO3CTAaeTh COHMBb MeTadH3HKOBDB, HE OTAaBas
ce6t pasymberca AcHaro oTyeTa BB cMbiCAh OcmapuBaemMaro ycioBif.
ViHble MOHHMMaOTH €ro Takb, YTO Mosaras @ x MOCTOSHHBIMDB, HANO CyH-
TaTh, YTO dx uMberb omHO BecbMa Masnoe GUKCHDOBAHHOE 3Hauenie;
Apyrie, YTO x CKAYKAMH MEPEXOANTH Bb X +dx, x +2dx, x+ 3dx, ...;
TpeThH, uT0 dx ocraerca 6e3b uaMbuenia aub oTb oaHoro audode-
PEHLMPOBaHiA 10 Apyroro; HakoOHeWb, eCTb M Takie, Koropwle abnaoTsb
BUAB '), 4TO OpHHUMaiOTH BCk 3TH Henbnuifn M B3IODHBIA MHTEpNpe-
tauin Bmbcrb. [IpoTHB® Bcero aTtoro HyxHo moauepkHyTb cabayrouee:
CMBICTB  YC/IOBifl, YTO & x ~— MOCTOAHHOE, COCTOHTH Bb TOMB, MU TOJLKO
Bb TOMB, 4T0 dx OTDH x He 3aBUCHTDH. Korma rosoparts, u4to dx
CTPEMHTC Kb HYJIO, TO 5TO MOXHO ce6b mpeacTaBHTh NPOHCXOAALIMMB
crbayownms 06pa3oMb: OCh X-0Bb, 6yayuH mnepeaBHHyTa, KaKb TBEp-
nbIi cTepxeHb BAOJBb caMofi cebf, CTPEMHTCA MNDHUHATL Mpewwee
NoJ0XKeHie.

b) Onnako Bo3MOXKHOCTH cyulecTBoBaHia Takoro auddepenuians-
Haro HMCYMC/IeHid, Bb KOTOPDOMB He CYyLIeCTByeTh HHMKako# nepembHHO#,
umbioneti nocroaHHw# auddepenuianb, He wuckmoyaerca. [na Toro,
yto6bl Auddepenniaas HbkoTopolt dyHkHiM f OoTH x O6bUIL MOCTOSAH-
HbIMB, HeoOxoauMmo, utobu #’dx* - d*x = 0; cabnosartensHo, pas-
abaaa (3) Ha (2), HaxoaUMB, YTO §2§=

BuCkTh OTb & M TOJNBKO OTH X (NOTOMY 4YTO

d

e log ¢ (x, @) nonxuo 3a-
P] 7

[le’—x?= _%, rub ¢ pyHk-
uin oanoro x). Orciona BbiTekaerb, uyto @ (¥, a) = 7 (x) ¢ (a), rok
1 (@) — 6€3KOHEYHO Majoe MPH a Ge3KOHeyHo MaioMb. HuuTo nHe Mb-
iwaeTh O0603HaYMTL 3Ty O6E€3KOHEYHO Manyio .MPOCTO 4Yepe3b @, U Mbl
npUXOAMMB onath kb (opmyab (4). Ecim or6pocuMs 3TO  yciosie
(xapakTepuctuuHoe mis auddepeHuianwHaro ucuucaenis Jle#6uuua), To

1) ,Nuove considerazioni sulla metafisica del Calcol(_) infinitesimale
(M%mé)rie della R. Accademia delle Scienze dell’ Istituto di Bologna, 1895,
p- 309).
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BhiukcaeHis § 557 no ¢opmb oCTaHyTCs He TPOHYTHIMH, HO MPOU30KAYTH
usmbHeHis, rayGoKo sarparuBaloulis cBoHcTBa nocabaoBaTeNbHLIXB AHQ-
depennianoss. Takb, Hanpumbpb, €CAH NONOKHMB dX = 0e’, TO
d?x = a?edx = a®e2%, 4% = 2ate®**dx = 2a%¢*% u 1. 1., TaKkb
yto d"x GyaeTsh Ge3KOHEYHO Maow nopsaka 2# — 1, a He #, OTHOCH-
TenbHO ¢, U BMbBcro (6) Gynemb umbTh, npH # >1,
” . d?l 7
= lim

NpH 4eMb CUMBOAB lim Heabss oT6pocHTb. TOUYHO Takb ke, ecau Obl

x

Mbl MONOKHAH dx = (l¢ * H YCNOBHAHCH, 4TO G€3KOHEUHO Manoe YHC/IO
X
BCErada COXpaHseTh 3HaKb 4yHCAa &, T. €. UTO E>O’ Mbl HalaH 6bl,

yTo #-bllk  AubdepeHuiant Oyners quasi #-ro nopsaka (Bb CMbICAB
§ 548) orHocurensHo dx, HO pareHcTBO (6) ywe He umbao Gbl mbcTa,

A
Ht#cTBUTENRHO, OTHOMIEH|e 3%‘ 6ynerd 6esakoHeuHO GOJBIIHMD, N0 abco-

A0THOR BeanuuHb, u Bubero (6) npu BeakoMb # GyaeMb HMBTDb

d"y
y = lim —=
; =0 drx
T 217
L _ —2%
TaKb Kakb NpH dx = a¢ “(; > O> umbems dix = —ae ¢ d*y=

2 2
—yrdat oy dis Gl = —y oty lm

a—0 d*x

=4" u 1. 1. Io-

no6uoe nuddepeHuianbHoe HcuucaeHie, MOXeTb ObiTb, H MPEACTaBIRNO
66l HBKOTOpLIS BBIFOAB, HO OHO HaBbpHO moTepsio 6bl TH, KOTOpLIMHU
o6nanaetTs 0GbLIKHOBeHHOe, 6aarojapst NpPOCTOTH ¥ OAHOPOAHOCTH e€ro
Gdopmyab u Touno#t owbHkb mMopsaka Ge3koHeuHO MadbiXb. Hcuesno Gwl
[14aBHbIMBL 06pasoMb TG OOCTOSTENbLCTBO, Bb KOTOPOMDB MOXHO YCMO-
TpbTh (cornacHo ckasaHHoMy BB § 556) HacTosulylo npuuMHy Cyuie-
cTBOBaHis AuddepeHlianbHaro HcuHcaeHis. A HMEHHO, OTHOIWEHis Mexay
TAKUMH cTeneHsMd aAHddepeHuianob, KoTOpbis O6YyAyTb 6€3KOHEUHO
MaJbIMH OJHOTO M TOrO Xe TNOpsiaKa, He Oblid 6bl yme paBHbI IIpe-
AbaaMb 3TUXDL OTHOLIEHIR, W ucuucaeHie npexbnoBds He Oka3anoch 6bl
MOTJOUIEHHBIMB Bb 3TOMb HOBOMDb HCUYHCAEHIH.

dYHKIiM 0T HBECKONBKUX'D NMEepeMBHHBIXD.

560. YacTHbie gudfepeHuiannl. [lonoxumb, uto Bb GYHKIH
f(x, v, 2, ...) nepembHHBIMDb X, ¥, 2, ..., KOTODbIS CYUHTaEMDb He3a-
BHCHMBIMH, 1aHbl NPOHM3BOJbHBIY NpHpauledis Ox, 0y, 0z, .... Pas-
cMaTpuBas JaHHyl0 (YHKUiI0, Kakb QYHKUiIO OAHOTO X, OJHOTO Yy HT. .
(cpaB. § 367), moweMB HCKaThb ed aAuddepeHitiansl

dyf =/, 0x, dyf_—_fy’.ay, d5f=f€"(§z,
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Ha3biBaeMble yacTHbIMU OIuddepenuianamu. Cymma Mxb HaskiBaeTcs
noiHbiMb AuddepeHuianoMs u o6osHayaercs cumBonoMb o f. 3a-
MbTUMD npexne Bcero, yTo mnosHble AHGGEpeHIliaNbl HE3aBHCUMBIXD
nepembHHbIXD GyAyTb He UTO MHOE, KAKb UPOH3BOJbHBLIA MXDb NpHpa-

meHis dx, dy, 0z, .... Bb camomb nbab, monaras f = x, umbemn
fa=1, fy =f;=...=0, crboosarensto, dx = dx, 1 1. 1. [losTomy
qupmynbl onpenbasiowlis yacTHble nucpq)epel-lmanbl, JafyTh:
. d, d
so=%L, g 7

Takumb 06pasoMb, Kawias 4YacTHas NpPOW3BOJHAA TNPENCTABISETCH ,Bb
BHAb OTHOLIeHi NBYXDb 6e3KOHEYHO Manbixb. Jlns ymnpouleHis mUcbMa
MOWHO OTGPOCHTL yKasaTelM ¥, ¥, £, ... Bb uHcaurensxb. [lpu stomb
HEUero OracarbCi Kakoro-nm6o Hepopasymbuis, noToMy 4TO Kawabii
df Bb uncautent Gynerb usobpawarb uyacTHbif nuddepeduians, Bis-
Thii MO TOH mepembHHOW, KOTOpad HamucaHa Bb 3HameHarenk. Bmpo-
4eMb, TaKb Kakb uHOraa (cM. § 561) Bce-TakH Bo3MOWHO cMbiueHie
YaCTHbIXb AP depeHLianoss ¢b uxb cymMMOWw df, TO npuHATO *) npH
4aCTHBIXD AubdepeHLrpoBaniaxb ynorpebastb cuMBOoAbL 0 BMbBCTO o

H mMcath
——f Sy = f V=5 f

Bb 3TOMb BuAb YacTHHS NpPOM3BOAHHIT H GyayTh H306pamaembl Bb
HalbHBAMIUXDL BLIYUCAEHIAXD.

561. MNoaneie auddepenuianei. [lo onpentneniio noaHaro aud-
¢depenuiana umbemb

(16) df = 3 o Cdrt "f d_y+ fdz+...,

Koraa x, ¥, 2, ... HesaBucuMbli nepembuHbis. Ho Bawuo 3ambruth,
4to0 cooTHoweHie (16) ocTaercds cnpaBeANHBHIMB H TOr[a,
kKoraa nepeMbHHBI, Bb KOTOPHXb BhpaxeHa QyHkuis f, He
He3aBUCHUMBbisi NepeMmbHHbn. PascMotpuMb, Bb caMomb abak, dyHk-

uiwo f(u, 7, W, ...), Bb KOTOpO# #, v, w, ... QYHKUIH OTH KAaKOro
YroAHO YHMC/Ja APYruXb NepeMbHHBIXD X, ¥, 2, ..., yXe He3aBUCHMHIXb
OlHa OTbH ApYyroi. $ICHO, YTO uYaCTHbII TPOH3BOAHBIA (yHKUiM f no
#, v, w, ... BCeria MOXHO 0603HauaTh TaKb:
J7 A TV R
? w dw

NOTOMY 4YTO, NMPH BBLIYHCAEHIH 3THXDL NPOU3BOIHBIXD, %, ¥, W,
pa3cMaTpHBalOTCAd, Kakb nepeMbHHb He3aBucuMbisi, Ho moka mb emie

*) [lo npumbpy $Irobu, HO He BCEMHM aBTOpaMH.
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He Bb mpasb yTBepxnarb, uto onpenbasembit dopmynow (16) mnonnbi#
auddepenniand MOXeTh GbIThb BHpPaweHDd H (HOPMyJ0I0

2 ) 2 .
¢17) df=£du+£dv+a-{—;dw+---v

yTo6bl [OKa3aTb CMNpaBeNJIHBOCTb 3TOH Qopmyas, 3ambrumb cabay-
owee, Ecan Mw BOSbMEMD MPOH3BOAHbLIA OTH GYHKUIH f BH TOMD
NPEANONOKEHIH, UTO HSMEBHAETCA TOABKO X, HAH TOABKO ¥, H T. I,
TO MO MpapHly pa3bICKaHii NPOM3BOLHOH cnowHol ¢yHkuin (§ 369),
HaH1eMDb

d9f dfdu dfdv  df dw

0x Ouodx dvdr+dwdx+
gj__dfdu of dv  df dw

oudy T ovay Toway

oy " oudy Tovay +

[loncTasnaa 3TH BeipaxeHis BB (16) u 3ambuan, uro

du du du
Ey i ol e T S

du =

dv--——d + d+d dz 4o

Mbl M TOAyuuMDb ¢opmyny (17). Ee Hago pascMarpuBaTh, KaKb OCHOB-
HyI0 11 Bcero aMddepeHuianbHaro ucyuciaenis. BaxHoe e 3HayeHie
3dBUCHTD MMEHHO OTBH TOro OGCTOATENbCTBA, YTO [Js COCTaBleHId moJ-
Haro au(¢epeHliana He HYXKHO 3HaTb HH TOro, Kakis mepeMbHHBIS
NPHHATHI 32 HE3aBHCHMbIA, HH TOTO, KaKb BEJHKO YHCJAO STHXD TMe-

peMbHHbXDb, Ecan BB yacTHoM® cayuab y, 2z, ... Gyayrs dyHKuin
oTb x, TO0 M f(x, ¥, 2, ...) Oynerb ¢yHKuis OTH x, NPOH3BOAHYIO
KOTOpPOH MONyYHM®D, pasn‘lsnuab 06b vactn dopmynsl (16) Ha dx:
d g ofdy dfdz
4 _of | ofdy  ofd= "
dx dydx ' dezdx
Oto sambuanie oObicHAeTb nonb3y BBeneHie cumBona o BMbcTo o)
df of
T gyro -/- L *
noToMy 4TO - BooGlle He paBHA ox ).
. af
*) Wnorpa v HA3bIBAIOTD TOJHOI0 MPOH3BOJHOW OTB f (¥, ¥, &, . . .),
g
a 3{; — YAaCTHOK MNPOM3BOJAHOH; NPH BHIYHCIEHIH NepBOH NMPHHHMAeTCAa BO
BHHMaHie, 4T0 ¥, 2, ... OYHKI{H OTH X; [MpH BHIYHCIEHIH BTODOH, ¥, 2, .. .

pascMaTpuBalOTCd, Kakbh MocTosHHBIA. Hanpumbps, maas = 22 + xy + 32,

of _ a _ dy
= 2xty Go=2v+y + @yt 2
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562, TeomeTpuueckast MHTepnpeTanisi. UroGn ykasaTh reo-
MeTpHueckoe B3Hauenie nosHaro auddepeHuiana, no kpaHHe#H wmbpb,
s cayvasi ABYXb He3aBHCHMBIXb NepeMbHHBEIXD, pa3cMOTPHMDB (yHKLIO,
onpenbisiemyo ypaBHeniemd & = f(x, y). ITO ypaBHeHie H306paxaeTb
Bb JleKapToBHXDb KOOpAHHaTaXb HBKOTOPYIO MOBEPXHOCTb Bb NPOCTpPaH-
crBb. Tlonowumb, uto wbkoropas ayra MM’ kpuBoi, Jexaiie#i Ha
NOBEPXHOCTH, Mexny Toukamu M (x, y, 8) u M’ (x4 dx, y + dy,
2 4+ dz), npoeKTHpOBaHa NapasiebHO OCH 2-OBb HAa KACATEbHYI MJO-
ckocTh (cM, § 659, ypasHenie (3)) kb noeepxHoctd Bb Toukh A, u
nyctb npoekuis Toukn M’ Gynerv Touka (). Ha napamnenorpammb
P A P B, nexamems Bb naockoctd (xy), y Koroparo Touka P
umbers koopanHatel (x, ¥, 0) u cropown PA" =dx, PB =dy
(dx v dy npousBO/MBHLIA NPHpAlleHii x M ¥), NOCTPOUMDB napanie-
Jondnens ¢b peGpamu, napamiensHbiMd (JZ, W MNOJOMHMDB, UTO 3TH
pe6pa nepechkyTb KacaTenbHywo miaockocTb (kpomb Ttoueks M u (),
Bb KOTODBIXb 3Ta IUIOCKOCTh nepechkaercst ¢b pebpamu PM u P ()
Bb Toukaxb 4 u B. Ha kacaTenbHo#l nJOCKOCTH NOJAYYyMTCs Napanie-
norpamms M A () B, niaronann koroparo M (Q u A B nepechkytes
Bb TOYKb, nexamiet na cpennnbt To#t W apyro#i. ‘Iloatomy Oynemb
wibte M P+ QP =A4A4+ BB'. Cb npyro#i cTopoHbl, NpHNoMHHas

cKasaHHOe Bb § 553, Gymemb umbrh

oz oz
— 7 — [
MP = g, AA_z—f—dxdx, BB —z-}-oydy

0z 0z
Cnbnosarenvio, QP = z+ Wa’z + Wd ) =z 4+ dz. Wabimu cio-
BaMH, dz ecThb npHpaiuenie /A () *) opauHATHE KacaTeJbHOK MJIOCKOCTH,

BB TO BpeMsl, Kakb Oz ecTb npupaiuenie // M’ opanHathl camo#f noeepx-
Hoctd. 3ambHa 0z Ha dz pasHocuabHa, cabnopatenbHo, sambub no-
BEPXHOCTH Bb OKPECTHOCTH TOUYKH M KacaTelbHOW MNIOCKOCTBIO Bb
3TO# TOukk.

563. MocnbpoBaTensHoe aufPepennupopanie. Ecau b dyHK-
uin f(x, y, 2, ...) Oynemb pazcMaTPWBaTh OAHy H3b NepeMbHHEIXb,
& — Hanpumbpb, Kakb enaHHcTBeHHylo nepembHHyo, To Bchk cooGpa-
MEHifl, KOTODbIMH MBbl MO/Mb30BaJIHCh, KOrda FOBOPHIH O nocabroBaTelb-
HbIXb TNPOW3BOAHBIXB QYyHKUIH orTb oaHOH# nepembHHOMH, ocraioTcs BB
cu1h; mo3aTOMy MBI MOXeMDb H306pawaTh NocibioBaTenbHblsl YacTHBIA
NpOM3BOAHLIA OTb f Mo x BB BHIb

RBf  Bf o
ox2’ a8’ oat

YCUIOBUBIIMCh CYMTaTh MPOHM3BOJbHbIA NpupaieHin dx, dy, dz,
He3aBUCALUWMH OTb %, ¥, 3, . ... Jarbe, mbl Buakan (§ 368), uto

*) H —rtouka nepechuenia opaunatel M'P' ¢h NAOCKOCTbIO, fapaniaenb-
HOIO TIIOCKOCTH («x¥), NMpoXoxsielo uepessr M.
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NPH  BLIOAHEHIM HM3BBCTHBIXB YCNOBiH, Bh OOLIKHOBEHHLIX'H BHUHCIE-
HifXB> BOOOIE Bcerda Hmblouwmxbs MbcTO, pesyibtaTh # nocabaosa-
Te/bHLIX'D Y4ACTHLIXD ANQQepeHUHPOBaHil, Bb KOTODHIXDL 6€pPYyTDh i-—passb
NPOM3BOAHYI® MO X, j—Pasb Mo y, . T. L. (Z+j+ - - =n)
He 3aBHCHTL OTBH mnopaaka abuctsil. Tlo3TOMy MOMHO CuMTaTh, uTO
criepBa B3ATbl 7 — Pa3b MPOM3BOAHHIA MO x, 3aThbMb ; — pasb no y
u T. 1. Pesyabrats # nocibropaTenbHbixb AU GEPEHLMPOBAHIA yca0-
BHINCh 0603HA4aTb TaKb:

o"f

0xidyj¢)z;i
Hanpumbpb, 4acTHb MPOH3BOAHLIA OTH 2 -— QYHKUIM OTH X H y—
6ynyTnb
9z 0z 0%z 0%z s Bz s Bz oz
ox’ oy’ 02 oxoy’ ay?’ 0% 09x20y OxdyZ’ 5?’

INepsbis NATb, 4acTo BeTphuamolliaca BB TeopiH MOBepXHOCTeH, OGLIKHO-
BEHHO OG03HAYAOTH ANd KPaTKOCTH npocto Oykeamu p, g, #, S, 7.
Ilepexoas o1p pa3biCKaHii OPOM3BOAHLIXL Kb PpasbicKaHilo audde-
peHuianoBsh, Gepemb paseHcTo (16) M anddepeHunpyems ero, pas-
cMaTpuBas npH 3ToMb dx, dy, dz, ..., KaAKb BENHYHMHbI, HE3aBHCALLis
oTb X, ¥, & Toraa noayyaems

#fm(Lax+ Lay+ ) dwt S (L et Laye o) aye

f u . Y
dydxd) +

02f 02
dxzdx-—}- fdy2+ —}—20

Takb Kakb onepauitoc ¢ MOKHO H306pPasHThb HE3aBUCHMO OTb TOM
$yHKUiM, HAAD KOTODOW 3Ta Onepauis NPOM3BOAMTCHA, HAMHCABH

0 )
d= [).2, dx—}—o dy—}—g—zd;,—}—y
TO BHIHMDB, 4TO
dz__‘)_z.dx2+02.d2+...+2 il cdxd
—om T dway YT

HIH CHMBOJHYECKH

0 2
dz:(d dx+ dy—}—— dz—}—”-)-

IlndpdepeHunpys ewie pasb M NpPoAOMKan TaKb e panbe, oueBHAHO,
ApUAEMb Kb CHMBOJHUYeckod dopmyab:

dr = 0 -d d+o.d ...n
B TR At R R

Koropad npeinoaaraers (npu #>1), 4t0 %, ¥, &, ... HE3aBUCUMbIS
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nepembHHbIg. Ecau ke, HanpoTHB® TOro, uMbemb, Hanpum bpb, 2= f(x, ¥),
rob x v y QyHKUIH OTD NPYrAXb HE3aBHCHMBLIXD MepeMbHHBIXB, TO
nocaknoBatenbHoe nuddepeHUnpOBAHie HACTb:
df j 2. ( o o 2.0 of 4
dz a’x—l— a’y, d2z = g dx+d_j a’yf—l—g;dx—l—aﬁydy,

3 2 2
dbz — ﬁ.deri . dy)f+39-f; dxdix + 3£dyd2x

+Lexi Ly s Thdra+3; fdrdzy,

564. ®opmyna Taiinopa. Luddeperuiarbioe 0603HaueHie 1aeTh
BO3MOXHOCTb HamHcaTb ¢opmyay Taiiiopa (§ 330) Bb 3ambuarenbHo
npocroMb BHAbL, NMPHUMBHUMOMD OINHHAKOBO Kakb Bb ciAyyat oOn@HOH,
Takb H Bb cayyab HbECKOAbKHXB nepembHHBIXDB, a HMEHHO

(18) Of = df +4 Bf 4 Bf+ o dbf+- - -

OrpanuuuBasch nas 60/biuedi SICHOCTH cAyyaeMb OLHOH TepeMbHHOH,
sambTumMb, 4o dopmyna (8) § 330 MoxeTb OwTh HamHcaHa Bb cak-
aywoueMs Bunb:

(19) 0f(x) = /(%) 62 +477(x) 022 + 1/ (%) 623 - - -

(nonaras x —a = da, f(x)--f(a)=0f(a) n 3zambhas saTbmb
6yxBy a OykBoio x). Ecau npumeMb x 3a nepembHHyi0 HesaBHCHMYyIO,
10 dx =dx, f®(x)0x"=d"f, u popmyna (19) npunumaersp Buns (18).
dra nocnbaHaf, OueBHAHO, cnpaseqnuBa BooOuie (T. €. KOraa x He
He3aBucHMad nepembHHan), MoToMy UTO Kaxawi uienb ¢opmyan (18)
umberp onpenbieHHoe 3HaueHie, He CBA3aHHOe Cb ThMb WAH HHLIMD
BbIGOPOMD He3aBHCHMOH nepeMbHHOM. DTo sambuanie nHeo6xonumo, mo-
TOMY 4YTO OIUHGOYHO O6b0 6bl CKA3aTh, UTO W Bb OOLIEMD cayuab

af

n-bift unens Gopmyas (19) pasens -7 Yro6ul ¥ BB 06lleMb cayuab

noayuutb H3b Gopmyast (19) dopmyay (18) Hamo 6bi0 6bi B3ATH
BbIpaXeHie
Ox =do+id?x+ {d3x+ 0 déa+ -

BO3BLICHBD €r0 BO 2-yi0, 3-bi0 H T. . CTENEHH, HalHCATh
f=(dy+idl2xr+LdBx+ - ) fHi(dat+dad?x+. - ) f7+. ..
u co6paThb 3aTEMb 6€3KOHEUHO Ma/lble YI€Hbl OJHOTO H TOTO e MOpAAKa:

f’a’x=df, %(f’d2x+f”dx2)=v’;d2ﬁ
b Bx+3) dadiy A+ 1A )= § B,

565. NamEH-~Hie nepeMBHHBIXD He3aBUCHMBIXD. Ecau xotums
BBIPA3HTb YAaCTHbIA MPOU3ROLHLIA QYHKUIM f(x, ¥, 5, ...) 10X, ¥, 5, . ..
Bb HOBbIXb NEPeMBHHBLIXD #, ¢, W, ..., YHCAO KOTOPLIXB DABHO 4YHCHY
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NPEXHUX'B, TO, Pa3CMATPUBad ¥, ¥, 2, . . . KaKb QyHKUiH OTb &, ¥, W, ...
1 nu3mkbHsasg cnepsa oaHO #, 3aThMb OAHO ¢ W T. A., HalAeMDb

of 6f6x+6fd_y ofoz

du " oxout oyouT ds0u

of _ dfdx+dfd_y ﬂdz_‘_“‘

dv oxdv ' dydv ' 0z ov

Of 0fox  0fdy df0z

ow  ox dw+ dy ow ' 0z ow

of , 9

Sra cucTeMa JUHEHHBIXb OTHOCHTEIBLHO T’ y + -+ ypasHeHilt om-

0
peabautsy 3TH yHKuin, ecin onpeabauteinb

o0x 0y 0z
ou ou ou
o0x 0y 0z
=] 0v ov dv
0x 0y 0z
dwowow

He pasendb Hy0 '). STOTH onpexbanTens Ha3plBaeTCs (PYHKUiOHATb-
HHMDB onpexbanteneMd uau Ako6ianomMb cuctembl QyHKUIA x, 9, 2, ...
OTHOCHTENIbHO MepeMbHHBIXD %, U, W, ... H 00603HA4aeTCE OOBIKHO-
BeHHO cabayoWHMDb 06pa3oMb:

3_6(x,_y, 2, __)
T o, w, . .L)

Phwas pascmarpusaemyio cucreMy, Halizemb:

(20) O 10Uy z)

T 0w, v, w, o)
A TOYHO TaAKKeE

of d(x,f, & 1), of 1o/ ), ...

oy (u,v,w ) e Fowuvw, ...)

JIlis nodydeHia CrbAy0OIWMXb YacTHBIXB MPOU3BOAHBIXB (2-Xb, 3-Xb
W T. A.), HARO NOCTYNHTb Cb HalJEHHBIMH TMEPBLIMH TaKb, Kakb GblIO
MOCTYN/AEHO Cb dyHKuiew f.

566. K1 pascmatpuBaeMoili 3ajaubh npHBOAMTBL BONPOCH O Mpeos-
Pa30BaHid NAaHHATO YPABHEHis H/IW BBIPANKEHid, COAEPHAILArO MPOH3BOA-

1) Mol Bckopb yBHIWMB, uYTO ycloBie 3TO OYIeTb BHHIONHEHO, ECHH
X, ¥, 2, ... HE3ABUCHMBI OJHO OTH ADYTOrO.
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HblA OTB f MO %, ¥, &, ... TAKHMBb 06pa30Mb, 4TOGH Bb Hero BOLLIH
Npou3BoAHbs no HbkoTOpeIMB ApyruMb nepembHHbIMB. Toraa nano
BHIPA3UTh of, %, - -+ yYepe3db a—f, o, crey HEUH X, Y, 3

ox 0y ou’ ov AU
3alanbl BB BUAb QyHKUif OTB #, v, w, ..., TO RBHILIEHU3TOKEHHbIT
npoueccs npeanoutHTeabHbe Bcakaro apyroro. Muoraa cayuaercs, uyro,
Ha060pOTb, #, U, W, ... 3alaHbl, KaKb QyHKUH OTb x, ¥, 3, ..
Torna MOXHO HeNOCPEACTBEHHO HaNMCaThb:

0 of ou O0fdv  Of ow

1) L= djvrdx—i_d{;)dx—i_””
Ananoruyno 3ToMy HaftiyTca u %, %Lz; <+ W T. 4. “YTOGH noKa-

3aTh, KakUMb 006pasoMd 3TH (oOpMy/sl cBOLATCA Kb PopMyaaMb npe-
Abiaydro naparpada, Abnaems nocabaosatenbho f=ux, f=v, f=g, ...,
npeanoJaras, yro nposbpena (nmpieMoMb, KOTOpPHIH O6yLeTH H3/I0XKEHD
Bb cabayomes rn1aBb) BO3MOXKHOCTE DPa3cMaTpHBaTh H X, ¥, 3, .. .
Kakb ¢yHkuin oTs %, v, w, ..., umblomis npousBoanns. Toraa
HanneMsb

_0xdm  O0x0v  0x 0w
T Oouox ' dvdx ' owox

oydu Oyov 0y ow
“ouox T ovox Vowox T
d0z0u O0z0v Oz dw
onox ' dvox  owox

0 — NI

M3t 3THX® ypaBHeRilt HaxolHMD

ou _10(,5..0 0v_ 10(e..) dw_10(,35..0 |
Jo(w,w...) 0x  Joluw, ...) ox J0(uuv,...)

a noacTaeigs 3TH Bbipawenis Bb (21) Mbl U noayuums dopmyay (20),
Bb KOTODOH, BMPOYEMD, 3aKAOUAIOTCA H nocabanis dopmyabl, ecid no
ouepenH MONOXKuMD =1, f=v, f =w,

567. MoxHo u ApyruMb nyTemd npuatH kb dopmyad (20). M
ero 30kChb ykamemdb, UTOObl CE OYEBHAHOCTbIO OGHAPYMXHTb, UTO H 4aCT-
Hasg NPOM3BOAHA €CTh He YTO MHOE,Kakb HbEkOTOpOe OTHOILIEHIE,
a4 MMEHHO OTHOUIEHie AByXb YacTHHIXb AHG¢epenuianosb. Taks, Hanpu-

0 .
mbpb, uTOOB MONYUHTH ﬁ, MoXHO pasnbaute nuddepenuians

d
df = "fd +afdy+ - dx=gz(1u+d.~%dv+---
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nepBbifi Ha BTOpPOH, 06paTHBDL HXDb NPEIBADHTENBHO Bb 4YACTHblE, MPH-

uuMas dy =0, dz =0, . ... TakuiMb NyTeMDb MOJAYYHMD
of ox _of of ox _of (dyfdx_d_f_) o
F;W‘ﬁ)d“(ﬁﬁ—ﬁ Wt ow o)t =0
npu yciaosin. uyto du#, dv, ... CBI3aHB COOTHOUIEHIAMH
9y 9y 9y -
d—ud”+§5d7’+ﬁdw+’ = (),
0z 0z 0z
(Boipaxarowmumu, oyeBHIHO, paseHcTRa dy = 0, dz =0, ...). Hckmo-
vas du, dv, dw, ..., HAXOOMMB

0f0x of dy dz

0xo0u Ou ou ou
[ Of0x _Of Oy 0z
dxodv Jdv Jv Ov =0,
ofox O0f 0y 0z

oxow 0w ow ow

OTKyla M mojydaercsi Belpawetie (20) mns g£ .

568. llponsBoanas no JaHHOMY HanpaBieHi. Uto6e uMbTb
nbno cb onpenbreHHbIMB Ccly4aeMb, DOMYCTHMb, 4YTO HAdHAa (PYHKLis
f(x, ¥, 2) OTH Tpexb He3aBUCHMBIXD mNepeMbHHBIXB, T. €. BEJIHYHHE,
3HayeHie KOTOPOW HaHO 11 BCAKOH TOYKH (X, y, 2) MPOCTPAHCTBA.
Cambift ecTecTBeHHbI CNOCO6s 06061ieHIs NOHATIA NPOM3BOAHOM, KOTIa
oTb (QYHKUIH OTH OmHON mepeMbHHON mnepexolATh Kb PYHKUIAMD OTH
HECKOBKHX'D NepeMBHHBIXD, COCTOHTH Bb Huwecabaywiiemb, Pascmar-
PHBalOTDH TpHpalleHie, NoJyyaemMoe (PyHkIielo npu nepexoxb oTb oxHoU
Toukd M xb mpyro#t M’, w vwyTb npexbas OTHOWIEHiR 3TOrO NpHpa-
uenin kb anuwb 4 oipbska MM, b npexnonoxeniu, yto Touka M
OCTaeTcA HenoABHxHOW, a M’ ctpeMmutcs kb cosnagenito cv M. Tlpu
atomb Hanpaenedie MM’ cyuraercn usBbcTHBIMB M onperbaseTca Ko-
CHHycaMH a, 3, y YIIOBb, 06pasyeMbiXhb HMB Cb [OJOXKHTENbHBIMH
HampaBneHiAMH Ocell KoopaHHaTh., 3rtoThb npexbab H HasbIBaeTcs MNP oO-
H3BOAHOW HaHHOW (YHKLiM MO ZaHHOMY HampaBieHiw. Bb Kax-
oW Toukh, crbaoOBATENLHO, CyllecTBYeTh Ge3YHCNeHHOe MHOXECTBO
NpOU3BOMHBIXD, COOTBBTCTBYOIINXD pPa3iMYHLIMB HANpaBAeHiAMB, HO
Bch onb CBA3aHBI Mexay cO60K0 NPOCTHIMb M 3aMbyaTeNbHHIMB COOTHO-
WweHieMb. A UMEHHO, MpOM3BOAHAas no HanpasJiewilo (a, 8, ¥) paBHa

llmf(x_'_ah"y +.3hv 3+‘}’h) _f(xv_y1 z)
h

h=0

= i ’ ’ Of , p0f, . 9f.
_}llino[afz(x—}-eah, )+ Bf, (x4 Sak, "‘)+"’]=“E+35}+752
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[Ipy 3TOMDB 4YacTHbIA TPOM3BOAHBIA, NPEANOJAraeMbiss HENPEPBLIBHBIMH,
BHYHCAeHb! 11 Toukn . TlpeactaBums ¢e6h Teneph GeakOHEUHO Manyio
LIHHY d @, OT/IOXKEeHHY© OTb TOYKH A no npsMol, nposelenHo# ue-
pesb M Bb Hanpaenenin (a, $, 7). Ilpoussomnyw no pascMarpuae-

MOMY Hamnpas/ieHi!0 TMPHHATO 0G03HauaTh uepesb 35 TaKDb uTO
of f f 9 .
do T '3 T3,

Tenepb ¢ukcupyemtb onpenb/ieHHOe HanpabjeHie, HampaB/JAiOLlE KOCH-
HyCbl KOTOParo a,, f,, ¥, NPONOPUIOHa/IbHb MEPBLIMDB YACTHHIMB MPO-
M3BOAHBIMB (YHKLiH f, Takb 4TO

5 -dy =y g o G

dx 0y Oz

O6o3Hauas uepesb § yronb Mexiy HanpasieHismu (a, 8, 9) u
(ay, Bo, Vo), Gynemn umbrh
9 _
o — (@ayt 8Byt y1) VAT = cos s - V77

Ecin no wanpasnewito  (a,, 8,, ¥,) OTIOKMMDB OTpHE30Kb, paBHbIfH

]/Af, TO npoekuis 3Toro orpbaka Ha nwboe nHampasieHie
uambpaeTd  BeJTMYUHY NPOHU3BOAHOMH, B3ITOH 0O 3TOMYy Hampa-
Baenito. Ortciona, mMexialy npounmb, cabayers, uto (a,, 3., 7,) €CTb
TO Hampas/eHie, no koTopomy d¢yHKLis uambuaeTcs Bcero GmcTphe.
HanpoTtusb TOro, mo GesudcieHHOMYy MHOXECTBY Hanpas/ieHifl, nepreH-
IMKYJSPHBIXD Kb (ag, By, ¥,), GyHKUis uMbeTs cTpemaeHie ocra-
BaThCA MOCTOAHHOIO,

569. InddepennianpHpie nmapamerpbl. Takb HasbiB3OTCA Th
BLIPXKEHIA, COCTABJIEHABIS] H3Bb YAaCTHBIXD MPOHU3BOAHBIXD (YHKLIH, KOTO-
pbifi NOJIb3YIOTCA CBOWCTBOMD HMHBAPiaHTHOCTH, T. € HEe3aBUCHMOCTH
OTb BHOOpPa KOOPAHHATHBIXBL OcCeH. [IOHATHO, 4TO MOJOGHbBIA BbIpaMeHis
uMbBiOTH BecbMa BaxHOoe 3HaueHie BbL ['eomeTpin, Mexauuxb, Pusuxb u
BooOiie Beanb, rak abno uaers o cooTHoweHiaxb M cBOHCTBAXb, He
UMBIOIINXD HHKAKOTrO OTHOlIeHis Kb ThMb OCAMDb, KOTOPHIS BHGHUPAOTCS
sa KoopiauHaTHusA '). Taxb, nepBhif YacTHbHIA NPOWU3BOJIHbIA OTD ‘f, oye-
BHIHO, CBSi3aHBl Cb KOOPAMHATHLIMH OCAMH U usMbHAOTCA BMbcTh ¢Bb
HUMH; a cyMmMa uxb KBaapatoBb A f ocraercs Gesb uambHeHis, u
Ha 3TOMDb OCHOBAHiM HasbiBaeTcs AHMGdepeHUlaNbHBIMB TapaMeT-
poMb nepsaro nopsiaka. Bb camomb abnb, mp BUunkau BB mnpenbi-

1) Bb aroMb HampasieHiM pa3paGoTaHO, TaKh HashiBaeMoe, ,abCOMOTHOE
andoepenuiansHoe ncyncaenie” (Calcolo diff. assoluto), H306p'}s'reaHoe G. Ricci
(Pruun), npod. Magyarckaro Yuusepcutera (Bulletin des sciences math. et astr.,
1892, p. 186).
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0
nywemb naparpadb, uro A f paBuo kpaapary oTb 5{» B3ATOH BDb Ha-
npasiedin HaubbcTpbiwaro wusmbaenia £ ITo HanpasneHie, oue-
BH/IHO, 3aBHCHTDB TO/IbKO OTb 3HaueHidh yHKuikh f, a He OTH cHCTeMsbl
oceit, BuIGpPaHHOH 3a OCHOBY BbluHc/eHil ¥). TouHO TakKe HHBapiaHTHO
BbIpa¥eHie

o2 f o2f o2

YT A A
dx2 o0y2 ' oz

Ha3biBaeMoe NH¢ G epeHUialpbHBIMD MapaMeTPoOMDb 2-T0O TMOpsAKa.
I biicTBUTebHO, B3ABD ellle Pa3B MPOH3BOHYIO 1O HANpasieHio (a, £, ¥),
NONYyYHMb

T asegtragl s )+-ﬂdy< wslvsflv )+

o2
O6uiee MbEcTO TOUEKD, AN KOTOPHIXDL 3Ta BTOPass TMPOM3BOAHASA 05"

paBHa HY/0, 6yNeTh KOHYCH BTOPOrO MOPAAKA;

(22) @,

f 3 S -
..+2a36xdy+..._0

(a, 8, v pascmatpHBaioTcd, Kakb KOOPAMHATH TOYEKb HA KOHych, a
X, ¥, &, KaKb MOCTOAHHBIA). $ICHO, YTO 3TOTD KOHYCH He 3aBHCHTD OTD
Bhibopa oceit. [loaToMy AMCKPHMHHAHTD KBaapaTHuHOH dopmbl (22)
(oTHOCHTeTbHO @, 3, 7), pasHeifl onperbantenro lecce ¢yHkuin f,
6yners uHBapianTOMDb, M ThMb Xe CBOACTBOMD HHBapianTHocTH (§ 89)
NoJb3YIOTC CYMMBHl €ro IJaBHbIXb MHHODOBDL TMepBaro W BTOPOro 10-
pAAKa, a Bb 4acTHOCTH H A?f. Pyukuim, a1a koTophixb Bcerna A%/ =0,
(ypaBuenie Jlannaca) Ha3bBAalOTCA TapPMOHHYECKHMH (QyHKuiaMu (cM.
§ 401) u wrpaloTb BeécbMa BAXHYIO PO/b Bb NPHAOKEHiAXD. [apMoHHue-
ckow dyHkuielo Gyners, Hanpumbpb, Temnepatypa Thaa, HaxomAwarocs
Bb TepMHUYecKOMDb paBHOBhciM, morTeHujann BHE mnpocTpaHcTBa, 3aHu-
Maemaro mbBACTBYIOIMMH MaccaMu H T. 1. *¥).

570. Ilpeanayuwis coobpaxeHis 6pocaioTb HOBbIH ¢BBTH Ha BO-
npocel u3cabaoBadin 0 maxima W minima ¢QyHkuil oTbH HbBCKOABKHXD
nepembHubixb. Eciu nposesemb yepesb Touky M mpamyio W Gyaemb
pascMaTpuBaTh TOJbKO Th 3HaueHin (yHKUiM f, KOTOPHA OHAa NMPHHH-

‘

*) Jlerxo HenocpeicTBEHHO TPOBLpPHTH, 4TO

5]+ 530+ 6o = o)+ )+ )

eciu x, y, & CBAssHB Cb x/, ¥/, 2/ W3BbCcTHHIMM QopMysaMu mpeobpasoBaHis
[IpAMOYTOJIbHEIXE KOOPAMHATD.

*¥) Teopif rapMOHMYECKMXDb (OYHKUIH ¥ UXB NpHIOKeHis noipoGHO pas-
BUTBI BB counHeHin Weber-Riemann, Partielle Differentialgleichungen der
mathem. Physik, 5-oe usx. 1911.
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MaeTh BB TOUYKAXb Ha 9TOH mnpsMo#, TO sCHO, uTO ¢yHKIUinA f BB
Toukt M — HaB‘l;pHoe 6yneTs maximum wid minimum, eciu BbL 3ITOH

Toukh I_. 0, a- f He paBHo 0. Tak®b Kax®b ypaBHeme df—— 0 yno-

BJIETBOpﬂETCﬂ e 6e3qucneHHaro MHOXeCTBa HanpaBneHm, nepneHnu-
KYMPHBIXD Kb (&g, Bos Yo)s TO Mbl BHINMB, UYTO 4Yepe3b KaXAYIO
Touxky M BB npocTpaHcTBh MOWHO mpoRrRecTH GesuucaeHHOE
MHOMXECTBO MPAMBIXDH, JeKalHXDb Bb OJHOH MIOCKOCTH, BAOIb
KOTOPHXD ¢yHKuis f BB Touxkb M Gyners maximum wuau
minimum; uckmOYeHie MOTYTH MpPEACTaBIATb ToJbKO HEkoOTOpbIA mps-

. 02
Mblfi, a UMEHHO o6pasyiowwis KoHyca (22), Ha KOTOPHIXBH H d—g{:O. Bce

3TO OTHOCHTCA Kb TOMY [peanooxeHiio, 4o Bb Toukk M He pasHbl
HY/MIO OJHOBPEMEHHO BCt TPM MEepBbIl YaCTHBLIA NMPOM3BOAHBIA OTH [ MO

9
X, ¥, ®; Bb NPOTHBHOMB cayuyah % 6bl1a 661 paBHA HYJIO MO BCAKOMY

Hanpasnewio (a, 8, y), u dyHkuia f BB Tako#h Toukb M Guaa
6bl maximim MAM minimum BROJb BCEBO3MOKHBIXD NPAMBIXb,
yepes3s Hee NPOXOAALIUXD, 33 UCKIIOUEHIEMb, MOXETH ObiTh, ThXb,
KOTODbIA JeXaTh Ha MOBEPXHOCTH KoHyca (22). Ecaum 3ToTH KOHYCDH
02f
0 ¢?
AHHBIA 3HaKb A BCchXb HanpaeneHill, Takb Kakb 3Ta NPOHU3BOJHAA
dyHKLia HenpepblBHadA, He o6paluaioLascad Bb HYJlb A1 BeIECTBEHHbIXD
sHaueni#t a, #, y. Ortciona scHo, mouemy oyHkHia f, umbiomas BB
toukt M 1u6o Bceraa maximum, au6o Bcerga minimum Mo BCAKOMY
Hanpasienilo, nbicTBuTeN HO 6yners M BB npocrtpaHcTBb maximum
i minimom 8b Touks A/. Ecau, Hao6opors, KOHycH (22) Beute-
cTBeHHbIH, T0 Bb M He 6ymeTds HM maximum, Hu minimum q)yHKuiu £

MHHUMBIA, TO TaKHXb HCKIIOYeHit He 6yneTh, M

COXpaHseTs MOCTO-

TaKb KaKb BAOJAb HEKOTOPLIXB NpaMbixb f OyneTs maximum ( f< 0>
arl
o
otabasiouleio ob6aacTb ogHBXB NpAMbIXBL OTBH 06/1aCTH APyruxb. Bp ua-
CTHOMB ciayyah rapMoHHYecKuXb QYHKIiH, A1 KOTOPHXD CyMMa BTOPhIXDb
YaCTHBIX'b MPOU3BOAHbIXD A? f paBHa Hy/I0, 3TH NMPOM3BOAHBIA He MO-
ryTs umbTo Bch TPM OOMHB M TOTH e 3HAKDB, a MOTOMY KOHyChH (22)
6yners semecrsenHbil, OTciona crbgyers, uTO rapMoHHYeckis dyHKHiH
Hurat He uMbooTh HM maximum’a, Hu minimum’a.

a BIOJb APYrUXb minimum ( > O); KOHYCDH (22) C1yKHTD rPaHHHEIo,

571. YnpawHenia. a) Ilpeatoxums ce6b Bbipa3uth auddepenuianbHbe
napamerpn ¢yukuin f(x, ¥) orb lexapToBbIXs KOODAMHATD TOYKH HA IJIOCKOCTH
Bh NOJAPHHXD KOOpAHHATaXb. Mbl uMbeMb ¥ =1 cosfd, y = rsin b, u

d_f_ of of 19f df of
5;_;;cose+@sm9 35" " ox sme+~—cose.
CuabnoBarenbHo,
af df 10f of of . 10f
(23) F iy cose———ﬁﬁ no, gy—_ﬁsmeﬁ-ﬁa—ecose
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Bnpouems, nocabaHis GoOpMyJaB MOXHO NOAYyYHTH nNpsaMo (cM. § 566), kakb u

nepsbis, 3aMbTHBDB, YTO H3D paBeHcTBa +2=x2-+4 2 H §=arc tg% » IoJyyaercs

Or _ % _ gy 00_ _ ¥ _ _siné
ox ~ r > ox 2 r
0

O _ P _gng, 98 _x _cost,
oy ¥ oy  r2 v

BosBbilias BB KBagpaTh M CkAaibiBas BblpaxeHis (23), HaxoauMb

or= (e (LT

¥ 0b
of of
[Tpumbnsas teneps popmyan (23) kb FyR d—}—): BMbBCTO f, moayunMs
R2f 9 (of 1of 1 of 1of ,
dxz—gF(d cos 6——ﬂ51n9> cosO———(drcose«—5—651116)-51116,
de__ o [of of , 1 of f
9yt T(d sm6—|——a—ecose>~sm6—|—76—(~——51 6+ —cose> cos 6,
T. €.
d2f_d2f 1of 1 o2f 1of 102f .,
042 or ,,COS e+2(-—2ﬂ —-;m—e) S]HeCOSe+(r 5;—+ ;’—20—62)8"1 8,
2f Bf ., 1of 1 o02f© | lof 1 o2f 2
R o sin 6—2( 256_7();'06)51““056+(75;+_5ﬁ)cos 8,
CrnbaoBatennHo,
02f 10of 10 1 ﬁ( of 1 02f
2 f _ LN A N .
2f= "+ 1'dr+r2669 ror )+r2662

Bp cryuab # nepembHHbIXD, ecan f dyHkuis oaHoro r =7V a2+ 2L 22 4 . ..
Gyaemb uMbBTb

of _xdf of ydf of =df
ox rdr 90y rdr dz rdr ’
narbe
Rf 1df «2d /
oxz—77+7ﬁ("*)"”
CnbapoBatenbHo,

11'/2 gy  H d lidf 1 i(”’lﬂ .
47= () ”f—;?r“z;(;;;)—,n—ldr’ dr>

llocabnHss (opMyna TOKA3biBAETD, YTO eCAH XOTHMD UMETh FapMOHHUECKYIO
y ds

GyHKUiO OTB OAHOIO #, TO JOJKHBl MOJNOXHUTb r”_lgr = TOCTOSTHHOMY YHCTY.

[TosToMy, npu #n=2, / omxHo 6biTh BUAA Clogr--C,, ampu s = 2, f=Cpr® " 4.C,,

ras C, Gy, Gy, Cg— TIOCTOSTHHBISI.
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b) Uro6b BeiuHcaHTs onpenbaurens [ecce H =

0
elle 3HaTb 5
2 f of lof . ,
9%y dr(d cosef;ﬁ51n6>-51ne
10 fof 1of
+rde<d cose—;ﬁmne) cos 8

Ecan nonoxums mns COKpaI].IEHiﬂ

1<d?f 1of 1 éié), po Lo/ 1 &2f

2\0% ror r2of 208 7 oros.
TO HaljpeMb .
) o f . | .
dxdy—q;sm2671pcos,_6.

Hatinennnia BB mpenbinyiueMb ynpaxHeHiM BbipaxeHis MOMXHO Takwke HAaNMCaTh
BB BUIb :

2
d—l l112f+<pcos2e+1psm2e ?—f=%d2f—<pcos2e—1psin2e.

o PRE:
Catnosareabno, H =4 (LR — (¢ 4- p2), uan

2f o (19f

0 or \r 08

Lofy 1o/ 1|
dr 7 a8 ror r2o2 ‘

c) [IlepefineMd Teneps Kb Pa3biCKdHiI0 Bhipa:eHili BTOPbLIXD YaCTHBIXD
NPOU3BOAHBIXD GYHKLIH f(x, ¥), B3ATHIXB NO X H ¥ BB KAKUXF YrOLHO HOBLIXD
nepeMbHHBIXD # M v. [locTynas. kak®s BB § 565, NoJy4YHMb

of 1 [ofoy ofady df o0fox Ofox
(24) ~ 5

3%~ F \ouss “dvou) 9y

3arbMB M3D COOTHOIIEHiM
02f  0%ffox\? 9 2f dxdy | Af dy) LS 0 fo%x 9f %y
S 0xP\ou ox0youdu ' 0y:\ou 0x 02 0y ou?
Af  Ffoxox 0*f [0x0y  dxdy +d2f¢)1@y of 2x  of Py
ouov 0x20uov’ 0xdy\omov ' dv du) 0y20udv | dxouov ' dyouov
2 2 2 2 2 2 2 o f oy
o f df(dx>+2 2f dxdy+df<dy>+dfdrx L9/ Vi

018 0aE\0v 0x0ydvov ' 0y2 \ov o0x 0v? Jy 002

dvdu T ouov)’

+

Hago OyneTs Ha#TH g;f; ) g{} H 3;//; + Onpenbautens 3To#t CHCTEMbl OyneTs
$ 27, a)

0 x\2 9 ox oy (d_y)2 ‘

W) ououn ou

0% 0% 0%0y L 0%0y 0y 9y
0uov ouodv ' ovou Ooudv
dx\2 20x0y (0)4/2 ‘
0_1/) dvdv dv |
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Anre6padueckis IONMOMAHEHis ero 3JAeMeHTOBD GYAYTh PABHE COMOJOTHYHBIMB
aJeMeHTaMb onpexbiaurens

VAL _0x0y LEAY
dv dvdv <01}
0y dy 0dxdy dxdy 20x0x
dudv Oudv ' dvou dudv |’
Ly)z _0xdy 2
(0u, ou Ju (W) ‘

ymuOMeHHBMB Ha J ¥). Otcioga cabayers (Ha ocHoaHin npasuia Kpamepa)

3202/’:(0)/)2 rRf 7(0/’ Px  0f 0%y >]

ox2 \gv] 0w \Gxout Gy dul

ol 75— (32 7+ 55 73]
f 0%y

Oy 0y [ 02f df Px
QTT[auav_<Waudv+d %o )] RS

9 .
kyna smbcro d—f H Sﬁ H4lo MOACTABUTH BhIpaweHin (24). Ho Mbl 6eicTpbe

npsmbe npuneMd kb ubad, ecid (Kakb Bb MEPBOMB YNpaxHeHiH) npuMbHHMDB

dopmyanl (24) kb 3—/; u M, eMbcro /. TakuMB nMyTeMb MOAYYHMB

oy

®/_Lor0(lor 5/ 10y 0f)

9x2 JOvou\Jov ou Jdu ov

Loy o Loy 0/ Loy of

T J0uov\9dv du Jou v

u

AN ((F LTS TV TN 2
02 & 0-1_/) u2 dudviudv (0u) 0 v?

+10_yd<l0u Qﬁ_(l@yﬂ

dvdu 3071>_bu011 j%) du
(liﬂy) 0y0<10y>]0f
\

dvdul\J dul| v

ﬂ_i[(@f)i’cﬁf 0505 °f <dic>202fJ
dyz  F[\0v) 0u dudvdudv Ou) 002
1 [60x0 (10 0x 0 (1dx\]0/
+§[ﬁa7(3‘a@>—a7m<aay>]
1 [0x 0 (10x 0x 0 (1dx\]0f
+§[0’E%<§ﬂ>“%ﬁ<§ﬁ>]

*) T. e. umbiownMb Th Ke yKasaTesd CTPOKD H CTOA610BDB, TAKB UTO

d)aurn

anre6pauqecxoe JOMOMHEHie 3JeMeHTa (d )paBHO (d
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d) Tenepb Mbl HMbeMDb BO3MOXHOCTb BBIPa3uTb NEPBBIA K BTOpON M-
depenuianbHble napameTpbl / Bb HOBbIXD NepeMbHHMXD # W v. Bb 3tn Bhpa-
KeHin BOALYTH, KAKD Mbl YBHIHMB, yHKUIK

(2 (2] b (2 (22), _ 2203 030y,
T \ou ou) ' 7 ’

ov dv Toudv " onov
KOTOPbIA ABAAWTCH Bb npeobpasoBadiv ds? = dx2 + d ™2 kb BuLy

(25) ds? =adu®+2cdudv -+ bdv2

Cnepsa, nyteMb BO3BhIEHIA Bb KBaIpaTh H ClOKeHis, u3b (opMyan (24)
noJy4UMb
_ of ofof 9\ .
o= [o() -2 5n e (52)]

Hanbse u3b nocabaauxbs GopMy b NMpenblIyllaro yOpaxHeHis noayyaercs nyteMb

cAoXeHia
» 2 a2 f 2f
PS=5 (ﬁ-?”ouaﬁ“m)
L Lf(ob o of o a 9 of
g (wﬁ‘ﬁﬁ)ﬁJr(Hﬁ‘ﬁﬁ)ayJ
Hau

wr=g |l -5 ) + 5 (554 - 53]

3TO BecbMa BaxHas ¢opmyaa Jlama (Lamé). Kb ato#t dopmyak momxuo npuats
Takxe, cibaya nyTtH, ykasassoMy Bb § 566. Toryact Halizemb

02 f (0uov  Odudv)  f af of
L= 5Edn +2&455<Wﬁ EH) Pr R PR PEASS

Cb npyro#t ctopoHnl, BcabiacTsie cooTHouteHilt

| _9x0u 0% 0v 4 0x0m , 0xJv

‘ dudx  odvdx T ouoy dfuﬁ,

) _9you  dydv  Odyodu , dy9u
T oudx ' dvox T dudy ' dvoy

6ynemb UMbBTb

du_idy ()fu__ld_y o lodx ov 1 ,
dx Jov ox  Jou 0y  Jov oy Jou
OTKyIa
Au_b, ouov ouow ¢ . _a
T dxox oyody P g2

1/0 % 0 ¢! . 1 (0 a 0 ¢
Au=5 (ﬂﬁ"ﬁﬁ)’ 4‘”5(%3—55)

u T. . Ecau nocrpouMb kpuBbia 22 U v (§ 413), To aWaueHia a, b, ¢ BB Kaxuoh
Toukh noayvarca npamMo H3b reoMeTpHuYecKHXb coobpawesiih. J[bicTBHTENbHO,

u3b (25) Bunno, uto Va - du u Vb - dv usobpakawors ds cooTBBTCTBEHHO 411
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KPHBBIXD U =const. H #=const. *). Ecan ¢ u 3 0603HaYaOT®E yrasl 3THXD
KPHBBIXD BB Toukb M cb 0Cb0 %-0BB, TO

cosa I ox sin a 1 9y cos 3 1 dx sin 3 1 9y
= — — 2 = 1) 0=—=-" 0= ————>
Vaou Vaou VEor Vb ov
a Yyrolb o MEXIY KPHBbIMH onpexbisiercs GopMyJow0
c
cosw=cos(J —a)= ——~
Vab
a TaKb KaKb OUEBHAHO, J2 = a b -— ¢2, TO MONKHO TaKKe HanucaThb sin o = ng
a

Hanpumbps, noaaras Bb cayyab NOASPHBIXE KOOPAHHATD # =#, v =~0, NpAMO
H3b 4epTexa BUAHO,YTO a =1, b=72, ¢ =0 u dopmyaa Jlams ceftuacs ke cso-
AMTCS Kb BbIpameHilo, IaHHOMY BB NepBOMB ynpaxcHedin. Boo6uwe aas Besxo#t
OpTOrOHaNbHOK CHCTEMBI KPHBBIXB (T. €., koraa ¢=0) ¢opmyra JlaM3 nOpHHH-
MaeTd cabpyomid, ype3BbiyaitHo MPoCTOH BHAB

s = 1 [a( Tof)Jrl( —Edf_)]‘

Vab Lou ‘@ oul " dv b ov

HesiBHBIAA QYHKLiU.

572. Ecau b ypasHenin f(x, y) =0 Mpt Gynemb pascmMaTpHBaTth
v, Kakb PYHKUIO OTBH ¥, TO NPaBHJIO Pa3bickaHis NMPOuU3BOAHOW CNOXK-
Holt ¢yuKkuid TOTYAaChH JacTb ypaBHeHie

of o 9f _

s

0 .
13D KOTOparo npu %zo W HaxoauMmb 3Hauedie y’. Ho, nocrtynas

TaKuMB 06Pa3oMb, Mbl MOJYa MPeANonaraeMb, 4yT0 NPOH3BOAHAA Y
CylecTBYeTDb, MeXIy ThMb Kakb Mun ewnle He HMbeMb ocHOBaHis
a priori yTBepxJaTh HH TOro, YTo ¥ CYILIECTBYeTh, HH JaXe TOrO, YTO
BOOGIIle MOXHO pa3cMaTpuBaTh y, Kakb @yHkuio orb x. Onuako (npH
u3BBCTHBIXD yC/MOBiAXB), 9TH yTBepxkAeHis AonycTUMbl. [lonoxuMb, BB
camomb nbab, uto (x,, ¥,) ecTb HbKOTOpas mnapa- sHa4eHid x # Y,
YLOBIETBOPSIOWAXD ypasHeHilo f(x, y)= 0, u npuMems, 4T0 f; H fy
6yayTbh HenpepbiBHbI, KOTAa x u3mbHieTcs Bb HHTepBart (x, — 7,
%o+ 4), a y b unrepBanb (y, — &, y,+ £). Kpomb Toro, npeano-
NOXHMb, 4TO /& W k OCTATOYHO Manbl JUIA TOrO, 4TOGH f, coxpaHsia
3HAKD 4ucAd [y (%, ¥,) =0, BB yKasaHHbIXb HHTepBalaxb. Takoe
npefnonowkeHie Bo3MOxHO BcabacTeie wenpepwiBHOCTH fy. [lanbe scHo,
YyTO Bb CHAY HAUMXD MPEANOJNONKeHi OTHouieHie fy' Kb f; He MOWETD
6LITh KaKb yrogHo maio no aGcomoTHOR BenuuuHb u moromy cyiie-
CTBYETb TaKOe MONOKHMTENLHOE YHCAO &, AMA Koroparo |fy | >a|f],

*) ds ectb auddepeduianb ayrd kpHBo#t (cm. § 582).
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KOrga x W y OCTaKTCd Bb PascMaTpPUBAeMbIXh HHTepBalaxb. Eciu /,
KOTOpPO€ MOXHO B3fiIThb CKOJIb YTOOHO MajlbiMb, GyneTb MeHblile A2 @, TO
6yneMms> umMbThb

Blfl < kalfyl <k|/,.
Orcona cabaoyernb, 4To BDb paBeHCTBE
Sxg+& vy £ R = §f;.(x0+ 88, yo 0B £ kf;(xo+ 8& 3o = 84,

(0 <6 < 1) xoropoe maern» dopmyna Tslnopa BB cuay paBeHCTBa
S (x4, ¥o) = 0, nna Bcaxkaro 3Hayenia §, nexawaro mexny — i u + /i,
nepBel WieHb NPaBOH 4YacTH 6yLeTh MeHblle BTOPOTO MO a6COMIOTHOH
Beauynnk. [loaToMy 3HAaK® uucna f(x, —{—é‘ Yo + &) Gyners coBnanath
€O 3HaKOMDb uncia = & fy (x4 0§ vy, 1 0 %), a Takb xaxb f, coxpa-
H€TH MOCTOSIHHBIH 3HAKb, TO NPHXOIMMD Kb CAbLylOIEMy 3aKoueHiio:
npH duxcupoBaHHoMb &, f(x,+ &, ¥)
LT ecTh (ynkuis omxoro ¥, umkioulas
pasHble 3HaKM NpH Yy =7y, — k& H
v y=29,+ k. Ho ara q)ymcum He-
.~ NpepbiBHa, TNOTOMy 4TO uMbeTdb
N rx, y) -
1 npousBonnyo f,. CabnosarteiabHo
. (§ 275), ona oGpawaercs BB Hyib
i Codotff .. s HhkOTOparo sHauewia y =1,
§ Jexawaro BbL HHTepeant (y, — &,
& Yo+ £); NpH TOMDL OHa He MOXeETb
06paTHTLCA BB HylIb Gonke 0LHOTO
h pasa Bb 3TOMDB MHTepBaxh, nMOTOMY
YTO NPOM3BOAHAA f, COXPaHsieTdb Bb
Puc, 28. HeMb 3HaKb M, CabLOBaTENbLHO,
f(xy+ & ») m6o nocrosHHO y6hi-
BaeTD, 1M60 MOCTOAHHO BO3PACTAeTh. MTaxb, CNpaBedMBO, YTO, BHIOPARD
no npousBony sHadenie x = xy+ E(— & = E= /). Mm Halinemn 0nHO
W TOMBKO OIHO TaKoe 3HaueHie y = y, + 1 (— k<< 5 < k), 4To n1s 3TOH
napb 3HaueHi#t Gynemb wmbTh f(x, ¥) = 0. CaboosateasHo, Bb yka-
3aHHBIX'D TPAHHLAXD NAHHOE ypaBHeHie, nkHCTBHTENBHO, Onpenbisers y,
Kakb QyHkuilo oTb x. PyHKuia 3Ta NpPUTOMDB HenpepriBHA, NOTOMY YTO,
ecnn Bb ypasHenin f(x,+ & ¥,4 %) =0, T. e. Bb ypaBHeniu

§ /oot 88 3o+ 8m) -k 0, (%o -+ 08 3o+ 8m) = O

§ 6yneTh CTPEMHTbCA Kb HyMoO, TO W 1) GyleTb CTPEMHTbCS Kb HYJIO,
notomy uro fy,=0. Hakoneun, sTa ¢yukuis umbers npoussomHywo,
MOTOMY YTO Cb NPHGAMMEHIEMD Kb Hym:0, HMbeMmb

mf @0+ 68 3ok 80 /(%0 30)
(x0+ 8E, yo -k 8m) fy’ (%9, ¥o)

Takumb 06pasoMDb, HCXONA H3DB TOUYKH (X,, ¥,), Mbl HaLIH Ge34HCIEHHOe
MHOXECTBO TOYEKDb, KOOPAHHATH KOTOPHIXD YIOBAETBOPSIOTDH yPaBHEHIlO

T

. ¥,
lim—7 = —1

(
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J(x, y)=0, newaiuxb Bb NpAMOYronbHUKE, onpeabaseMoMs BeplIHHAMH
(g = A, ¥, + k), u Bch 3TH TOYKH HAXOAATCA BB THXDb We yCNOBIAXD,
Kakb M Touka (x,, V,). [locabaHee BhlLenpHBeneHHOE 3aKa04eHie no-
3TOMY TMPHIOKHUMO KO BCbMb 3THMB TOYKaMb, B dopmyaa (26) noxaszaua.
3ambTHMD HaKOHEWb, YTO Bb CHAY HENPEPLIBHOCTH f, K f, WM ycnosis
fy =0, byHkuis y" Takxe HenpephiBHa.

573. MoxHo Bbickasatb K Goabe o6uwiit pesyaptars. Ecin co-
OTHOLIEHie
27 flx,y, &80, u)=0

YAOBJETBOPAETCA 3HAYEHIAMU X4, ¥y, Zo, ..., #y NePEeMBHHBLIXD, K Bb
OKPECTHOCTH 3THXb 3HAUYeHil TepBbifl YacTHbLIA NPOM3BOAHBIA (yHKUiK f
CYILECTBYIOTH M HenpepblBHH M, KpOME TOro, Aaa 3TUXDb 3HaYeHiH
/. =0, TO MOXHO yTBepXJaTb, 4TO % ecTb (QyHKuiA OTH nepembu-

HbIXB X, ¥, 2, ..., UMBIOIAA HENpEPLIBHbIA NEPBbIA YACTHBIA MPOU3-
BoAHuA. Onb noayuyawTcs, €c/H BO3bMEMb HACTHbIA MPOM3BOIAHBIA OTD
dynxuin f(x, v, 2, ..., #), pascMaTpuBaa #%, Kakb QYHKUiO OTH
X, ¥, 2, ..., U NPHPABHSEMDb HXb HyA10 *).

of L of ou 0f of ou _ 0f+mf0l 0

ox  duodx ' ou dy ’ ouos

Iloka3aTenbCTBO BeAETCH TOYHO TaKb e, Kakb Bb Da3cMOTDBHHOMB
BbILIE YACTHOMD cayyab.

574. Janbubfinia auddepenumposatia nanyTb nocabaoBarenbHbIN
npousBonHbA QyHKuin y. Hanpumkps, BB ciyyab ypasHenia f(x, ¥)=0,

Hal10 nponucbq)epel-xunpoaan—f—dx—l— 3y dy =0, yro6bl mOAYYUTb ¥".

A HMMEHHO —MBl fION1YYUMD

a—Ld +2~-f—d dy +——fa’y +g§dzy=0,
OTKyla, mocah TMOACTaHOBKM 3Hauewis y', Baataro n3b (26), ToTyach
HaineMb
Ly (LY BL (0T BT AS OF | BT (0
Y oy o Oy) T Toxovox oy 032 \ox
HAH
o o
O S oy |
1 1 2 o p |
VI df a-f ()_f
(gl)d;bx ox? 0Oxdy ‘HT’R
v/
CL e #f |
d oyox 042 |

*y T'oBops kopoue, auddepenunpys yparsenie (27).
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PhuuMb elle BOMPOCH O BBIYMCACHIM HaCTHHIXB TMPOM3BOIHBIXD P, ¢,
¥, S, ! QyHKuiH z, HesiBHO onpenbnseMott ypasuewiems f(x, y, 2) = 0.
[TepBbin nBb HaltayTcs H3B ypaBHeHiH

a
(28) L T el
no/yyaeMblXb M3b ypaBHeHiss f = (0, eciM BO3bMEMDb HACTHbIS MPOH3-

BOAHLIA OTh 00buxb wacTeH paBencTsa mo x H no y. Huddepenuupys
no ¥ TNepBOe M MO ¥ BTOPOE ypaBHeHie, MONyYHMD

f s 2f /
s+ 25570+ 52 p2+ =0,

Rf L RS o f of

o3F T2ayesd t oty =0

OTKyaa aas » W ! moayualorces (nocnd nomcTaHoBkH BMBCTO p M g
HXDb 3HaueHIRt) crbayloLlin BhIpaXeHis

o Of o o oL U
! ox oz oy e \
1 1
¥=zm | Of  Ef  Bf b= | O  Rf ES
(gfi)"‘ ox 048 0xos | (gl)* 0y 97 oyos|
Z g
of  ®’f  *f > of  Rf d2f [

dz 0zdx 022 0z dzdy dz

Ecnu npoauddepeduupyemMsb MO y nepBoe WA MO x BTOPOE H3Db ypaBHe-
Hitt (28), To nonyuumb

o O o
ox oz
S=aem| Of B P
(5[) dy odydx 0Jyos
z
of  2f  &f
0z oJdzox 022

3ambBTHMB, 4TO BblIUEHANHCAHHBIE TPH onpexbnurens NONY4alOTCH H3D
onpenbaurens

o ¥ o
ox oy oz |
|
of  f  &Bf o2 ‘
D dx 0x%2 Jxdy 0x0z |
Tl s s e
0y o0ydx 032 Oyoz
of  f  &f  &f
0z 0dzox 0zdy 0 &2
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. ) 02f ®2f df
ec/i¥ BO3bMeMb a/irefpanyeckis A0NOMHEHiA JeMEHTOBD <% 1 — =5

‘ 0y2 dxody dx
nocabanaro. Otciona, no u3pbcTHOoMy cBolictBy onpenbiantenet (§ 38),

crbayers

D

— e - . T .
rt— s = FyaY
0z
575. MoxHo nokasaTh eute Goabe o6l pe3ynLTaTh, a HMEHHO:
€C/H JaHbl 72 YpaBHeHilt

Sy, o, 0, w0 )=0,

e, ¥, 5 .., 8, v, w, L) =0,
(29) p, ¥y, 8 ..., u 0, w, .. )=0,
KOTODLIMb  YAOBAETBOPAIOTD 3HAYEHIA & = a4, ¥ = Yo, - .., U =1,
V=7, ..., TO MOXKHO Pa3CMaTpHBaTb # MNepeMbHHbIXD #, ¥, W, . ..,
Kakb QyHKUin OTb # nepeMbHHBLIXD %, ¥, &, ... H 3TH QYHKUIH

HMBIOTDH NepBbis YacTHbIA MPOH3BOAHEIA MO BcbMb nepembHHbiMb, [lpn
3TOMb, OJHAKO, NMpeAnojaraeTcs, YTO NepBHA YACTHBLIA NPOHS3-
BOAHHA (GYHKUi# £, @, 9, ... HenpepwBHH U, KpoMb TOTO,
YTO AR PAa3cCMaTPHBAEMBIXD 3HAYeHiH nepembHHEHXD HKko6iaHD

c[__dif, Tow, ..

<

T o, v, w, ...

He paBeHDd Hyaw. [lpn m =1, Mo umbemb yme naBbcTHyo Hamb
TeopeMmy § 573. UYrtobb noKasaTh OGUIYIO TeOPeMy, AOCTATOYHO MOKA-
3aTh, YTO OHa OyjAeTb CMpaBelIHB3 MIA 7 yPaBHEHil, ecid AONYCTHMBb
ed CNpaBeAIHBOCTb Aaf 2 — 1 ypaBHeHilt. Takb Kakb npeanosaraercs,

uto Bb TOukb (%4, Vo, + . .s Uy, Ty, .-.) I=0, TO MOXKHO ObiTb
yBbpeHHbIMb, uTO, no kpalHe#t Mmbpb, OAHA H3B NPOHU3BOAHHXD
9 9 9

s, 9, 9s, Bb 310# TOukt He paHa 0. [loaowumsb, urto
du ov Jdw

af . .
#ZO. Torga, npuHHMas BO BHUMaHie HAaIIH NPeANOJOXKEHI H Teo-
peMy § 573 %), Mb MOWeMb YTBEDXAaTh, YTO # €CTb (YHKUiA OTb
nepembHHBIXD X, ¥, &, . .., ¥, W, ..., AMbIOWAA HenpPepLIBHbIA- Nep-

Bblfl YACTHBIA MPOH3BOAHbIA., LEcau npepcraBumb ce6b, uto 3TO BHIpa-
MeHie 2 MOACTaBIeHO Bb OCTa/lbHbA ypaBHenia cucrembl (29), TO
NOJAYYHMB HOBYIO CHCTEMY

g%, v, 2 . .,v,w ...)=0,
(30) Pl v, oz . 00,0 w,..)=0,

*) IlprumEHA9 ee, M pascMaTpHBaeM®b NepBoe H3b ypaBHeHiit (29).
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Cucrema (30) cocTouts M3b m—1 ypaBHeHilt, cBssbiBaOWMXbL m— 1
nepeMbHHBIXD ¥, W, ... Cb # OCTaJbHBIMH. [lepBbISi YacTHHIS TPOM3-
BOHBIA QYHKUIH ¢,, 9,, ... CYLIECTBYIOTb H HEMPEPHIBHH, MOTOMY 4TO

0y _0g ()(péu op; Odgp  O0pou

dx  ox  oudx’ o0y 5' oudy nT

(4to BhITeKaeTb H3B CaMaro MPOMCXOMJeHis (yHKUik @, ¥, .. .).
Mol ceflyach nokawems, 4TO fIko6iaHb cucTeMBl @, 0, ... OTHOCH-
TeJbHO 7, W,

g = @)

T 0, w, ..

He paBeH® Hymo. A rtoraa cucreMa (30), mo mpexnonomexio, onpenb-
n5eTs U, w, ... Kakb QyHkuin o1d %, 9, 2, ., U 5TH dyHKUIKH
UMBIOTD TIEpPBbIA YaCTHbIA MPOM3BOAHBIA. Ho TO xe caMoe MOxHO cKa-
3aTh W 00b #, ecl1d mpelcTaBuMb ce6b, 4TO BB ero BuipaxeHie, noJjy-
YeHHOe M3b MePBaro ypaBHeHid cUcTeMbl (29), mMOLCTaB/leHb! BbipameHis

2, w, ... u3b cucteMb (30). TakuMb 06pasoMdb M MoJyuaeTcs. CHCTEMA
dynkuiit #, v, w, . .., NPUHAMAIOLIMXD 3HAYeHIA u,, T,, W,, ... NPH
X=%4, Y=Y, - - - H HMBIOINHXD Bb OKPECTHOCTH TMOCTBAHHXD 3HaYeHiH

nepBbisi 4aCTHHIA NPOW3BOAHbIA. Bce nbno ceoamtes, crbnosaTensHo, Kb
TOMy, 4To6b nOKa3ath, yto J, == 0. [as 3TOro npeactaBuMb ce6d,
4yTo Bb onpexbautest I ajeMeHTH MepBaro CToa6U3 MO YMHOMKEHIH

ou
HXb Ha npu6aBleHb Kb 3J1EMEHTAMB BTOPOro croabua, 34TbMb

. du
Th e 3/1€MEeHTH, N0 YMHOMXEHiH Ha Sw? 1IpHGaB/eHbl Kb 3/7€MEHTaMb
TPeThAITO cTOAGUA K T. A, Torna asemenTsl HORaro onpenbautens GyayTnh
()/ af 6_f6u 9 | of ou
on ov  dmduv ow ' Jdudw
6(p dg dgdu _dp, Odg

=0, ..

dpou ‘_)fpl

du’ 9v Tgudv  ov dwomwow ~ ow
Iy ()w Opou _ oy, Oy Odpou _ dyy

du Juder dov ow duow dw

) 0
H Mbl HaxoouMs J = J, b%' Takb Kakb 0{1 Be/MYMHA KOHeuHad, a J

He PaBHO Hy/0, 7O M J, He DaBHO HYJI.

576. lokasasb cyLleCTBOBAHie MEPBHIX'b YaCTHHIX'H MPOU3BOAHBIXD
oTb  dyHkui#t, onpenbaseMbxbt cucremow (29), Mbl MOXeMDb Temnepb
BecbMa JIETKO BBIYHCAHTBH 3TH MPOU3BOAHHIA. [l 3TOTO HYXHO TOJLKO
InddepeHIUPOBaTL MO KAXAOH H3b HE3aBUCHMBIXD NMepeMBHHBIXB KaX-
1oe u3b ypasHeHi#t cuctembl (29). Takb, Hanpumbps, B35BT NPCH3BOL-
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HbiE NO X, NOAYYHMb Crbayloinyl CcucTeMy JuHeHHBIXB YypaBHeHil

ou ov ow

OTHOCUTENLHO r)x, dx’ 5xv
0f Of 0u O0f 0v Of 0w B
9z Toudx Tovox Towax T 0
dp oJd@odu Jdgov Jgow
ox Touwox Tavox Towow T =0
oy Odwdu Oypdv  dpidw -0
sx touas Tovaxr Towsx T =0

onpexbaurens kotopo# J He pasewt Hymo. OTclOga, no npasuay
Kpamepa, noayuums

du _ 1d(fiq, .. ) 0dv 1ofig .3
ox  Foix. v, .. ox 0 ’
577. YupaxHeHif. a) BoluMcauTb yrolb Mex1y ABYMs NAOCKMMH KpH-
BeMH ¢ = 0, 3 = 0, nepecbkaoummmuca Bb 10uxb (%, ). [lo dopmyat (26)
yraoBele KOIG@UUieHTbI KacaTelbHBIXb Kb 95THMDb KDUBBHIMB  ONpemBJsiorcs
dhopMyIaMu

d_(p oy
Jx dx
tg a= — &‘ 1] g ﬁ du?
oy 5.3’
OTKy.a
1 odg 1 o¢g
Singg= — —==-=<"» COSU=—" ="
Vzlrpd" 1/,4(770]
1 dw 1 owp
sinf = ———-—+ 083 =- ="
V A B ox ' V.dlp dy
crbroBatenpHo (cM. § 571, d).
1 9 (@, )

sin m = sin (3 — «) =

1/_|,, 2,/,()(v v)

3aMBTUMB, YTO KacaHie STMXDb KPUBHIXb (w = () Xapakrepusyercss ThMBb, 4TO
SIko6iaHb cucTeMbr dyHKUi# ¢ M v 06pauIaeTCss BB HYJb.

b) Ecan nnockas kpuBas 3amama ypaBHeHieMb
f(x; y,ou, v, .. ) = Oa

robk u, v, ... onpenbasioTcs, Kakb HeABHbIA (PYHKUIH OTb KOODAMHATD X H ¥.
# ypaBHEHigMH

@ (x, _y,’u, v, ...)=0, ylx, vy, 0, v, ...)=0,

M TpebyeTcs NOCTPOMTL Kb 3TOH KDUBOH KacaTelbHylo Bb JMaHHOH Toukh, TO
HBTb HAamOOHOCTH HCKAIOYaThb #, ¥, W, ... H3b # -+ | NaHHBIXb YpaBHeHiH, cb
TEMb, yT06bl NMOJYYHTh ypaBHEHie MeXAY OXHHMHM x M y. MOXHO pascMaTpHBATh
Y, #, U, 0, ... KaKb HesBHbi QYHKUIH OTb X, onpenbiseMbll NaHHBIMH yDaB-
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HEeHiAMH, B3fiTb NPOH3BOAHbIA MO X, H U3Bb nonyqenﬂoﬂ CHCTEMbl  JHHEHHBLIXB

aBHEHi! (OTHOCHTENbHO dy  du  dv ) MCKJIIOYNTb NMPOH3BOAHLIA (BYHK
e B R -

yp dx dx dx P y

uid %, v, w, .. .. OaHo M3Bb BawHbLHAWHXD NpeHMyllecTBb AHGDdepeHIiaIbLHATO

WCYWCIEHIA W COCTOMTL BB TOMB, YTO OHO NO3BOAAETH H36brarb npakTHuecku
HEBLIMOJHHMBLIXD HCKAIO4YeHi#t (HeH3BBCTHLIXD H3b CHCTEMBl He JAHHEHHLIXB H
CIOWHBbIXD ypasHeHi#). OHo Bceraa npu noMoulr avddepeHUHPOBaHiA NpHBO-
IWTh Kb cHcTeMB JHHeHHBIXD YypaBHeHill, koTopbia Bceraa MowHo pbuuuth.
Takb, BB pa3cMaTtpHBaeMOMb cayuyab noaysaerca gopmyna

s v o)
dy o(x,u,v, ...)
dx -~ o0(fh ¢. v .

o, w, v, ..

npeiacTaBasolulas, O4eBHIHO, 06o6uleHie dopmyiibl (26).

¢) [Moao6HbiMB me 06pa3oMb, MOMOKHMB, 4TO HBKOTOpas MOBEPXHOCTb
3ajaHa AByMA YpaBHEHiAMH Cb 4eThipbMaA nepembEHbIMH. Toraa MOxHo mpex-
cTaBUTb ce6h, UTO COOTHOUIEHie Meway TpeMd KOOpAWHATAMH X, V. & Moayuaercd,
KaKb pPe3yAbTaThb HCKJIOYEHIA # H3b ypaBHeEHi#t '

o, v, 2, u)=0 v v 5 1u)=

Tlon0WHUMB, 4TO TPEOYETCA BBLIUHCAWTL P, ¢, 7, S, I, T. €. NEPBbIA H BTOPbIA YaCT-
Hbifl TPOM3BOHLIA OTB 2, pa3cMaTpHBaeMoH, KAKD GYHKIIA ABYX® HEe3aBHCHMBIXb
nepeMbHHbIX® ¥ W y. B3ABb NPOHIBOAHLIA OTh AAHHbLIXB YPABHEHi# OAWHDB pasb
no x, Apyro#t pas3mb Mo y, noayyaeMb CHCTEMb

+dfpdz+d¢pdu 0 dg  dgds | Jdpdu _
‘ 0gdx  Ouox I oy "dzdy  dudy
I oy dwdz dpou ) l dy  Owdz  dyou

o T ouox 5y Tazoy Tomay

H3b KOTOPLIXB 4HEPE3D HCKJIOYeHie NPOH3BOAHbLIXD OTh #, HAXOAHMDB

9 {p. ) 2 (p, )

__ 0w, __ 9w
# 9 (@, ¥) 7 o (p. v)
0 (2, n) (s, u)

Ipyris TpH NPOH3BOAHMLIA MOMHO HAWTH M/HM HEMOCPEICTBEHHO BLIYHCISAA NPOH3-
BOAHbIA OTb p H ¢ TOMOIbIO NOAYYEHHLIXD HXb BbipaWeHil, HAH CB MOMOULbIO
pbuwenit JIMHERHbIX® ypaBHEHIH, MoJyyaeMbiXh Hepesb auddepenunponanie
ypaBHe#i#l BHUIENPHBEIEHHHIXb ABYXb CHCTEMB. Bb YACTHOCTH, €CAH NOBEPX-
HOCTb 3ajaHa ypaBHeHieMb 2 = f(x, ¥, #) rab u onpexbaserca, Kakb HedBHas
yHKUIA OTB X H ¥ ypasHeHieMb ¢ (x, ¥, #) = 0. TO TOTYACDH HAXOAHMD

f+dfdu op  dpou _

= dudx Ox  Oouox

caba0BATENbHO,
dp ofdg dfdp I(f g)

of of dx oxou OJuox _ O(x, u)

P = 5% " Suog og og
ou Ju ou
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Orcrona cabryers

L _9p_ 62f+ 2f ou n2f<au> of ctu_

T ox  0x2 0xdudx ox oudx?’
ou  o%u :
rok BmbcTO 5% " g2 HANO TOICTABMTL WX BHIPAXEHiS, T0AYYAeMbiA H3B
YypaBHeHi#
dg O@ou 02 02¢ du  oJ%¢ (du\2 dg Ru
7p —q?a=, ﬂ—i—? ¢ °® q;__+ 84 =0urt N
ouodx dxoudx oJu2\dx ou x>
578. Korna nawnl m oyHkui#t y,, ¥,, ..., ¥, OTb # He3aBH-
CUMBIXD TlepeMBHHBIXb X, X,, ..., Xy, TO BEeCbMa BaXHO GLIBAETH

YCTaHOBHTb, YTO 3TH (YHKLIM HE3aBHCHMB, T. €, YTO HHM OAHA H3b
HUXDb He Oylders QyHkuiet Apyruxs. [as sroro mocratouno uscakuo-
BaTh Slko6ieBy MaTpuccy cHCTeMbl, T. €. Marpuccy

91 9y1 9y 9N

0x; Oxy, Oxy ox,
0x, 0%y 0x5 ox,

!

9yy 9y2 9% Qz'
i

|

dx, 0xy 0x, 0x,

f
‘ d»ym dyﬂl d-y’m d-ym
\

3NeMeHTEl KOTODOH TpeAnonararoTcs HempepbiBHbIMM (yHKUismMu. Ecau
W eCTb paHrs 3TOH MaTpHUCCH, TO JaHHas CHCTeMa 3aKJio-
yaeTb Bb cebb y HesaBUCHUMBIXD QyHKUiIf, a OCTanbHLIT m—U
6ynyTs GyHKUisiMM OTBH 3THXDB 4. ITY BAKHYIO TEOPEMY Mb
Tenepb U NOKaKeMb

a) MoxHo npeanonoxuts, uto SkobiaHb
= 0(Y1s Vyo - v s u)
d(xl, Xgy oo o1 Xu)

He DaBeHb HY/MO, TIOTOMy uTO, TO ycJoBilo, SlkoGiesa Marpucca comep-
WuTDb Bb ce6b, no kpaitne#t mbph, omuHb onpenbauTens mnopsaka W,
He paBubld Hyno. IlpenctraBusn ce6b, uTo Th MMeHHO u (yHKUiA y
H HE3aBHCHMBIXDb TlepeMBHHBIXB A, KOTOpPbISt BXOIASTH Bb 3TOTb onpenb-
JUTENb, HYMepOBaHLI ykasateasmu 1, 2, ..., @, Ml M TpPHIEMb Kb
TOMY, 4To J ecTb ONMHD H3b -oupenbiuTelelt, He PABHBIXb HYNIO.
[lycTe BbipaeHin NaHHbiXb QYHKUIH GyneTsh

Y1=JS1t¥1 Xy o ), o= Lo lxy, Xey oL, x),
[Morowumn
@ (X1, Fas ooy Xy V1 Voo - o V) =0 (X Xay ooy 8) —
H pascMOTPHMDb CHCTEMY

(31) ¢1=0, 93=0, ..., ¢, =0.
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Ha ocwoBanin ckasannaro Bb § 575, ata cucTeMa crnoco6Ha omnpens-
JIMTb nepeMbHHbIA

32) Eis Xy ovvs Xy Vyi1s Vugear o o0 Yo
KaKb HefBHbll (YHKLIH OCTaJbHBIXD
33) YisYov oo v Yy Fpugar Fpgor o - o0 Xps

TaKb KakKb I 3TOTO HYMXHO TOJbKO, YTOOGbl (YHKLiOHaJbHBIA Onpe-
nkaurens

9 (g4, Par voos Qs Fpgar Pyt oo lpm)
0(xy, %o,

oy x,u,! .ylu+17.yu+‘_’.’ AR .ym)

He OblIDb paBe€HDd HYJ/JIO, a ITO TAKDb H 6yﬂ.eT'b, NOTOMY 4TO
d(pi_dfi’ o, d(pi_
ox, " ox; Oy,

, =
d_yj

¥ pascMaTpuBaeMbil onpenbsurens npusoautcs kb (—1)"—*J. Ilostomy,
ec by, by, ..., by OynyTb 3Hauenis QYHKUIH V., V4, ..., Ym BB
Toukb (a4, @y, ..., 4u), Bb OKPECTHOCTH KOTODOH Mbl J0ONYyCKaeMb
CYLIECTBOBAHI€ H HENPEPLIBHOCTh MNEPBbIXb YaCTHbHIXD MPOHU3BOAHBIXD
bynkuiit £, £, ..., fm, To cucrema (31) onpenbasers Beauunubi (32),
KaKb HEBHbIA (PYHKLiH OTBH OCTa/NbHHIXbL NepeMbHHBIXD Bb OKPECTHOCTH
Touku (by, by, ..., bu, @ut1, Gute, --., @n). ILpyrumu c1oBamu,
Kaw ok cuctemb 3HaueHidl, N0 Npou3 B0y BIOPAHHBIXD A5 ukcend (33),
Jumb Gbl 3TH 3HAaYeHid HaXOAWIHCh Bb H3BBCTHOH 6anM30CTH Kb TOUKh
(byy byy -+, buy Bty Gutss . .., @n), MBI IOTyuMMB BNIOAHS ONpenbaeH b
sHauenis A yucens (32). CrbaosarensHo, ecau npeacrasumMs ce6b, yto
NePBbIMD U H3Db NepeMbHHBIXD & AaHBI UMEHHO 3TH TOJbKO YTO YNOMSHY -
Thifl 3HAY€Hisl, 4 OCTATbHBIMD #— (4 1aHHbISI UMb MEPBOHAYAILHO 3HAYEHIS,
TO %1y Y35 - - -, Yu NPHMYTD Ha3HAYEHHBIST HMb 3HAYEHisl, KOTOPHISI MOXHO
BbIOpaTh MO NPOH3BOJY Bb M3BBCTHBIXD rpaHHuaxb. Hraks, nepsuis p
GyHKUiH y NBACTBHTENbHO He3aBUCHMBI OLHA OTDb APYTOH.

b) Ocraerca ewe nokasarb, 4TO OCTalbHHSA 1 — W OYAyThH
$yHKLiAMH nepBbixb . M3b npeasiiymaro BHAHO TO/MBKO, YTO KaKaas
U3b HHXDb €CTb QYHKUIA OTb Y., Yo, ..., Vu H Xuti, Xuts, « - - Xu.
CrbpoBatesnHO, ROCTATOYHO NOKA3aTh, YTO €CAH 7 W j Goablie [, TO
({YHKLiN y; He 3aBUCATD OTb &;. Ho, B33Bb NPOU3BOAHHSA MO X; OTb ypa-
BHeHilt (31), mpopomkas npu 3TOMB pPascMaTpPHUBaTh Benuuuusl (32),
Kakb GYHKUiH OTb BeaHuHHbl (33), moayuyuMb

0fi 0x1 0f1 0x 0fy 9x, Ofy 0

9 0%, Tomax, T T ox, ox Tom 0

0fy, ox 0fy 0x 0fy ox 0

0fe 9% ﬁ_z_;_..._}_ fo 9%, £=0,
0x; 0x; Oxy 0x; dx dax, 0x;

0f, 0% 0f, 0xy df# 0%, df 0

0x, 0x; ' Oxyom, ' dxﬂdx dx— ’
0f; 0% 0f; 0xy of; dx, Of; Oy;

0 9w, T ompom T T an, Ox, T Om om0
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OTKY[a, HCK/I0Yasl MPOU3BOAHBIA OTb X, Xy, ..., X, MO X;, HAXONUMD
| 9f 95 Ofi 94 l
d0x; 0 Xy ox, O i
d_& % Sy 9S4 =0,
dxy 0xy 9x, O,
of; 0 .. 9% 9f 9y
0x, 0X, dx, Ox, ox, |
9¥; dyj
T.e. d =0, U HakoHeudb, v = 0 (4TO W MOKA3bIBAETH, UTO 7
ox ’ J

; dx,
HE 3aBHCHTD OTDb Xy, TpH 7 H j > u) ¥).

579. Cnbpcrele. HeoGxonumoe 4 nocTaTouHoe ycaoBie
Ans TOro, uTo6bl # PYHKUiHA #, ¥, w, ... OT'b # NepeMbHHBIXD
X, ¥, 2 ... GbilM He3aBUCHMB Mexay co060i0, COCTOHTBH BD
TOMB, uTO6H
d(u, v, w, ..;)>0
= .
o(x, ¥, 2, .. )
3nbch Takke MpPeAMOnaraeTcs, YTO PA3CMATPHBAEeMbi QYHKUIM HMBIOTH
HEMpepLIBHLIA MEePBbisl YaCTHBIA MPOU3BOIHbIA,

{MpumEBuanile. OtHocutensHo Teopemb §§ 578-—579 Hamo 3a-
mbETuTL cabaywowee (cp. G. Kowalewsky, ,Einftihrung in die Determi-
nantentheorie“, § 127). Paurb matpucchl SlkoGu (§ 578) MomeTb UMBTH
PasauyuHbIA 3HAYEHIA Bb PA3NMUHBIXh TOUKAXD Pa3cMaTpuBAEeMON 0GAacTH.
Hanpumbps, SIkoGieBa marpucca dyHkuil x,2, x,%, ..., x,> umberdb
paurs #, koraa BCh x; OTAMYHBI OTH HyAs, W PaHrbL # —p, KOTAA P
H3b HHXDB DaBHbl Hy/JO. TOUKY, Bb OKDPECTHOCTH KOTOPOH paHI'b
MaTpuccol SIko6M He nOCTOsiHEHD® (CKOab Obl Manoi HM cabaate aty
OKDeCTHOCTb), HasoBeMb ocob6eHHOH. Teopema §§ 578—579 ne
umbers mbcTa Bb OKpecTHOCTH OcOGeHHBIXB ToudeKkb. Takb, Hanpumbps,
PyHKuia x,®> U x,, OYEBHIHO, HE3ABUCHMBI Bb OKPECTHOCTH TOUKH
x,=0, x,=0, a dyHkuioHanbHbA olpenbauTens

(2% O]

0 1]
paBeHb HY/10 Bb 3TOH Toukd W BO BchbXb TOUKax®b, A8 KOTOPLIXD &, = 0.
ToukH 3TH OCOGEHHBIS, NOTOMY 4TO Bb HHXb DaHI'h MaTpHcChl fIko6H

paBeHb 1, a Bb OKPECTHOCTH HXb, I'Ih X, OTJIHYHO OTb HY/d, PaHTD
paBeHb 2.]

#) [pyroit onpegbadtenr H3b Thxb [OBYXb, Ha KOTOpbie pasjaraercs
npenbiayiuit, 6yaers paBeHbH HY/IO, OTOMY YTO €ro mnopsiokb u -1 Goablue
paHra MaTpHucCHI.
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580. VkaxeMb BB 3aKmoveHie eule onHO 3ambuaTeanHoe CBOHCTBO
by HKLiIOHAAbHBIXD OnpenbauTenelt, KOTOPOe MOXHO pa3CMaTPHBATH, KaKb
06o0wienie npasuia pasbicKaHin Mpou3BomHOM GYHKUIM OTH (yHKuin.
(Tonoxums, 4T0 nepembHHBIA y; BhlpawatoTcs (QYHKUIAMH OTH nepembH-
HbIXb X; 4€Pe3b MOCPEACTBO APYruxb GbYHKUiH #,, #,, ..., #,. Takp
KaKb 1o npasuily Aup@epeHUHpoBaHia GyHKuin oTh GyHKuink

dyj _ f& ou, dyj Ouy L d)’j ou,

dx, duy dx, duzaz; T (‘7_”:0.7:1.'

TO Teopema o6b yMHOXeHiM onpenbiWTeNeld TOTYACH MOKA3LIBAETH, YTO
npousselenie onpenbaurtenei

(¥ Yo ...,y,,)’ oy, 5. ..., %)
oty , g, ..., ) O(xy, X, ..., Xy)

OynerTb pasHo dyHkuioHansHOMy onpentautento ¢yukuii y; mo otso-
weHilo kb nepeMbHHBIMB &4, T. €.

9 (1, Yar .‘.,yﬁ: 0 (¥, Yoo oo 0 ¥y) Oy by .o, 1)
O(xy, Xa. ..., X)) 0wy, e, ..., u,) O(xy, X, ..., Xn)

(34)

Bt uyactHocTH, uMbemb

0 (xy, Xgy ...y X)) ) d»(yl. Ya. . .y,L) —1%).

35 A2 L T :
( ) d(»yl'.ny’ "",y}) d(x]'x21 R x”)

581. ¥YnpaxHeHin. a) Popmyna (34) 3akniouaers Bb cebb, Apyrywo, Bbl-
BEReHHYI0 HaMH panbwie. Ecin xoTHMBb, Hanpumbpb, BBECTH HOBbiA NepeMbHHbIA
Bb (PyHKUiIO f, TO MOXeMBb HalucaThb

Ay a ) oy e ) Ol s L)

—_ — 1

o@m, v, w,..) o, ¥, 2 ...) o, v, w, ...)

a TaKb KakKb HepBblﬂ MHOXHTeJb Bb HpaBOﬂ 4acTd, O4Y€BHUAHO, NPHUBOAHTCA Kb

%a’ To 6yaeMb umbTo cuoBa dopmyay (20)

o(fi », & ...
9f _ d(m v, w.

dx  o(x, . 2. ..

)
S
)
)

d(u, v, w, .
AHaNOrHYHO 3TOMY MNOJAYYHMB
9IS @ # -
ofs 9) _o(fip. 2 ..) o vw ..)
9 (x, ¥) @, 25 ..)  d(x y.e )

o (u, iw, .

#} [locabansa dopmy.aa ecTs obobuleHie npasuia pasblCKaHiA MPOHU3BOA-
HO}t oBpaTHOM GyHKUIM.
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H, B YACTHOCTH,

d(z ..
J(u,v) d(w. ...)
(36) o(x,y) a{x, v, 5 ...) mra
0 (1 (u, v, W, . . .)

b) Hrtobbl mnokasaTb NoJAb3y 9THXBH (BOPMY1b, OrPAHHYWMCA ClydyaeMb
TpeXb nepeMbHHbHIXB &, y, 2, 3aAaHHbIXb BB BHAD SABHBIXD OYHKUIA OTB
#, v, W, H BHYHCAUMB MPOU3BOAHBIA OTH #, U, & NO X, ¥, 3, HE BHBOAR
NpeXBAPHTENbLHO ABHbLIXB BbIPaXeHIN #, v, w yepe3d x, ¥, & Mul pen-
NnoJ0XHMb, YTO KaKb X, ¥, &, TaKb H #, ©, @ He3aBUCHMbIA nepeMbHHLIA, T. €.

g_ 9@y 2
= J (1 , U, W)
Dopumyaa (20) ToTyach AacTn
@ 2% Lol “) gu_19(s ») -~ ov_1oly, 2
dx I 0@ wy ov I ol w) m) T ox 3 o, w ’

¥ 3anaua pbiueHa. 3ambrumb, uTo HbBTD HaROOHOCTH 3HATb 3TH NPOM3BOAHLIN,
q706bl BHIYHCIHTL PYHKUIOHANLHBIA onpexbinTens CHCTCMBI #, ¥, @ OTHOCHTEIBLHO
X, ¥, & TaKb XK€ KAKH W €ro MHHOPbLI BTOPOrO NOPSAAKA, NOTOMY 4TO BBH CHIY
dopMyas (35) u (36) unu popmyant (37) 6yaemb UMbIL

9, v, w) ] J{v. w) Lox  0J(v. w) 1l ov

dix. v, &y 9 o(v, 2y 3 ou’ d(z, ¥y 3 o’

Ecan Ttpebyerca BHIYHCAHTL AuddepeHuiatbl QYHKUIA o, @, @, TO MOXKHO
crepsa HanucaTh MOJHbE AHQ@EpeHuiadbl 0Th &, ¥, 2. 3aTbMb dopmyas

ox ox . 0x
dyx = d—udu + a—bd( —|—?'dw,

d
(38) dy =2 dut v 0 e,
ds = %z:td - );a’v—i—g—;dzu
NalyTh 3HavYeHis
e L

M3t HuxDb CHOBa noayuaworcs gopMmyan (37).

¢) Bt mbKoTOpBIXB NpHIOKeHIsX® npuMbHaIOTE Popmyay (38) and Bol-
yucnenis cymmbl  dx? + dy? + dz2, koTopas TOTYach W npeobpasyercs Bb
BhIpaXieHie

adu+bdvi+ cdur +2fdvdw+2gdwdu+2hduduv,
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rob gad COKpalleHis MONOMKEHO
, V‘(@f)z. T T L S
Z(du = L \ow / 2 ovou )

Bawmuo 3ambTHTb, uTO Korma usBbCTHB liects GYHKUIRA @, b, ¢, /, &, 2, TO H
GyHKnioHanbHed onpexbsutens J 6yaeTs U3BBCTEHD, 3 MMEHHO:

\ahg
39) Pl kb f
’gfc

[Tono6upiMb e 06pasoMb HAHLEMD W CYMMB

ou do\2 Vo0 ow
S DEy o 2y
2

3HaueHis KOTOPbIXb PAaBHBl COOTBBTCTBEHHO MHHOpamb bc¢ - f2, ca — g2, ...,
&h—af, ..., paanbaedHnMp Ha J2**). OcobenHo 3amEtuaTeleHd TOTh c.vlyqan
Korja f, &, & TowpaecTBeHHO paBHbl Hymo. Toraa Ha ocHoBaHin nocabiHuXb 3amb-

yaHil nonyuums Ay = o U T. 4., 4, KpoMb TOro, MOXHO ]OKa3arb, 4TO

1 03

2 oy 2 9 9
Mu=gna T'=F5p Jow ¢

Orciona cabayers (cMm. § 571, d), uto, NprMbHAS onepauiio A% kb Mmo6oi QyHk-
uid, MOXHO HAMHCAaTh

2 — ; % 2 - )
I (J” g T Zou a au
HIH

1 (o l/'l}"c o\, 0 ca 9\, 0 Vﬁ’é 3
2. —. S — —_— — — i 1 R
(40) d#]/a[w [()u( a 0u)+dv( b 02}) +‘dw< ¢ ()w)J
3Jto ¢opmyna JlaM3 1as npocTpaHcTBa.

d) Ecau x, y. & 3aBUCATH elle OTb OJHOH nepeMbHHON ¢, He3daBucAlLeH
oTb %, ¥, W, To onpegbautens J 6ygers Booblue 3aBuchbTb OTB £, W MOXETH
BCTPBTUTBCA HAZOGHOCTL BBIYUCAHTH NMPOU3BOIHYI0 I/, Baaryio mo ¢ O6o3nauas

*) Kakb 3nbch, Takp ¥ BO BceMb Janbnbiluems, NocTOSHHO BCTpbuatoTes
CYMMbI, COCTOAILS H3b TPeXDb CHATAEMbIXb, NMOAYYAEMbIXD OIHO HK3B APYroro
yepeab KpYroBYI0 MOACTAHOBKY ocelt X-Bb, ¥-OBb M 2-Bb, H BCBXb IPYyTHXDb
6yKBB, COOTBBTCTBYIOIUHXD ITHMDB OCAMDb. Bh TaKHXDB Clydasxb, s COKpallleHid
MACbMa, BBOJMTCH CHMBOADB 2, NOLB KOTOPbIMDB BBIIACBIBAETCH JHIIb OJHO H3b
Tpexb caaraeMeixb. Hanpumbpb, ecnu pascMaTpuBaloTcs TPH rpyninel 6YKB:
(x, v, 2), (#, v, w), (A, y, ¥), TO

dy d=z\ . [dy z) oz Odx dx  oy\.
Zk(dv ) =" (av ow) T (55“&)“(5;"%)’
"l.tdxdx Ldx0x dv oy dz0z

dvow = "ovowm T Mowou T ' onon

) CM. §§ 29 u 30.
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3HAKOMDb / MPOH3BOJAHBIA, B3AThIA MO #, M npuMbHAS NpaBuiao AuddepeHIHpo-

BaHia onpexbautesest (§ 373). noayuHMB

’ o(x". v, 2) 1 dix, 9. 2 | d(x, 9 2"
olu, v, w)  0(u, v, w) O(u,v, W)

Pazxbags Ha J, noayuuMs dopmyay

0g’

i

0z

Bcrpbuaromyocs Bb [HaposnHamuxb. Mel Bocmodb3yeMcst e, 4TOOB  HHBIMB
nyTeMb BbIBeCTH dopmyay JIsms!). flpeacraBumb ce6B x, ¥, 2, Kakb QYHKUIH
OTb He3aBHCHMbIXb MepeMbBHHBIXB &, ), {, f, 1 npousBoaHbs x', ¥', 2/, B3ATHIA
no #, xakb M3BbCTHHIS QYHKUIM OTBb X, y, 2. SIcHO, uTO 2, v, @w, KaKb QYHKUIH

oTb X, ¥, &. TaKXe 3aBHCATH OTb &, 7, { ¥ £ [IpoM3BOAHBIA HXDb MO ! CBSA3aHBI
¢b &', v, &' COOTHOLIEHIAMHU

. ,_dx' Ly'
@1 og 3= 7 + 5 +

ox ,0x
()i!+1£’ ow'

ox
=u L
du

Ecan Bo3pbMeMb 3a x’, ', 2’ uacTHbld NpoM3BOAHHS HbkOTOpoH dYHKUIK
¢ {(x, y, 2), TO NOIYYUMDb

o ox oy 0z
— =l S gl =au+ b w’,
ou 614+y ()u+ on Thrtg
Ortcroaa, 0603Hauas uyepes3nb dy, by, . . ., /4, airebpavueckia AONOIHeHis d1eMeH-
TOB® @, b, ..., i BB onpeabmutert (39), pasubieHHbls Ha &, BLIBOAHMDB, YTO
oq dg g
Ju'=ay— + hy =+ gy < °
0 gu T o 5ot &0 5o

Ycranousb 310, npumbHEML dopmyny (41) kb HepsoMy M TpeTbeMmy ompemb-
JUTEI0 Bb paBeHCTBH

o(x, v, 2) _9(x, 3, 2) 0w v w)

o6 m ) 0@ o, w) I 9

3aMbTHBD OpelBapuTeabHO, 4TO dopMyaa (41) yxe He mpumbHEMa Kb onpemb-
AuTeNw &, TaKb Kakb #, U, W 34BUCATH OTb Z TOTAAa MOJYUHMD

dx’ 9y 0z ,, 0w o0V dw’
ox Ty T o =l ity o
1

0 , 0 , d "
=—3~[5;<au)+»(,-y-<av)+d—w<aw>],

o 1[0 dp o o
Bb uactHocTH, koTRa f=g = s = 0, umbemn
I=Vabe, ay=Vbcia, by=Vcajb, ow=Vabjc, fo=go=hy=20

H HaXOAHMb CHOBAa dopmyay (40).

) Beltrami. Memorie dell’ Accad. di Bologna, serie 38, t. I, ctp. 467.
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NPUNOMEHIA Kb NINOCKHUMDB KPUBBIMD.
Auddepenyians Ayri.

582. Crporoe onpenbneHie nnMHBl RYyrH KpHBOH JMHIM TpeGyeTs
phluenin HbBKOTOpLIXDL BecbMa TPYIHBIXD, BOMPOCOBH '), KOTOphle 3abch
Mbi mocTapaemca 06o#TH. Mbl ROMyCTHMB, 4TO HMbEMD yKe MHTYHTHB-
Hoe npexcrasieHie o mauMHb ayru, no kpaine# Mbph, mna THxB HeMwo-
rMXb [UIOCKHXb KPHBHRIXB, KOTODHS BCTPBYAIOTCH Bb MPHAOKEHIAXD.
Jlas 3THXDb KPHBHIXb, KOTOPhA B¢k MoryTh ObITh H306paXeHbl reome-
TPUUECKH, MOXHO chbiath ewe crbayoutee monyuiedie: Beskas ayra
MOXeTh OubTb pasabieHa Ha Takis uyacth MM, uto BB TO Bpewms,
KOrZa OAZMHB ef KoHenb M’ CTPeMHTCA Kb COBOALEHI0 Cb APYrHMb
nenoasmxueiMb M, pascMatpuBaemast ayra MM’ sce Bpems o6pauieHa
BOTHYTOCTBIO Bb OLHY M Ty Xe cTOpOHy. JlimHa Tako# Ayru 6yaersb
TOrAA BaK/IOYaTbed MeXAY AJHHOK es xopan MM wu  cymmoro
OoTpB3KOBD Ha KacaTeJbHbiXb Bb Toukaxbs M u M, mexay Toukamu
KacaHis W Toukolo () nepechuenin kacarenbHmxb. [Ipeamonaras npowus-
BOAHYIO ' OTB OpAMHaTHl No ‘a6cumcch HenpepuiBHOW, Mbl MOXeEMD
cKa3aTth, 4T0 ¢b npubanxeniemd toukn M’ kb M, npambs M’ wu
MM’ GynyTs crpemutbcs Kb coBnagewito ¢cv (QM, a nostomy, mpu
6eakoHeuno ManoMb MM, yravt QMM w QMM 6ynyts Taxme
GeskoHeyHo Mank. Otciona crbayers, uTo OTHoleHie oTpbakoss ()M
u QM «b nxb npoekuiamb va MM’ crpemutcs kb 1, U nosTOMY
(§ 549) stu oTpb3KM OTIHYAIOTCH OTBH CBOMXD MPO3KIIH Ha Ge3kOHeyHO
Manbisi Bhicwaro nopsaaka. [Tosatomy u cymma QM-+ OM', a tiub
G6onbe u namna ayru MM, oramuzercs orb xopas M M’ na 6esxo-
HEUHO Malylo BLICLIArO MOPsAKa W, crbrosaTenbHo,

ayra MM’

Inxop,u.a MM~

583. OGosHaunMBb Tenepb uepesdb S MJAHHY Ayrd, y KOTOPOH
OIMHD KOHeub nombuiaercs Bb MPOM3BOJABLHO BBHIGPAHHOH HEINOABHKHOM
toukb 4 Ha kpuBoH, a apyro# BB Toukb M. fcHo, uto s GynmeTdb
usmbHsiTocst BMberh ¢b KoopauHatamu x u y toukn M. Korma touxka M
npuneTh Bb Touky M’, koOpauHaTH KOTOPOH paBHBl x4 Ox u y -+ 0y,
TO ANMHA OYTH S MEPEXOAMTH Bb S+ 05, Takb uto 0S GYAeTh PaBHO
zunb ayrn MM'. O6o3Hauas yepess ! mnuny xopaw MM', koropas
oTaMyaetcs oTb 0S, a cabposatensho, H oTb ds (§ 552) Ha Gesko-
HEYHO Manbisl BbICIIAro mnopsiaka, Oynemb umbre [2 = dx% 4 dy%
3ambhuas 3nxbeb /, 0x u 0y cOOTBLTCTBEHHO BeNHUHHAMH ds, dx W dy,
Mbl npeHe6peraeMb BL OO0bHXDB wacTAXb paBeHCTBA O€3KOHEYHO MasIbIMH
Beicliaro nopsaka. Ho Takb kakb BB MOJyyeHHOMDB TakuMb 06pasoMb

COOTHOIEHIH
99 ds? = dx2 4 dy?

1) Cwm., nanp., ,Cours d'Analyse“ par. C. Jordan (2-e uan., 1-i ToMB
ctp. 90-—-107).
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He BXQUTH HHKaKin G6Ge3KOHeuHO Maanisl, KpoMb anddepennianoss,
To (§ 556) MOXKHO ObTHL yBbpeHHBMB, 4TO 3TO COOTHOWEHie TOYHOe.

[ MpumBuanie. Ecau kenaemd monyuurs cdopmyny (1), He ccbl-
nasce Ha cooGpawenin § 556, TO MOxHO mOCTYynmuTh cabayowuMb
oGpasomb: Usb dopmyns [*= dx?+ dy? Haxomumsb

12 (o) 1 ssi | [dy
(ol =1 (5%) e (555 =1+ 53)
[Tlepexoas kb nmpexbaamb ¥ npunomuHas, uTo lim (6_15) =1, noay4yaemb

(aaf =1+ ()

a ymHOXas 06%b uactd paBeHcTBA Ha dx?, HaXOAUMD
ds?= dx2+ dy?].

Sra BawHas ¢opMyna W CAYKHTD A4 BhiudcieHis s. OHa MOKasHBaeTs,
4TO, pa3cMaTpHBas S, KaKb PYyHKUIKQ OTH X, NOJAYYHMD LS NMPOU3BOAHON

oTh 5 Mo x Bupaienie }/1 +4'%, a Bb cenpMOH kHurb GylerTb MOKa-
3aHO, Kak® ompeabaserca dyukuina mo naHHOH es mpousBoaHOH. Ecmu x
He3aBucuMas nepembuHas, To (§ 553) ds usobpaxaern AnuHy oTpb3aka
Ha KacatelbHOH Bb Toukh MM, mexay M u Toukow mepechuenis
KacaTe/qbHOH ¢b opaunarow Toukd M. Benuuuna ds aumb  TOrAa
paBHa Anuub ayru MM, xoraa s B3fATa 3a He3aBUCHMYIO nepembHHYIO.
BooGuie ke ds ectb oTpE30KD KacarenbHOH Meway TOuKamu (¥, y) H

(x+dx, y+dy).

[ MpumBuanie. Koopaunare npoussoabHol toukd M (x, y) Ha
BCAKOH MJIOCKOH KPUBOH MOMKHO pa3cMaTpPHBATh, KaKE (YHKIIH OMHOTO
HesaBHcUMaro mapamerpa. ! W 3alaBaTh KPHBYIO JByMs ypaBHEHisAMH
x=p ¢, y=(f). Pyuxkuin @ u 1 Mb Bceraa Oyaemb Npeano/ararb
HeNpepLIBHEIMA U MMBIOIIMMUA HENPEPHIBHLIA MePBHS NPOU3BOAHLA @’ (f)
u 2'(f). Bb yactHoM® ciyuab, korda 3a mapameTpb £ B3ATa abeuucca X,
nonyuyaeMb H3oGpaxkerie KPUBOH ONHUMD ypaBHeHieMb y =1y (x). Boobue
KaXIOMYy 3HaueHilo / cooTBbTcTByeT®h onpeabieHHas TOYKa Ha KPHBOM.
Bu6pasb Touky A, coorsbrcreymouy HbkoTopoMy sHadeHio f=/,, 3a
Hauano cyeta AYrb, MH BHOGHpaeMb TaKke MO MPOHM3BOMY HAMpaBieHie
BO3PacTAUIAXb WM MOJOKHTENbHBIXD AYI'b; OGLIKHOBEHHO 3TO Hanpa-
B/eHie BLGHpaeTcs Takb, uto6m ayra 4 M Bospactana, koraa Touka M
ABHXETCA 110 KPUBOH Bb Ty CTOPOHY, Bb KOTODYH) Haa0 MOABUHYTbCH,
yTo6Hl MapaMeTpb f Takwe Bo3pacTandb. [loAb 6YKBOIO S Mbl BCeriaa Mo-
pasymbBaems anrebpauueckywo aauny ayru AM, 1. e. s=+4AM,
xoraa HanpaBiedie otTb 4 kb M coBnazaeTb Cb MOJNOXKUTENLHBIMD
HanpaB/ieHieMb Ha KPUBOR, U s = — A M Bb NpoTHBOMOJOXKHOMD cayyat.
[Ipu TakoM® ycnoBin s 6yldeTs GyHKUiS OTb f, paBHas HyJ0 NpH [ =1,
(xorma M cosnanaers ¢b A), U NpPHHMMAIOINAR KAKb MOJOKHUTE/bHBIA,
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TaKb ¥ OTPULATENbHBIS 3HaueHis. Popmyna ds®=dx*+ dy? (1) ocTaerca
CNPaBeIBOI0, KaKb Gbl Mbl HA BHOMPaAd HampaB/leHie BO3PACTAOMUXD
OYyr'b, HO MepeXons oTh Hed Kb (opmynd

-V G

M, Bb 4yacTHOCTH (npu f=x) kb ¢dopmyat

Mbl [OMKHB B3fiTh MOJOXKHUTEIbHOE HJIH OTPULATEJbHOE 3HAuYeHie KOPHs,
CMOTpPS MO TOMY, BO3pacTaeTb A S WAM YObIBaeTh NPH BO3PacTaHiu £
(win x). To xe 3ambuanie oTHocuTcs u kb dopmyath

dS_ R
de=V7EE

BhiBeJeHHOH BB koHub § 584, xorma » = f(§) ecth ypaHeHie KpuBO#
BB MOMAPHBIXB KOOPOHHATAX®. |

584. Ilpeo6pazosuiBas ¢dopmyay (1) Kb NOAsSpHHIMB KOOpIHHA-
TaMb, noayuuMb (§ 558,

@ ds® = dr? L 2 de

Kb arto#t ¢opmynrt MoxHO, Bnpouemb, NMpuaTH, Kakbs W Kb (1), Hemo-
CPENCTBEHHO H3b reOMeTPHYECKUXb coobpamenilt. Otaoxumb Ha paniych-
, sektopb OM' nmuny OM"= OM =r;
M u nycte P 6yners npoekuis Toukn M
Ha mpamyww OM’. Torna Gynemb umbrh
&7 = PM?*4+ MP: Bb 3TOMB paseH-
ctBb  moxHO 3ambHute [ uepesv d's,
MP=ysindf cnepra uepesnb » 00, 3aTbmb
N M uepess rd, a PM', uepess M’ M’ = dr,
npeHe6peras Ge3KOHEYHO MaaoK 2-ro mno-
paaka PM"=v (1—cosd0), u okoHua-
TenbHO uepesb dr. Torna u noayuums
0 cooTHolweHie (2), koTopoe HapbpHO 6y-
IeTb TOYHBIMB, NMOTOMY UTO 3aKAIOYaeTh
Bb ce6b onHu muddepenuiann. MoxHo
TAKXKE WCXOAMTE H3b PABEHCTBA

B=y24 (r + 0r2— 2r (r + 07) cos 66,

V=

)

T
Puc. 29 U MOXHO a priori 6uTh yBBPEHHBIMD, 4TO
T Bb NPaBOH YaCTH COKPATATCH, KaAKb KOHEY-
Hele (T, e, He Ge3KOHeYHO Ma/nle) u/MeHbl, TAKb H OE3KOHEYHO Maibie

nepsaro mopsiika, H 4to ds? Gyxerb Bb TOYHOCTH pasHO cymmb Ges-
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KOHEYHO MaIbIXD YIEHOBD 2-Ir0 NOpSAKE, KOTAa Bb Hell OCTAHYTCS ORHK
Jume auddepenuians. M nblicTBUTENBHO, NpefHAyllee BhIpaWeHie cBe-
nerca Kb cabayoileMy

P== 02t 47 (v L ) sin2 (—521

3ambuss anben | uepess ds, 07 uepesd dr, sin %—9— yepess %— df u

ot6paceiBad r dv df)?, BHOBb nonyyaems dopmyay (2). Dtoo PopMya0w0
TaKHe MOJAb3YIOTCA IS BbIYUCAEHIH s, 3aMBTHBD, uTO OHa HaeTh A

NPOM3BONHON OTB'S No § Beipawenie |/ #2 - #'2

585. Mbl nokaxem®b Tenepb, YTO Pa3HOCTh MeXNY Ge3KOHEUHO
Mano Ayrow u coortBbrcTRylolle0 Xxopao, Boobie rosopq,
Gynerd> 6E3KOHEYHO MANOX TPEThHATO MOPHAKA OTHOCHTENBHO
camo#t nyru *). dbHcrBureabro, (§ 564) dopmyaa ;\Tal‘énopa naeTb

() Odx—=drxtidixtidint ..., dy=dyt+4diy L idiy+ -,

KakoBa OBl HU Gblia He3aBHcHMMas nepembHHas. Ecan s Badta 3a Hesa-
Bucumyo nepembuuyio (§ 558, e), To

4
dx® 4 dy? = ds?,  d2a® 4 d?y? =%‘;_,

a aBykpatHoe nubdepenuupoBanie nepparo M3b THXbL ypaBHeHiH dacTb

) 4
dxd®x + dyd®y =0, dxddx+ dyddy— ~d—;z--
Catnosatensto,
d st
2 A2 S 02 = g2 — 2 L.
da2 4 oy ds D) 92—{—

[Ipene6Gperas 6Ge3kOHeuHO MalbIMH BbiCIIAro nopgaka u 3ambHAA BDb
YacTHOCTH Bb paBeHCTBH

dst
2 _p_ A4S
. 35 / 1292—{—
ds L[ uepesv 2ds, HaxonHUMb
se_ 1P
s T 2492

HIH BB TOYHOMB BHIB

fig ¥ MM = xopna MM _ 1
! (O MM T 21 ¢

Haa noebpku 3TOro pesyabrata Bb YaCTHOMB cayuyab pascMOTPHMD Ha
OKDYXHOCTH kpyra pamiyca ¢ nyry MM'=2¢a. [suna xopiH

*) Bb HbKOTOpLIXH OCOGEHHBIXH TOYKAXD, KAKb YBUINUMD Halblie, MOPH-
JOKD MOXETH NOBBICUTHCH AU TOHU3UTHCS.
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MM =2¢sina, n rbpas 4acTb NpeAbAYLLATO PABEHCTBA NPUBOAHTCH Kb

limg4 sing#_l .
=0 202  24¢?

OTHOCHTENBHO pascMaTpuBaeMaro 345ch BOnpoca MOXHO, cibaoBaTe/lbHO,
CKa3aTh, YTO B OKPECTHOCTH Cb TOuKOW M KpHBas JHHIA ynomoG/sercs
cBoeMy conpukacawmemycs Kpyry (§ 348, e).

KacaresiibHass ¥ HOpMaib.

586. Ha kpaBo#i auHiu, u3oGpawaemoli ypasHeHiemb Y = f(X)
BH NPAMOYrOJbHEIXD [eKapTOBLIXD KOODAHHATAXb, BO3bMEMb HEKOTODYIO
touky M, KOOpAMHATH KOTODOH OGO3HAUMME Uepedb X W y. YpaBHehie

BcaKo# npsmo#, npoxonswel vepesr M, Gyners Y — y = m (X — a),
H, kakb uaBkcTHO (§ 293), Anm KacaTenbHOH m==y u,crbaoBaTenbHo,

1 .
m = — —; Aaa Hopmaau, [losromy ypaBHeHie KacaTeqbHOH W HOpManH

6ynyTh COOTBBTCTBEHHO

4) Y—y=vV(X—x), Y—y=— % (X —x).

rab ¥ wm f’(x) ectb 3uauenie f7(X) BB Toukb M. Bp Hudde-
peHuianbHoMb McuMcieHin KacaTenbHyl0 pa3cMaTpHBaWTB b Gombe
npocTof ToukH 3pbHisA, a uMeHHO (§ 553), KaKb NPAMYI0, COCAHHAOULYIO
toukn (x, ¥) U (x+dx, y+dy). Ha ocHopanin srtoro sambuanis
MOXHO TpSAMO HAMHCATL YpAaBHEHiss KacaTelbHOH M HopMaan Bb BUAb

X—x Y-y

6)) Tx Zy (X —x)dx+ (Y — ) dy=10,

OTh KOTOPar0 TOTYACH MOXKHO nepeHTH Kb (4), HanucaBb y'dx BMbB-
CTO dy ¥ COKPaTHBL Ha OOWH MHOWMTe b dx. Popmynb (5) Okaswl-
BalOTC OCOGeHHO yAOGHHMH BB TOMDB Ciydyah, Koraa KpHBas 3aaaHa
ypasueniems X=g¢ (#), Y= (#). Ecmm narbe kpuBas 3anama ypasHe-
viemb f(X, Y) =0, To amm BeskoH ea Touku Hmbemb

()‘xdxﬁ—@d} =0,

H ypaBHeHis (D) NMpHHHUMAIOTH BHAB

. of af X—x Y-y
©) N A R T
ox Jy

M Kb 3TUMB ypaBHEHiAM> MOMXHO NPHMATH HemocpeacTBeHHo. JIbHcTBu-
Te/bHO, HanpaBienie, no Kkotopomy o¢yukuis f(X, Y) cTpemures co-
XpaHUTb TO 3HaueHie, KoTopoe OHO umberp BB Toukh (v, y), T. e
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3Hauenie, paBHoe O, ecTb HanmpaBienie KacareldnHOH, a notomy (§ 568)
KOCHHYCH YI/10BB, 0OpasyeMbixsb HOPMAIbid Cb OCAMH KOOPIMHAT®,
nponopuioHaNbHH YacTHHIMD NPOW3BOAHLIMB (YHKUIM f, BHIYHCAEHHBLIMD
118 TOYkH (x, ¥), NPH YeMb NPEANONAraercs, 4TO 3TH NPOWU3BOLHbLIA
HE paBHH HY/MO OIHOBPEMEeHHO. Bnpouemsb, neppoe H3Db ypaBHeHi# (6)
MOXHO pPa3CMaTPHBATH, Kakb YpABHEHie, Kb KOTOPOMY TNPHBOAMTCH ypa-
BHeHie camoi KpWBOH, eciM Mbl OTOPOCHMDB Ge3KOHEYHO MaJblf BHICILATO
NOpsIKa Bb BHPAKEHIAXD KOOPIHHATDL TOYEKb, CMEXHEXD Cb (¥, ¥), H
npUMeMD BO BHUMAHie, UTO BB YDPaBHeEHiH

of

FA Yy =f@ 0+ X —x) 57 of

T =g+

f(x, v) paBHO Hymo. JIBACTBUTENLHO, MH yre 3ambTHM panbume (§ 993),
YTO MPU YNOMAHYTOMDb YCJAOBiM, KpMBadA, Bb OKPECTHOCTH TOYKM KacaHis,.
3aMBHAETCH KACATENLHOW NPAMON. Bb NPUIOKEHIAXD NOE3HO 3aMOMHHUTS
ypaBHenle KacarenbHOR W HopManu BO Bchxb Tpexv dopmaxs (4), (5)
v (6), v npumbHATL Ty WIM IPyTyl0, CMOTpPs NO TOMY, KOoTopas GyieTd
yano6utbe.

587. IlonesHo Takwe ymbTh HanucaTh ypaBHeHie KacaTenbHOH Kb
anre6panueckoi KpHBOH BB oAHOponHoMD BHIB., Iloa0KHMD,
4To 1aHO ypasuenie kpusod f(X, Y) =0 sb wbromv pauionanHoMd
Bunh. HMsphcTHO, 4TO 14 nMpuBeneHisn ero Kb ONHOPOLHOMY BMLY HAaldoO
OCTaBUTL Ge3b M3MbHEHis WIeHn HaWBLICHIEH CTENEHW #, U YMHOMXMUTH
uneHsl (# — 1)-o#f, (#—2)-0off ¥ T. I. creneHd COOTBETCTBEHHO Ha
Z, Z? n 7. 1. TakuMDb nyTeMb ypaBHeHie NPHUBENETCS Kb OIHOPOLHOMY
Buny f(X, Y, Z)=0, u cTouTH TOABKO MOJOKUTH Z = 1, 4TOGHI
CHOBA MOJY4YHTL NepBOHauYalbHOe ypaBHeHie. [1s Touku (x, y, 2z), Je-
wauwe# Ha kpuBo#t, umbems f(x, ¥, 2) =0, u no teopemb Ditnepa

(§ 372)

of of

df—}—y— -z —*Mf(x vy, &) =0.

[punoMHUML Teneps, YTO BB HEOLHOPOAHLIXD JleKapTOBHIX> KOOPIHM-
HaTaxb ypaBHeHie KacaTenbHOH GHIIO

e [§7) + r=n (] <o

rub (%) 7 (gi’) 0603Ha4Yal0Th pPe3yAbTaTb MNOACTAHOBKM 2z = 1 BB
1 1

o0f af

e av’ IMostomy Gyzemb umbTh

R

v nocrknHee ypaBHeHie o6paillaeTcs Bb

)G GO e

adv dz
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uiad, nknas ero OXHODOIHBIMDB, BB

Of  LOf . LOf
XSt Y5t 725k =0

588. VYpaBueHiaMu KacaTeNbHOH W HODManu TOJAB3YIOTCS TOIIa,
KOTA4 3TH TpsMbls BcTphuyawTca Bb Bonpocaxb AHanurdueckod [eome-
Tpin. Eciu ke Tpebyercd TONBKO MOCTPOHUTH KacaTelbHYIO H HOpMaib
Bb naHHOH Toukb M (¥, y) Ha KpHBOH, TO NOCTATOYHO YyKa3aThb ellue
TOMLKO OIHY TOUYKY, KOTOPYHO Halo COeddHuTb ¢b M, uToGbl MOMYUHTH
KacaTe/bHYl0 HWIH Hopmadb. Cb 3TOH wbabio 4acTo BBIYMCATIOTDH IJHHBI
HEKOTODLIXD OTph3KOBD, Ha3biBaeMbIXb NOLKacaTelbHOK H TNOI-
HopMaabio. Ecnu P ects npoekuis Toukd M Ha ocb x-08b, a T u IV
Toukd nepechbyeHis KacaTelbHOH M HOpPMAld Cb TOK KE OCbI, TO
otpbsokb 7P HaswiBaioTb noakacatenbHow, P /N nomHopmanbio. Wb
yeprexa (KOTOpHH uuTaTenb Jerko cobaaers camb) TOTYACH HAXOAWMD

TP=ycotg = )%}y PN=yvigg=1vy".

| ipumbuanie. /lns onpentnenis monoxenis Ha ocd x-0BB TO-
yeks [V u 7, KOTOpbIS Ham0 COeIHHMTb Cb TOUKow [/ Ha KpHBOH,
4yTOOb TOCTPOMTL HOPMadb M KacaTelbHYIO, HELOCTAaTOYHO 3HaTbL abco-
MOTHHA 3HaueHis oTtpbskoes PN u P 71; Heob6xomumo ewe 3HaTh
HampaeJeHie, Bb KOTOPOMDb HAal0 OTJIOKHUTL [UIMHB 3THXD OTPh3KOBL
OoTb TOYKH P, mns mondydenis Touekb /N u 7. Ycnosumes cudrtarhb
PN u1PT nonoxutelbHbiMd M4 OTPHUATENbHbIMH, CMOTPS 110 TOMY,
6ynyTh Ad HanpasieHins ot P kb N u otp P kb 1 cosnamath cb
TIOJIOKHUTEIbHBIMD HIH Cb OTPHUATENbHWIMD HaNpas/eHieMb OCH X-0Bb.
Torma, kakb u3BbCTHO H3BL AHanutuueckoi [eomerpiu, Bcerna Gynems
umbe PN =& —x, PT =& —x, rab & n & Oynyrs abeuucent
touekb N u P, 1. e. 3HaueHis X, monyyaempss 43b ypaBHeHis HopMmaiu
¥ M3 ypaBHeHis KacatenbHod mnpu Y =0. YpasHenie HopmaiH

Y*)}=~}%(X—x)

naetdb npu Y=0, & — x =y, a ypaBHenie kacaTelbHO#

Y-y =3(X—x)

NpH TOMDb XKe TPEANONONKeHiH &p —x = — % CnbnosatenbHo, 6ynemMb
v |,
umbTb o Benuuunb W no swaky PN =yy', PT = 4)%- Orciona

BMIMMb, 4TO, ecid Bb Todkh A y ¥y ONMHAKOBBIXL 3HAKOBB, TO
Touka N J€XHTD Cb TONONHTEeNbHOH, 4 TOuka | Cb OTpHUATenbHOH
CTOPOHB OTH /; TPOTHBOMOJOXHOE pAClONOKEHie NOAy4HMb, KOrLa
¥ # y-— pasHBIXH 3HAKOBD.



§ 588 KACATENbHAR W HOPMAJb., 59

IIpu ynorpe6.eHid MOAAPHBIXH KOOPAHHATD, N1 NOCTPOCHIA Ka-
CaTeNbHOH, NONE3HO 3HAaTb Yroab @, oOpasyembifl KacaTelbHOKW Cb
paalycoMb BEKTOpOMD TOYKM KacaHin, Bvb Ttpeyroashuxs M P M,
KOTOpBIi MBI pascMaTpuBanud Bb § 584, umbemsb

i
tg o= limtg O M/M = 1im%§, - lim%zl'mfg :§A
Ecnu u3b nomoca () nposeaeMb NepneHaHKyasapb Kb paaiycy BeKTOpY
v sambruMb Toukn 7 u N, Bb KOTOPbIXD OHB NepechkaerTs KacaTenbHYIO
u HopManb, TO oTph3oks () 7 HasbHBaeTcas MONAPHOI NOAKACATENb-
How, a orpbsoky ON noaspHolo noaHopManesio., [ladHb HXD,
OUYEBHAHO, BHIPANKAOTCA HOPMyNaMH

[M

14

OT=rtguw=—> ON=rcotw=17".

7’
[Moas anvHO© HOpManH noapasymbraloTs abconoTHy0 anuHy oTphska
HOpManu Mexay Toukow [/ Ha KpHBO# W TOYKOX nepechuenian HopMamu
€b ocblo abcuuces, Bb cnyyat JleKap1oBbIXb KOOPAHHATD, H Cb NeEpreH-
OUKYJApOMDb H3Db MOMIOCA Kb padiycy BekTOpy, Bb ciyuat moJsipHHIXB
KoopaHHaTb. OYeBHIHO, ANMHA HOpManH paBHa COOTBBTCTBEHHO

Yy VITE72 uma V2472

[[IpumEuanie. Bb dopmyat tgw= % noadb @ nojapasyMmbeaeMb

OCTPBI HAM TYNOH Yrons, cMOTpA no ToMy, GyAyTb JH » H ¥’ ONMHA-
KOBbIXb MAH pasHbixb 3HaKOBBb. HerpyaHo y6bautbes, uro dopmyan

2
o7 = — M ON =+ Gynyrv Bceria cnpaBelsivBbl, ecid GyieMb CuH-
tate O7T nonoxutenbHuMb, Koraa Hanpasienie o1b O kb 7 cooTBbT-

M2 ;
CTBYETH yriy 6—7, a ON nonoXHTenbHpIMb, KOTAa HampasfeHie

M
ore O kb N cooTsbrcTByert yray 6—]—7, H, KOHEYHO, OTpHHAaTelb-

HHIMH Bb NPOTHBHOMD cayuab. [as manbHbiimaro BaxHo 3ambruTh eine
crbayomee: npu u3cnbaoBaHiM KpHMBBIXD, 3a4aHHBIXD YPaBHEHIAMH Bb
NOMAPHbLIXD KOOPAHHATAXDb, Mbl OyjgeMb CYMTaTh, YTO Kakb yroab 0,
Takb M paalych BEKTOPbL # MOTYTH NPUHAMATb BCEBO3MOMHbBIA 3HaueHis
0Tb —oo 10 oo, [Ipy 3TOMD, ecid KakoMy-HHGydb 3HaueHilo = 0,
COOTBBTCTBYeTD MONOMHTENbHOE 3HAYeHie @ = Q,, TO 1A NOCTPOEHis
TOYKH (Qy, f;) Mbl OTNOMHMD AMHHY @, OTb ToukH () Bb TOMDB Hanpa-
BJeHiH, KOTOpoe onpenbasercs yriaoMs f),, a eciw npu §=0,, sHaueHie
¢ = 0, OyneTb OTPHLATENbHO, TO Mbl OTIOKHMb MAHHY (— Q) IO
HanpasieHil0 MPOTHBOMOMOKHOMY. 3TO COr/alieHie NaeTb BO3MOMHOCTDH
BeCbMa 4YacTO ONHHMBL H ThMDB Ke ypaBHeHieMb H306pa3HUTb PA3NHUHBIA
BbTBH KDHBOH, KOTOpbii HHaue MOTpe6ORAAH Gbl PASNMYHBIXL yPaBHEHiH
ans  cBoero Haobpawenif. [as 66aplwHXb NOAPOGHOCTEH MBI MOXEMD
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pexomeHnosath uyutatemo Briot et Bouquet ,Lecons de Géométrie
analytique 16-e usnmanie (1897 r.), crp. 452, rab npuseneHsl
mHorie npuMbpel TOCTPOEHIA KPHBbLIX, 3aAaHHHXbL BB TOJSAPHLIXD KO-
OpAHHATAX®. |

589. YnpawHeHia. a) [as mnapabonbl BTOpPOro MopsaKa NOCTPOeHie
HopMaaH ocoberHo mpocTo (cm. § 294, a). A MMEHHO, ec/d NpHUMEMDb OCh napa-
6oabl 3a ocb abCiMcCh, TO Hak-
leMb, UTO NMOJHOPMAaJNb — BETH-
YHHA MOCTOSIHHAsA. 3TO CBOHUCTBO,
KpoMb TOro, XxapakrepHo [as
3TOA KpPHUBOH, MOTOMY UTO H3B
ypaBHeHin ¥y’ = a crboyers
112 = gx + const., a noMbcTHRD
HAyalo KOOPAHHATH HA KPHBOH,
no1yuumMs 32 = 2 a x.

b) Jlnia kakod KpHBOH 11071~
KacaTeidbHas — BEJIHYHHA NOCTO~
SHHAA ?

¥ T [To ycaosio l, = a,T. e npo-

u3BogHas log y OOMKHAa ObITh
1 ‘
Puc. 30. paBHa NOCTOAHHON . ITpunomu -

Ha#, yro ABb QyHkuiK, uMboowina

PaBHbIAl NPOH3BOJHBIfA, OTIHYAITCA OAHA OTh APYro# /UlIb NOCTOAHHBIMB Caarae-
MbIMB, HAXOIUMD

y

logy = ;1{ + const.

[TocTOAHHYI0 MOXHO B3ATb paB-
HOK log a. BbLIOpaBD noajexa-
IMMB 00pa3oMBb HA4Yal0 KOODIH-
HATDH Ha OCH X-OBB, U MOJy4aeMb
A02APUOMUHECKYIO KPUBVIO

&

y =aqae”.

¢) OnHa 43b BeCbMa HUHTEPECHbIXB KDHBBIXB (y@we pa3cMOTpbHHAd Bb

§ 527, f) usobpamaerca ypaBHeHiem® y = a ch % uad (§ 408)

x

x
_a o)
.y72 e +0 -

OHa HA3LIBAETCSl UWHHOW JAUHIEH0, TIOTOMY UTO THOKas, HEPACTAKUMAH HUTD,
TAXeENas U OQHOPOAHARA, KaKb NOKa3biBaeTcss Bb MexaHdkb, npuHuMaers dopmy
3TO# auHiM, 6yayud npuBbiueHa 3a ob6a xoHua. Kpomb Toro, Ta we JdHig, mo-
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BepHyTass BepunHo .4 Kb Bepxy, Aaerp npoduar csoaa 6e3d TpeHid
Mu umbeMdb 31kCh

7

X
y=sh—=tgg,
rab ¢ — runepbonnveckas ammautyaa (§ 409) ore ~Z: + Orciona crbayers
"
chz =seCq® U yCOSqg =a,

T. € TpoeKliss opAHHATH
Ha HOPMalb €CTb BeJH Yy
YHHA NoCTosfiHHada. Kpomb
TOTO, HU3b

ds 1 y

__ _ < 7
dx cos@ a ey
uMbers ds = ady’, oTkyaa
S =atge, ecin Ayra orcuu-
THIBA€TCS OTb BEPUIHHbI 4.
CabaoBaTeabHo, Aad Crips-
Miaenis ayru 4AM, Hano
NPpOEeKTHPOBATb OPAHHATY
TOoukM M Ha XacaTelbHYW Puc. 32.
Bb 3TOH TOUK.

Hupexmpuca

d) Bp Mexanuwb Taxoke fokas3biBaercs, YTO CYUIeCTBYETH Takoe pacrpe-
xbaeHie NAOTHOCTH HUTH, NMPU KOTOPOMDb OHa BB Kawaol TOukb NpencTaBiaseTd
OIHHAKOBOE COMPOTHBJeHie pa3pbiBy. Ho Toraa HHUTb NPUHHMAETD MHYIO (GODPMY,
¢opmy KpuBOH. Hocsllefi Ha3BaHie, COOTRBTCTBEHHO BbILICYKA3aHHOMY CBOUCTBY,
UWNHONW aumnilt pasnazo conpomugaenia. OHa H306pakaercs ypaBHEHieMb

X !

y = —alog cos - OHa cocToHUTh u3b 6e3UHCIeHHAro MHOMECTBA BhTBel,
14

OlHa M3 HHUXD JeXHUTD MEXAYy acUMNTOTaMUl) x = 5 @ U Kacaercs ocu

abcuuccy BB Hayalbh KOOPAMHATB; APYTris noayyartcs, eciy GyleMb nepeaBHraTh
3Ty nepByio BBTBb NapasiesbHO oCH a6CUUCCh BB 06F CTOPOHBI HA BEJMYAHY
2@ CKoJabKO yroaHo pa3b. lleHTpanbuas BBTBb, ofpallleHHAsS BepUIMHOKW Kb
BEpXY AadeTb NMpoduab cBoja 6e3b Meperpysku.

e) BecbMa sambuatenbHa wozapuomuueckas cnupass, T. €. KPHBaAd, nepe-
cbkawmowas nodb OAHUMB U TBMBb Xe YIJIOMB NYYOKD NPAMBIXD, BHIXOASIIUXH
13b 0fHOU TOukM*). EC/IM yroabp o BeJHYHHA MOCTOSHHASA, M TOJTOWUMDB M = cotg ,

/

N ¥
TO M3b yPaBHeHid tg o = —

r/
¥, HAKOHEL'b, r=ae"® rab a Takwe noctosnHas BeanumHa. TO M €CTh (3nakoMoe

y¥e HAa OCHOBAHiM CKa3aHHaro Bb § 412) ypaBHeHie JOrapueMuyecKol Crupa’iu.

noJly4dMb 1; =m, OoTKkyaa logr = mb -+ loga

1) O6b acHUMNTOTaXb, O KOTOPHIXb UYMTATE/Nb YHe 3HAeTh H3Db AHAIUTH-
yeckott ['eomerpin, noapobnbe 6yaers ckasano BB § 596.

‘ 7T
*) Ecam 3TOTB yroas paBeHb 7’ JOTAPHBMHYECKAS CHPatb, OYEBHAHO,

06pallaerTcs Bb OKPYMKHOCTb Kpyra.
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2
¥ r
[TonsipHasi nmoaHopManb #/ = m#, NOJspHAs NOJKacaTelbHas = m cnbaosa-
m
TeJdbHO, M Ta M JApyras NpomnopuioHaldbHel pagiycy Bekropy. Hanbe, umbeMb
ds e Vidm? ”
2 ) s
— =Y R4 ri= s = =MT.
ds Vet #n ’ cos

CnbaoBatenbHo, Koria Touka M ONHCHIBAaeTh KPHBYIO, TO LIHHA AYTH COHpaH,
OTCUMTBIBaEMasl OTH MOMIOCA, BB KaX[Abil MOMeHTH paBHa Aaunb orpbaka M7T.
M31b aToro cBORCTBA HENOCPEJACTBEHHO BbITEKaeTh ApYyroe, 6narogaps KOTOPOMY
J1 OTADHOMHMYECKOK CNMPAJbi0 M MOJAH3YIOTCH HA Mpak-
THKbB, 4 MMEHHO: KOTJAa CnMpanb KaTuTcs 6e3b
CKonbXeHig no HbkoTOpOH NPAMOR, TO MONIOCD
es ONMCcHBAETDH Takxe npaMmylo. Hakonews, sra
KpHBas [aeTh caydad 3aMbTHUTBb, yTO NpH HBKOTOPHIXD -
YCJOBigXDb OTHOLIEHie 6€3KOHEYHO Maloi AYTH Kb es
xopab (cm. § 582) moxeTp W He cTpeMuThbcs Kb 1.
JbicTBUTENbHO, KOTAA Touka M. ABHTasiCh 1O CIMPANH,
CTPEMHTCA Kb COBNafeHil0 cb nomocoMb O, TO OTHO-
wenie xopasl OM xb nyrb OM ocraercs NMOCTOSIHHO
paBHbIMB coS @w. Hamo, oanako, 3ambrith, uTO BB
toukt () He CyulecTByeTb KacaTelbHOH *).

f) Yrober nmoayuuth KpUBYM. umbloulylo nmocto-
SHHYI0O NONSPHYIO MOJAHOPMAalb, HAJO MOJNOXHTD
#’=a. Orcoaa, NPUIMYHO BHBHUpPAs LOJONEHIE MO-
JApHOA ocH, 6yneMd uMbTh r = a8. Kpusas, uszobpa-
’KaeMas 3THMb ypaBHeHieMb, Ha3bIBaetca Apxusedosort
Puc. 33. cnupaasro. [lpu Bospacradin § o1 0 10 o, © BO3pa-

7
cTaeTs oTb 0 A0 ' TaKb Kakb tg v = 0. Cnbrosa-

TeNbHO, KPHBas KacaeTrcs MNoJsapHoH ocu BB 1nomock, a 3aTbMb nepechbkaers
pa3nHuHble paiaiyCchl BEKTODbI MOADB YriaMH, Bce Goabe H Goabe mpubanxawouiu-
MHCS Kb NPAMOMY, T. €. CTPEMHTCS cIBIaThCH HOPMAaNbHOK Kb Pafiyjcy BeKTODY.
Konusl NV nmoasipHeixb nogHopManed. o4eBHIHO,
Jexartb Ha OKPYXHOCTH Kpyra paliyca a cb
ueHTpoMb BB noawoch. M3p kaxmolh Touku
OKDYXKHOCTH 3TOTO KPyTa MOXHO MpOBecTH 6e3-
YHCJACHHOE MHOXeCTBO HopManed Kb KPHBOH,
TOYKH BCTPBYH KOTOPBIXH Cb KPHMBOIO NEXATH
Ha OpPAMOK, NpPOXoAsiUled yepe3b MOMIOCH. ITO
CBOHCTBO, OIHAKO, JaleKO HE XapaKTEPHU3YETH
ApxumMenoBy cnupanb. THMb ke CBOUCTBOMD
062131310Th, HanpUMbpb, KPHUBbis, H306PaXKaeMbIst
ypaBHeHieMb

¥ ¥
e=—5+klog7v

Kb KOTOpPBIMB, NMpH # = 0, NpHHAANEXKUTD H
ApxuMenoBa cnupans. JIpyroe cBOUCTBO MOXETDH
6bITb NMPAMO BbIBEAEHO M3b YpaBHeHis » = af.
Puc. 34. [TocTpouM® Kpyrb, KOHUEHTPHYECKIH CBb Kpy-

¥) Co6cTBeHHO TOBODS, NMOMOCh (0 HE NPHHAMIENKHTb KDPHBOH, NOTOMY
4yTO 7 HMKOTA4 He paBeHd HY/o, a Npubamxaercs Kb Hymo 6esnpeabnbHo, Koraa
§ crpemutcs Kb — oo (mpu m >0). CnbaoBaTenbHO, NMOMOCH €CTh aCHMIITOTH-
yeckKas TouKa, Kb KOTOPOH KpuBas GesnpexbiabHo npuGamkaercs, abaas okono
Hesl Ge3KOHeYHOe YHCHO 0B6OPOTOBE.
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roMb paniyca @, NpH YeMb paniych BTOPOro Kpyra MOXHO Bei6paTh MO MpOM3-
BONY, AMIb 661 OHB ObIb Goabuie a (dbur. 35). [IponoaxuBL pagiychl BeKTOPHI
OM w OM” 10 BcTpBYM Cb OKPYXHOCTBIO 3TOrO Kpyra Bb Toukaxk O u O,
NpoBEIEMDb H3b 3THXH TOUEKD KacaTelb-
Husg QP u Q'P’ b nepsoMy Kpyry.
Tpeyroashukn OPQ u OP’(Q’, oue-
BHHO, MeKAy c060I0 paBHbI, A MOTOMY,
yroas POP’ pasens yray QO Q'= 4.
[Toatomy minna nyru PP’ = adb = dr,
[MpursABD HemoaBHWHYIH TOuKy A Ha
OKPYXHOCTH BHYTPEHHArO Kpyra 3a Ha-
yano ayrv, 6ynetrs umbth

VPP =yu AP —V 4P,
& = OM/'—OM — OM — O’ M,

a OTCI0J, CKIAalbiBas Cb pPABEHCTBOMD
Puc. 35. PQ = P'(), nonyuynms

VAP + PO+ QM= v AP + P'Q' + O'M’,

T. e. cyMmMa v AP 4 PQ + OM ocraetcs NOCTOsHHOH IIpH IBHXeHiH M mo
cnupanu. [103TOMY 3Ty TOUYKY M MOXKHO CBA34Tb Cb HEMOIBHXHOK TOYkOKw A
rMOKOI HEPACTSHHMOKW HHTBIO, KOTOPAas, OCTaBasiCh BCErAa HATAHYTOI, NOKHA
HABEPTBIBATHCH HA OKPYXHOCTb BHYTPEHHATO KPyra M MPOXONMTH Yepesdb Touky Q.
IBUrAOULYIOCH MO OKPYWHOCTH BHBILHAro kpyra. Ha atoMd ocHOBaHO ycTpo#-
CTBO MpOCTOro mpu6éopa. caykaiuaro mIs YepyeHid ApxuMenoBofi cmupamu !).
Ha tomb e cBoucTBE (07 = @ d0) OCHOBaHO MpHaOKeHie ApXHMeIOBOR CHHpaH,
KaK’b npoduias 3KCUEHTPHKA, NpeJHA34a4yeHHAaro 118 MPOH3BOACTBA paBHOMBpHAro
IBHKeEHis.

| Opumbuyanie. YnoMaHyToe Bbilie CBOHCTBO APXHMENOBOH# CUpPAH,
BbiTEKAWIIEe NPIAMO M3b NOCTOSHCTBA MOJSPHOA MOJHOPMANH, MOXHO $OpMyIH-
poBare cabAyOLHUMB 06Pa30Mb. HOPMAMH BO BCHXB TOYKAXD CHHDPANH, MeXAMHXD
Ha O0fHOMDB H ToMB *e panmiych Bekroph, uepechkarorcs BB OQHOH H TOH Xe
ToYKh Ha OKPYXHOCTH Kpyra paliyca @, ¢b UeHTpomb BB noliock O. AHano-
'HYHOE CBOHCTBO KPHBOH

v v
(1) 0=7+klogg

COCTOHTH B’b  TOMB, UTO HOPMalH BO BChXbB TOUKaxb KPHBOH, JeWalIMXb Ha
01HOMB M TOMDB e paliych Bexrtopb, mepechkaroTcs BL ONHOR W Tol we Toukh
Ha OKPYXHOCTH Kpyra pamiyca aV 1+ cb nenrpoms Bb nomoch O. Jlokasats
370 CBONCTBO MOXHO c1bavomuMb o6pasoMb. 3aMbTHMB cnepBa, uTo Bch TOYKH,
JeXallis Ha OJHOMD H TOMB ke paniych BekTopb COOTBBTCTBYIOTD 3HAueHisIM®b 6,
OT/NHYAMOUIUMCS OIHO OTB APyroro Ha 2/{am, rak / ubnoe yucao. Bonpocs, oue-
BHIHO, CBEJETCS Kb TOMY, UTOObl MOKAa3aTh, YTO HOPMANH BB TOUKaxb (ry, §;) H
(rs, 0,), rab 0, = 6, 4+ 2 /7, nepecbkyrcs BB Toukbk (X, Y), rob X m Yl He
3aBUCATD OTH / M YIOBJIETBOPSIIOTE ypaBHeH(I0 X2+ Y2= g2 (] + £2). Obosnauas
yepess x Uy JekapToBel KoopauHaTHl 6o ToukH (v, 6) no kpusoit (1), n

noaaras 5 = {, monyuuMs x = afcos (! -+ klog?), y = atsin(t + klog#). O6o-

3Hauas yepesd /; U /o, 3HAYEHis wapaMerpa #, COOTBBTCTBYIOUIA 3HAYEHIAMD 0; H O,
yria 0, H cOCTaBAsAs ypaBHEHis HOpMajiel BB 3THXD TOYKAXDL 110 dopMyrh

(X—x)dx + (Y —y)dy =0,

1) Cm. Knnddopadp ,30paBbift CMbiCIb BB TOYHBIXB HAYKaxb“, Mepes.
Kyaunmepa (Mocksa 1910), ctp. 196. ’
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Ha#iaieMb A9 HOpManH BB Toukb () ypaBHeHie

(2) MY+ NX =at,
rab
M, = (t; + k) cos 0; + sin f,,

Ny =cos b — (4 + k) sin by,

I

a 411 HopManu Bb Toukb (%) ypaBHeHie

(3) MY+ Ny X = al,,
rab
My = (¢t + k)cos 8, 4 sin ¢y,
Ny = cos ) — (Iy + k) sin 6,
TaKb KaKb
cos 0, = cos §;, sinf, = sinf;;
3aMbyaeMs, uTO

M, sin0; 4- 2V, cos 0, =1, Mysin by + Vycos 6y =1,
11{11V2 — szvl =4 —1Iy.

Bt cuny 3tMXD paBeHCTBD, As opaMHAaTb ToukH (X, Y) nepechbuenia Hopmazeft
(2) n (3) noayunMs BBIpaXKeHis

X =a(sing — kcosl;), Y =a(cosl — ksinby)
X21Y2=a2(14 A,
YTO U Tpe6OBaNOCh MOKA3AT |.

g) PascMoTpuMB Tenepb KpPHBYIO, XapaKTepH3yeMylo CBORCTBOMD MMBTb
NOCTOSHHY) TWOJIHPHYK uojkacatenbHyo. OHa HasbiBaeTcs 2unepionte-
CHOt0 cnupassio M u306paxaercss ypasHeHiemb #0 =a. Cb npubiamxesieMb

% kb 0, » BO3pactaeTs OeanpenbiabHo; cab-

A . JIOBATEIbHO, KPHBask HMbBeTh OE3KOHEUHYIO

BbTBb, [OCTOSIHHO NpPHOMMKAONIYIOCH Kb

npsAMoi, oTcToAWEd OTH TOMSIPHOH OCH BB
pasCTOAHIM @, NOTOMYy YTO

lim » sin § = a.
§=0
Hao6opots, mpu  6esnpexbibHOMD  BO3pa-
CTaHiM 8, » CTPEMHTCH Kb HYJIO, NOCTOSHHO
ybbiBas, T. €. KpHBasg 00OpAYMBAETCA BO-
T Kpyr's noaoca Oe3KOHEYHo 00AbIIOe YHCIO
pa3nL, HHKOrAA ero He pocturas. Touxn T,
Puc. 36. KOHIIbI MNOJAPHBIXB MNOAKacaTelbHbIX'b, Oue-
BHAHO, JEXATh Ha OKPYXHOCTH Kpyra pa-
aiyca @ ¢b UeHTpoMb BB nomoch. H3b Kamao# TOUKH 3TO# OKDYMHOCTH MOXHO
NPOBECTH DE3UHCIEHHOE MHOXECTBO KACAaTeTbHbIXh Kb KPHBOM, TOUKH KacaHis
KOTOPBIX'h J€KATDh Ha NpsiMOH, mpoxodsulel uepest nomwocs. Iloanas Heonpenb-
JEeHHOCTb KacaTeJbHoH BB mnomoch (ycJIOBHO MpHUHCISEMOH Kb TOUKAMD Ha
KPHBOH), CTAHOBUTCH TaKUMDB 0OpPA30MB, OUEBHIAHOM.
h) [Mocabanee cBOHCTBO runepBOIHYECKOH CNUPATH NPHHANIEKUTD U ADY-
IHMDB KPHBBIMDB, H MEX1Y ITPOYHMD, TaKb Ha3blBaeMoll, xox.zeouon (Kochleoide),
sin @

nsobpaxaeMol ypaBHeHieMD # = @ - I BHicTBUTEIbHO,

) r’ 1 sin (w0 —0)  siné v
cotgm~7--cotge—ﬁoﬂ T e — =TT,
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Cv mpyro#t ctopoHst (puc. 37), ecid nposegeMb npamyio OS, CHUMMETDHUHY 10
¢b noJApHo0 ochbio A oTHOCHTENbHO pafiyca Bektopa OM, u oTMBTHMDB
Touky S nepechuenia 3TOM npaMol CBb Kaca-
TEJbHOI Bh Toukb M, To BB TpeyroabHukb
OMS 6ynemp uMbth

ysinw |
=———Fi=u,
sin (@ — 6)°

T. €. S JeXHTh Ha OKPYXHOCTH Kpyra pagi-
yca @ cb UeHTPOMD BB noatock. CabrosarensHo,
KacaTenbHbls Bb 6€39HCIEHHOMD MHOXECTBE TO-
4eKD, JEHAILHXD HA ONHOMD M TOMB e pamiych
BekTOopb, BcTpbyatorca BB omHO# Toukbh S
YNOMSIHYTaro Kpyra, nofo6HO TOMY, Kakb 3TO
uMmbers MbcTo BB runepboanueckoil crnmpafu.
Ho BB koxsneougbh Touka S cHMMeETpHuHa Cb
BepwnHOI0 A4 (6 = 0) oTHocuTenbHO paniyca Puc. 37

BEKTOPa, a BB runep6oandeckol  crupann B

TOYKa S JNeXUTh Ha leprneHAMKyaspb Kb pamiycy BeKTOpY, NpOBeIeHHOMBD
4epe3s 110J410Ch.

. . . in 8
{ Npumbuanie. H3acabrosanie ypaBHeHis » = a —g TOKa3bIBaALTD, 4TO

KOXJIEOMAA NPOXOIHTH Yepe3db TOUKY .4 Ha NoAspHOfi OCH BB PA3CTOfHIM @ OTH
nonioca, 3aTkMb MNPOXOIUTH G€3uHCAEHHOE MHOXECTBO pa3b 4Yepe3db NoJioCh,
KacasiCb Bb HEMD NOJAPHON OCH,H BB TO e Bpemd NOCTOAHHO M Ge3npelbabHO
Kb HeMy (pubanmxkaerca. Kpomb T0ro, OHa CHMMETPHYHA OTHOCHTENbHO MNOJAP:
HO# ocH.]

. . ab
i) Kpwupas, uzobpaxaeMasi ypaBHEHIEMB 7 = Sing’ HasblBaeTca x8adpa-

mpucon (AnHocrpata) (puc. 38). OHa cocToMTh M3B 6e3dHCAEHHATO0 MHOXECTBA
BETBEl, 3D KOTOPHIXD ONHA, NE€KAINAA MEXKLY
acUMNToTaMu x = + wa, umbers HbkoTOpOE
CXOACTBO CBH OXHOI0 HM3b BbTBeH WENHOW AMHIK
PaBHArO COMPOTHBJEHiA. 3JTa KpHBadA 3ambua-
TeAbHA MO TOMY ynorpebJeHiio, KoTopoe H3b
Heda pbaanu IpeBHie BB Bonpochk o kBagpa-
Typb kpyral). [locTpoeHie HopMann BB
AaHHOH TOuKb OCHOBAHO Ha TOMDB 3aMbuaHiu,
4TO MNpoekUid NONAPHON HOpMAJAM Ha
NOJAPHYIO OCb €CTh BEIHYHHA MOCTOfAH-
Has [BACTBUTENBHO, U3 YPaBHEHIs # sin §=a §
nosnydaercs nyremd aMpdepeHIHpoBaHis

x

QP-04 =a

Y

rcos 8 4 7/ sind = a. 2

H3bp ypaBHeHin BB [leKapTOBbIXH KOODIHMHA-

x
Taxb (y=xcotg E) YBHIMMB, NMOAB3YACH Pa3-
¢ 2
. x X
JIOKEHI{EMD BB PAND: X Cotg S=a—3, 4+ Puc. 38.

YTO BB OKPECTHOCTH BEpILMHBI KpUBas sTa ynoxobasercss napaboat 2 =3ay.

1) Cwm. ,Jlexuin no u36paHHLIMB BOMPOCAMD 3JEMEHTAPHOH TeOMETpin“.
Kazans 1898,
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j) Ecau yBeayynMb HI#4 YMEHbIUMMB KaXAbiH paaiychb BekTopb HbkoTOpOH
KpHBOH Ha TMOCTOAHHYIO [JHMHY, TO MOJAYYHMBb HOBYIO KDHBYIO, KOTOpas Ha3bl-
BaeTcs KOHXOMIow naHHOH kpuBoH. Takp Kakb »/ He MBHAETCH OTB yBeau-
YyeHis WJIM yMeHblleHid #» Ha JIOCTOAHHYIO, TO TOTYaCh BHIHMB, 'ITO HOpMaJaH
BCHXDb KOHXOUAD LAHHOW KPDHUBOH BB TOUKAXD, JE€KAUIHXD HA OLHOMDB
M TOMD Xe paniych Bektopbh, nepechbkarorcd Bb 00HOH TOukb, nexa-
me# Ha depneHAMKyaApb Kb paliycy BeKTOpY, HIPDOBELEHHOMDb Ye-
pes3b NOAICBH. ITO CBOHCTBO [NaeThb CPENCTBO [AJAA TOCTPOEHIA HOPMaIH Kb
IAHHOHM KPHBOH, ecny M3BBCTHO NMOCTPOEHie HOPMAMH Kb ONHOH H3D €51 KOHXOHIb.

Puc. 39.

Hurtepecno 3aMbTHTb, 4TO BCh KOHXOMAB ApPXEMEIOBOH CUHMPAIH OTHOCHUTENbHO
nomoca 6yayTh paBHbiS MeXLy co6010 cnMpany, H300paxalollin Ge3uncaeHHoe
MHOXECTBO TOJOXEHiH, KOTOPbISi MOKETD NPHHATH JaHHAA CNHpaJb NPH BpalleHiu
e OKOJO Tomwca 3ambuaresbHa KpUBAsi — HasblBaeMmas [POCTO KOHXO0UD070,
T. €. KOHXOMIOW npsmMol auHid. OHa MMbeTh pa3aHuHbil BHAB BB 3aBUCHMMOCTH
OTb TOro, 6yNeTh JH NOCTOAHHAS [JHHA, OTKJaLblRaeMas 10 padiyCaMb BEKTO-
pamb GoJbllle HIM MeHble pa3CTOsHiA OTh Moa0ca 10 npsAMOH. ITa KpHBas
6blia m300pbrena speBHuMH 4is pbiuenid 3agauu o TpHcekUiu yraad).

k) Ewe Bawnbe KOHXOMZA OKDYXHOCTH Kpyra OTHOCHTENbHO TOYKH, Je-
Kalle# Ha caMoH OKpYXHOCTH: 7 == a cos § + & (puc. 40) (@ — niameTps Kpyra).
Ona HasbiBaeTca yaumxow (Schnecke) ¥ npUMHUMAETb TPH Pa3IHYHbIA (OPMBL,
BB 3aBHCHMOCTH OTBb TOro, OyIeThb JM AJHHA § (CuMTaeMas BCeria MOA0KHUTEIb-
HOKI) MEHBINE @, WaK BoJbliie @, HO MeHblle 2 a, WM, HaKOHelub, GoJdblie 2 4.
Tpu b = a noaydaeTcs uyacTHbIH Clydyall YAMTKM, Takb HasblBaeMas wapoiouda,
COCTABAANILAA KaKkb Obl rpanHuiy, OTABJAOULYI0 THIB YJAHTOKB, HA KOTOPbIXD Je-
KHTB TIOMIOCH H KOTOPHSA 06pPa3yloTh BHYTpeHnHow nerTiaio (b<a), v apyro#t THIb
(b > @), Bb KOTOPOMD MOJIOCDH HE JEXHTb HA KPUBOK. Brpouemb, 4TOOH y3HATb
JEeXHUTD JH TI0MI0CH HA KPHBO# M ollpenbauTh NMpsiMylo, KOTOPOH OHA BB 3TOMB
cnryyab Kacaercs BB moaoch. HYXHO TOAbKO MOJMOKHTb # = 0. Torma HaxoouMb

14 . .
cos b = — ' YpasHenie, naoee a1a § BellecIBeHHOE 3HaueHie mpn b < a.

Yro6bl ysHaTb, nepechbkaeTh MM KpHBadA MOJAPHYIO OCh BB APYTHXb TOYKAXD,
Hafo TOJOWHUTb =717, H OTIOXHUTH OTD 10JI0CA [JAHHbI

r=(—1"a+b

1) Cwm. Kneftup ,Jlexuin ¢ T. 1.“. bBoabuioe 4HMCIO KPUBLIXD OIHMCAHH H
fIpoaHain3HpoBanbl Bb counHerin Q. Loria ,Spezielle algebraischie und trans-
cendente Kurven“ (Leipzig, Teubner).
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Bb [MOMOXHTENbHOMb HJAH OTPHUATEJbHOMB HAmpaB/ieHiH M0 mMoAApHOH# ocH,
CMOTpst MO TOMY, OyIerTn JH # YeTHoe HAHM HedetHoe. TakuMb 06pa3oMD noay-
yawoTca IBb TOUKH, BB pa3CTOsHIAXb a -+ b u & — a orb moaoca, u xbaaercs
OYEeBHIHbIMDb, YTO MPH & > @ KpHBas OKPYXKAeTb MOMIOCH €O BCHEXD CTOPOHD.
Huxe Mbl yBHIHMB, Y4TO JMIUL NpH b = 2a kpuBas Be3lh BOTHYTa BB CTOPOHY

Puc. 40.

IaHHAro Kpyra. lis nocTpoeHis HOpMaau BB JaHHOH Toukb M mocra-
TOYHO COEJHHHTH TOYKY M Cb TOUKOH Ha OKPYKHOCTH IaHHATO KPYyTa,
ZiaMeTpadbHO DPOTHBONOAOXKHOW TOUKb mepechbyeHia OKPYyXHOCTH
Cbh paxiycoMb BEKTOPOM® Touku M.

1) Ecax 0mHOBPEMEHHO Cb KPHUBOIO JHHiew # = f(6) 6yleMb pascMmarpu-
BaThb APYrylo KpWBYlo, onpexbiseMyio ypaBHeHieMD

I a4

»
=

TO 10CTAaTOYHO 3aMbTHTB, UTO - , = uTo6bl yOHINTBCS, UTO KACATEAbHbIsS
v

Kb 065HMB KPHBBIMDB, Bb TOYKAXDb, COOTBETCTBYWILHXD OIHOMY H
TOMY Xe 3HaueHil §, mepechbkaloTcs HA MEPNEHIHKYAADPSH, NpOBeAeH-
HOMD H3D NOJAOCA Kb pajliycy BeKTOpYy. Mexay KpHBBIMH, COOTBBICTBYIO-

UMMM OpsAMOH JHHIH ¥ = loss maxomutes, weway NpPOYNMb, KOHHUYECKOE
V4

| + 4 cosé
eHisl KacaTelbHOW Kb KOHHUeCKOMY CHEUYEHil0, PaBHOCHIbHLIf Bb CYIMHOCTH Cab-
Aytowemy H3BbCTHOMY cBoficTBYy: ecaH Ish npsambia nepechbkalTca noab
OpsAMBIMB yri0Mb Bb OJHOMB H3b QPOKYCOBBH KOHHYeCKaro chbuenis,
TO Kaxjgas U3 HUXD nepechbkaeTs AHPEKTPHCY, COOTBBTCTBY MY K
3TOMY GOKycCy, Bb nodwch apyro# npamoi.

chuedie » = » H Mpl MOAy4YaeMb TaKiMDb 06pa3oMd CHOCO6D MOCTPO-

[ Mpumbuanie, Ypasuenie r = Ef—)}?, OYeBHIHO, U306paxaeTdb IMPEK-
p

Ty
1+ /4cost
IeMDb pamiych BekTopb # M [IaHHOHW TOYKM HAa KOHMYecKoMb chueHiH H nponod-
KUMDB ero 10 BCTphuM ¢b AMpexTpHcol Bb Toukbh K; 3arbMb mpoBeleMb pa-

TPUCY KOHMYecKaro chueHisa » = T. €. moaspy ¢okyca F. Tlpose-
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niycws Bektopbs FL 1. FM M npoiomKUMB €ro 10 BCTPBUM C€b AMPEKTPHCOKO
BB Toukb 7. Coemnuuse M cp 7, nonyyuMs Kacarenshyw M 7 BB Toukbh M,
notomy uto F'7 Gyners obitas mnonaspHas nojakacatenbHas s npamok K L BB
Toukh K M Kouuueckaro cbuenia BB Toukb M, Bwmberh ¢b ThMB, oueBHIHO,
T 6ynery momwocs npamott FM, a K momocsy npamott F L.

m) Cunycs-cnupasramn (Sinusspiralen) !) Ha3wBawTb KpHBbs, H306pa-
KaeMmbid ypaBHeHieMb »” = @ sin m 0. Taks Kakb

_ r
Pl a™eos ml,  tgo = - = tg mH,
r

TO @, Kakb BHIMMDB, H3MbHAeTca mponopuioHansHo 6. [lostomy nmbemd Takylo
TeOpeMY: KoTla paniych BeKTOpPDb PaBHOMBPHO BpPallaeTcs OKOJO MO-
Jlca, TOTHa M KacaTenbHas paBHOMbBpPHO BpamaeTcd OKOJNO TOUKH
kacaHiga. Ha 3ToMDb OCHOBaHiM CHHYCB

CMUpany Ha3bIBAIOTCA TAKKE KDHBBLIMH

\ nponopuioHanbHaro n3ruba. Ko

YUCAy MXDB TNPHHAANEKATHL HBKOTODhIA

M3BbBCTHBIA KPHUBbLIA, Kakp Hanpumbps,

napa6ona (c» GokycomMs BB MOMOCH)

) fipn M= — 4, PAaBHOCTOPOHHAA TH-
nep6ona (cv uHeHTpOoMB BB nonawch)
npu m = — 2. [Ilpn m = § moayyaemsp

onsTh Kapaiouny. npu m = 2 IpYrymo

3ambuaTeNbHYI0 KDHBYIO JLeMHUCKAMLY

(puc. 41). OHa npoxoIuTh, KaKb H

BCAKas CHaycb-cnupanb, npu m > 0,

Puc. 41. yepe3b MONWCH W BCA nombluaetcd Bb

KOHeYHOH yactu maockoctH. Hao6opors,

CHHYCB-CIIMPaiH, COOTBBTCTBYOWIA OTPHUATEIbHEIMD #2, HMBIOTD Ge3KOHEUHbI
8hTBH W He MPOXOASTH Yepe3b MONOCh.

590. OcHosHas Teopema nu(pdepeHuianbHaro ucuucnenia (§ 549)
H Bb reomerpuueckoit popmk umberd nonesuws npunoxenis. [Tonoxums,
Hanpumbps, uto AbN0 HaeTH O NOCTpOEHiM KacaTeNbHOW Kb KpHBOU
Auniy Bh HbkoTopo# Toukbs M. Bb Takomb cayuad MomHO 3ambHuTh
touky M’, Geakoweuno 6nuskyw kb M, Toukow M", Geskoweuno
6nuakoto kKb M’, ecnn Toabko pasctoseie M'M" Gynetsb GeskoHeuno

4 4

Mano otHocurensHo MM, 1. e., echu lim% = 0. Ib#cTBUTENBHO,
ecH CYMIecTBYeTDb KacaTenbHas Bb Toukbh M, ¢b KOTOpOH CTpemMuTCs
conacte npsmas MM, 1o u npamas MM cTpemuTca Kb TOMY e
npenbibHOMY TNONOXeHilo, noToMy uTO BB Tpeyronsuukh M M M",
KakoBb Obl HU Gbilb yronb npu M", Bcerna umbems

MM
3 3 7 " — lim —
lim sin M’MM" = lim 8

lpusenems Temepb xe HBCKONbKO npHMbBPOBL Ha npuioXKeHie 3TOro
npiema 2).

simn MM"M’ = 0.

1) O cBOHCTBAXb 3THXbh M AHANOFMUHEIXD WMDB KpuWBbLIXL CM. Q. Loria
(1 ¢) nmm E Cesdro ,Vorlesungen iiber natiirlichz Geometrie“, crp. 54.

?) UYyratens Ha#ieTh MHOTOYHCIEHHbA NPUJIOKEHIS STOTO NMPUHUMMNA BB
CTAPOMb. HO [0 CHXDB MOPB HHTepecHoMb couuHenin Duhamel ,Eléments du
Calcul infinitésimal® (t. L. livre 1.) (umbeTca M BB pycckoMb NepeBOLbd), a Takke
Bb ,Juddepenuiansioms wucuncaenin® M. BepTpana (pycckii nepesons
Iupoxxosa, CI1B. 1910, raasa I).
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a) Korza kpyrb kaTHTca 6€3h CKOJbKEHis Mo NMpAMOH, TO KaXAas TOYKA
€ro OKPYXHOCTH ONHCBHIBAETH KPHBYIO, HAa3bIBaeMYIo uux.10udos0. ilycts N u N/
6yayTh TB TOUKH, Bb KOTOPBIXB KPYI'b, PA3CMATPHBAEMbIli ‘Bb ABYXb Pa3NHYHBIXD
NO/OKeHIAXD, KacaeTca npsamMoi, a M u M’ cooTBbBTCTBYIOLLiA MOJOXEHIS TOYKH,
ONHCHIBAMOILEH LHKJIOULY. YTOBbI OCYIeCTBHTh NMepexolds u3b M Bb M/, oue-
BHIHO, MOXHO ce6b NpeacrtaBuThb, YTO KPYr'b ClepBa BpalllaeTcss OKOJO CBOEro
HEHTPa TakMMb 06pa3’oMb, uyrto Touka M repexoiuTh BB L, NpH YeMb OHA
OTAAJHTCA OTH ToukM IV (Ha mpsaMOH) Ha nauHy nyru ML, pasuyio otpbaky NN'.
3arbMb, KPyrb [€peiBHraeTcd MapalienbEO TMPAMOIl M 3THMDB IEDEHOCHICH Bb
HOBOE [OJOXeHie, Npu dYeMb Touka M, ywxe Haxonsuascad Bb L, nepedners
Bb M’, onucasb orpb3oks LM’ = NN'. Ha stomb orpb3kbh U MoXHO 3aMbHHUTH
Touky M’ Toukoto M”, mna xoropoit LM”= LM, notoMy 410 NpH 3TOMB MBI
npeHe6peraeMb PasHOCTbBIO

LM —LM'= LM -xopna LM.

Puc. 42.

T. €. Ge3KoHeuHO Masok 3-ro nopsaika. Tenepb, cibaoBaTenbHO, MOXHO pascma-
TpUBaTh HOpManb Kb UukjIounbh Bb Toukb M, kakbp mnpenbabHoe noioxenie
NEPNEHaNKyaapa, oNyllleHHaro uab Toukun L Ha npamyio MM”. Eciu nposenems
NPAMBIA. M1apajieibHbiA HETIONBHXHOH TpAMOY, yepedb Touky L u M, u 3amb-
THMD TOYKH /> 1 () HXD nepechbyeHis cb OKPYKHOCTBIO KPyra, TO YBHIUMB, YTO
neprnenaukyaapb uwsb L ua MM’ pasgbaurs nyry M.V nononams, notomy
yro Tpeyroabuukns L M M” pasuoGenpennnii. CabroBaTenbHo, HoOpMalb Bb
Toukh M —npenbipbHOE MOJOXKEHIE STOTO NEpNEHAUKyaapa — pasnbauts nyry MNQ
nononamb, T. €. NpoHAeTH yepeddp Touky N. BrnocabacTsiu sTOTH pe3ynb-
TaTb Mbl npoBbpiMB BhldHcaeHieMd (§ 595, n).

b) PascMoTpuMb ellle KPUBYIO JHHIIO, KOTOPYI0 ONHCHIBAaeT®H BeplinHa M
yria noCTOAHHOH Beluunubt (pHC. 42), CTOPOHBl KOTOPAro ABHTIalOTCH, OCTABAACH
BCeraa KacaTelbHbIMH Kb IBYMb AaHHbIMB KpUBbIMB. [lycts P n Q 6ynyTdh
TOYKH KACaHisi CTOPOHD AAHHALO YIAA Bb AAHHOMD Nodowenin, 7 w Q'— ana-
TOTHYHBIA TOYKM JUISl JPYroro MOJOXeHid, KOrja BeplUMHA Yria HaXOIHTCA Bb
Toukh M’, 6Geakoneuno 6auskol kb M. [lposenems uepess £ u O npsmbis,
napaaielbHbii CTOPOHAMD yI/a Bb HOBOMD €ro NOJOXEHIH, H nycTte M” Gyners
Touka nepechyenia 3TMXb NpAMBIXb. 3aMBTUMD Terepb, 4To pascrosHia Touku M
OTb CTOPOHDB YriAa Bb HOBOMDB Cro [MoJOMeHiH 6yayrb 6e3KOHEYHO Manbif He
HHKE 2-r0 MopagKa, MMOTOMY YTO OHM COOTBHBTCTBEHHO paBHbI pa3CTOAHIAMB
TOYeKb Ha KpHUBOH, 6eakoHeyHo GiM3kuXb Kb Toukb kacamid, oTh KacaTenbHOM
Bb 3Toi Toukb ¥). OTcioma /Nerko 3ak/JOUYHTb, yTo pa3ctosnie M’'M” Gyners

*) A uMenno, Touku P oTb KacateabHod BB F’, M Touku () 0O1b Kaca-
TeabHon BB Q.
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Take OE3KOHEYHO Majas BBICIIATO NOPsiAKa OTHOcHTeIbHo M M’. TlostoMmy
MCKoMas KacaTenbHas Gynerd npenbibHoe mnoioxwenie mas mpamost MM”. Ho
yras npu M u M7 paBHB Mex1y cobow (N0 ycr0Biio), CrblIoBaTeNbHO, M
JEXUTH HA OKPYXHOCTM KpYra, TNpPOXoisumaro yepeab TpH Toukn M, P n Q. n
npenkabHOe nosoxenie mpamod MM ecTb
KacateabHas Bh Toukb M Kb OKPYXHOCTH
sToro Kpyra [losToMy, 144 mocTpoeHia
HOpMaJHu Kb oGmemMy mbecTy Toukn M
HaJ0 COeIHHHUTb 3Ty TOYKY CBh TOU-
kow nepecbuenis Hopmaaeh BB NaH-
HbIXb KPUBHIXD Bb TOUKAXBb P u Q.

c) HMoaspow (Podaire, Fusspumkt-
kurve) naHHO¥# KpMBOH OTHOCHTENbHO TOUKH O
Ha3biBAlOTb obuiee MBCTO OCHOBaHil mnep-
eHIHKYI9POBD, ONYWEHHNXb U3b ToukH O
Ha KacaTelbHbla Kb NJAHHOW KpuBOH. Ecau M
ecTh TOYKA HAa JAHHOM KPHBOH, a F mpo-
exuia Touku O Ha KacaTeabHyw BB M, 10
HOpMa/ib Kb Noasph Bb Toukb P moayuuMb,
coeauuuss F c¢b cepeannown OM.
10 TNOCTpOEHie TOTYaCh BHLIBOAHTCH H3Db
npenbaymaro, ecim 3aMbTHMb, 4TO pascMa-
TPHBAEMbll Clyyall eCThb YAacCTHHIU Ciaydal
OpeabIAyIaro, 2 HMeEHo, cOOTBBTCTBYLIIIH
NpEeANoJIOKeHi0, YTO NAHHBIH yroab 3akch
npsMOH, U ONHAa H3b [JAHHbIXD KPHBBHIXD
obpauiaercs Bb Touky O.

Puc. 43.

[ MpumBuaunie. [biicteuTespHo, ecau BTOpas KpuBas o06paniaercst Bb
touky O, To KacaTeibHas Kb 3ToH KPHBOR BB Toukh (), NpOBeneHHAas U3D
Touku P, 6yners npsmas OF, HOpMaib—NepneHaukyspb kb OF Bb Touks O,
a HOpMaJdb Kb NAHHOH KPUBOH BB Toukb M —npsmas, mapamiesbnas O/, Touka
nepechbuenia KX Hopwmasned Oyners, cabioBare/bHO, BepiIMHA NPAMOYrONbHHKA,
noctpoennaro va MP u OP, a motomy niaronais ero K —HopManb kb nofsph
Bb Toukbs P — nmpolaerb uepe3db cepeiuHy aiarosamn OM. Bb UMTHPOBAHHOMDB
yke . JlupdeperuiasbHoms Mcuncaeniu® BepTpaHna ydTaTeslb HAHAETH IPOCTOE
IOKAa3aTeNbCTBO YKA3aHHATO NOCTPOEHis, He3aBHCHMOE OTDb NOCTPOEHis B 00LIEMD
Bonpock, pascMotrpbHHOMD BB nyHKTH b). HakoHens, nosesHbiMb ynpawHeHieMb
6yleTb aHAaJMTHYECKOE [0Ka3aTeJbCTBO TOTO MKE MOCTPOEHisA, OCHOBAHHOE Ha
Oo6uMXD BbIpAXEHisXb KOOPAMHaTL ToukH F (X, Y) uepesb KOOpAMHATHI
ToukH M (x, ¥) HA maHHOW KPHBOH, M Ha pascMOTpEHiM ypaBHEHIs HOpPMaiH Kb
obuieMy Mbery Touekn P

TakuMb nyTeMb MOWHO, Hanpumbpb, Hafttd ussbciHoe yme (§ 589, k)
NIOCTPOEHiE HOPMAIM Kb YAHTKB. A HMEHHO, Jerko yOBIMTHCA, YTO KPHBAs .IHHIs
7 = acosd -+ b ecTb mOA3PA OKPYKHOCTH Kpyra paniyca b OTHOCHTENbHO TOYKH,
OTCTOSIIeH OTH LEHTpPAa HA PAa3CTOSHiM, PaBHOMB @. EcuM, B 4acTHOCTH, HMBeMb
IBb Kacalouliscsd B3aUMHO OKDYXHOCTH KPYIOBb, H3Db KOTOPBIXB OJHHD OKpPY-
KaeTh Ipyro# u umberb BABoe GoJbiuifi pamiych, TO nogspa BHBIUHArO Kpyra
OTHOCHTENTbHO TOYKM KacaHisi eCTb KOHXOH1A BHYTDPEHHATO Kpyra, ¥ HMEHHO
Kapaiouaa.

d) Bb sakaiouenie pascMotpumb saunck. fycts M u M’ 18t 6eskoHeyHo
6/M3Kis TOYKM Ha KpuBok, F u F’— es Qokycel, P mnpoekuisa M wa M'F n
P’ npoekuis M uwa MF'. Cb TOYHOCTBbIO 10 6€3KOHEYHO MAJblXDb 2-ro MOPAAKA
MOXEMD Hamucarh:

MP=MF _MF, MP =MF_—MF,
M'P— MP = (M'F - M'Fy— (MF+{ MF) =0,
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Cabaosateabno, M'P = M P'. Pasabiusd #a MM', naxonums

cos MM’ F = cos M"MF’,

a nepexonst kb npeabny L TMF = TMF’, 1. e. kacaTenbHasi OIUHAKOBO
HaKJOHeHa Kb paliycaMd BeKTOpaMb TOYKH KaCaHifd, BHXOLAIIHMD
H3b (GOKYCOBB. ITO CBONCTBO XaPaKTepU3yeTdh INLIUNCH, NOTOMY 4YTO HU3D
nocAbIHATO PaBEHCTBA, WA OOGPAaTHHIMB NyTeMb, NMOJYYUMD TOYHOE PABEHCTBO
AMF +dMF' =0, 1. e. MF -+ MF’= Const. Takumb e 06pa3oMb BeneTcsl
J0Ka3aTenbCTBO aHAJOTHYHATO CBOMCTBA KacaTeahHOH Kb rumnep6ouatk. u eule npoliie
Aas napa6on.

KpuBusna.

591. Onpepgkbenis. Yriomb cMexHOCTH HasbiBaercs Ludde-
peHllianb, 3KkBHBaNeHTHb (§ 556) yray mexay KacaTelbHbiMH BDb ABYXD
6e3KOHedHO G/M3KHXB TOUKaXb Ha KpuBoil, OTHOIEHie yriaa CMexHOCTH
Kb AMddepenniany LyrH HasbiBaeTcs KPHBH3HOM KPHBOR BB pascMa-
TpHuBaemoi Ttouxb. fIcHO, 4TO ecaM ( ecTb yroab HaKNIOHEHIN Kacarelb-
HOH Kb HBKOTODOH HenonsmxHOH npamoil, 10 d@ ecTb yroat cMex-
HOCTH, 4 KDHBH3Ha, c1bAOBaTeNbHO, PaBHA MPOH3BOLHOH OTb (P, B3ATOH
no ayrk s. Uto6ul onpaBpate ycranosaenHoe 3abck onpenbienie KpH-
Bu3Hbl, 3ambTuMb cabayioutee. Ecan, kpomb nanHo#t Touku M Ha KpuBoOH,
RO3bMeM®D elie Touky M’, nocrarouno 6auskyio kb M, uto6u ayra MM’
Ha BCeMDb CBOeMB NPOTAMeHiH Ghiia BOTHYTa BB ONHY H Ty Xe CTOPOHY
(§ 552), To ecrecTseHHO OyneTh MNPHHATh, 4YTO IIPH RaHHOR MIMHbB
3TOH ayru 0§, KpHBH3HA ea Gyrert Thmb Goasiwe, ubmb Goavie yroasb
MEXLY KacaTelbHbIMH Bb KpaHHHXb ea Toukaxv M u M’. Tlosromy,

. dyg
€CTeCTBeHHO TNpHHATL 3a MbLpy KPHBM3HH 3TOR AYrH OTHOWeHie 8%’

. 0
a4 3TO OTHOIIeHie M CTpeMHTCR &b npenhay (—)/:> Koraa, npH (PHKCHPO-

BaHHOH Toukb 4, touka M’, iBuraach 110 KPMBO#H, CTPEMUTCA COBNACTb
cb M. Bosbmemb Temepb 33 HENOABMKHYW DNPAMYI0 OCh aGCUHCCD.
Hanpasadiouie kocHHychl KacaTeanhHOR H306passarca Ttoria dopmynamu:

ax cos dy sin
- Q©, -5 =
ds r as ¥

OTKyda, B318Db NPOH3BOAHLIA, HAXOIAHMD

d‘{x_~sin dg (f{v_csﬁiq,
dsz "7 sz = O

a, cabnorarensHo (§ 558, d),

\ _dxdiy —dvdix dg
@ IR T
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Bt uactHOMb cnyuah, Korma pascMaTpuUBaeMas KpHUBasi €CTb OKPYXKHOCTb
Kpyra pagiyca @, ¢opMyJa 3Ta BbIpaXaeThb, 4TO KPHBH3HA BO BChXb

1
TOYKax'’ps OJHHAKOBA H paBHa *b*- Hoaromy, Mbl MOXeMDb BbLICKA3aThb

crbayoiiee MoJMOKeHie: KPHUBU3HA KaKOH YyrooHo KDHUBOH Bb
naHHo#H Ha HeH Toukb mambpsercs kpuBU3HOH comnpukacaio-
marocs Bb 3ToH Toukb kpyra navHo# kpusoit (§ 348, e).
Ha stomb ocHoOBaHiM paniych M UeHTPDh COMpPUKACAWOMIArOCH Kpyra. Ha-
3bIBAIOTL PaliycoMb M LEHTPOM® KPHBH3HB NaHHOH KPUBOH BB
naHHo# Toukb.

[MpumbBuyanie. HanpaBiasiomwmmMyn KOCHHYCaMH KacaTeNbHOH, Kakb
IS MIOCKMXb, TAKb H IS HEMUIOCKHXD KDHBBIXb, Mbl GyleMb Ha3blBaThb
KOCHHYCBl YTJIOBb, 06pa3yeMbiXxb MOJOXKHTENbHbBIMD HANpaB/ieHieMb Kaca-
TeJbHOH Cb MOJIOXKHTEJAbHBIMH HAMPAB/IAEHIAMH KOODIMHATHHIXDL OCeH.
3a no/noXUTeNbHO® Hampas/eHie Ha KacaTelbHOH Bcerga GyLeMb BbIGH-
paTb TO, KOTOPOe HIETH Bb CTOPOHY BO3PACTAOIIMXb Lyr'b, NPH UYEMD
nocibaHee MOxeMb BbGHpaTh Mo npousBoay. OGosuauass, Bb ciaydab
IOCKOH KPUBOH, yepesdb ¢ M [ HAMpAB/IAIOIUie KOCHHYCHl KacaTelbHOH,
Mbl —- MPU YCTAHOBJEHHOMb Bblile YCJIOBiM — Gynems umbTh Mo Besiu-
4YuHb M no 3Haky
=%, g
ds ds
Ins noxasatenbCcTBa, MpoBefeMb ChKyL[yl0 Yepe3b DPa3CMaTpPUBAEMYIO
TOUKy (S) Ha KDHBOH U 4Yepesb TOUKY (S -+ 0S), PACMONONKEHHYIO Ha
KPHBOH Cb TOH CTOPOHBI OTbH MepBOH TOUKH, Bb KOTODYIO BO3PACTAOTH
nyru (takb uto Os > 0). Ecau Mbl HanpaBuM'b 3Ty CBKYIYI0 B CTOPOHY
BO3pacTaHis Oyrb, T. €. OTb TOUkH (S) Kb Toukk (54 ds), To en
HaMpaB/AIOLlie KOCHHYChl BHIPA3ATCH TaKb:

dx dy
+Vo2+0yr  +Voa24 oy

HJTH
0, 0s 5 by 85 |
05 L Va2t 642 ()s_ +Vox2t+ oyt

Takb kakb 05 > 0, a oTHouwedie MWIMHBI OYTH Kb Adunk XOpIbl CTpe-
murca Kb enuHuub (§ 582), to Bb npenbad wis HANPaBASOWMXD KO-
CHHYCOBb KacaTelbHOH, HANpaBJeHHOH Bb CTOPOHY BO3pacTaHil Ayrb,
Mbl M MOJYYHMb YKA3aHHbIA Bblille BelpaxeHia, 3ambTuMb emie, uto BB
GonbwMHcTBE  KypcoBb nuddepenuianstHodt [eomerpin pamiycs Kpu-
BU3HbI Q CYHTAETCd 4YUCJIOMB MOJOXKHTeNLHBIMB, U onpenbaserca dop-

id .
MyJioio :}Tf’ Bb HACTOSLUEMB. KE COYHHECHIH @ OﬂpeﬂtﬂﬂeTCﬂ

IQKH

1 d
q)OpMyJIOlO ?=d—(‘f H  MOXETD 6blTb, KaKb MOJOXHTE/JIbHbIMB, TAKD H

OTPHLATENbHLIMD YHCAOMD. |
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592. Onpentbierie KpUBH3HBI MOXKHO elle MHBIMDB O06Pa3soMD OMNpaB-
IaTb, €C/AM TPE/BAPHUTENLHO COIIACHTLCA TNPHHATH 3a MbEPY KPHBH3HbI
Kpyra o6paTHyi BeluudHy ero paniyca. Takoe corsaiuedie coBMbcTUMO
Cb OOBINEHHLIMD MOHATIEMD O KpHBH3HE, MO KOTOpOMy Kpyru manaro
paaiyca vuckpHBaeHBH Gosblie, 4bMb Kpyru Gossinoro pamiyca. Ocuo-
BLIBAACH HAa ITOMD H Ilepexols Kb HU3MBPeHilo KPUBH3HBI JI0GOH KPHBOH
Bb naHHOH Ha Helt Touks M, pascMoTpumb Beh KDYTH, Kacatouiiecs
3TOH KpuBOH BB Toukb A/, W oGpalleHHble BHNYKIOCTHIO Bb Ty Xe
CTOPOHY, KaKb M NaHHad KpuBad BB 3TOH Touxkb. Ha ocHoBanin Toro
e HHTYUTHBHATO TMDEACTaB/EHid, KOTOpoe Mbl HUMbeMb O KpUBH3HE,
MOXEMD, OYEBHIHO, CKa3aTh, YTO KpHBaA Bb Toukbt A/ umberTb KpuBU3HY
60abIy0, 4bMb KpMBM3HA BHBLWHHUXD KPYroBb M MEHbIIYI, ybMb
KPHBU3HA BHYTDeHHHXDB Kpyrosb. [logb BHBIIHMUMH KpyraMH MoHH-
Mawrces Th, OKPYXHOCTH KOTODLIXB MPOXOAATDH MEXAY KacaTelbHO H
JNaHHOK KpPHBOIO, 4 MOADb BHYTPEHHHMH TH, OTHOCHTENbHO KOTOPLIXD
KpHBass W KacareJbHas Jewarb Cb OAHOH CTODOHBbl. Ec/H MOKaueMmb,
YTO CcOMpHKAcaWulifica KPYyrb COCTaBJseTb TpaHully, oOTAbmOIyIO
BHbBIIHie KPYrM OTb BHYTPEHHHXb, TO W MDHAEMb Kb yTBEPMKIAEHIIO,
YTO KPHBH3HA NaHHOH KPHBOH paBHa KPHMBH3Hb compHKacawow@arocs Kpyra.
Uro6bl 1OKa3aThb yMOMsHYTOe CBOHCTBO COMPHKACAIONIArocs Kpyra, o6o-
3HaYMMb 4yepesb # padiych KaKkoro HUOydb H3Db KPYroBb, Kacalouiuxcs
naHHo# KpusoH BB Toukh M (x, y), a uepesb /4 anre6pauueckyio
BeTHYHHY pascTosHin Touku M’ (x 4 dx, y + dy) Ha naHHOH KpHBOH
OTh OKPYXHOCTH BuiGpaHHaro kpyra. Toraa umbemb

2r4+h) = (0x+7sing) + (0y — »cos ¢)? — 12

[ Mpumbuyanie. Pascrosnie Toukn A/’ OTbH OKDYXKHOCTH OTKAa-
OBIBAETC M0 HOPMA/MH Kb OKDYNHOCTH H 6eperca O 3HAKOMb -,
ecnu tTouka M’ newuTb BHE 3TOH OKDYXHOCTH, M CO 3HAKOMB — ,
eci M BHytpu en. Ecaiu C ecTb ueHTPDL BhIGpaHHAro Kpyra, TO MpH
cabraHHoMD cornaleHin o 3Hakb /4, Ha oCHOBaHiM U3BBCTHHIXDL TeOpEMD
aneMentapuoli ['eomerpiu, Gynemb umbTs Bb 060HXD ciyyanxb

Qr+yh=CM?2 -2

3ambuan euie, uto koopiunatel (£, 7)) ueHTpa pascMaTpHBaeMaro Kpyra
onpenbasoTcs dopMyaaMu

=x—rsing, yp=7v-+rcos¢g,

i

rab @ yroab kacareqsHOH Kb NaHHOH kpuBoH Bb Toukt M b ocbio
x-BDb, Haxonumb C M = (0x + »sin @)? + (dy — » cos ¢)? u, cabno-
BaTE/BHO,

@r+nm)ylh = (0x + rsin @) + (by — r.cos )2 — 72

O6o3nauyas uepesv [/ nauHy xopasi M M W upunomuHas, uto
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dx . dy
cos@ = ;. sing = Hailnendb
@7+ hyh — P gy 0¥ O = Oy dx
ds
T. e.,

y 2% — dx d? B 3
rd) d2x d:cd‘v_lhlrd'yd x —dx d3y

2k 4 2 =124 s L e .

Ot6paceiBast 6€3KOHEYHO Majibld BbIILE 3-T0 NOPSAAKAa (OTHOCHTENBHO d's),
M MPUMOMHHAs ckasaHHoe Bb § 58D, mMm MOxeMb 3aMbHMUTL /? 4epesdb
ds?, n noayunmb

ds®  dxd*v — dydix  dxddv — dydix .

11:277" 2ds 6ds

anHHMaﬂ TeMNEPL S 3a HE3aBHUCHMYIO ﬂepeM'bHHyiO, HAX0AHWMD

o3
dyd’y — dy d?>x = dg . dreddy —dy ddx = ds?d %

H OKOHYAaTeJNBHO

ds | 1 1 ds®do

X s R v

Mbl BHAMMD, yTO /£ Gyners BooOLle Ge3KOHEUHO Manci 2-ro nopsika;

Mpu 9TOMb Bb CMEMHOCTH ¢b Toukow M, ~2 >0 nmpu r <o, u

% <0 npu » >, T. e. Touku M’, nocratoudo 6auskis kb M, nemars

Bch BHbt wiv Bch BHYyTpH KacatenbHaro Kpyra, cMOTps 1O TOMY,

6yneTb nM ITOTH KpPyrb BHYTPH WA BHEB comnpukacawomarocs

kpyra. Eciu ke #» = (T. e. KacaTelbHbIl Kpyrb COBMalaeThb Cb

COMPHKACAIOLIMMCA KPYTOMb), TO /i 6yneTt MOpAAKA Bhillle BTOPOLO “H
uMEeTh 3HAKD, OMHAKOBLIK ¢b d@. OTcona

BoTekaeTb cabaywowee: [losoxums, 4TO

do
\ Bb TOuKh A/ - HeNpepbiBHa M HepaBHa
HYJIIO; NpeacTaBUMb ce6h, 4TO Mbl Mepe-
ABMraeMcsl MO KPHBOH BDb HAMpaBJeHin
BO3PACTAIOWNXD AYTh, T. €. 4T0 s <0
M LT3  TOYEKb, . npeauwectywownxs M, u

ds > 0 nna ToYekd, crbayomuxs 3a M.

Ectu Bb Touxk M j_@ > 0, T. e. 0 BO3-
Puc. 44. s
pacTaeThb, a KpHBH3HA yG6biBaeTb (pHc. 44),

TO 3HaKb d@, a, c1bnoBaTeNbHO, U /4, NEPeXOAHTH H3B — BB -, W
ToukHd, npepwectsyowis A, 6ynyTs, BHYTpH, a cabpyiolis 3a Hewo
BHH conpukacatowarocs kpyra. Kakb pasb npoTHBononoxkHoe OyneTsb

d
nMbTe MBcTO BB Ciydah £<0 Bb Toukt M. MHrakb, BooGure

conpukacamouiica kpyro nepechkkaeTs KpHBYI BB TOH TOuk'b,
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Bb KOTODOH# OHB Cb Hew KacaeTcsa. Mckatoyenie MoryTs npencra-
. d
BUTh JIMIIG TaKisl TOYKH, Bb KOTOPHIXb 7? =0, u a1 xoTopuxb X

6e3KOHEUHO Manas He HHke 4-ro nopanka. Bo BcbXb cayyaaxb 6e3b
MCKJIOYEHIA compuKacalomifca KPyrb» XapakTepuayeTca THMb,
yto Touku M’, GesxoneuHo Gauskia kb M, Ha naHHOMN KPHBOH,
OTCTOATH OTH HEr0 Ha GEe3KOHEYHO MaNLXb pPa3CTOAHIAXD He
HUXe BTOpPOro nopanka.

593. Mycts A ects touka nepechyenis HopManed BbL TOUKaXb
M w M’, nerko noxasaTs, YTO UEHTP> KPUBM3HB BL Touykt A ecTs
npexbasHOe nmonoxenie ToukH F, Cb KOTOPHIMB OHA CTPEMUTCA COBMACTS,
koraga toyka ' crpemuTcs coBmacTs ¢b Toukow J/, ocTawmerocs Ha
whberh. Bb camomb abab, ecam n o6Gosnavaers mauny M, To pas-
cronie Toukn M orv Hopmann M’ H, ouesunro, parHo #sin (d¢);
Chb JpPYrofl CTOpOHbl, TO ke pascrosnie pasuo npoexuin MAM', T. e.
cymmb npoekuiil dx u dy Ha kacarenasnyto Bb Toukbt M. Cabnosarensho,

usindg = cos(p +{0¢) - dx + sin(g + dg) - dy.
O6o3Hayas npeabnbHOe 3HayeHie x uepe3b @, NOAyyaeMb OTClOnA
odp=cosg-dx-+sing-dy =ds,

T. €. O DaBHO Daaiycy KPHBH3Hb, a2 TaKb KaKb LEHTPb KDHUBU3HH Je-
KUTb Ha Hopmanu MF{, To Teopema m nokasawa. Ha sTomb ocHoBaHin
MOXeMDb yTBEPXJaTh, YTO HOPMAAW BB TOYKAXB, OE3KOHEUHO
6auskuxs Kb M, npoxoasaTs Bb O6E3KOHEUHO MalwXb pas-
CTOAHIAXDH OTDH LeHTpa KPpUBU3HH Bb TOukbs M. Jlerko m BhuM-
CIMTb 3TH pAa3CTOfAHiIA; CTOMTb TOAbKO 3aMbTuTh, uTO, npeHeGperas
6e3KOHeYHO MajbIMM BBICLIATO MOpAAKa, UMbEEMb!

dx-dx+dy oy  d.

s d?s .
3 = . ineg . 6w B M A A S T A A
#=1(cosp -dx +sing.dyicotdp dsdy n,’qv_’_Qd(p )

M, HakoHeub, 72 =g -+ Ldo, ecnn BoiGepemb © 3a HE3ABUCHMYIO
nepemtHHy 0.

594. dopmyna (7) saknovaerv Bb cebt BCh apyris, caymawin
JNd BHIYMCAEHIS KDHMBM3HBI, M 3a4aCTyl NPEBOCXOJAUTDH MXb Bb CMbICTH
npoctorsl M yno6¢TBa BhiyucaeHil, Ecan nonoxumb

¥
’
r

¢ = arctgy’ nwmm @ =0 4 arctg .

CMOTpsl MO ToMy, JlekapTOBbI JM WM MNOJAPHBI KOOPAHMHATHI XENAEMD
npuMbHUTL, To, auddepeHumpys, HalAeMb

1

do v dp _ +r‘2—'rr”
dx 1492 d6 2 p'2

*) INoToMy uyTO €OS ¢ 0y — siN ¢ & ¥ — Ge3KOHEUHO Majdas BBICINATO NOPSKA.
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a Takb Kakbh ds =}/ 1+ 9?2 . dx = V¥4 #*-dB, 10 cHoBa u no-
JY4YUMD BoIpaXeHis

/2 "i 2 12 %
(8) 0= (I+y3° _ Pt

.‘l'" - ’,2 + Qp2 oy

Ecan xpuBan 3anava ypasuewiemd f(x, y) = 0, To nocTaTouHo o6pa-
THTbC Kb BbIBEAEHHOMY yXe paHbiie (§ 574) peayabraTy, 4TOoGbHI H3B
nepBoit ¢opmyasl (8) noayuutsb

af 9
L B
©) L_ 1 _jof &f /)
[ (Af)% 0x 0 &2 dxady '
of
i dy  dyox 042

Ho W 3T0Tb pe3yiabTaTb MOMHO MOJYUYHTb HENocpeincTBeHHO H3b (7).
Pascmarpusas @, xakb QyHKuilo OTb & H Y, KOTOPbIA CaMH CYTb
¢dyHkuin orb 5, uMbeMs

dp odgedx opdy og . 0w
ds “oxds Toyds ST g, TSN G
crbaosarensHo,

1 -2 sin 0 cos
o oxn? oy #-

Cb npyro#t cropoHbl, nasbctHo (§ 586), 4TO KOCHHYCB YIVIOBDL HODManM
¢b ocamn Ox v Oy BuipaxawTces dopMynamu

. 1 of 1 o
(10) — sin g = "/(4'—}5{5’ 505(F=WT{,'
[Toatomy :
Lo L ory, o1 of
o = oe(yae) + o5 (i)
I
Pf o of ¢ | of o 1

1 N = .
w T vy Toses oy vy

I10 ecTb BechMa BawHas ¢opmyna boune (Bonnet). [Ipocroe Bbium-
clieHie acTb
of o 1 af o 1
dxdx Vaj oy YV af
! [dzf ("_f) 9 P 9SS | 2 (Q” :
(Af)g 0aZiox o0x0ydx oy 032 \0y
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a TaKb KakKb

AR Y (A A

szz (Af)% ox2 o0y |\ox oy
TO MbI M NPHXOAHMD Kb (opmynk
r__ 1 [02/" (E)L)"'_ g BSOS 0f 2T ("L)]
o (Af)% dx2\oy dxdydx oy 0y \0x

copnanaomedt c¢b (9). Yro xacaercs ¢opmyan (11), To oHa BaxHa
NoTOMy, 4TO €0 OGHapyXMBaeTcs WHBapiaHTHLI XapaKTep'b KPHBH3HBL
IObicTenTenbho, MHBapiaHTHBIA XapakTeph TNepsaro ujleHa yxe H3Bb-
crend (§ 569); nostomy anoctatoyHo OyleTh INOKasaTh, 4YTO CyMmMa
AByX®» APYyruxbs UMheTh reomeTpHyeckoe 3HaueHie, He3aBHCHMOe OTDH 110-
JIOXKEeHiss KOOpAMHATHLIXD ocell, O6o3Hayas AN KPaTKOCTH Py HKUIO T;ld—}
|/
yepesb &, W TNpNBeIs uYepesb MNPOM3BOJbHYIO Touky [/ Kpusyto, Ans
BcEX® TOYeKb KOTOpOH O paBHO TNOCTOSHHOH, Jerko Oyaerb BbIYH-
CMUTb yTOIDb, 06pasyeMblil 3TOW KPHBOK Cb AAHHOW. A MMEHHO, NpH-
whHsis dopmyaibl (10) ko BTOPOH KpuBoH, ToTyach Halzemb (cM. § 577, a)
BbIpaxeHie

dfdg | df9dg\.

cos @ = ]/',51/ A é} oxox @ 5}
2 f S
n dopmyna (11) npuHMMaeTs BUABL — LI l +Vaf-dg - coso.
e Vaf

595. YnpaxHenin. a) Mol nocraBamb ce6b 3agauedl mocTPOMTL LIEHTPBI
KPUBU3HBl ThXb IMIOCKMXbL KPHBBIXB, KOTOPbIA uaue Bcero BcTpbualoTcs Ha
npaktdkb. HauweMb ¢b npocThHWEd M3L HUXD Nocrb OKPYMHOCTH Kpyra, a

HMEHHO Cb JOTapPHEMHYECKOH cnupanu (r:ae”’e), NpUBOAlIeACs Kb OKPY-
®HOCTH kpyra np m =0. Takb kakb »' = mr, r’=mr' =m?y, 10 ¥'2=rr",

M BTOpas H3b dpopMyab (8) ToTyach AacThb o=V 24+ —=n. Ewe ckopbe npu-
JEMD Kb ITOMYy pe3yabTaTy Cb NoMouiblo topMyas (7), ecan 3aMbBTUMD, UTO
H3b @ =8 -+ o crbayers do = d9 (o = const.), a Takb KaKb &5 = nd8, TO U
NOAYYHMb @ =#, T. & Bb JOrapHeMHYeCKOWH cnupaiu palaiycrs KpH-
BU3HbLl pPaBeHDd NAJAMHD noaspHod Hopmaau. CabroBaressHo {cm. § 58Y, e,
puc. 33), UEHTPD> KPUBM3HB HAXOAMTCH BB Toukb V. 3710 CBOACTBO siBaAseTCH
OYEBUIAHBIMb, €CIH NPHUIOMHAMD CKasaHHoe Bb § 593, M3b koTOparo cabayers,
yTo Touxka nepechuenis / wHopMaret Bp M u M’ 1eXHTH Ha OKPYMHOCTH
kpyra OMM’, notomy uto ~ OMH = ~ OM’H (no onpeabaeniro cnupain:
o = const.). Korna M’ npubammaerca kb M, kpyrv OM M’ crpemurcs cib-
JaThCsl KacaTeabHbIMB Kb KPUBOH BB Toukh M, a Touka  ctpemutcs kb Toukb 1V,
niameTpanbHO npoTHBonoAOoKHOH M Ha npeababHOMD NOJOKEHIH OKPYHHOCTH
kpyra. Paupme Mol 3aMbTHIH, Y4TO IIHHA TNOJASPHOH KacaTe1bHOH MT paBna
aueb nyru OM, a Tenepb 06paTUMDB BHHMAaHie Ha COOTHOLIEHie @ = #1S, KO-
TOpOE, TaKb CKA3aTh, MOXHO NpOYMTATH Bb Tpeyroasuukbs VM T. [as Bcskod
IIOCKOH KPUBOH MOWHO aHalOrMYHBIMBL 06Pa3oMb Pa3cMaTpUBaTh COOTHOIIEHiE
Mexny ¢ U 5. OHO HasbiBaeTcs ,HAaTypaibHBIMB ypaBHeHieMd KPHBOH®
¥ BIOAHbB 10CTAaToyHO, yTo6bl OlpenbanTb GUTYPy KPHUBOH 1).

1) CM. ,Naturliche Geometrie“, ctp. 2.
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[ Dpumbuanie. Jonyctumsb, uto a8b kpusbin C; u C, UMBIOTH OIHO M
TO e HATYpalbHOE ypaBHEHie

Lo re,

0

W TMOKaXeMb, uTO OHb KOHrpyeHTHbl. OTIuuas ykasaTelaMu aHAJIOTHYHbiE 3Je-
MEHThl 065UXb KPUBLIXD, Mbl 6yAeMb UMBTb—INpH PaBHLIXD 3HAUECHIAXD AY['b—

oTKyaa, Bb cuay (7),
O dyy _ dwy,

[MepeneceMb OIHY H3b KDHBBIXD TaKb, YTOGbi COBNAJM TOYKM, OTbH KOTOPHiXb
va C; u C, OTCUMTHIBAIOTCA AYCH, a 3aTbMb MOBEPHEMDb 3Ty KPHBYH TaKb,
4yTo6bl COBMAJM M ITONOXHTENEHbIA HAMpPABAEHI KACATENbHbIXD Bb 3TUXD TOUKAXb.
Torma, npu s =20

(") Xy = Xy, V) = Vo,

(1) Py = Pg.

M3 pasencrsa (), b cuay § 307, b, BbiTeKaeTb, 4T0 ) H (g MOFYTb OTIH-
yathcs JAMIIL HA NOCTOAHHYI; HO, Bb BHAy pasexcrsa (Ill), sta nocrosnnas
paBHa Hymo, Takb uyto paseHcTBO (III) umbers Mbcro ana BebXb 3Hauewift s.
Bb takoMb cayuab, ans BchbXb ke 3HauyeHid s,

45 cos (L= COS Py = 4 xy
ds ! Pe= g
IV gin Py = sin @y = a3y,
ds 1 P2 = s

OTKYAd aHANOTMUHbIMB 06pasoMb 3aka0uaeMb, yto W pasencra (II)’ umbiors
mbCcTO BCErad, T. €. KPUBbif COBMNafaloTb. HMrakb, kpuBbiA, uMbloulin OXHO H
TO e HATypalbHOe ypaBHEHie, MOCYTb OTAMYATHCA TOABKO (0 MOAOXKEHiI,
BHUID e MXb 3THMDb ypaBHenieMb onpelbasercs Bnoanb. Ha stomb u ocHoBana
BaXHAs POJb HATYPANbHbiXb YPaBHEHiH |.

x

b) Jas norapueMudyecKoh KpUBO#H (y:ae;; puc. 31) umbems
Y tge

y —_—_;:to'(,,’ y//:-——-
. a g R a

MMepBas u3b GopMyab (8) AacTb

1 a a y

Q== =5 =~ = e R
W cosPp  sing . cosPqg sing | cosq

ITycts T N 6yayTh TOYKH, Bb KOTOPbIXb KacaTelbHad W HOPMalb BCTPhuaoTh
acumnToTy. Ecad nepneHIMKyIspb Kb acCHUMNTOTH, BO3CTaBAeHHbI BB Toukh 7,
BCTpbTUTD HOpMadb Bb Toukb /7, T0, HA OCHOBaHiM npeabiayilel Gopmy.sl,
o= NH. TlosroMy Mbl HafileMb UeHTPH KpPHBH3HbI C, €CIM OTIOKHMB MO
popManu aaury HC = MN.

¢) Bb paszuocroponseti runep6oat, OTHeCEHHOW Kb aCUMATOTaMDb, UMbeMb

2 2

a= a= Y

— P=m e = —
. 2

X X X

y =
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CrbaoBatenso, ~ MTO =46 (puc. 45), 1. e. yrIy MeXay paiycoMb BEKTOPOMD
1 noJspHo#t ockio (ocelo x-08B). Hanbe,

c o 2
I/=L(ﬂ=2l’ 1_{_),12:1_{_’1'-::. 0 — 1’3’
3 a2 &2 £ 5 2a2

crbnoBatencHo, paniyc® KpuMBH3HBL BB ToYkbh M nponopnioHa’deHd

Ky6y niameTpa, npoxonsiaro yepe3ds M. Urobel noctpouth UEHTPD KpH-
BH3HbI, 3aMbTHUMB, 4TO

r3 ¥S ¥
== = = M Q.
e= o Zxy sin28 =~
Cnbroparensho, MC =MQ, 1. €. UEHTPD KPHUBH3HB JNEXUTH CHMME-
TPHYHO CB () oTHocHTeabHo M. Kb TOMY e pe3yIbTaTy NpUAEMD Cb
NOMOIIbI0 HOpMYAbl (7), 3aMBTHBD, YTO =m0, OTKyla d¢ = —db, 0 g=—n
(rab # — nanHa noaspHoit HopMamu). 3ambTuMB 3xbch ewe crbayioliee: ecau

y
[
/ ”
4
/ \ o 4
N 0 Vi x
Puc. 45.

BOsbMeMb elue ABb. Toukn M’ w M7 Ha runepbont W COENMHMMDL LEHTPB Kpyra
MM’ M” cb OpTOLEHTPOMD Tpeyroabhuka M M’M”, T0 nentps TSHHKECTH 3TOrO
TPEYTOMbHUKA PA3ABINTE 3Ty NpsAMYI0 Ha ABa OTpb3Ka, OTHOCAIMXCA ONMHE Kb
ApyTOMY, KaKb 1 Kb 2, a Cb IPYroit CTOPOHB!, MO U3BBCTHOMY CBOWCTBY PaBHO-
CTOpOHHEH rrnep6obl, OPTONEHTPD ASKHTB HA KPUBO#H (cM. npumbuanie). Korna
M w M” npubmmxanrcs Kb M, TO LEHTPD TAKECTH TPEYTONBHHKA CTPEMHTCS
Kb M, a UEHTPL OMHCAHHATO OKOJO HEro Kpyra Kb C (NeHTPH COMPHKACAIOWATOCS
Kpyra), OTKyda sCHO, YTO OpPTOLEHTRB CTPEMHTCS Kb COBNALEH{I0 Cb TOYKOIO
nepechyenis /7 HopMaau cw» Apyrow BHETBbIO Tumep6oabl, u uto MH = 2o0.
MHpiMi  cnoBamu: niamMeTpd conpuxacawilarocs Kpyra BD J1060H
Toykh paBHOCTOpOHHEH runmepOboasl paBeHd oTpb3aky, oTchkaeMomy
CaMOI0 KPHBOIO HAa HOPMAJW Bb TOUuKb M.

[ DpumByanie. OpTOLEHTPOMD TPEYrodbHUKA HA3BBAETCH TOUYKA Nepe-
chuenia ero BmCOTDH, LEHTPD TskecTH ( — Touka fepechyeHist MeliaHs, LEHTPD
OMHKcaHHaro Kpyra (; — Touka nepechbueHis nepneHINKYJsPOBL Kb CTOPOHAMD,
BO3CTABACHHBIXD M3b MXD CEPeNHMHD. IJTH TPH TOUKH JEKATH Ha OLHOH IIpAMOH,
# ecmn K ectb optoueHTps, 10 GK = 2 G () (cM. ,COOPHUKD TeOMETPHYECKHXD
3anayp” [Ipwepanabckaro. Mocksa, 1894. Ora. lll. Teopema 52 Ha cTp. 66;
MOKA3aTeAbCTBO HA CTP. 263). CBOHCTBO PaBHOCTOPOHHEH rHnep6o/bl, YIOMARYTOE
BB 599, ¢, 4MTaTedb JErKO JOKAWeTh CaMb, WaM Ha#gerh Bb ,Anal. Geometrie
der Kegelschnitte* Salmon-Fiedler (4-e uan. 1874 r., ctp. 289, § 236). Ipenbian-
HOE NOJOWEHie OpTOUEeHTpa K HaXONMTCs HA HOpMaiu BB Toukb M, mnotomy
uto K Ha neprneninkyispbt kb M'M7, a npenbibnoe nonoxenie M’ M” ectb
KacateabHas Bb M. |
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d) Kapniounna npexpe Bcero 3ambuateanHa 1bMb, 4To OHAa 0COGEHHO
npocro cnipsMasercs. M3b ypasHenis » = a (14 cos §) noc1baoBaTenpHO HAXOAUMD

r'=-—asinb, :5—; = V72+V/2=2acos—;—, § = 4asin—26—v
ecad 3a Havano Ayrb npuMeMb BepiuuHy 4 (s = 0 mpu § = 0). Ecnu pamiycs
sexktopb O M BcTpbuaers BB Toukb L OkpykHOCTh Kpyra pamiyca O 4 =2a
¢b ueHTpoMb BB nomwchk O, 10 u3b npepblayliell GOpMyJNbl NOAYYaeNb, UTO
aauua ayru 4 M pasHa pauub npsvonunedinaro orpbska AL.
Bb uaCTHOCTH, OTTYAa ke CAbIyoTh, UTo UIMHA BCe Kapaiounsl pasHa 8 a.
Kpomb toro, umbems
1o " o 1, n3 2
-—l'r=a—(l+c056)=7n~. 0= 1 =gh-

n? + 5 n?

y"=—qcosb. »

CnbooBaTenbHO, LEHTPDb KPUBU3HH Bb Toukbt M abauTd RauHy moasp-
HOH HOpMaJAu Bb OTHOweHin | kb 2. 3TO0 CBOHCTBO ele CKOphe BBIBOIUTCS
u3b Qopmyas (7), eciu nocTpoenie HopManu ywe u3BbcrHo. [IBlcTBuTeNbHO,
ONUILEMb KPYI'b liaMeTpa, paBHaro «, konxouaa koroparo (§ 589, k) oTHocu-
TenbHO Toukn () HAa ero OKPYWHOCTM W 6yneTh faHHas kapaiouma. [lycte f
6ynerTb LUEHTPD 3TOr0 Kpyra, F° Ta TOYKa Ha €ro OKPYXHOCTH, KOTOpast JNeXHTH
Ha paniych Bektops OM, a 0 —Touka, niaMeTpanbHO TPOTHBONOAOKHAS Toukb 1P,
Torma MQ, xakb ussbcTHo, Gyners Hopmans kb Kapaioupb (§ 589, k). Hap
TOro 4TO, KaKb TpeyroibHukbs M P (Q, takb u TpeyroibHuks OFI P paBHOGen-
peHHBl, cabayers, uro » PMQ =46, a notoMy HopManb HaK/JOHEHAa Kb IIO-
ARPHOM OCH oAb yraoMb § 6: crbgoBatenbho, dg = § 76 u o = 2. [lycte NV
6yleTs Apyras TOuKa OKDYXHOCTM Halmero Kpyra, hexautas Ha M Q. Takb
KaKb TpeyroabHuks M P pasHOGenpenHbi#, TO Touka [V — npoekuis Touku P

Puc. 46.

na MQ — ouepunHo 1bauts oTphbioks MQ nonosams. [lycte M’ Gyners TOuKa,
CHUMMETpUuHas cb /> otHocuteabho . [1psmas H M' nepecbuers HopMane M Q)
Bb uentpb kpuBu3Hb C. [IBACTBUTENbHO, NOCTPOEHHas TaKuMb 06pasoMb
Touka C €CTh LEHTPb TsxeCTH TpeyroibHuka P OQM’, cabroBatenbEo,

MC=MN -4 NQ=4MN=3MO.

HakoHews, 3aMbTUMD, 4TO HATYpaibHOE ypaBHEHie Kapaiouasl ecth s?+Cp2==const.
Ecau 6ynemb OTCUMTHIBATD AYTH OTB NIOAIOCA, TO HAHAEMb, YTO AJHHA AYTH

OM pasua
s=4a<] — sin%)-
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Cv npyro#l cropons, xopaa O M pasHa

r=a(l+cosb)=8§——-"

Kb 3ToMy COOTHOLIEHil0 Jerko NMPHATH M FeOMETPHYECKHMD MYTeMb Cb NOMOUIbIO
crbpyrouiaro saMbyania: u3b ypaBHEHis KapaiOWAsl BUAHO. YTO MepHeHAUKYADD,
onyuweHnti# u3b 4 Ha O M, NpoXOMMTH uepesb TOUKY, CMMMeTpHuHY© b L
oTHocuteabHo M. Cnbposatenbho, 412—=4a -2 ML, 1.e. 4a—sy=8a(2a-7)
u T. 1. Orciona cabayers, uto ¢b npubanienieMs M kb O, Pa3HOCTb MexAy
ayroo OM u xopmorww OM 6yzeTh Ge3kOHEYHO Manol0 He 3-T0 MOPARKA

(cM. § 5385), a Toabko 2:r0. 310 06bACHAEeTcAa THMBb, uTO BB Toukb O KpuBH3HA
6e3koHeyHa.

e) Wsb ypaBHeHia cuHycb-cnupasel »"=a"sinmb BHBOAUMB
Pl =a™cosm b, pambe, (m — 1) s 2 4 Pl = ™, T e
(m —1)r'24+ vr” = — m 2, ¥ HaKOHEUD, *'2— r¥'= m (¥4 r'2). [losTOMYy
3 —_—
(2 422 V,,2+ 72 n

¢= (l_qtvm) CEYEN T+m 14 m '

pe3yabTaTh. OYEBHAHBK 10 GopMyat (7), notomy uto = 0+ o = (1 4 m) 0.
Orciona cabayers, 4To pafiycs KPHBHU3HL NpoNoplioHaleHD AAHWHDB
noaspHod Hopmanu. llpu m = — 2 W m = § CHOBa HaxoAWMBb H3BbCcTHOE YiHe
NOCTpOeHie ULEeHTPa KPWBU3HLL Bb PaBHOCTOPOHHeH runepboat u kapaiounb.
[Ipy m = 2 noayuaercs aHanOTHYHOE TOCTPOeHie 1aa JeMHHcKaTh. [lpu
M= — } HaxoauMs, 4T0 BB napabonb paiiych KpuBu3Hb NBAMTCA NONoOAaMb
TIePNEeHAHKY ISPOMD, BO3CTABMEHHHIMD U3Bh (POKYCa Kb paniycy BeKTopy, U T. I
Ecau, He2koHellb, NOJOXKUMDB #2 = (, TO CHOBA MNOAyYaeMdb HW3BBCTHOE NOCTPOEHie
A JOrapueMuyeckoit cnupanv. Ha 3ToMb ocHOBaHiM, HECMOTDA Ha TO, YTO NpH
m=0 ypaBHeHie 7 = gmsinm§ TepAeTb CMbICAD, NOTAPUOMHYECKYID CNHpalb
pascMaTpuBalOTh, KaKb YacTHBI CaAyyalh CHHYCb-Cripadel, CoOTBBTCTBYOWIN
3HayeHito ykasarens s = (0. OHa npencrasisers HEKOTOPLIMB 00pa30Mb rpaHULy,
OTABAAIOULYI0 ORHMHD KIaCCh CHHYCDB-CNHpaleld, He BHIXOASUIMXD W3 KOHEYHOH
4acT¥ [MJIOCKOCTH, OTb ApYroro, Bb KOTOPOMb CNHUPald PacnpoCTPaHArTCA Bb
6€3KOHEYHOCTD.

fy Onunb Kaaccb cHHyCb-CMUpaneH MoiaydaeTcd H3b APYroro nocpen-
CTBOMB TaKb Ha3blBaeMaro npeo6pa3oBaHis NpPH NOMOWHY B3AUMHBIXD
paniycoB®b BeKTOpOBDb Hau obpauenia (Inversion). [loab 3TMMD Ha3Ba-
HieMDb NMOHUMAKTD TAKOE FeOMeTpHueckoe 1peobpasoBadie, Bb KOTOPOMDb KamIOH
Toukb Ha nnockocTH COOTBBTCTBYETH B3aMMHAs Cb AEK OTHOCHTENbHO HbBbKOTOparo
nocmﬂ;maro kpyra. Ecan r = f(0) ectb ypaBHeHie unbxotopofl kpuso#, TO

a : .
v =m eCTh YypaBHeHie KpWBOf, MoJdyyeHHOH ea oOpaileHieMb OTHOCHTENbHO

Kpyra papiyca a ¢b UeHTpoMb BB nomocht. TakuMb o6pasoMb, Apxumenosa
cnvpanb W runepbonuyeckas ciMpanb, KOXJEOWAA W KBanpaTpuca, PaBHOCTOPOH-
HAs ravep6osa W JeMHUCKaTa, mapaGona W Kapaiouna, v Boobwe nBb cuHyCH-
CUpany Chb yKasaTedsiMH, PABHBIMHU MO BeJAWUHHD ¥ NPOTHBONONOKHBLIMY IO 3HAKY,
NpeacTaBaAlTd co6OW napy B3aUMHOOGPaTHbIX® KPHBBIXB. [lo3TOMY none3Ho
3HATb, KaKUMDb OOPa30OMb MOKHO NOCTPOHUTb LEHTPDL KPHUBH3HbI ANA OAHOH H3D
B3aWMHOOOPATHBIXb KPUBLIXB, KOrNa M3BbBCTHO mocTpoesie aaa apyro#l. Mes npe-
ROCT3BAsEMDb YWTATEN0 N0KAa3aThb, YTO Bb NABYXb COOTBBTCTBYIOLIMXD TOYKAaXb
B3aMMHOOODATHBIXD KPUBBIXB KacaTenbHbI AHTHNADPANJE]IbHbl OTHOCHTENbHO Da-
aiyca BeKTOpa, U LEeHTPbl KPUBHU3HB JexaTh Ha OAHOH TNpAMO# CB
HEeHTPOM b o6pawenis (T. e. UEHTPOMD NOCTOSAHHATO Kpyra).

g) Acmpoudor HasbiBaeTCH KpUBas, ypaBHEHie KOTOPOH BB MPAMOYTOJb-
2 2
HbiXb JleKapToBbIXBP KOODAMHATAXH €CTb &5 +y’3=a%. OHa cuMMETpHYHa
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OTHOCHTENBHO KOOPAHHATHHLIXD OCEH W COCTOHTh H3b YeThbIPEXh PABHLIXD MENAY
€060 1yrb, KACAIOWNXCS KOOPAHHATHHXD OCEH BB KPa#HHXD CBOHXD TOYKAXD
(prc. 47). [lycre .4 B 6yznerp ogHa H3b 3THXD YeThipexb AYr'b; NpHMEMDb 3a

a
Hauajo cyera Ayr'b CePefHHY €d, T. €. TOUKY x =y = 2_7/3. Mbi  Ha#zeMB

H3b ypaBHeHis KPHBOH

1
3 .

y 4 .
y’=_<l>ds Y1 —|—y>’é=<1>}, s=%(ax2)—%a.

X X

Orcioga, BB 4YaCTHOCTH, BbLITEKaeTb, YTO [JHHAa Bceft acrpouanl paBHa 6a.
Hanbe, umbemnb

” 1 <a2 $ 3(ax ,)%
y—3xxy), 0 axy)i.
[poctoe BhiuMC/ieHie TNOKaXeTh, 4YTO HATypajdbHOe YpaBHeHie KPHBOH ecTb
452 4 ¢ = 3 a2, PaaanuHels CROMCTBA KPUBOH, OJHAKO, Jerue O6HApYMXHBAKTCH,
ecin OyneMb €e pa3cMaTpHBarth,

c Kakb reometpHueckoe mbcro TO-

YeKb, NONyYaeMblXb CAbAYOUWHMD

4 nocTpoeHiemb. OnuieMb OKOJO
Hayala KOODAMHATH pamiycoMb

OA =a OKpPYKHOCTb Kpyra H
Kawayrw es TOYKY /N CNpOeKTH-
pyeMb criepBa Ha KOOPAWHATHbIS

ocu Bb P u (J, a 3arbup Ha PQ

Bb Touky M. O6iuee mbero ToO-

yekb M u Oylerp acTpouza.

T Jb#cTBATENBHO, ecH 0603HAUHMD
yepesb 6§ yroa» NOA, ToO

MP = asin28, MQ = acos?9,

a KoopIMHaThl ToukH M 6ynyTh

x=MQ - cosd =acos?8,
y=MP.sint =asinde,

}B’

H leOBJIeTBOpﬂlOT'b, KaK'b BHIUMD,
Puc. 47. .

2 2 A
ypaBHeH{lo x° + 3% = at. Te-
nepp 3aMbTHMB, YTO -

dx =—3asinfcos?26d8, dy=23acosbsin28d0, ds|]=3asinbcoshds.

CnbnoBarensHo, yraoBod koadduuienTs kacateqibHoOH Bb M paBennb -—tg 8, T. e.
upsmas P Q u ectb kacarteabHad. Orciona totyach cabayers, 4to oTpb3oks,
oTcbkaeMbl# KOOPLHMHATHBLIMH OCAMH Ha KacaTeilbHOMW, NMOCTOAHHO
paBend a. [arbe, ecau 3a Hayajso cueta Ayrb NnpHMemb cepefuHy ayra 4B,
TO Ha#neMb, UTO S = — # A €0S 28, a nosToMy

nyra M A =3a(l —cos28) =43asin?0 = 3§ MP,

CnbnoBatenbHo, uto6bi cnpaMuTh ayrd M A u M B, cTOMTDH TONbKO NPOLOMKHTH
Kaxaeh u3b orpb3koBs MP u M Q) no kacaTeibHOU Ha NMOJOBHHY €ro IIHHBI.
HaxoHelb, pagiych KpHBH3HBI, He3aBHCHMO OTb 3HaKa, OyIeTdb

ds 3
= = = 29
0= ;=5 asin2s,
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M Mbl TOTYACD BHIUMB, YTO 4 52 -+ 02 = 2 @2, kakb GbIIO CKa3zaHo Buine. 3amk-
yast ewe, yro MN = asinfcosb, noayuaem» ¢ =3 MN. CabnoearensHo,
paniych KpUBU3HB paBeHd yTpoeHHoH nauHb MN. Ecan 0603HaYuMDB
yepesb N/ Apyryio TOYKY nepechbueHis HOPMaJid Cb OKPYIHOCTBIO KPyra, TO
MOMHO TAKK€ CKa3aTb, YTO UEeHTPD KPUBHU3HBl C CHUMMETPHYHO pacro-
J0KeHD ¢b N' oTHOCHTEAbHO M,

hy Ha wonuuecrcoms cmwueniu (cb ueHTpoMB) KpHBH3HA HU3MbHAeTcH
nponopuioHaabHO Ky6y pa3cTOfHis OTH LEHTpa JO KacaTelbHOH.
PascMoTpuMb pas onpenbJeHHOCTH 3JJHMNCDH, OTHECEHHBIH Kb €ro oCcsiMb; H3b
ypaBueHis &2 x? ++ a? 32 = a2 b2 nocrbAOBaTENAbHO NOJYYHMB

B2a+alyy’ =0, B24a?y?4atyy’=0, ayy’—=— b
BBensi pascrosiHie OoTh LeHTPa [0 KacareabHOH

y—xy 6®

h= - =—— oo
Vity? yVigy”
H, BEI6PAaBD HaAJEXALUMMD 06PA30MD 3HAKD @, MONYYHMD

a b2
0= I3

Hpyria ¢opMbl aa8 ¢ noayuumb, BBoasA BDb pascMorphHie, BMbcto /%, pauny /
conpskenHaro c¢b OM noayaniamerpa, uaM 1aWHy # oTpb3ka HopMaau M N
MEXAy TOUKOIO Ha KPHBOH M 0Cbi, npoxojsilelo yepesd Gokycsl. CTouTh
ToAbKO 3aMbTHTB, uT0 /A = ab u nh = 02, 4ro6b MoAyuuThH

B i
0= —> 0 =,
ab = op

rab, Kakb OOGBLIKHOBEHHO, p = 6%/a. llocabaHee BhIpameHie Nas @ BeCbMa yn06HO
N0/y4aeTcss MNpH MOMOLUM MOJSAPHBIXD KOOPAHHATB. [loAfpHOE ypaBHEHie KOHH-
yeckaro cbuyeHid, ecad noMoch noMbiueH P BB OJHOMB H3b (OKYCOBB, a
NOJNAPHAS OCb MO OCH KPHBOH, npoxoasiled yepesb Qokyce, uMbers BHID

¥ = ﬁvér u u3phcrHas dopmyaa (§ 558, d), Bb KOTOPOH HalO MOJOKHTH
. & k . 1
= '—= —sin 0, 7= — cos §, =
S/ 5 I"=7 S+ >

TOTYACDH JACTH
B . 3
(72— 2kricos b + B2s2)?
0= » :

3ambrumMp BMberh b ThMB, uTo BB TpeyroabHukbt F M F', BB KOTOPOMDB HOp-
Mane M N pbauts yroas M nonosams, UMbBemb

FN FM .
Y FN = 2 w42 2 2,2
SEa=" Ja N =kr, n2=7r2—2kr2cost+ A2,

npunomuHasi, 40 MF+ MF'=2a, NF + NF/'=2ka. Takumbp 06pasoMdb
CHOBAa MOJMyYaeMb YNOMSHYTOE BblpaweHie o.

i) Tenepb MBI MHTEPNPETHPYEMD EOMETPUYECKH STO BHIPAXKeHie W nocra-
paeMcs TOCTPOMTb UEHTPD KPHBHU3HBI BDb JaHHOH Toukb KoHHYeckaro chueHis
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(puc. 48). Tpexae scero sambuaemd, yTo, npoekTHpys FNM Ha £ M, Haxonumb

neosy =r — krcosbh =p,

T. €. NpPOEKLUis HOpPMAaJaW Ha pafiych BEKTOpD> BEJHUHHA NOCTOSAHHAA,
pasHas p. 3ambTueb 310, Nonyyaemd nanbe

ns n
P2 costy

0 ==

Hrakp, BO3CcTaBUMB mep-
NeHAHKYAAPDb Kb HODPMaJH
Bb 104kt IV H npofoiaxuMb
ero go touku Bctpbum P cn
OlHHMD H3Db PAAIyCOBB BeK-
TOPOBD TOYKH M: 3atbMmms,
BO3CTaBUMb BB TOouks P
NepreHANKYAapD Kb paniy-
CYy BEKTOpPY; 3TOTDH NeprneH-
AIHMKYyaApb nepechbuers HOD-
Maib BB 1eHTPb KPHBH3HW
TodkH M. Kb ToMy we pesyib-
TaTy MOMXHO TNPEATH Cb [OMOWIBK
HBKOTOPBIXD 3aMbuaHili, OTHOCH-
" UMXCA Kb TPHIOXKEHi0 6e3ko-
8 HeYHO ManmXb BB [eoMerpin

e (§ 590, d), a mmeHHO, NONOKHBD
MF =vr, MF'= 1+ un o603Hauas
Puc. 48. yepesb 6 u ' yrael npH Bepiuu-

Haxp £ u F' Bp TpeyroabHukb
MF F!, MoxeMb HanHcats

rdb=—r'dbt’'=cosy-.ds.

Takb KaKbd yroab HaKJIOHEHIs HOPManH Kt ock F F' nambpserca unciaomMd 64y
HAM NOTIONHEHieMD [0 57 uncha §' v, TO [anm yraa CMeXHOCTH d @, OYEBHAHO,
NoJNY4YHMb

dop=di+dy, —~dp=d¥V+dy.

Otclofa, BRUMTAa® OJHO PAaBEHCTBO M3b APYroro i pasabass Ha d's, HAXOAHUMD

2 ds d6'~(1 1
o ds ds

— 4 7,) €os 1.

¥

Cb apyro#t ctopoHsl, GoKychbl pasabislTCs rapMOHMHECKH KacaTerbHOK W HOp-
Manblo, @ NOTOMY HXb IPOEKLUin Ha HopManb nbasTb rapmonnueckn oTphsoks 7,
Takb 4yTO

2 1 1 2

= S — —
. rcosy  ¥cosyp 0 costy

Wi gCOs2y =# M T. L. [IpH TNOMOWM CaMmbixb TPOCTHXD IEOMETPHUECKHXD
CoofBpaKeHi¥ Yyka3aHHOe TNOCTPOEHie MOXHO NpPEBPaTHTL Bb APYroe, He MeHhe
noaesHoe, gaHHoe ManHreiiMoms (Mannheim) 1) (puc. 49). {lonoxnmsb, 410 nep-
NEHANKYASPD, onylueHHnt u3b C Ha FF’ Berpbuaers PP’ (nepnenamkynspsb
kb Hopvain MJN) Bb Toukb O, a npsmas, nposeieHHad uepesy (O napan-
neabHo F F7, nepeckkaers MF n MF' b Toukaxp (G n G'. Takb Kakb yriwl

1y ,Cours de Géométrie descriptive®, p. 175.
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CPG nu CQG npambe, to Toukm C, P, O, G 1exaTb Ha OKPYXHOCTH
kpyra; a notoMy £ CGQ= s CPQ. Takumb Xe 06pa3oMb [OKA3hHIBAETCH,
yro +~ CG' Q= CP'Q, a takb Kakb, oueBumHo, LCPQ = , CPF'Q,
Tou - CGQ= ~ CG'Q, 1. e. TpeyroabHukbs CGG' paprobeapennsit 1 (),
cabgosareabno, abauts G G' nomoaams. Orcioga crbiyerh, 4TO npsAMas
M Q npoxomuts uepesb cependHy F F', T. e. uepesb UEHTPb KOHH-
yeckaro chdenis. Takumb o6pasomMb H mnoaywaercss cabpymoulee nocrpoesie

Puc. 49. Puc. 50,

(puc. 50): M3b TOYKH N BO3CTABHMD NePNEHAHKYJAADPD Kb HOPMAAH
1o mnepechyeunis ero Bb TOYKD  cb AiaMeTpPOM®B, NIPOXOAAMWNMD
yepe3b M; 3aThbMb H3b TOukHM (J ONyCKAaeMb NEPNEeHIAHMKYJAAPDH HA

npamywo FF'; s3ToTbp nepnedAukyasapdb nepechbuers Hopmaab Bb
neHTpb kKpusuaun C.

j) Tleproe noctpoenie neHTpa KpH-
BH3HbI KOHHUYECKAro chyeHia naeTh HaMb
cpeacrBo phuuth crbaywouylo 3asauy:
M3stcTHO nocTpoeHie 1meHTpa
KPUBH3Hb HBKOTOpDOH NaHHOW KpH-
BOH. TpeGyeTcsA NOCTPOUTD HEHTPD
KPpHUBH3HB Bb Cc0OTBETCTBYylomIEH
TouKb moa3phl NaHHOH KDHBOH OT-
HOCHTeIbHO NaHHOM ToukH (puc.5l).
[Mosoxumsb, uyto Toukb M Ha naHHOH
KpuBO# cootBhreTByeTh TOWKAa £ Ha
noaspk, T. e. P -ecTb npoekuiss Heno-
ABHXHOH JaHHOH TOukd () Ha KacaTenab-
HYI0 Kb JaHHOR KpuBoH Bb Toukb M.
[Mycte O 6ynerTs npoekiis LeHTpa KPH- .
Bu3ubt C pansod kpusodt ma OM. Ilpo- ¢
ektupyemb O Ha Hopmans MC, u noay- ¢
YyeHHylo Touky .V coeguHuMb Cb O. Puc. 51.

LleHTPD KPHBH3HbL MOA3DPbHI Bb TO-

ykbs P HaxoauTcs Bb TOukbk mepe-

chbuenian K npamod ON c¢b HopMmaablo Kb mnoA3pb BB Toukb A
Bb-camomdb abab, npenebperas Ge3KOHEWHO MaJbIMH BbICLIATO MOPAAKA, MOXKHO
3aMbHATh JAHHYIO KPUBYI0 Bb CMEKHOCTH Cb TOUKOW M ConpHKacamomuMmca es
Kkpyromd (§ 592) uam kakowo HUOGYyab ApPYrol0 KpHBOW, HMbBIOLIE TOTH e
nenTpd kpuBH3Hbt C. Ha mbcTo mogspbl JaHHOH KPHBOH OTHOCHTeNbHO TOUKH O,
Bb CMEXHOCTH Cb TOYKOI P, ABUTCA TOrjJa IIOA3pa HOBOH KPHBOM, HO MNOJOXKEHie
ueHTpa kpuBu3Hbl K He uaMbuutca. Bb Anannutnueckoit ['eomerTpin gokasbiBaercs,
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4TO NOA3pa KOHWYeckaro cbueHis OTHOCHTENbHO e (POKyca ecTb OKPYIKHOCTb
KPYyra, MOCTPOLHHArO Ha GONbIUOH OcH KOHMYeckaro chuenid, kakb Ha niameTpb *).
[losTomy Mbl MOXeMb yTBePKAATb, uTo K ecTb IUeHTPh KOHHueckaro chbuenis,
OMHD H3b (POKYCOBD KOTOparo Jexurb Bb (), KOTOpOe MpPOXOLHTbL Yepesb M
n uMberd cooTBBICTBYIOWIM UeHTPD KPUBH3HB BB Toukh C. Ho u3b mocrpoeHis
COBEpLIEHHO ACHO, YTO Jisi STOrO KOHMyeckaro chuenis npsmas ON ecTb ocb,
npoxoxsias uepe3b ero dqokyce. CrbgoBatenbHo, K nexutb Ha ON, uto o
Tpe6oBanoch KOKasaTb. [loNe3HBIMD yNpaxHeHieMb Mg 4ynTatens OyleTsb npuio-
KeHie IOKA3aHHAro MOCTpoeHifs Kb JAEeMHHCKaTh, pascMaTpMBaeMoOH, Kakb MoA3pa
PaBHOCTOPOHHeH rHnepboJbi OTHOCHTEJNbHO e LeHTPa M Kb Kapaiounb, kakb
noa3ph OKPYKHOCTH Kpyra oTHocurenbHO HbkoTopo#d eda Touxn. Cp nomoibio
MpOCTHIXb TE€OMETPHYECKHXD COO6DaXeHIH OHBL HaMAeTD yXe paHblle YKAa3aHHbIA
creuiafbHbIS MOCTPOEHId.

k) TlpumbHss kb napa6oib nepBoe MOCTPOEHie LEHTPA KPHBH3HB KOHH-
yeckaro chueHiq, nerko 3aMbTHTb Ha OCHOBAHiM paBeHCTBA OTMbBUEHHBIXB YI/IOBbB,
yto Tpeyroabunkn MEFN uw PF N pas-
HoGeapeHHb! (puc. 52), otkyaa cabryers,
yro £ gbante . P nonosamb. Takumb
06pasoMb Mbl NPUXOAMMDB Kb HalJeH-
HOMY yXe€ [OCTPOeHi10, HA OCHOBAHin
KOTOParo MOXHO CKa3aThb, 4To napabona
€CTh CHHYCB-CNUpPaAb CBb MNOJIO-
coMb BB dokych. Ecan Bmkero do-
Kyca XaHAa AHPEKTPHCA, TO yKa3aHHOe
nocTpoeHie Hago 3aMbHHTb APYTHUMb,
KOTOpOe Mbl BbIBEAEMDb BeCbMa MPOCTO
n3bp npeabigyutaro. [lpoextupyems M
Bb G Ha [AMpeKTpucy, M nycts S —
TOYKAa MepecbyeHids HoOpMajaM Cb AHpeEK-
TpHco. [lpsiMOyronbHble TpeyroJbHHKH
MFL n MGS pasub mexay co6ow,

NoToMy 4TO yIabl npH M Mexny coboio

Puc. 52. paBHbl, H M}IIV =MG, no Haaicmomy

cBofictBy napa6osbl.  CabroBaTenbHo,

ranoteny3bl ML n MS tawke Mexay co6oio paBrbl. Otciofa cabayers, uTo

paxiych KPHUBHU3HB paBeHb YABOCHHOMY OTPpb3ky HOpMAaau Mexny

TOYKOWX Ha KPHBOH M AHpeKkTpHcoto. KpuBuda AHHIH, Bb KOTOPHIXD paAiychb

KPHBH3Hb NponopuioHaseHs AAWHbL HOpMann Bb [eKapToBHIXb KOOPAHHATAXb,

HasbiBaloTCH wpuswmu Puboxypa (Ribaucour) [losToMy MOXHO CKa3aTh, 4TO
napaGona ectb kpuBada Pubokypa.

) Kb uncay HXDb NPHHALIEKHTD, MeXay NpounMb, bnHas aAnHig. Bp
camomb xhab, Mbl nokasanu pasblie (§ 589, c), uTo (puc. 32) BB NPAMOYIOJb-
HoMb TpeyroabHnks MPN npoekuis M Q mimnb M P ( =y) Ha THNOTEHY3y
MN (=) paBHa @, Takb 4yT0 ¥2 = an, a U3b ypaBHEHiA KPHBO# MOIYyYHMD

1 x x . 2,3

o _— ns @z

y"=(—— ea—i—e @ :'—X‘—v 0 = 777;.:_—-*—:77,‘
2a a? 3y ¥t

CabooBaTeNbHO, HEHTPD KPHUBW3HB PACMONOMEHD CHMMETPHYHO ¢b NV

OTHOCHTeAbHS M. Mnbl Buxban paHblie Takxe, 4To Ayra s, cunTaemas OTb

BepwmHnl 4, pasaa P Q. Orciopa crbayers, 4to Bb Tpeyroasanks M PN

uMbemd s2 = MQ.QN. A takb kKakb # = M Q + ON, 10 okasbBaerTcd, uyToO
2

. . §
HaTypanbHOe ypaBHeHie whbnHo# aunin 6yners 0 = a -

*) Cm. Salmon-Fiedler ,Kegelschnitte“ (1878), ctp. 252.
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m) Jag ubnHo# auMHiM paBHAro COnpoTHBIACHIR

x
Y= alogcos;

x - 1 1 a
Y=tg = VIFt= —ms y——— o
a x x
cos —~- acos? - cos ——
a a a

I

T. e pcos @ = a. CanbnoparenbHo, npoexuin paniyca KpHBH3HB Ha OCh
CMMMeTpiM KPMBOH# paBHA NOCTOAHHON BeaUYUHD a. Boruncaenie aaubl
AYyTH S He TAaKb JETKO, Mbl €ro BbINOABUMD Bb cabayrowe# kuurb. Toraa mbr
YBHAMMD TaKkKe, 4TO HATypajdbHOe ypaBHeHie Hauic#t KpuBo# eCTh

S

Q:;&;+;;y

n) Eue onna BechbMa BaxHas v3b KpHBbHXB PnGoxkypa ecTh UMKJAOHAA
(§ 9590, a). O6pawasice xb puc. 53, 3ambuaemnb, uro (no ornpexkaeHio)
ON=uMN=abl, a noToMy KOOPAMHATH TOUKH M 6yayTb

x=0N—-—PN=aqa(® —-sin8), v=PH+IIM=a(l-cost).

Puc. 33.

Orciona cabayers
dx=a(l —cos0)db, dyv=asintds,

d 9 ) .
a notoMy dy = coti- Cpb apyro# cropounl, /ML N =} A MON = 48 Cab-
x 3 2
noBateabHo, ML — kacateabHast, a nostoMy M N — HOpMaib Kb KPUBOH BB
toukb M. BosBblllas BB KBaApaTh M CkaadbiBas BolpakeHis o x M 4.y, noay-
qaeMd 4 52, 1 U3Bb Hero nocabposatenabHo

6

ds = 2asin 5

]
dd, s==4aqa (1— cos ;2—')= Basinz»}'

€crM yCAOBMMCA OTCYUMTBIBATH AYyrH oTb Toukn O. Jlauny ubaoft BbreH
UMKJOHABI, T. € TaKOM e AYrH, KOTOPYIO ONMHMLIETh TOUKA KaTALIArocs Kpyra
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N0 COBEPIIEHIH MMB ITOAHATO 060POTA, MOAYUHMD, NOJOKHBD 6 = 2 7. ITa AIHHA
OKa3biBaeTcsl paBHOW 8@, T. . yueTBepeHHOMY fAiaMeTpy KaTsllarocs
kpyra. [larke, TaKb KaKb yro’b CMEXHOCTH, HE3aBHCHMO OTH 3HAKA, PaBeHD § d 8,
. B

TO TOTYACh HAXOAUMDB © = 4a sin 5aTe o= 21t (n = MN). Utakp, LeHTPD
KPUBH3HB PAacloNOXeHD CHMMETPHUHO Cb M oTHoCHUTeabHO N. 310
CBOHCTBO MOYTH OueBHAHO mocrb ckazannaro Bb § 593 u § 590, a 1). Haxonens,
ecnM TepeHeceMb HAYaldo CYyeTa Ayr'b Bb BepliHHY A, cepefMHy NOAHOH ayru
UMKIOMIb!, TO HallieMb § = 4ac057: M TOTYaCh MOJyYaeMb HAaTypalbHOe
ypaBHeHie UuKkaoUabl: s? 4 p? = const.

0) Bcbh KpuBbisi NHHiH, OMHCHIBAEMbIA KAKOW HUOYIb TOUKOKW KpHBOW, Ka-
Talle#cs 6e3b CKOMbXKEeHisl f10 ApYrod HEMmOABHXHOH MJAOCKON KpPHUBOH, HAa3kbIBa-
rorcst pyaertaMmu (Roliknrven). Beb pyserrst
obragaloTs ThMB CBOHCTSOMB, KOTOPOE Mbl
3aMmbrun BB UMKAOMAB, a HMEHHO, 4TO HOp-
Manb Kb pyaeTTh Bcerga mnpoXodHMTBH
yepe3b MTHOBEHHY IO TOYKY KaCaHia moa-
BUXHOW ¥ HEMOZBHXHON KpHUBOH ¥),
Korga HemogBmXHas KpHuBas . 06pallaeTcs Bb
OPSMYIO JHH{I0, @ TIOABHXHAS BB OKPYKHOCTb
Kpyra, 10 pyJaerta U 6ygerb uMkaougow. Bb
obpatHOMDB ciayyab, korga NOABHHAsA TNpsAMas
KaTUTCs 6e3b CKO/bKEHis N0 HEMoABHXHON
OKPYXHOCTH KPYTa, KaX1as Todka MPAMOH OfM-
CbiBA€TH KPUBYIO, KOTOPAR HA3LIBAECTCH 380.25-
senmot0 Kpyea (Mnu passBepTkolo kpyra). Ecau
8 eCcTh yroab, Ha KOTOpbIl MOABHMMHAsi TMpsAMas
NOBEPHYNACh BB CTOPOHY, NMPOTHBOMOJOXHY IO
JBHXEHII0 YacoBo# CTPhJKHM., HauMHas Cb TOrO
MOMEHTa, Korja ToYyKa 3TON 1"pAMOi, omHMchIBa-
loias  3BOJbBEHTY Kpyra, Haxoguaach Bb A4,
10 KoopauHaThl Toukn M, korza O 4 mpuMmeMd 33 0Cb acOuucch, GynyTp **)

Puc. 54.

x=af{cosd+0sin8), y=a(sind—9cosh).
[Toatomy

dx =abcostdé, dy=alsinddd, g%(' =1tgh,

ds=a0d8, Q:({e =ahb.

wn

|

2

Cnb10BaTeIbHO, KPUBASi OCTAETCSH 10CTOAHHO HOPMAJBHOIO Kb NOABHXHUA MPAMOH.
M LEHTPD> KPHBHU3HB BCErga HAXONMTCA BB Toukb Kkacanis momBuxHOW npamo#
Cb HEMOABMXHBIMDB Kpyromb. [auHa ayru A M ects s = fa 0%, a noTOMy HaTy-
pajbHOE ypaBHeHie 3BOMbBEHTHI Kpyra ecthb ¢’ = 2as. M3k Hero Mbol MOXEMD
noayuuts crbaylomee: Ecau mpsmas M (7, coepunsiomwas M cb 7oukoio (7,
AiaMeTpanbHO NPOTHBOMONOXKHOK Toukb C, mepechkaeTb OKpYWHOCTb Kpyra Bb
toukb L, To mpamas C L orcbuerp Ha kacarenbHo#t oTb ToukH M orpb3oks,
paBHBIK S .

1y Duhamel: ,Eléments du Calcul®, 1. 1, ctp. 177.
*) CM. Cesaro ,Naturliche Geometrie“. § 57.
#%) X — npoekuin O M =np. OC +mp. C M na Ox u 1. .
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p) Koraa ¥ HenmoABHXHAs W MOABHXKHAA KDHBbII GYyAYTb OKPYXHOCTH KpYy-
roBb, TO pyJeTTaMu OYAYTb zuHOUUKAOUOA WIA INUUUKAOUOAG, CMOTPSL MO
TOoMy, 6yaeTh JH KacaHie KPyroBb BHYTPeHHee WnH BHbBIIHee. Mbl orpaHnunMcs
3abch u3cabroBaHieMb 3THXDB CleliadbHbiXb PYJAETTb, UMBIOUIMXD BaXHOE MpH-
JoxeHie Bb Teopin MexaHH3MOBB. Yrto6pl umbTh nbia0 cb onpexbleHHbIMDB Cay-
4aeMb, JONYCTHMb, YTO KPYI'b Pafiyca #1a KaTHTCH 6e3b CKOMbKEHis Mo ApYroMy
Kpyry paaiyca a, npu yeMb Kacaie
Kpyrosb Oynerh BHbluHee (pHC. 55).
PesynbTaThi, KOTOpble MOJAYYHMB, 6Y-

AYTb OTHOCHTbCA Kb 3MHLHKJIONAAMD,
eCaH MpeinoaouMs #m > 0, HO Th
we GopMyasl 6yAYTb OTHOCHTHCH Kb
THIOLHKJIONAAM b, €CJIH IPEANON0KHM D
m < 0. Mbl npearnoJoKHUMb, 4TO MOA-
BHXHasa Touka M HaxoaHTcs crepBa
Bb TOYkb 4 Ha OKPYXHOCTH Hemo- N
ABHXHATO Kpyra, UMbOIIAro LeHTPD
Bb O, M HanpaBuMb OCb abCUHCCH
no npsimolt O.4. [oaBUKHBIU KpPyrb
pamxiyca ma, Cb LEHTPOMB Bb (),
KaTHTCA 6e3b CKOJbXKEHiA BB CTO-
pPOHY, NPOTHBOINOJOXHYIO ABHMKEHII0

4acoBoH CcTphAKH. PascMOTpHMB €ro \
Bb TOMb HOBOMD MOJIOXEHIH, Bb KO- T
TOpOe OHB NPHAETB, KOLAd JHHIA Puc. 55.

LLeHTPOBbL O00OHXB KPYrOBBH HNOBEp-
HETCH Ha yroab 0 OKomo Toyku O.
Mycts [V GyneTh TOrLa TOYKA KAcaHis KPyroBb. Temepr NpUMEMDb BO BHHMaHie,
YTO 110 ycnoBilo ABukenia ayra AN =nyrbs MV, a carbuoBarensuo, yrons NOM
Heo6XonuMo paBend 0. Ortciona monyuaercs, 4TO KOOPAHHATH TOYKH M 6yayTh

x=a{(l+ m)cosmb — mcos(®+ mb)},
=a{(l +m)sinmbi —msin(d + m5 .

A

CuboBarenanHo,

N @

dx =2 m(l + m)asin cos(g—i—me)n’e.

=

dy =2m(l + m)a sin — sin (g + mb ) d

H. HaKOHEUD,

v ] ) s o , ) 0 R
Tx wtg(j +me)' 70 = 2m (1 -r»m)asm—g—

. i 6
ViTakp, yroas HakiIoHeHis KacaTelbHOW Kb OCH X-OBh e€cTb = . -0, Ecan

2
COelHHHMD TOYKY M cb TOukOw L, niaMeTpanbHO IIPOTHBONONONHOK TOukbt N
Ha IOABHXHOMB KpYyrb, TO yroas HakiaoHeHis ML kb ocu x-0Bb 6yieTh paBeHb
cymmb yrnoss QLM =48 u AON = m#8. CnbaoBarensuo, ML —kacatenpHas,
a notomy MN —uopmanb. [anbe, ecin Gyaemdb cuutath AyTH OTb 4, TO,
o4yeBHAHO, OyleMb UMETH

s=4m(1+m)a(lacos %) =8m(l+nz)asin2%,

M 1103TOMY AJMHA MNOJHOW AYrH 3NHUUUKAOHAL paBHa 8m (1 + m) a.
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Ecny, nanpotvs®s, 6yleMb CYHTaTh AYTH OTBH CepeAHHb NOJHOW Ayrd (s =0
npu § = ), To 6ygems nMbrh

s=r—4m(1+m)acos%:
a TaKb KaKb, Cb APYro# CTOPOHBI,
O_Qd's_E 2 ds—4m(1+m)zsi ]
T de T i omde T 14 2m Sy

TO HaTypabHOE ypaBHeHie 3MMUMKJIOMADL W THNOLUHMKIOHAD OylaeTh
52 4 (1 + 2m)2 g2 = const.

Y1066 nMOCTPOMTH LEHTPD KPHUBU3HBI, 3aMbTUMB, 4yTo OTpb30oK® HOpMaru M N

i} .
umbeTs AMMHY % = 2 masin 5" Opyro#t otpt3oks Hopmanu MN’, otchkaeMblil

HENOJABHKHBIMB KPYroMb, UMbers mavHY #/, KOTOPYIO MOXHO BBIYHCHHTL Cb
'
. on—n a
AOMOLLBIO PONOPLiH = ——» OTKYMA ¥ MOJyuydeMb m = (1 4~ mi) 7.
n ra
3aMbTHBD 3TO, HMbeMD

200 4 mn 2 1 1

5T 1 42m o #n "

Crbposatenbro, Todka C rapMoHuyecku conpseHa c¢b M oTHocnTeapHo V.V,
T. & LUEHTPD KPHUBHU3HB BB Kaxgolh Touwb Al nexHTd  HaA noasps
3TOH TOYKH OTHOCHTEJIbHO HENOABHUKHATO Kpyra. ITo cBOHCTBO TOTYACH
npeobpasyercs Bb ApYroe, eciv nNpuMeMb BO BHHWMaHie cabpytoulee 3ambuanie.
Papiyce ON', ouesugno, napanneiess QM. Ecau npoekTHpyeMb deThipe rap-
MOHMYecKH conpsieHHbliss Touku M, N, C, V' uyp O Ha O M, 10 npoekuis N/
6yneTd BB Oe3KOHEYHOCTH, a MOTOMY Mpoekiis vV, T. e. Touka (J, MOMKHa
abaute nononamd npoekuito MC, 1.e. C NpoeKTUPYeTCs BB TOUKY, CHMMETPHYHO
pacnofoxenHyw c¢b M orHocuTenbHo (). MIHLIMH ClOBaMH: LLEHTPD KPHUBH3HBI
Bb TO4kb M aexutp Ha TOMDB H3Db AiaMeTPOBD HENOJABHMWKHATO
Kpyra, KOTOpbI# NPOXONHTD Yepe3db TOuKy M’, niaMeTpaabHO APOTH-
BOUO/OXHYI TOYKD A Ha OKPDYKHOCTH NOABHKHATO KpyTa.

q) Bp npexbasnomb cayyak m = 0, npu demd Ipeimonaraercs, YTo Cb
ApubAnKEHIEMD 7 Kb HYIIO, 7@ OCTAeTCd MOCTOSIHHLIMDB, a crbJoBaTenbHO, a
6esnpenbabHO BO3pacTaeTd, MOJAYYMMDB LHUKJAOUAY (v = 2n). Haobopors, npu
m=co, APH YeMb Mpefnojaraercs, 4to 0 COXPAHAETDH MOCTOSHHOE 3HayeHie &,
CHOBa HAXOJUMDB CBOHCTBA 3BOJbBEHTH KpPpyTra (o = n).

0
0 =2alim /nsin—g =a#, s=28alim m(1+m)sin2~4 = }Z—a 2.

Bripoyems, fCHO, 4TO BB 3TOMB cayyab, BeabiacTsie coBnagenis toueks N uV, u
touka C JOMKHAa Cb HUMH cOBnactb. [lpw m = — §, Noay4uMdb ¢ = 20, T. €&
THIOLMKIOHAA 06pallaeTca Bb APAMYIO JHHII0, YTO MOXHO TaKke BHAbTb, Bbi-
MONHAA NOCTPOEHIE HOPMalW WM LEHTPA KPHUBH3HE. MHWMU croBamu: ecCiaH
HbKoTOpbIft KPYyIrs, BHYTpPeHHe Kkacasch Apyroro, sasBoe 6oabwaro
Kpyra, KaTUTCA 0O 3TOMY HENOABUXKHOMY KPYIy 6e3b CKOMbXEHIA.
TO Kaxfaas ero TOYKa ABHUXKeTCs MO AiaMeTpy HeMoABHXHATO Kpyra
(puc. 56). 3to cBOKCTBO, KOTOPOE MOXHO MPSIMO MpOuYecTb Ha ueprexh, npumb-
HfeTcs BB HBKOTOPLIXB 3y6uaTbixb Kolecaxb. Kapaioumasl Takke mnpuHayie-
HATD Kb POAY 3SMHLHUKIOWADB, YTO BHAHO H3Db OOLIMXD GOPMYID, €CIH BB HUXDB
nonoxuMbd # = 1. Brpoyems, TO Me camoe MOXHO BUABTL M Ha puc. 46.
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Bt camomtb nbab, npunuman Bo BuuManie, yto ~ PHN Basoe 6oablie yria
PQN n, cnboosaTenbHo, paBeHd 6, Mbl BuauMb, yto npsamas AN | OM n
NPOXOJHTD MO3TOMY uepesd TOuKy K — cepenuny MM’, takb kaky HN pbants
P M’ nonorams. Ortciona cabiyeTb, YTO OKPYHHOCTb KPYyra. MOCTPOCHHAro
no M M', xakp Ha miamerpb. kacaetcss Bb Toukh N OKPYKHOCTH HENOABHKHATO
kpyra. Cp 1pyro#t cTopoBBl, oyeBHIHOe paBeHcTBO yraosb UHN w MKN
NOKa3biBAeTb, 4To ¥ 1yrh ON n M N 060MXb KPYTOBBL PaBHbBl MeXAy co6olo.
Wrakb, kapaionny MOXHO pas3cMaTpHBAaTh, KaKb PYyJAeTTy, OHHUCHIBa-
€MYI0 TOYKOIO MOIBHXHAr0 KPYTra, KATAWATOCA 6e3h CKOJAbXKeHid
no LpyroMmy paBHOMYy emy kpyry. OO6wil npiemb ncCTpoenis ueHTpa
KDWBH3HLI NpHBeleTCs Bb HAlIEMD cAyyah Kb yKA3aHHOMY YiKe paHslie Crie-
WianbHOMy nocTpoeHilo. Hakoneud, Bb cayuab m = — } noaysaemd acrpoumy
(puc. &7). UepTemd TOTYACH NOKA3BIBAETD, Y4TO KPYT'b NOCTPOCHHBIH HA FNOJMO-
Buwb L NV pamiyca ON, kakb Ha miameTph, npoxoasTb uepesb Touky M Ha
acrporpb. Takb kakb yroav M K N, ouesunso, Buetsepo 6oabuwe yraa 4 O N,
T0 ayra M N BHYTPEHHArO Kpyra Bcerma pasda aych A N pubuiwaro kpyra.

Puc. 56. Puc. 57.

[lo3TOMy acTpPOHMAY MOXHO Pa3CMAaTPHBATh, KAKD CHIOUMKIOHLY, ONH-
CHIBaeMy0 TOYKOI Kpyra, katswarocss (BHyTpeHHc); 6e3b CKOJIb-
KeHis mo ApyroMy HeNmoLBHXHOMY BueTBepo 6oablleMy Kpyry.
OOt cnoco6® NOCTPOeHis UeHTPAa KPHBH3HBI PHBOLNTCA 3ubCh Kb H3BBCTHOMY
yXe€ H3b FpemblIyIlaro creuialbHOMY, MOTOMY YTO Ha OCHOBaHiM M3BbLCTHArO
COOTHOUIeHIsE Mexny oTpbakamu, oTchbkaembiMu TpancBepcanero O C Ha cropo-
Haxb TpeyroabHuka M K N, umbemnb __

- , .
KM OA MCT:,EMC. 0= NC=3MN.

NC=305 oK 3 ¢

rof o

r) [llepBbld cnoco6b NOCTpOeHis 1EHTPA KPHUBH3HLI Bb 3MW- H THIO-
UHKAOHAAXD, YKA3AHHBIH BB YNPAXKHEHIM p), HABOOUTD HA MbICAb M3CabBIOBaTH
KpHBbIs, onpenbasgembia CcabAyloOMMD CBOHCTBOMB: BDb KaxigoW Toukb M
Ha KpWBOMW pamiych KPHBH3HbB fponopuioHaneHs oTpbaky HopMaaw
MeXIy TO4Ykolw M M moasipol TOUKH M OTHOCHTENBHO HEDOJBHNK-
HArTo Kpyra. Mu npennoxuan 6bl 310 W3cabnosanie ynTaTenl0 Nas yrnpaxKHeHis.
KpoMb HasBaHHLIXD Bhllle, 3THMB CBOMCTBOMDB NOAb3yeTcs GeauncaeHHOe MHO-
HECTBO IPYruXb KPHBBIXD H, MeXIy NPOYHMb, KOHHuYeckis cbuenis. [as
HUXD HemoIBWXHBIX Kpyrs ecTb kpyr» Monxa (Monge), T. e. kpyrb, KoH-

LeHTPHYECKIH Cb KOHWYecKuMb chuerieMb, W pamiyca. pasHaro } a2 + 42, Ecan
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B8b O6IEMD cayyab HenoABMKHBIA KDYI'b CBejleTcs Kb TOUKb, TO MOAYYUMB
cHOBa CHHycBh-cndpand. Ecid, Hao60poTh, 3TOTH KPYI'b CBENETCA Kb NpAMOH
JMHiM, TO moayyumMb KpuBbis Pubokypa. CrabaosarenbHo, Bb uucib konude-
ckuXb chueHid CONEPKHTCH OfHA CHHYCb-CIMpanb U OlHa kpHBag Pubokypa.
TlepBas NOJXyuMTCH, €CAH NOAOXKUMBb a2+ 62=0; 310 Oyrerdb, crbloBaTenbuo,
PaBHOCTOPDOHHSAA runep6ona. Bropas nonyuurcs, ecad 6yneMb yBeAU4UBATD
a2+ 5% 10 oo, uaM ecad mMpelcTtaBuMb cebb, YTO HEHTPDH KPUBOH ynansercd Bb
Ge3koHeyHoCTb: 310 OyleTs mapaboana.

ACMMOTOTHI.

596. [IlpeacraBumb cefb aBb Touku, agBurawouwisca no OBYMb
KPHBBIMb W CTPeMsllliics Kb COBMafeHio, Bb TO BpeMs, KaKb npamas,
UXb COENUMHAIOWAs, YXOLHTb Bb Ge3KOHEUHOCTb HJIH 6e30CTaHOBOYHO
BpAlAETCs OKOJIO HEeMOABHKHOH Toyku. Koraa nomo6uoe 06cTOATENLCTBO
umbers MBCTO (NPH 4YeMdb HE WCK/IKOYAETCH BO3MONHOCTb, YTO MpH Hb-
KoTopoMdb onpenbiedHHoMb COOTBBTCTBIM  Meway pascMaTpHUBaeMbIMH
TOYKaMH OHO MOXeTt W He umbTb MkcTa), TO rosopsTh, YTO KpPHBLI
JuHiM GyAyTh aCHMNTOTAMH OLHa OTHOCHTENbHO ADYroH, HIH uTo OHb
PacnoJ/IOMeHbl aCHMNTOTHUECKH OnHa Kb apyro#l. [lpeacraBumb ce6t,
Hanpumbpb, uTo HhkoTOpas Touka M ypanserca Bb GE3KOHEUHOCTH,
ABMraschb N0 KpPHBOA yp = f(x), Takp uYTO pa3CTOfHie ed OTb Hayana
KOOPIAHHATL Bo3pacTaeTd GeanpenbasHo. Torma, no kpafine#t mbpb,
ooHa H3b en [leKapTOBHIXL KOODIHHATH OyleTb Tarke 6e3npenbnbHo
BospacraTb. Ecau TObKO 0IHA M3 KOOPAHHATBL BO3pacTaeTh Oesnpe-
obAbHO, TO BCEraa MOXHO NPEeLANONONHTb, UYTO 3TOK KOOPIHHATOI
6yneTh MMeHHO abcuMcca, MOTOMY 4YTO APYro#i ciyuad Bceraa cseneTcs
Kb 3TOMY nyTemb 3aMbHbl ¥ Ha x W o6patho. [lpeanociaB®b ckasanHoe,
pascMOTpHMb Ha Ipyro# KpHBOH, y:g(x), TOUKYy, HUMEBIOWYK 04
kawnaro nosnowedia M obmwyw cv Toukow N abcuuccy x. [lpeano-
JowuMD nanbe, yTo cb npubinkeHieMb x Kb + oo, T. e. npu 6e3-
npen bAbHOMDB BO3pacraHin |x |, pasHocts f(x) — g(x) cTpemurcs Kb
Hymo. Torga MOXHO yTBEPHAATb, YTO PA3CMAaTPHUBAEMbI KPHBLIA pac-
MOJIOXEHbI ACHMNTOTHYECKH OIHA Kb [PYroH, H TO Xe CaMOe€ MOXHO
CKa3aTb O KpWBHIXDB, MOJAPHbIS yPaBHEHis KOTOPbXb 6yayTe » = f(§)
H 7 = g (). Takb kakb npu a1oMb (§ 308, c) n pasHocts /7 (x) — g’ (x)
CTPEMHTCH Kb HYJIO, €CIH OHa BoOOule Kb KAakoMy-HHOGydb npeldbay
CTpeMHTCS, a8 He KoJe6JeTca MOCTOAHHO, TO OKaswBaercs, 4t0 06%
KPHUBHSA HEe TO/NLKO CTPeMATCH NPOHTH uYepe3db oOUIYIO TOUKY, HO, BO-
o6ie TroBOpA, CTPEMATCA TaKke npioGphcTH O6UIYI0  KacaTeNbHyIo,
0lHAKO, nocabisee OGCTOATENLCTBO HeOGXOOHMMO BCETAd  TIMATENBHO
usc1ba0oBaTh.

597. O6o3sHauuMmb BB NajbHbHlIEMD 4epesb x U y KOODPAMHATHI
Touku M, cTpemawtesics Bb Ge3KOHEYHOCTb MPH NBHMEHiH MO NaHHOH
kpuBo#. Ecau ynacres onpenbiuTh MOCTOAHHBIA # W /i Takb, 4TOGH
Y — mx — /i CTPEMMIOCH Kb HY/MI0 Cb NpUGIHKEHieMb x Kb -+ o0,
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TO MOXHO GyIeTb cKa3aTb, yTo npsamas Y = m X + 4 Gynmers acumn-
TOTOW 1aHHOR KpuBOH, Pa3nickaHieMD 3THXDB NPAMOJMHEHHBIXB aCHMI-
TOTH Mbl ¥ 3aliMemcd noapo6uke. Mab ypasHeHin

lim(y — mx — h)y=0

=00

TOTYaCh CJI'EIIYETI: Y --mx WM (i* - WL) CTPEMUTCA Kb KOHEYHOMY

npenbay 4. Taxb kakb nepsblil MHOuTenb x Ge3anpenbibHO BO3pa-

craeTb no abconoTHON Beanuuud, To BTOpOH —i— — m  HeoOGXOIMMO

ROMKeHb CrpeMuThes Kb Hyaw. CabnosarenbHo, |

lim l:m, lim (y —mx) = /.

x:ioox T=-co

Bt nocntposarenbHoMb npumbHeHiM 3THXDb paBeHCTBD (FreoMeTpHYECKH
OYEBHIHBIXB) M COCTOWTb MNpPABM/IO DPa3bICKAHIA AaCMMNTOTb KPHBBIXb,
3alaHHBIXD ypaBHeHiAMH BB JleKapTOBHIXb KOODNMHATAXBL. Bb nosasp-
HbIXb KOODAMHATAXb ACUMNTOTY MOXKHO onpenbiuTe YIIOMb (. ed HaK/Io-
HEHiS Kb NOJAPHOM OCH M pa3cToAnieMb en ¢ OTb nonwca. Cnepsa

] . . .
3aMbTUMD, uTO ecnu — = f(9) ecTo ypasHenie naHHOW KpHBOH, TO

F(8) crpemurca kb Hymo, koraa M ynansercas Bb Ge3KOHEUHOCTb.
CnbnoBatenbHo, eciu 3Ta yHKUIA HenmpepbiBHA, TO yi/bl, oGpasyeMbie
NOMAPHOI0 OCbI0 Cb acMMATOTamu SyayThb KOpHsmu ypasHenin f{g) — 0.
Jna noanaro onpenbnenia acuMnToThH, cooTsbrcTBYlOWIel HbKOTOpPOMY
IaHHOMY KODHIO (. 3TOrO ypaBHeHis, LOCTaTOYHO 3aMbTUTb, YTO pas-
crosnie Toukn A/ OTb acHMNTOTBL JOMKHO CTPEMHTLCA Kb HY/IO, @
noTOMy Ha ocHOBaHiu onpenbnenia f’(a) pomxubl HMETB

I
VA C) I AN )]

g = limrsin (0 — ) = lim
=200 6:«4

[ [Ipumbuanie. Onpenbnss ¢ copmynow ¢ = lim 7 sin(§ — a),
TF==00

HYXHO noab ¢ noapasymbsate pascTosiuie, B3sTOE Cb -+ HIM —,
cMOTPS no TOoMy, cabBa wuaM cnpaBa orTb nomoca () acuMmnToTa
nepechbkaeTs NOJAPHYHO OCb, MPHM  OBMENPUHATOML Bb  AHAIUTH-
yeckolh [eomerpin cuert yria §. Bb 3romb serko y6bautbes, no-
crpoust u3b (O nepnenaukyaaps OO xb acumntors, u npamyio OK,
napanienbHyto acumntorh, a uepesb Touky N npamyto, napaniens-
nyw OQ, nepectkawomyrw OK sb touks K, a acumntory Bb Toukh V.
Tornza OQ = lim MK passo limyr -sin(h — a) b nepsomb cayyab
H pasHo lim 7 . sin(a—@) Bo BTOpPOM®. |

598. Teneps Mbl LoKakemb cabayowyw Teopemy: Ecau cb
yilajseuiemb Touyku AN BD 6e3KkOHeYHOCTh KacaTenbHad Bb
3To# Toukb cTpeMuTca Kb HBKOTOpOMYy npeabtabHOMYy noJao-
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wenito, TOo 3T0 npenbAbHOEe 00JA0KeHie e€cTb aCHMOTOTA
KpuBo#. Ha 3TOMDB OCHOBaHiM Bb AHaiuTHueckoM ['eoMeTpiH acHMNTOTHI
H PascMaTPHBAIOTDb, KAKb KacaTe/bHbil Bb TOYKaxb nepechbuenis KpuBoOH
cbh Oe3KOHeuHO yAajZeHHOWw npaMod. YTo6n mOKasaTh 3Ty TeopeMmy,
CcpaBHMMDB ypagHeHie kacatensHot Y =y’ X 4 (y —xy') cb ypaBHeHieMs
en npenkbHAro noaowenin Y= m; X 4 A,. JlouyctuTs cyulecTBoBaHie
3TOro mpeababHaro MONOMEHIA 3HAUNTD MPEANOJOKHTL, 4TO 1pH Ges-
npenb/ibHOMD BO3PACTAHIM | x| CyulecTBYOTb Mpexbabl uucens )’ u
¥ — &Y', TaKb 4TO

limy” =, lim{(y —xy") = A,.
Bb 1O we Bpems Teopema Jlomurans maers

!
m = lim -JT =limy" = m, .

u nanbe,

T —m
B =lim(y — mx) = lim f—-l—ﬁ =lim(y —x¥) = hy,

X

YTO M JOKa3blBAaeTH TeopeMy. To e caMoe MOKHO CTO/b Me [POCTO
BLIBECTH, MOJb3YACh MOMAPHBLIMH KOOpAHMHaTamu. Bb camomtb abab, pas-
CTOsIHie OT® MoJI0ca A0 KacatelbHOM, ecad ero CYMTaTh, KaKb CKasaHO
Bb npumbuanin kb npenitaymemy §, pasHo — rsinw [w =8 —8, npu
ueMb [ eCTb YTOMb MEWAY KAaCaTEALHOH W TOMAPHOK OCbIO] M MOMETH
CTPEMHTLCA Kb KOHEUHOMY Tipenhay ¢, JHilb Bb TOMb caydab, koraa @
cTpemutrcs kb npeabay wnor, rab # wkaoe uucio, Orciooaa BhITeKaeTb
cibaywowee: ecau npeababHoe mMo0KeHie KacaTe/lbHOH HAKIOHEHO Kb
noaspHo OcH oAb yraomb B, T.e. ecan =0+ w umbers npeaban
gy, TO cyumectByers u a =1lim§ = f, — nw Hu, kpomb TOTO,

=lim __‘1,_: — lim—rl: —limrtgo = —limrsino = ¢q, .
q /r(a) Py g ql

599. Ynpawuedis. a) Kpusan 3 = s

> OYEBHJIHO, ACHMNTOTHYHA OT-

HOCHTENbHO KAKAOH H3b ocell KoopiuHathb Ho BB TO Bpems, KaKDb OIHA H3b
ACHMNTOTH, OCb ¥-0Bb, MOWETD ObLITh pascMaTpHBaeMa. Kakb npexbabHoe m00J0-
Merie, Cb KOTOPbIMb CTPEMHTCS COBMACTb KacaTedbHast Bb Toukb M npu 6es-
npexbisHOMD BO3pacTanii ¥, 0 APYro#, OCH X-0Bb, 3TOrO CKA3aTh HENb3sl, IOTOMY
4YTO y — x3' HY Kb KakoMy npexbny He cTpemuTcsi npd Ge3npeibibHOMDB BO3-
pacTanin |x|. VHbIMH croBaMH, KacaTelbHas MOCTOSIHHO KodeGaercs, 94TO,
BIPOYEMDb, BHIHO M U3b TOTO, YTO KACATeNbHbIA Kb KPHBOH BB OE€3UHCIEHHOMD
MHOXeCTBD Touekd nepechbueniss KpHBOR Cb OCbI0 x-OBD NPOXOAATDH IO OUYEPERH
yepe3s TOYKH ¥ =14 y = — 1 Ha ocd y-oBb. VTakp, NpH HIBBCTHBXD
yCAOBifiXh ACHMNOTOTA MOXeETHb M He ObITb NPeAbAbHBIMB MOJONKE-
HieMD KacaTeAbHOHK W Teopema, o6paTHAfN AOKAa3aHHOH BD Npeibl-
AyLiEMD §, HE CMpaBenaUBa.
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b) B npenbinyuiems vpumbph kacarenbHas, X0t M He umberh npexbab-
HAro II0JIOXEHifl, CTPEMUTCA, ONHAKO, cAbJaTbCs napasenbHOK AaCHUMNTOTH.
Huoe nbnao 6ymers v Kpusoi

y=2 "0 s yE T,

KOTOPYI0 Mbl pa3cMaTpuBaiy pasbiue (§ 294, f). 3xbch HanpaBaedie kacatenbHOW
KO/1€6J1eTCA TAKD, YTO OHA GE€3UMCIEHHOE MBOXECTBO pasb Abiaaercs lepneHAuKy-
ASPHOKW Kb acuMnTtorh. [is xpuBofl xy = [x] noayuyaercs onsth HOBoe 06CTo-
ATENbCTBO ! NpH Ge3koHeuHOMb x kMbBemb 1) lim y =1, 2) lim ' =0 wu
3) lim (y —xy") = 2lim [':‘—] =12, T.e KacaTeibHas CTPEMHUTCHA Kb Npe-
AbabHOMY mnonoXeH{l (¥ =2), HO 3TO NOJOXeHie He COBNajgaeTh
Cb acuMuUTOTO (¥ = 1), DT0Tb pesysbTaTs He NPOTUBOPBUUTL Teopemb,
I0KA3aHHOH Bb NpepbiayweMd §; ABACTBUTENbHO, NPH [0KA3aTENbCTBE €5 Mbl
npumbaasy Teopemy Jlonurans, cabroBaTenbHO. MOMYA [PEANOAAraiH, YTO NpO-
M3801HAA y'— €QUHCTBEHHA; MeXAy ThMb Kakb Bb IAHHOMD npuMmbph mnpo-
U3BOAHAs cibBa COBCBMB He CyllecTBYeTb nas BChXb Toueksb, abcuucca KoTo-
peixb ubnoe uucno. 3Irtore UpUMEPB
NOKA3biBAETh TOJNbKO, YTO Hamo ObITh
BCEr4d OCTOPOXHBIMBD Bb NpuMbHeHiu Yy
TeOpeMbl, M He 3a0biBaTb NpPOBLPUTH,
BBINMOJHEHbl M Bchk orpaHmuesis, npu
KOTOpbIXD OHA CTpaBeLiHBA.

ct Urobbi  passicKaTh  aCUMI-
TOTHl KPHBOH, 3aiAHHOH ypaBHEHiAMH
xcosl =a, y=>0(1g0 —40) (puc. 58) A
(NpoPuab  pa3BepTbIBAIOLIATOCH  TelH- 0 @ X
KOM1a), uiM TouHbe rosops, ToH BHTBH
KPUBOH, KOTOpAas CcOOTBBTCTBYyeTh 3HA-

yeHiaMp 0 BB HHTepBan‘B(-— 7-;— -+ ;),

Hago npexjae BCero 3aMbTUTh, UTO AJA
6e3npesbapHAaro BO3pacTaHis TOH WM
ADYFO4 U3b KOOPAMHATH X M ¥ He00Xo-

auMo npubauxkare 0 Kb + % Ipu Puc. 58.

3THXD yCn0BiAXb UMbeMd

m = lim o ——b< lim (sin 9 — 8 cos 8) = -t -1-)-;7
x a a

lim (_y T Z x) _primSntocos8 Tl e %nb.

CabrosatenbHO, HCKOMBIS aCHMNTOTHl OYAYTDH NPAMbIS, H306paxaeMbls YpaBHe-
Higmu & B4 i

a b2

d) Tpu pasbickaHid acHUMNTOTH He HanO 3a6bIBATb U3MBHATH X HE TO/NBKO
A0 400, HO U 10 — o0, MOTOMY UYTO BB OGOUXDB CAyYasXb MOrYTb NOJAYUHThCA

Ko —x
& —e
pasnvudbia acuMntoTel. Hanpumbps, nas kpusodt y = & ————— KOI'ld ¥ CTpe-
e+ e
MHUTCH Kb 4 co, MOAyYaeMb
L ="
m = lim = — = 4 1,
e 4 e "

. _ . 2x
h=11m(y+x)=¥llm2x—+1:0,
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96
M KpPHMBAas aCHMNTOTHUHA Kb MPAMbIMB, IBISLIMMD MOMNOJAAMDB YIVIbI MEHAY OCSAMH
Boabke mnpocto# npumbpb maers kpuBas y = arc g x.

KOOpAHHATDB (pHc. 59).

AN
A

1

R i R DOUPRRpERp =

0
Puc. 59.

Pa3scmorpbrie 060MXDb cayyaeBb HEOGXONMMO W 1A TOro, uTo6bl 3HATb, MO
OIHOMY HJIM Mo 060MMB HANpaB/ieHiAMBb KpuUBas MpubIdKaeTcs Kb acuMnToTh.
x
e) Kpusas y = (‘—i) uvberh Bb Havalh koopanHath OB kacateab-
14 e®
Hbif (puc. 60), notoMy uto (§ 282, ¢) cibBa OTh Hayana y'=1, a cnpaBa y'=0

Puc. 60.

Cb npubamxeHieMb x Kb 4 oo, | ¥ | Bo3apactaers Oesnpenbabno. Ho 065 Bb1BM
KpHBOH, MOJyyaeMbiss TaKMMB 00pasoMb, MMBIOTH OZHY H Ty e ACHMNTOTY,

1 1
noroMy 4to lime*=1, !imx(e‘” — 1) =1, H cabaoBarenbHO,
1
1 1 . 1 1., 1 —e” 1
f’hfhm(y—ix)f—fhmx L__Z,

1_1_(?17

1+e°
npu x= 4+ co. [lo3ToMy ypaBHeHie acUMNTOTH OyleTh x —2y = 4. Kb TOMYy XKe
PesyabTATY ellle Mpolie NpHIeMDb Cb TOMOULLIO Pa3J0XKEHif ¥ Bb 6e3KOHEYHbIH PAIDb

x 1+ 1 oo

I T T T
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f) Pa3noweHist Bb psan BeCcbMa MoJe3Hbl NpH H3cA510BaHiH Ge3KOHEeUHHXDb
L

pbTBelt KpHBbXb. Taxb, HanpuMbpb, Aas KPUBOH ¥ =& ¢® KOCTATOYHO 3aMETHTD,
1
yro y=x + 1 -} o + - - -, 4TOObl TOTYACH OGHAPYHHTb ACHMNTOTY: ¥ —x + 1.

Takb Kakb NpH 3TOMB y GesnpeababHO BO3pacTaeTh H TOCA4, KOMAA X CTPEMHTCH
Kb HyJQl0 y6biBas W, HA060POTH, CTPEMHTCH Kb HYJIO, KOrda X NPHOJIHKAETCH Kb
HyAl0 BO3pacTtas, T0 Mbl BHAHMDB, uTo 061 BETBH KpuBe# HMbIOTBH HalaeHHYIO
BHIILIE aCHMNTOTY, a KpoMb Toro, ogHa BbTBL HMBETH elie’ aCHMNTOTOIO OCb Y-OBD,

a apyras BbTBb HCXOAWTDH H3Bb Hauaia KOOPAHHATD. [Mono6HBIMD Ke 06p330M'b
1

Aerko y6bauThes, uTO KpuBast ¥ = a2 ¢* uMbeTb eIHHCTBEHHYIO NPAMONHHERNY IO
acUMNTOTy — OCb ¥-0Bb (A4 OAHO# mpaso#l BHTBH), HO 3aT0 HWMbeThb eule na-
pabo1HUeCKyI0 aCHMNTOTY ¥ = 42 + & + }, PacnpoCTPaHAIOLYIOCH BHYTPH 1BBON

H BHB npaso# sBbreu. 3ambuarenbHa, nanbe, kpusas y = BeCbMa MOXO-

—,
14 e*
Kasi Ha napaboay M crpemsiwasca no Mbpb yaanenis B 6e3koHEUHOCTb COBNACTD
¢b napa6onoo y = 4 (2a2— x). Ecan Mbl 3Ty nDapabony nepeiBHHEMD MO IJIOC-
KOCTH TaKb, UTO6bl BEPUIHHA €si Monala BB HAaualo KOOPAHHATh, TO Bb 37Ol
Touk’s 065 KpHBLIA — 1aHHAsA W mapaboaa, 6yAyTb KacaTbCA OAHA APYrO# H Bb TO Xe
BpeMsi nepechkaThcs, MOTOMY 4TO CpaBa OTh Hauana y <4 a2, a cabea y>4a%

g) Mpumbuaa kb runepboinueckofl cnupand (#96 = a) (opMmy.bl, BbiBE-
AeHHbis BB koHub § 597, noayyaeMnb

SO =i PO =+ a=0, g=a,

H HAXOAWMB TAKHMDB 06pa3oMb CHOBa aCHMITOTY, MapajielbHylo mNOAsApHOH ocH,
Ha KOTOpylo Yyxe ykasbBaad pasbine (§ 589, g). Takumb xe obpasomb aast
kBaxpaTpHcbl (§ 589, i) noayuums

sin 0 6 cosf —sin®

SO=="\" SO =—Tm— a=nn g=(—1)Vnnaa.

AHAnOrMYHO 9TOMY MOKA3BIBAIOTH, YTO CHHYCb-cnupand (§ 589, m) auwmb npH
m < — 1 umbloTh acuMNTOTH BB KOHEYHOU YACTH IUIOCKOCTH H BB 3TOMbD
cnyyat Bch 9TH aCHMNTOTHI MPOXOAATH YEPE3D MOMOCH H 06pasyloTb ¢b MOJSP-
HOH OCBIO YIJbI
o 253 37
0, . 2=,

m m m

h) [lns xouuueckaro chueHis, 3salaHHAaro ypasHeHieMb # =

. 1T— kcosb
AaMbeMb
1 —kcost . k. 1 +p
) = —— i ') = —sin¥, cosa = 5 = oo
S0 7 SO =3 BT e

Jlump aas runep6oam, T. €. NpH 2 > 1, ¢ — BelECTBEHHOE ; GE3UHCIEHHOE MHO-

1
KeCTBO yrA0Bb, KOTOPHIXh KOCHHYCH paBeHb - onpenbasiioTy BCero aBa pas-

JHYHBHIXD Hal'lpaB-'leHiﬂ, aHTHl‘lapﬂ-’l-’lC-’ll;Hle’b OTHOCHTEAbHO (bOKﬂ-’leOﬂ OCH T[H-
2

. 2
nep6oabl. Bb atomp ciyuab p = — —Z—v B2 — 1= —_ no3ToMy ¢ == + b Han

a2
g = + kasina. CrbnosaTenbHo, 065 acHMNTOTH NMPOXOAATDH Yepe3b LUEHTPDb H
OTCTOATBL OTB M0JI0cd, T. € OTb (POKYCOBB, BB PA3CTOSHIH b.
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i) Ecan npu vacnbaoBaHid KpHBLIXD Bb NOJAAPHLIXD KOOPAWHATAXD OKA3hi-
BAETCA. YTO # CTPeMATCA Kb npeabnay a, xorna b usmbuAercs g0 + oo, TO MOXKHO
YTBEp»kJaTh, YTO KpuBas uMberp acUMITOTHYECKiH Kpyrb paniyca @ cb
teHTpoMdb BB nomoch. [lonesno 3ambruts, urto obsikHoBeHHO (§ 308, ¢) cB
npubiamxeHieMs » Kb @, INPOU3BOAHAA ¥’ BB TO Ke BPEMA CTPEMHUTCH Kb HYJIO,

T
TaKb 4TO © CTPEMHTCH Kb 5» 2 cnbroBatensHo, kpuBas crpeMutcs cabaarbes

KacaTenbHO Kb KPyry. Bwb wactHoctd, korga @ = 0 mnoayyaeTcs acHMMTOTH-
YecKas TOYKA. ITOTL cayyad umberp MECTO A8 pasnHYHBIXD pascMoTphH-
HHXDb paHblle KPHBHXB (§ 589, e, g, h). a HMeHHO 118 JOrapueMHyecKod u
runepboanyeckod crnipaned U pias Koxaeouabl. JOCTATOUHO MOCTPOHTH KOHXOHIh
(§ 989, jI 3THXB KPHBBIXB OTHOCHTEIBHO IOMI0CA, YTOOLI MONYYHTb ApYris KpH-
Bbifl, UMblowia acumnToTudeckie kpyrd. OcobeHHo 3ambuyaTe/bHbI KOHXOHMABI JO-
rapHOMHYECKOH CIIHpalH, KOTOpbIA A4S OAHOM W TOoM e naHHOH cmupanH Bch
Apyrs Apyry mofobHsl. Bb camomb abab, ecim HanpaBuMB nOJASPHYIO OCh OThb
Moaloca AaHHOR crnHpand kb Toukh es mepechyeHis ¢b ACHMNTOTHYECKHUMDB Kpy-
roMb OAHOH HM3bh € KOHXOMAB, TO ypaBHeHie KOHXOHAs Heob6Xomumo 6yneTb

Buga r = a (™9 + 1), rab Tombko @ — paniych acCHMNTOTHYECKAro Kpyra — Mpo-
H3BOJIbHO. BbTBb, cooTBbTCTBYIOIIAs 3HAaKy -+, nexdTh BHE 3Toro kpyra M
06BHBAaeTH ero 6e3KoHeyHoe 4HMCAO padb. Jipyras BETBb NMPOHHMKAETH BHYTPb
Kpyra, NpoXOJHTh 4Yepesb MOJIOCH, Bb CMEKHOCTH Cb KOTOPbIMb OHa HMbEThb
BHIb, MOAO6HBIA ApXuMenoBoH cnnpand (r=mal), a 3aTbMb yaangercs orb Hero
6€3KOHeUHBIMBD YHCIOMB 060pOoTOBDB, GeanpenbibHo NPHOIMKAACE Kb OKPYK-
HOCTH Kpyra.

600. 3aiiveMmcs Tenepn moapoSube acuMnTOTaMH anreGpanyecKHXb
KDHBBIXb, H HauyHeMb Cb THXb, KOTOpbIH MNapayjie/bHbl OCH Y-OBb.
Cb 3Toft wbibi0 pacnoJOXHMb ypaBHeHie KpPHBOH, KOTOpOe MNpennoso-
UMb NPHBELECHHBIMD Kb b0 pauionaabHOH dopmE, N0 yObIBAOLHMD
cTeneHsaMb !

Y () + Y T e () + 3" P g () + - - o, (1) = 0.

[Tpun GeskoHEYHOMD ¥ BENHYHHA X [OMKHA CTPEMHTbCH Kb KOHEUHOMY
npenbay /, Kb BBIYHCAEHID KOTOpPAaro ¥ CBOAMTCH BOMpoch. Ilpu 3ToMb
HenpepbiBHBIA GYyHKUIM 4 (x), Y, (%), ... OyLyTb CTPEMMTbCH Kb KO-
HeurbiMb npexbaambs Y (l), . ([), ... Ecu pasgbaumb Bchk uienbl
ypaBHeHis Ha " u OyleMb yBeJHUYHBATH l_yi 10 o0, TO HalaemMb, 4TO
() = 0. 310 ¥ ecTb ypaBHeHie, KAKAOMY KOPHIO [ KOTOpAaro coot-
sbrcrByerd acumntora X =/ OcTaBiss Tenepb Bb CTOPOHB acHMHTOTHI,
napase/bHbisi OCH Y-OBb, PACHONONHMb ypaBHeHie NAaHHOH KPHBOH Mo
OJIHOPOLHBIMB [pPYNIAMb WIEHOBDb ONMHAKOBOH cTeneHd. [lonoxHBD
¥ = [X, MOXE€MDb Hanucath

(12) Ao+ T e A" g )+ -, () =0,

Ho m = lim# n m uncno koneyHoe; cibnoBatenbHo, ecnd pasnbiuMb
ypaBHenie (12) Ha x™, TO npu 6e3KOHeYHOMb x Hatigemb ¢ (m) = 0.
JT0 ypaBHeHie Hano pblHTe, 4TOOBI HaHTH yIIOBble KO3(dHLieHTbI
acumnToTh. [lpeanonoxums cnepBa, 4TO #¢ NPOCTOH KOPeHb ypaBHEHid
@ (m) =0, Takp 4to @’ (m) =20, W nocrapaemcs HaHTH COOTBBTCTBY-
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outee 3uauenie /. Pasnbaub ypasHenie (12) Ha ™!, nonyuaemsb

Dy (¢
(13) xr@rr @+ 2y o

nanbe, sambuas, uro

limx (t — m) =lm(y — mx) =1,
M NpHHHMas BO BHWMaHie, uTo @ (m) = 0, HaxoAHMDB

limaxg () = limx (f — m) - lim ;m:(—%l = ho'(m),

Ha OCHOBaHiM ompexbnenis ¢’ (m). WUraks, ypasHenie (13) npusoaurcs Kb

_ o (m),

ho'(m @, (m) =0 u paerv i =
(P( )+p1() (p/(m)

Ecau m xpatHbifi kopenb @, 10 @ (m) =0, u ecau npu stoms @ ()
He paBHo 0, TO MONKHO CKa3aTh, YTO ACHMNTOTA yjAajleHa BH Ge3KOHeu-
Hoctb, Ecau mpu @' (m) =0 u @,(m) =0, 1o npeabiyuiee ypaBHeHie
He onpeabasers A, U HAAO BO3BpaTHThCA Kb ypaBHeHio (12). Pasab-
JMBDB €ro Ha x™ 2 NonyuuMdb

(14) 20 () + 290+ 920+ 0,
Teneps
lim &2 ¢ (f) = lim 42 (£ — m)? - lim U“"%L? - %h? @ (m);

Y ypaBHeHie (14) npu 6e3KOHEUHOMb X MPUBOIHTCA Kb
(15) Y12 g (m) + gy’ (m) gy () = O

W AaeTh [Ba 3HAueHis Aas /&, cOOTBhHTCTBYIOLIs ZsyMDB (BELLECTBEHHLIM®
WIM MHHMbIMB) aCHMNTOTaMB (MpeanoJarast, KOHEUHO, 4To @' (m) He
pasHo 0). Ecau s TpoHiHOH xopeub QyHKUiM ¢, TO, BOOOlle roBops,
OfIHA M3 COOTBETCTBYIOILMXD ACHMITOTH HAXOAMTCA BB GE3KOHEYHOCTH,
06t 6ynyTs Bb Ge3KOHEUHOCTH, ecau W ¢, () = 0; HaKOHeWwb, eC/iu
s8¢k koadpduuieHTs ypaBHewis (15) paBHB Hy/0, TO HadO CHOBa pas-
cMoTphTh ypasHewie (12), paspbauth ero Ha x”® W 3arhbmp nepe#tu
kb npeabay npu Ge3KOHEUHOMDB &, YTO AAETH

R @ (m)y + LI @7 (m) + By (m) + @3 (m) = 0
HT. 4

601. Cb noMoILbI0 OAHOPOAHBIXD KOOPAHHATD PasbICKaHie acuMI-
TOTDH anreGpauyeckuxb -KPHBHIXB MOMKHO fIDOBECTH MpPOLLE, NOAbL3YACh
TeopeMoi, aokasaHHol BB § 598. [Ilpewne Bcero 3ambTuMBb, uTO
pesynbTaTh, BhlpaMcaeMuii ypaBHeHieMb @ () = 0, MOWHO GHOPMYJH-
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poBath cibayiolMMB 00pPa3oOMb: €CIH BB yPaBHEHIH KPHBOH #-ro no-
paaKa OTKHHeMb BCch uneHwm cTeneHeH HUKe #, TO MOJYYEHHOE ypaBHeHie
Gynetp u300paxaTh CHCTEMY NPAMbIXb, NPOBEJEHHBIXD Yepe3b Hayano
KOOPAHHAT® NapaifelbHO # ACHMNTOTAMB KPHBOHA; 3TH NPAMBIA MOTyTH
6bITb BELIECTBEHHBIMU WK MHHMBIMH, Pa3THYHBIMH WK COBNAJAI0LIMMH OfHA
cb Apyro#l, 1o cabnaerca, Takd CKa3aThb, OYEBUIHLIMB, €CITH MOJIOKHMD

iz, v, 2)=a"¢ (’1) + 22" g, (l) F22x" 2y, (i) + -y,
X X X
4yTO6b NPHBECTH 'ypaRHeHie KPUBOH Kb ONHOPOIHOMY BHAY, H 3aMbTUMB
NOTOMb, YTO HamUcaTb ypaBHeHie ¢ = 0. Bce pPaBHO, YTO NOMOXHTb
z =0 pb ypasHenin @ = 0, 1. e. pascMOoTphTe # TOYekd nepechbyeHis
KpuBO# cb 6G€3KOHEYHO YAANEHHOIO NpAMOIO. Tenepb HanmuueMb ypaB-
HeHie KacatenbHo#t (§ 587)

ob _

050

o9 oP
16 X—+Y—+Z
(16) 5T Y5 5 +
M, YTOOB BHIPa3UTb, YTO TOYKA KacaHil YXOIWTb Bb OE3KOHEYHOCT,
nono¥uMb Bb Ko3pduiientaxs 3toro ypasHewina z=0. [lonyuurcs
ypaBHeHie, OHOPOAHOE OTHOCHTENBHO X M y. H3® 3TOrO ypasHehis n
TOro, KOTOpoe noJayuuica usbs @ =0 npu =0, HCKIIOYaeMD OTHO-

weHxie !x— Bb pesyabTath M noayuutca ypasuenie, usoGpaxaioiiee

COBOKYMHOCTb ACHMNTOTb. BB CyIHOCTH, 3Ta MeTOAa He OT/HYaeTCs
OTb H3I0KeHHOH Boiie. Bw camoMd abab, npu z =0, umbems
P = x"q)(%;—)» 1. &. =0, Koraa % NpHHMMaeT'b 3HayeHie, paB-
HOe s, yloBaeTBopaulee ypasHeHilo @(m) = 0. Kpomb Toro, umbems
(npn 2=0)

ox v Y 9z X
crbaoBatensHo,
0P _ o - 99 _
d‘;=—mx" Ly (m), W=x” IW(’”), TL‘I" 1‘1’1(’”)

1 ypasHenie (16) Bb HEONHOPOIHBIX'> KOOPAHHATAXD NPHHUMAETD BHUAD

Y= mX___(pl(m)_
@’ (m)

602. YupauHeHis. a) Jlana kpusas x3+ 33 — 3axy = 0, HOCsIMAA HA-
asanie [lexapmosa aucma (Folium Cartesii). Jas paasickanis yraosoro koad-
¢uuienta acumntothl HmMbemsb ypaBHenie 1 4 m3 = 0, umblomee oguHb Relle-
CTBEHHHI KOpeHb m = — 1; naxabe,

- @y (m) _3ma
@’ (m)  3m?

=-—a.
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Cnb10BaTenpHO, KpUBass UMBETH TONBKO ONRY BelIeCTBeHHYI0 ACHMNTOTY, H306pa-
®aeMyl0 ypaBHeHieMb x+ ¥ 4+ a = 0. Bb npunrowenisxs AbTH Hamo6HOCTH
NOMHHUTH GOPMYJH, BhiBeleHHus BB § 600; 10CTaTOYHO NMOMHHUTbL TONBKO NpieMb,
Cb MOMOILBI0 KOTOPAaro 3TH GOPMYAb OblTH BhiBeldeHH. Takb, Bh HalleMb NPH-
mbpb, aambTuBh, 4To x 4y eNMHCTBEeHHbIH BelleCTBeHHHH MHOXHTENb COBO-
KyNHOCTH 4J€HOBD HAaWBHICIUEH cTeneHH x3 4 ¥3, MOMHO NPAMO Hamucath ypaB-
HeHie acHMNTOTHI

3axy

= (5'2 —xy +y2)y:_x= -

Kb ToMy e pesynbTaTy npuieMms, NoAb3yAch PasnoxeHieMb y Bb PAllb:

a3 at
y=—f-atgETaat

b) PascMoTpums Gorbe obiee ypaBHeHie

+N@2—2kxy+3y) =204k axy,

naipo:iiee npd £ = 4 onsAth JlekapTrosb JMCTh, a Npu # =0 Ipyryio BawHyio
KPHBYIO — 020%4uraury. Tlpu #2 < 1 cyllecTByeTh TOAbKO ONHA BelleCTBEHHAS
acuMnToTa, M3o6pamaeMas ypaBHeHieMb

== -—a,

x+y=( 2(1+k)ai)
y—=—x

x2—2kxy 4 y?

Takb 4T0 BCch KkpHBbIA, cOOTBETCTBYIOLLIS Pa3Auy:bIMBb 3Ha4yeHiAMB £, uMblOTH
o6lyl0 acuMnToTy x + ¥ + a = 0. Hanpotusb Toro, Bchb KPHBHSA, IS KOTO-
p#Xb 42> 1, uMbloTh eute ABb ApYris BeuleCTBEHHBIS ACHMNTOTH, NapaiienbHbIS
NPSMBIMD )

22— 2kxy+ 2= (y—mx)(y —m'x) =0,

ik m =k + Vk2—1. YpaBHeHie ogHO# M3Bb aCHMITOTB €CTb

—mx—( 2(1+Aaxy ) _ 2(4+kyma  ma ,
Y (x+.y)(.y_mlx) = mx (1+m)(m_m/) m—1
TaKb 4YTO 118 U306paweHin 00buxb aCHMNTOTH NOJyyYaeTcs ypaBHEHie

y=kx+v;~ai(x+;~_t—l—l)1/k?——‘l_.

3tu acumntoThl nepechkaloTcs BB Toukb x = y= H 06pasylTsb

a
T 20

1
Yrofb, KOCHHYCh KOTOPAro paBeHb —-- Toabko npu =2 Bch TPU aCHUMNTOTH
NpOXOAATH 4epe3b ONHYy TOYKY H cOOTBBTCTBEHHO mNapanienbHbl CTOpPOHAMb

PABHOCTOPOHHATO TPEYroJbHHKA.

¢) Urobu nokaszats npumbHeHie OZHOPOAHHIXH KOOPAMHATD, PA3CMOTPHUMD
cHoBa [lexapTOBb JUCTb H {I0JOXHMD

P(x, v, &) =234+ —3axyaz,
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uto6b 3aThbMB NPUAOKHUTL CKa3aHHOe BB npenbiayuiemd §. Ilpu 2 =0 umbems

9@ 0P P

=3 x2
d 3% oy oz

32, =—3axy

U ypaBHeHie BCBXDB aCHMINTOTH NMONYYHTCS 4e[e3b HCKIAKUYEHie % H3b ypaBHeHiH
.

WLy =0, Xa2+Yy?—awy=0,

WiM, Yepe3b HCKaloYeHie m u3bL ypaBheHIH 1 -+ md =0 u x4 wPy =ma
(ecni 0603HaYMMB TeKyLlis KoopiuHaThl X ¥ Y 6ykBaMd x u ¥). Bumoarss
3TO HMCKJI0YEHie, MOAYyYHMDb YypPaBHeEHie

a8 +y3 4+ a3 =3axy,
KOTOpOe pasnaraercsi Ha Cabaymootuisa Tpu
x+y4+a=0, x oy +wta=0, x+ o2y+oa=0,

ik o — MHUMBIR Ky6uueckiii kopenb u3b 1. CibnoBarensno, [lekaproBb JHCTB,
KpoMb BemecTBeHHOH acuMnToThl % -+ ¥ + @ =0, umberp euie nBb MHHMDIA,
nepeckkarowisics BB Toukb (a4, a). [lonyueHnoe ypaBHeHie MOXHO G6bl1O 6Bl
NpsMO HamucaTh, HCXoAs u3b Toro 3ambuaris, yro o6uwee ypasHerie BCHXB
aCHMITOTD anre6panyeckol KpHBOH #-ro mopsiaka NOMKHO NMOJAYYHTBCA U3B yPaB-
HEHil CaMOW KpHBOM, ecid Bbh HeMb U3MBHHMB K03 (HilieHTbl NPH uleHAXb
ke (#—1)-ro nopsnka TakuMb 06pa3oMb, 4To6bl ypPaBHEHIie Pa3NOKHIAOCH HA
7 JAMHEeAHBIXD ypaBHerid. Bb cayuat [lexaproBa axcra 370 3ambuanie npsamo
NpuBOAHTE Kb Ihiy, NOTOMY 4TO, KaKb Mbl Yye 3HaeMb (§ 473), ZocratouHo
npufaBute a® kb %+ 93 — 3axy, urobpt NOAY4HTH 3HAYEHIE HUPKYJASHTA
(¥, ¥, a), KOTOPBIA Pa3nNaraercss Ha TPU JHHEAHBIXD MHOXKHUTENS.

d) [Monowums ewe
D,y =ax®+ b2+ c?2 4+ 2fys+2g2x4-2hxy.
YpaBHenie kacaTeabHOW OyleTh
(ax +hy+ga) X+ (hx+by+f2) Y+ (gx+ /v + cz)‘Z = 0.
MMonoxuss ¢ =0 u Z = 1, noayyaeMnb
(a X+.hY+g)x + X+ 0Y+f)y=0

H Hago 6yIeTh HCKIOUYHTH % H3b 3TOrO yPaBHERis W ypaBHeERis

ax? -+ by2+2hxy =0.
Torpa, sambnuBs onate X u Y Hepe3s x W y, NONYyYHMD

alhx+by+fP+b(ax+hy+ gl —-2h(ax+hy+g)lhx+oy+/)=0
HIH
a h ax+hy+g
h b ha+ by +f Lo.
ax+hy+ge hxt+by+f 0 l
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Buluntas u3n nocabausro croaua nepsbid, yMHOKEHHBIH HA &, U BTOPOH, YMHO-
EHHbI# HA 3, W TNOCTYMas TaKkKe CO CTPOKAMH, HAXOAMMDb

|ahg !
L' h b f '
!gAc—’l"

HMTaks, ypaBHeHie COBOKYMHOCTH BCHXD aCHMITOTbH KOHHYECKAro chyeHis
ax24+by2 4 ¢4+ 2fy+2px+4+2hxy=0

D .
NoJyYMMBb, MOCTABUBDL Bb NMpPaBOA 4acTH BMBCTO Hyas Py Sy rab 1) auckpu-

MUHaHTBb ¢opmbl @. Kb 3TOMy pesyabTaTy MOXKHO Npuat 6GulcTphbe, noapsyscs
ThbMBb Ke 3ambuadiemd, KoTOpOE MBI NPUMBHHINM BB npeapiaylieMb npumbpb;
OHO MNpPHUBOAMTBL kb 3aMbrb uuncaa ¢, TakUMB uncaIOMDB ¢/, uTOGH ypaBHeHie
pPA3NOKUIOCE HA ABa JuHeHHbIXB. Jlas 3Toro Heob6XoaMMo, yTOoOR HOBHIR AMC-
KPUMHHAHTB

a h g i ‘,'a g | a I 0 !
b ‘1=\1 ho fi+l kb0 =D b (ab— (' —e)
A g f d—c

D

o6paTHIca Bb HyJdb. OTKYAA U [OAy4aeMb ¢’ = ¢ — e
ab 2

OcO0EHHOCTH NMNOCKUXD KPUBBIX'b.

603. Touxm m3rmba (Wendepunkte). Hbxorophisi ocobennocTh,
NpofABAIOILIACT Bb HM3BECTHBHIXB TOUKAaXDb KPHBOH, M BHAIILA Ha es
¢opMy, 0aOTHb OCHOBAaHie Ha3bIBaTh 3TH TOYKH OCOGeHHHMH (singu-
lire Punkte). Tax®b, Hanpumbpb, Bb TEXD TOUYKaxb, Bb KOTOPBIXb ' = 0,
fAB/NSETCA Ta OCOGEHHOCTb, YTO OpAHHATA KPMBOH, BooOule rosopd, Gy-
1€Tb MaKCHMYMb HIH MUHHMYMb, OIHAKO, TAaKil TOYKH He MpPHUHCIAIOTCA
Kb 0COGEHHbIMDB, NOTOMY YTO 1OCTAaTOYHO W3MEHHTL HanpaBiaeHie oceft,
4yTo6bl 3Ta OCOGEHHOCTh nepeaBHHYJach Bb aApyroe Mbcro. Ho ato ywe
He OTHOCHTC Kb TaKHMb TOYKAaMb, Bb KOTOPhIXb %" =0; 3TH TOUYKH
Ha3BLIBAIOTCA TOYKAMH H3ruba W OyiyTb 0COGEHHBIMH, NOTOMY YTO
Bb HHXb KPHBH3Ha paBHa Hya0, T. e. oHb 061agaloTb CBOKCTBOM®D,
KOTOpPO€ Helb3sl YHHUTOMHTb NepeMbHO KOOpIMHATHBIXB oced. Bmpo-
YeMb, JErKO MOKa3aTb H HeMNOCPeACTBEHHO, YTO Bb CMEKHOCTH Cb
TouKow M KpHBas He TaKb PA&CHOJOXeHa OTHOCHTENbHO KacaTe/lbHOMH,
Kakb Bb CMEKHOCTH Cb OOBIKHQBEHHBIMH TOYkaMH. Ecin nepenecemdb
Hayal0 KOOpAHHaTH Bb M W HanpaBUMb KOOPAMHATHBI OCH MO Kaca-
TeJbHOH W 1o HoOpManH, To no onpenbieHio ", Kakb NPOH3BOAHOH
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, .
oTs ', 6yneMs umbrh lim 2 =0%), u no reopemb Jlonutaas lim lé = 0.
=0 ¥ . r—0 ¥
CnboosarensHo, pascrosHie OTh KacateibHoH BB Touxb A no 6esko-
HeuHo 61u3kuxb Kb [N Toueks Ha KpuBOH Oygerh 6Ge3KOHEHYHO
ManabiMb BhIIIE 2-TO NOpAAKA, TaKb YTO MOXHO CKa3aTb, YTO Bb
CMEXHOCTH Ch TOYKOW M3rufa KpuBas ThcHbe npuMbiKaern» Kb Kaca-
Te/bHOH, 4bMB Bb OObIKHOBEHHbLIXL TOoukKaxb. Jlaabe, 4uro6bl onpaBaath
Ha3BaHie TOuYkM u3ru6a, 3ambTums, uto »", o6paulasch Bb HYyJb,
BooGue roBopsi, u3mbHsieTn CBOH 3Hakb, a nostomy (§ 348, d), npu
nepexoqh uepe3b TaKyWd TOYKY BHINYK/AOCTb KpDHBOH MNEpeXOAHTH Bb
BOTHYTOCTb M Hao6opoTs. CabaosaresbHo, 3abch abicTeuTenbHo mpo-
MCXOIMTH H3rH6bh KpUBOH BbL OObIKHOBEHHOMDB cMbicih c/0B3a, M Kaca-
TeabHas nepechkaeTs KpUBYIO. To 06CTOATENLCTBO, OMHAKO, He GyHeTH
MBI MBCTa, ecim " COXpaHSeTh MNOCTOSHHBIA 3HAKL Bb CMEKHOCTH
¢b M, u KOrma Hyab €CTb MaKCUMyMDb WIM MHHUMYMD QyHKuin »".
Orciona cabayern, uto abCUMCCH TOYEKB, Bb KOTOPLIXL KacaTe/bHas
nepecbkaeTs KpuBylo, OyAyTh MNPOCTHIMH KODHAMHM, WIM KODHSIMH
HeueTHOH kpaTHoctH dyHkuin y” (§ 313). 1o oOmAcHmeTCH TaKxke
BecbMa MNpocTo ThMb, 4To 3TH 3HaueHin x AbAAOTb ) MAKCHMYMOMD
WM MMHHMyMOMB, T. €. 6yayTh aGcuuccaMu ThXxb TOYEKL Ha KpHBOH,
Bbh KOTOPLIXh KacaTe/lbHas MepecTaeTh BpAILAThC Bb OAHOMB Hanpa-
BJIEHIM M HAYMHAETh BPAlIaThCAd Bb APYroMb. STO $CHO BHUIAHO M H3b

dopmynn (7).

604. Yro6b pa3sickaTh TOUKM W3rMGa KpuBOH y = f(x), Hamo
pbumnth ypasuenie f”(x) = 0 nim apyroe (§ 594), emy pasHocHiIbHOE,
BbIpaXaiolee, YTO KPUBM3HA paBHa HyJio. Ecan, Hanpumbps, Kpusas
3agana ypasHeHiamu x = @ (f), » = (), 10 BMbcTo ¥'= 0 yno6ube
B3ATb ypaBHeHie dX d%y — dy d*x = 0, MHEIMM CIOBaMM, TOYKM M3ru6a
coOoTBETCTBYIOTH ThEML 3HaueHiaMb £#, KOTOpHS 00paliaioTh BL HyJb
dyukuio @' (¢) p"(£)— ¢"(¢) W'(¢). Ecim ke kpuBast 3a1aHa Bb NONAPHBIXD
KOODAMHATaXh, TO HAaNO MOJb30BATLCH YpaBHEHieMD 734272 —yp" =0,
MCK/II0Yas KODHM ypaBHeHis » = 0 (0OUYEBHAHO, KpaTHHIE), a €CIM ypas-

HeHie KpuBO# 3amaHO BL BuAb % = f(), To Hano pbmmMTL ypasHenie
J+f=o.

[ IpumBuanie. vno dopmynt (8) —:)—z 0, korna
(M) 4272 —"=0,

a 7+ #'? ue paeuo 0; MO3TOMY M HAaNO MCK/IOYWTHL KODHHM ypaBHeHia
7 =0, ana koropuixs npu ycnosin (1) u »’'=0. Ecm r = 7 TO
ypasuenie (1) o6paturcs BB f+f"'=0, npu [ ne pasHom®b O.]

*) Tlotomy uto npu Hauwemb BbiGopt oceit y u o’ pasHnl 0 npu x = 0.
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Ecan, wakowewn, kpusas samawa ypasuediemb f(x, y) =0 BB
IlexapToBeIXh KOOpAMHATAXB, TO YpaBHeHie, Aaiomee TOYKH uaruba,
6yners

Rf RS df
02 OJxdy Ox
_f  Ef df
an dxoy oy oy |0
of L
ox Y

{no dopmyat (9)], npn uemb HcKIIOYAOTCA TH TOYKM, AN KOTOPHX®
u Af=0. Bp ciyyab anreGpamueckuxs KpuBHXB ypasHedie (17)
MOXHO MpeicTaBHTb Bb 3ambuyaTtensHoft dopmb, npeanonaras, 4to ypas-
HeHie KpHBOH mnpuBedeHO Kb oaHOpoldHoMy Buay. [lycte n Gyaers
CTeneHb ypaBHeHis; YMHOXHMDB Bb HAMHCAHHOMB Bbille omnpeabaurent
nocabanil cronbeus Ha # — 1, sarbMb BbYTEeMB H3B Hero mnepBbA
cTtonbelrb, YMHOXEHHBIH HAa &, H BTOpPOH, yMHOXEHHbIH Ha y; TOTOMB
noBTOpUMB TH e onepalin co cTpokamu. [lepBble 1Ba 3neMeHTa MO~
cnbauaro croabua uam nocabaxel crpokn o6patarca toraa (§ 371) Bw

o (% 4, 62_/’)=z 2f

(n—l)ﬁ x

0 a2 0x0y dx0dz
of 2f 0t f . o f
-0 3S v ayaa 7 ) =2 ayes

a nocabauift 3neMeHTdH BB

o) o

oxds 7 0ydz
- of . of _f
—(11—1)zéé—a ((n—l);; ﬁzdzz)’
294/
4TO npHBeneTCH Kb 2? 5% . PascmatpuBaemoe ypasHenie npumers, cibro-

BaTe/JbHO, BH/B

2f  ef  orf

0 x? 0xdy Oxdz
ef  Ef 2f 0
dyox 9y oydz |

of  Ef ®2f
dzdx 0zdy 022

HUtaks, 4to6b onpenbauts Touku u3ruba adareb6pamyeckoi
xpuBo# f=0, Hano npupasuate uyaw Fecciaus H dyukuiun f,
* npuBeneHHoH Kb oAHopoaHomy Buay (cM. §§ 378 n 569). Kpusan H =0
HaselBaeTcd KpuBOio [ecce orb AanHo#H kpuBo# f = 0. Toukamu usru6a
JLaHHOH KpuBOH 6ynyrh, cabrosatenbHo, TOYKM nepechuenis aanHoM
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KPHUBOH ¢b ea xpuBowo [ecce; a Takb xaxkb nocabanss nopaixka 3 (n—2),
TO 4HCIO TOuekb u3ruba, BooGiue rosops, paBHo 3z (n —2). Takb
nanpumbpb, KOHHYecKis ChbueHin coBchbMb He MMBIOTD TOYeKDb H3rHGa;
KpHUBbLIA 3-ro nopaaka uMbOTH WXb AeBATb (M3b KOWXDB 6 Bceraa MHH-
mbia) U 1. 1, Hano sambruth, npunomunas dopmyay (9), uto Bcaxas
o6wan Touxka xpuebixb f=0 u /=0 Toabko Torsa GyieTh TOUKOI
uaruba, Korna esi KOOpAMHAThbI He 06pPaINAOTh BhH Hy/b Af, 1.e. xorna
nepBLIA NPOU3BOANLIA OTH f He PaBHbl HYMIO ONHOBPEMeHHO. YcioBie
Af =0, onuospemenno c¢b f =0, Oaerb Ipyris OCOGEHHBIA TOUKH,
KOTOpbIA TaKke yIOBIeTBOPANTDL ypaBHeniio (17) u nortomy Jexardb
va kpuBo#l Tecce. O61b 3THXb TOuKaxb Mbl BcKoph Gyaemb roBOpHTH
(§ 606); sabce 3amMbTUMD TONBKO, UTO MXB CYLIECTBOBaHIE YMeHbILAETD
uncno 3z (n—2) Touexb H3rHGa.

605. Ymnpawwuenia. a) Jan ksajpaTpucel y = x cotg (—: nmbeMb
2(y —a)
y":: —_—

M ypaBHeHie, onpenbasioilee TOuYKH H3ruba Oyners y = a,

a?sinz -

a

npeanonaras, uto x = 0. CrbroBarenbHo, UeHTpadbHasg BbBTBb He MMbBeTDh TOuekD

warnba, HO KacaTenbHas BB BepllwHb nepectkaers Bch apyria BBTBH BB €OOT-

RBTCTBYIOLIMXD TOYKaXb HM3ru6a. HopManu kb kpHBO# BO BChBXD 3THXD TOYKaXh
NPOXOASTD Yepe3db Hayalo KOOPAHHATB.

a —x

. . ef—¢
b) durypa kpuBoi, usobpaxaeMoli ypasHeHieMb y = x ——— (§ 599, d)

¢ e
o6HapyxuBaeTb ABbH TOUKH H3rH6a, CHMMETPHUHBIH OTHOCHTEABHO OCH ¥-0Bb; M
Lb#cTBUTENBHO, ypaBHenie 7= 0 npHBOAMTCA Kb ¥ = | — ypaBHeHil0 mpsmoi,

nepechrawouieil JaHHYI0 KPHUBYI0O Bb ABYXDb TOYKAxb M3ruba.
1

x

N s — 1 .
¢) Ana kpuBoOH y = .\'3—]* ypaBHeHie TOYEKD H3rpba CIAHILKOMDB CJ10-

el + 1
XHO, 4To6bi MOXHO OBLIO CBb NO0JB30K0 HXDb npuMbHATE. Ho o dopmb kpHBOH
MOXHO COCTABHTb 3ak/aloyeHie, 3aMbTHBB, UTO 3Ta KpHBasd (pHc. 61) NpoXoiuThH
uyepe3b HAYan0 KOOpPAHHATH, Kacadch Bb HEMB OCH x-0Bb (cM. § 294, b), u
yXoiuTh BB Ge3koHeuHocTh, MBS acumnroTolo npsmyl y = +x. Kpomb Toro,
pasnoxeHie

L _ X 1_+
YT Ty

NOKa3biBaeldb ellle, 4YTO KPHBAs aCHMNTOTHYHA Kb runepbont x2 — 2xy = 4.
9710 obsaeruaerd es nprOAHKEHHOEe BbluepuYHMBaHie W JaeTh OCHOBaHi€ NPEANONO-
HHTh, YTO KPHBad Bb TPeXb TOYKaXb, Bb TOMDb uuclb BB Hauanh koopiMHATB,
obpasyersp H3rubel. Oanako, no/xHO 3aMbTHTb, uTo Touka O He GYyJeTb TOUKOK
n3rub6a, U TakuMb 0o6pa3oMb nosyuae.ca npumbpd KprBOH, koTopasa nepech-
KaeTdb CBOK KacaTeNbHYI0 Kb TOYKD, He NpHHagdexalleldh Kb TOYKAMD
naruba. JbfictBuTenbuo, Mbl 3Haemd (§ 314, i). pascmaTpuBas »”, Kakb Npou3-
BOIHYI0 OTB ¥’ cnpasa ¥ W cobea, uto npH x =0, y"= 4+ 2 um "= — 2.

Hocratouno, Bnpouems, 3ambTuth, uto lim (%) = + 1, urc6bl yBumbTH, uTO
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Toukb O He [0CTaeTh CYIUECTBEHHAro NpH3HAKA TOYeKD HM3ruba, a MMEHHO
pascTosinie MexAy kacatelbHo# BB TOykb O n TOukamu, 6esko-

Puc. 6i.

HeyHo 6aM3kuMu Kb O Ha KpUBOH, ecTh 6€3KOHEYHO MaJjas He Bhlle
2-T0 NOpPAAKA, 'a HMeHHO 2-T0, KaKb JIs OOBbIKHOBEHHBIXb TOYEK'D.

d) Urobet y6bauThCs, HACKOABKO MOJME3HO MMbTb BBpHHIH aHanuTHYeckift
NPU3HAKD TOYKM M3ruba (" == 0) AOCTATOYHO MNOCTPOHTH KPHBYIO ¥ = ¢% 4 sinux,
npubaBiss Kb Kaxao#t opauHaTh Jorapuemnuyeckoit kpuBOH BeIHYMHY Sinx.
['py6biit yepTexd npHBent OBl K1 3aKMIOYeHilo, yTO KpuBas npu x>0 nsrubaerca
6e3koHeyHOe YHCJIO pasb, MexAy ThMb 3TO HecNpaBejIHBO, NOTOMY YTO (YHKIIf
7= e*— sinx nNONONKNTENBHBIX: KOpDHeH He uMbeTsb, Takd Kakb npu x > 0
¢°> 1 = sin x. Hao6opors, npn x < 0 kpuBag uMbern Ge3uncieHHOE MHOXECTBO
ToYekds M3ru6a, a MMEeHHO Bb TOYKaxXb NepecbueHis kpuBbXb y=¢" 1 y =sinx.

e) s ynutkn (# = a cos 6+ by nerko Hahnemb
242t — =202 + 02+ 3abcosh.

Uro6el 3Ta ¢yHKUiA OTb § Moraa uUMbTb BelleCcTBeHHbIE KODHH, Heo6XOmMMO,
yTo6bI 2 a? 4 b2 6nutn He Ooablie 3 ab; cabroBaTeNbHO, & HOMKHO 3AKIIOYATHCA
Bb uHTepBanb (@, 24), HO HUXKHIOIO TPAaHHIY @ HajO MCKIIOYHTb, NMOTOMY 4YTO
npH b=a nonyyaeMb =z, a 3T0 ABOHHON kopeHb ¢yHkuin ». CabaoBarensHo,
(cM. § 589, k) emuHcTBeHHbIs yJMTKH, MMblonlis Toukn M3ruba, 6yayre 1h, aia
KOTOpHXB b >a n = 2a.

f) H3b Bcbxp koHXonaw mp-Mo#t aumin (§ 589, j) pascmorpumsb Th, KO-
TOPHISt NPOXOJATH Yepe3b NoM0Cch. M3b Uxb ypaBHERiA (r— a) COS § =@ HAXOAMMB
a8 onpenbaenia Touekd H3rnb6a ypaBHeHie cos® 04 3 cos? § — 2 =0, nalowee aas
cos § snavenia —1, —1+J3, —1—73. Mepsoe 3Hauenie Hago oT6pPOCHTH,
NOTOMY 4TO OHO O6pallaeTs Bb HYAb # M r/, mnocibaHee He JAeTh BELIECTBEH-
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. a =y .
Haro 3HayeHia aas §; ocraeTcs BTOpoe, jaiuee ¥ = 7(3 +7¥3). 310 uncno

ectb pamlych TOro Kpyra, Cb UEHTPOMB BB nojioch, KoTOpuH repechbxaers
KpUBYI0 BB ABYXDb efl TOuxkaXb M3ru6a. Jlerko mnokasaTb, 4TO TOYKH WU3ruba
Bchbxb KOHXOMAB OAHOH M TOH e NPSMOH OTHOCHTENbHO OZHOTO H TOrO e
nomoca fexars Ha nonyxy6uyeckodt mapabons a3 =4 ay?.

g) Bp 3akawouenie npeanoxuMs cebb BONPOCH: MOTyTh AH KOHXOHM/bI
aorapueMuyeckodt cnupanu (§ 599, i) umMbTh Touxu u3ruba, xora a priori xaxkercs,

YTO TAaKHUXB TOYEK® He JOMKHO 6uTb? H3b ypaBHeHid r =a (¢™ £ 1) BbIBOZMMD
24292 — =1 +m2) 12 F 2m2ar 4 2 m2 a2

H BUAMMB, YTO MOpH 2 <8 3TOTH TpeXudeNdb ANA BEIUIECTBEHHBIXB ¥ BB Hylb
He o6pawaercs. Ortciona crbiayeTs, 4T0 HCKOMbiS cnupany 6ynyTs Bb uucab
ThXB, KOTOPBIA NepechbkaloTh paliychl BEKTOPb! MONB AOCTATOYHO MAJbIMB YIVIOMB,
a HMEHHO TaKHMb, CUHYCH KOTOparo MeHbiile 1/3. Kawxias u3b 3THXD KOHXOMAB
uvwbers a1Bb Touku u3ruba, cooTBBTCTBYOILIA 3HAYEHIAMDB #, JNEWAILUMB MEXLY
a u 2a. jlyrd Ge3uHcAEHHATO MHOXECTBA KOHXOMNB OAHOH M TOH e CNUpanH,
KOHIB KOTOPbIXB JewaTh Bb TOYKaXb H3ruba, BUAHB! H3DB M0JK0CA NOAB MOCTO-

SHHBIMB YTJAOMb, KOTOpbl#t npu # = 2 J/2 paBeHb Hymo, U NPU OueHb GOMb-
WOMB 7 BeCbMa Malb.

606, KpaTHoia Toukn. [l1a onpenbnenia kacarenono#t Bb TOUKb,
nexawelt Ha KpuBo# f(x, ), Kakb usBbcTHO (§ 572), uMbemb ypaBHeHie

) I
(18) LayL-o

+

. . of -
KOTOpPO€ Aa€Tb 3HAUYEHIC _y, BB MPEANOJOKEHIH, YTO % H

of
5y Hempe-

0
pbiBHBL H, Kpomb Toro,%zo. Ecin we Bb Touks M 5% =0, 710

HeAb3A yXe yTBepXaaTh, YTO- Bb CMEXHOCTH ¢b M y ecTb dyHKuis
OTb &, T.€., YTO KaXKIOMY 3HayeHil0 x COOTBBTCTByeT®s OAHO M TOJBKO
OIHO 3HayeHie y; HO BcAbACTBie NPeAnO/NOXEHHOH HENPEPLIBHOCTH, 1A
TOYeKb Bb CMeXHOCTH ¢b M 3T0 GyAeTs CNpaBedsiHBO, T. €. M
ToYekd M, Ge3akoHeyHo Gau3Kuxb Kb M, NpousBofHas y” CyiIeCTBYeTD
u onpenbnserca ypasHediemb (18). Korma M’ crpemurcs xb M,

0

% CTPEMHUTCA Kb HYJII0, Mexay ThMb, KaKb 5y CTPeMHTCa Kb npeakay,
BOOGIe TOBOPA, HE DAaBHOMY HyMi0, TaKb YTO 3 CTPeMHTCA Kb Geako-
Heunoctd. Ortciona cabayers, yto Bb TOukb M KacaTeabHas napan-

NeabHAa OCH Y-08b, H Bb 3TOMb HMKAKOH OCOGEHHOCTH HE 3aKII0YaeTcs.

[/ .
Ho ecan u B{c CTPEMHTCA Kb Hya0, TO Gesb ocobaro uscaibaoBaHia o
sHadeHin y' Bb Toukb [ Huuero cKasaTe Heab3A. YpaBHenie (18)
o6pauaeTcs Bb TOWNECTBO, M Halo nNpuGbBrHyTs Kb HOBOMY AHGde-
pPEeHUMPOBaHi0, KOTOPOE 1aCTh

Rf .., Rf
a9 o T2 5xay

%/

n9f
etV 5y =0

oy
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Honycrums, uro c¢b npubmmkeniems M’ kv M y' cTpeMutcs kb Ko-
HeuHoMy npenbay M moctapaeMcs ero HaiTH. 3aMbTUMD NpH 3TOMB,
yTo ecad 6Bl ¥’ CTPEMHAOCh Kb 6e3KOHEYHOCTH, TO NOCTaTOUHO OLiNO

dy . dx
66 BMECTO T% pascMOTpbBTE OTHOLUeHie dy (cTpemsllieecs! Kb HYJI0),
yro6n y6bauThCa, 4TO HIkecabaywoie pesyabTaThl OCTalOTCA CnpaBe-
/]
JuBbiMH. Tenmeps nOKaXeML MNpexae BCEro, 4To y’/5§ He MOMeTb

CTpeMuThca Kb npexbay, oTaAMuHOMY OTb Hyss. [Iis 3TOro BOCMOJb3Y-
eMcs TeopeMoio Jlomurans M HanulleMb

. y’ﬂ ¥ jf;
lim y/ = lim —= df hmy+ddf
oy dxdy
Takb Kakp yHkuisa .
i 02 02
7 % - d_k_d% g5
of

N0 Npeano/oKeHio, KOHedHa, TO limy”a—;=0. [ostomy, mpu nepe-

xonb kb npenbny, ypasuenie (19) oﬁpauiaeTCﬂ BB

2/ 2/ o PF
(20) 010+2}’dxdy+)’ 0))_, 0'
rab BTOpHSA nNpousBOAHbiN (yHKuiM [ oTHOCATCs Kb Toukb A, a[&
0603HauaeTd npenbib, Kb KOTOPOMy CTPEMHTCH +/, Korma Touka
crpemurcs kb M. CnabnosarenvHo, ana y' Bb Toukb N/ umbemn nsa
3HaueHis, T. €. kpuBad Bb Toukt A/ umbers nsb KacaTenbHbisl, KOTOPbIA
MOTYTb GbiThb BEIECTBEHHHIMM M DA3NHYHBIMH WM COBNAAIOLIMMH Bb
OIHY, WM MHUMbIMM, YTO 3aBHCHTB OTH 3HaKa onpenbautens

2 e
(21 dx2 dxdy |
AN

oxdy 0372 ‘l

Bb nepeomb cayuat Touka N Ha3wBaeTcs ABOHHOIM, BO BTOPOMDB
Toukow Bo3spata (Rickkehrpunkt wam Spitze), u BB TpeTvems
yeaMHEHHO WIM M30/MPOBAaHHON TOYKOIO, TAKE KaKb Bb CMEK-
HOCTM Cb Helw HbTH BeulecTBeHHBIXB TOuekb Kpusod (puc. 62). Jbit-
CTBUTENBHO, ecan onpenbantens (21) noaoKuTenbHOE YMCAO, TO, KaKb
ussbcrno (§ 379, dyukuin £ 8b Touks M wumberv Makcumyms Him
MHHUMYMB, 4 TaKb Kakb e 3uauedie Bb N paBHO HYJIIO, TO Bb CMEK-
HoctH ¢b M dyuxuis f nocrosuHo Mexbite O mau noctosHHo Goabiwe (¢
(u30nupoBanHas Touka). Ecau, HanpoTuss Toro, onpentautens (21) meHb-
‘e 0, TO yI0B0€ NPOCTPaHCTBO okoao M pasnbaserca (cm. § 570) Ha nsb
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061acTH: B onHOK u3b Huxb BOausu M f > 0, Bb apyroit f< 0,
3TH 06/1acTH BNOAHE pasrpaHHYMBAKOTCY THMM NPAMBIMM, N0 Hanpasneniw
KOTOPbIXb f CTPEMHTCH COXPaHHTb 3HayeHie Hylb. DTH NpsAMbIA U 6yayTH
KaKBb pasb ABb KacaTe/nbHbis Kb KPUBOK f:O 8b Toukbt M *). [lpe-

Puc. 62.

Abinyitee M3caAbLOBaHie, ONHAKO, HE LOCTATOYHO cTporo. Yrobui ero
NPOBECTH Cb MOMHOK CTPOTOCTBIO Halo Obl1O Obl PyKOBOLMTHLCA COOGpa-
MEHIAMH, aHANOTHYHBIMU TEMDB, KOTOPLIMH Mbl MOAb30BAIHCh BB § 572 1),

607. PesioMupys H3/0KEHHOE BHILIE, MOXEMB CKa3aTb, YTO TMpH
pa3biCKaHiM Pa3cMaTpHBAEMbIXb OCOGEHHBIXH TOYEKD HA KPUBOH f = 0,
Halo NpHPABHATL HYMIO JIepBbis NPOMSBOLHbIA OTb f MO x ¥ no y,
Haitth BCh phieHin x =g, y=2~_ 3TuXb ypaBHeHil u ylepxaTb Tb
phiienis, KOTOpbIA yLOBETBOPAOTH H ypaBHeHilo KpuBoH. [loncrasias
3TH phlueHis BO BTOpbIA 4acCTHbIA NPOM3BOLHbIA (QYyHKuUiK f, Hano pas-

o2 f o f 02 f
2 zZ0un £ =0. Ecn

0y? oy? 0y
Has TOYKA, TOUKA BO3BPATA H/HM M30JHMDOBAHHA TOUYKA, CMOTPS MO TOMY,

> 2

d_foffg—( dzf)d<0, =0 uau >0,

R X dx? dy dx0dy

Ecau, nante, 3152 =0, HO dxj;iy =z 0, to ypasHenie (20) wumbers
OlMHD Ge3KOHEYHHH KOpeHb, H loaydaeTcs NBOHHAs TOYKA, Bb KOTOPOH
OZlHa 3B KACATENbHLIXD MapalieNsha OCH y-0B%. Ecau BB Toukt (a, &),
” o oy
g%; di({} =0, Ho ;‘7{;20, TO ypasHeHie (20) umbern o6a
G€3KOHEYHbIXD KODHS, H TMOJYYaeTcs TOYKA BO3BPATa Cb KaCaTeIbHOMW,
napaiienbHOK OocH y-0Bb. HakoHeubs, MOXeTd caydutTbes, YTO BCh TpH
NPOM3BONHbIA 2-r0 NOpfiKa 0GPATATCH Bb HYyaAb Bb TOukb x =a, y =b.

cMoTpbTh cayuai = 0, To nonyyaerca 1Bo#H-

6ynerb au dyHkuis (21) 1. e.

=0, u

*) Touka Bo3Bpara COOTBBTCTBYETH TOMY CIyHalo, KOrAa onperbluTelh
21y pasens 0, o aBHeHie (20) umbern paBHbie KOpHA.
p yp p p

1) Cm. D’Arcais. ,Corso di Calcolo infinitesimale® vol. 1, pp. 509—515.
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Torna ypasnenie (20) o6pawaerca Bb TOMXAECTBO H HAA0 NPHOLIHYTH
Kb cibnyloiemy

Ef

3 £ 3 o3
e P VLU )

22 ay dx 0?2 93

JTo ypaBHewie naers Boo6wle Tpu 3HayeHia m1A §’, TaKb YTO MOJy-
yaerTca tpoinana touxka. [Ipoaomkan uaTH ThMB ke nyTeMb TPHXOAHMb
Kb MOHATIIO O w1 —KpaTHOW TOukb WIM kpaTHOW Toukbd nopaaka in.
Oua xapakTepHsyeTc TreOMeTpHYeCKH ThMb, YTO TDHHALIERHTD 772
BETBAMB KDHBOH, BeUleCTBEHHBIMB HJIH MHHMBIMD, 3 AHAMTUTHYECKH TEMb,
Yto BB Helt ob6pauialoTca Bb Hydb Bch UYacTHBIA NPOW3BOMHBIA MOPANKA
HHXE 1 H, 10 Kpaued Mbph, onHa H3B NPOW3BOAHBIXD NOPALKA 11
He paBHa Hy10. EciH npuBeneMb ypaBHeHie KPHBO# Kb OAHOPOAHOMY
BHIY, TO MpOLIE elle MOXHO CKa3aTb, YTO #2 — KPaTHas TOYKA Xapak-
Tepusyerca ThMb, uyTo BB Heft ofpawaiorca Bb HYJAb BCh  yYacTHeiA
NpoH3BOAHBIA nopaaka (m —1)-ro. Bb 3akiwouenie sambTHMB ellle, 4YTO
Bchb KpaTHbIl TOYKH, KaKb H TOYKH H3ruGa, nemarb Ha KpHBOH Iecce,

H MOMHO CKasaTh, YTO OHb H mana 3Toit KpHBOR O6yAyTh KpAaTHbIMH
TOYKAMH,

608. Touyku BO3BpaTa. M3b nBOHHBIXDL TOYekb HaHOobe 3amb-
YyaTeJlbHbl TOYKW BO3BpaTa, MOTOMY YTO BB CMEXKHOCTH Cb HHMH, KaKb
H Cb TOYKAMH H3rH6Ga, pacno/oxeHie KDHBOH OTHOCHTENLHO KacaTelbHON
ABIAETCA HCK/IOUYHTEALHBIMB., Bb camomb abab, ecau npumeMmt pascma-
TPHBAEMY!0 TOYKY 3a Hayajlo KOOPAHHATDH H HANPABHMB KOODPAHHATHBIA
OCH MO KacaTeJbHO#t H MO HOPManH, TO scHO, uTh BMBCTh ¢b 4 H ¥
dyukuin f ¥ ea nepBolt W BTOPbIA YAaCTHbI MPOU3BOMAHbBIA, 33 HCKIIO-

5.

YyeHieMb gyt AOJDKHbE OGPAaTHTLCA BB HYab, MOTOMY 4YTO ypaBuenie (20)

nomkHo umbTe ABo#HON kopeHe v'=0. Ilanbe, Takb Kakb BoOGUIE ZT{
He paBHo O BBb Hayanat KOOpHHHATDH, TO YypaBHeHie KPHBOW NOMXKHO
NPHHATL BHAB Y= Ax®, eciu OTOPOCHMD OE3KOHEYHO Malbil BEILIE
3-ro nopanka. 3TO 3HAYHTDB, YTO Bb CMENKHOCTH Cb TOYKOW BO3BpaTa
KpuBas umhers opmy, Becbma Gan3Kyl0 Kb noaykyGuuyeckolt napaboat
(y*=/kx®), © NOTOMy /JEXHTH €O OIHY JIHIIE CTOPOHY OTb HOPMAJH,
paspbreiaace Ha aBb BbTBH, oTAbAEHHBIA OAHA OTD APYIroH KacaTe/NbHOMO.
Dro o6wil cayyaht u, korna oHdb WMbers mMbcro, roBOpATh, YTO HMbeMB
TOYKY BO3BpaTa mepBaro poOjaa, COXPaHAR Ha3BaHie TOYKH BO3-
BpaTa BTOPOro poaa /Ana HCKIIOYHTENbHAro ciyyas, korpa BbTBH
KpHBO# He oTAbaAloTcs racaTedbHO!0, JTOTH CAydyalh MOXETDH HACTYMHTL

&#f

JHIb TOTAA, KOTAA H 6)75:0 Bb pascmaTpHBaemo#t Toukbt. Bb obilemn

cayyab lim(%): 00, TaKb YTO KpHBas cHJAbHbe ynanaerca oTh

]
KﬂCHTeJ’leOV[, yEMb BB OOLIKHOBeHHOH TOUKE, OTCIOI].a 3aKJAW4YATD,
4TO BB TOYKD BO3BpaTa KpPpHWBH3HA BOO6I_I_le 6e3KOHeqHa; HHBIMK
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C10BaMH, pajiy€b KPHUBH3HBI PaBeHb HYJI0, a TaKb KaKb, 06paulasch
Bb Hy/b, OHb BOOOWe MBHAETH 3HAKDB, TO M HMHBLIMB NMYTEMb CTAHOBHTCH
ACHO, MOYeMy TOYKM BO3BpaTa 2-ro POAa SBJAOTCA, KaKb HMCKIOYEHie.

609. Tenepb ywmbcTHO GyaeTb BepHYTbCA Ha MMHYTY Kb BONpPOCY
O pasbicKaHiM TOYeKb H3rnba KpHBLIXB, 33JaHHBLIXB YDaBHEHIIMH BB
NoMSpHHIXDs KOOpAWHATaxb. Bb § 604 mbl uckmounau 1b 3Hauedin 6,
KOTOpHs, ofpamas Bb Hyab QyHKuilo #*+ 22 — yy"”’, ONHOBpEMEHHO
o6pawaioTs Bb Hyab #, NOTOMy 4YTO OHM 00pawaioTs Bb HYJb
u ', a crbrosatenbHo, M #*+ #'3, Takb u4TO HHMUEro He/ib3si CKa-
3aTb 0 TOMB, 4TO TOoraa nbnaerca cb KpuBu3HOW. He TpyaHo
AaXe MOKasaTb, YTO KpPWUBHM3HA, BOOOILE TrOBOpY, HE TOJLKO He CTpe-
MHTCH Kb HYJI0, a HanpoTHBb, Bo3pacTaeTh Oe3anpenbibHO, TaKb uTO
sMbcTOo TOYKM M3ru6a noaydaetcss Touka Bo3Bpara. Mrakb, yTOGH
y3Harb, OyneTb /M MOJIOCH TOYKOW M3ru6a, HalO MPHPABHATH HYJHO
NOMHOe BbIpaKeHie KPUBHM3HBI, 3 He OAHOTO YHCIMTENS 3TOrO BHIPAXKEHif,
WIH HenocpeaCTBEHHO u3crbloBaTe XOMb KPUBOH OKOMO MOJIOCa.
Ilonoxums, ut0 » = 0 npu § = @, H pa3cMOTPUMDBb Bb CMEXKHOCTH Cb
NOMOCOMB TOYKY Ha KpuBOH, uMblouiylo koopaumuate x =y cos (§ — a),
y=vsin (§ — @), ecn1y KOOPAHHATHBbIA OCH HampaBjeHbl NO KacaTeanhHOH
H no Hopmanu BB noaock. OueBuaHo, uTO cb npubamkeHieMsb § Kb a,

—limﬁ—limm_—a)—}—lim r 1
=y T M Ssn—a) T2 T —a 2

Ha OCHOBaHiM onpexnbsneHis nNpou3BOAHON #’, KOTOPYIO HaldO BHIYHCIHTE
s § =a. Bnpouems, ¥ BrOpas u3b ¢opmyas (8) npuBoauTCH npH
r=0, ¥ =0, kb paseHcTBy @ = }#'. CnbroBarentHo, eciu #' o6pa-
maercs Bb Hyab BMbcTh ¢b # npu § =a, o o =0. Yrobbl noAyuHTH
TOYKY M3ru6a, Hapno Obu1o Gbl umbrh #/= 00,

610. Ynpaxwuenisn. a) Has JlexkapToBa MMcTa, H306paKaeMaro ypasHe-

niembp a% + y3 =3 axy, Hauano KOOpPAHHATH [BOHHAA TOUYKA, MOTOMY 4TO
10
5 % =x2—ay, _57: y2— ax o6pawamnTcs Bb Hyidb pH x =y =0 (KaK‘b

npH x =y = a, HO nocn’s;u-lm 3HAUCHIA HE YNOBIETBOPAIOTE ypaBHeHi0 KpHBOH)
2 1

2

o 1 ®f _ _
Hanke, -+ £ de—?x, 3 axdy =—-a 3 oy 2y. CuabgoBarenbHo, ypas

HeHie (20), npyBoadlIeecs 3n’SCb kb 0 + 3’4 0:3’2 = 0 umbers ogHHD KOpEHb,
paBubi 0, a apyro# — GeakoHeunn#t. Kpusas, cabgoBarensHo, Kacaerca o6buxnb
KOOPNHHATHBLIXB OCcedl Bb Hayarb KoopAHWHAT® (pHC. 63). Bnpouems, uToObi NPHATA
Kb 3TOMYy pe3yibTaTy, BoBce HBTH HamoOHocTH npubbrath Kb 06u1eﬂ meronb.
A WMEHHO, €CIH [ONYCTHMB, YTO Cb MPHOMHKEHIEMD X Kb HYIIO 3’ CTpPEMHTCS
Kb H’sxompomy KOHeuHOMY npeabay, M HanuieMb ypaBHeHie KpHBoH BBH BHLB

2
X +y(—) =3a »‘&, TO TOTYACH K€ YBHAKMB, YTO 3TOTDH npell‘h.'l'b (paBHbm lim l)
=0 X
PaBeHs HYJWO. CJI‘BLI,OBaTe.'leO KpHBad KacaeTcs OoCH x-0Bb BB Havyanb Koop-
AWHATDB, 4 NO NPHYHHB CHMM(’.TPIH OHA KAacaeTcs H OCH y-OBB. Ecan xkenaeMdb
cocraBuTh ce6b rnoHsTie o (']]Hl‘yp‘B KPHBOH BB CMEXHOCTH Ch HA4ajaoOMBb KOOPAU-

RATh, TO AOCTATOYHO l'lpH6.'lH)KaTb X Kb HYJK TakKb, yTOOH H % CTPEMHIOCHh KD
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HyJ10 U OT6POCHTL B yDaBHEHiM KPUBOW 6€3KOHEUHO MaJbls Bhllle 3-TO MOpAAKa.
Tgrna yBHAMMD, 4To BbTBb, Kacawluascs OCH X¥-0BBb ymomobasercs mapabonb
x2==3ay, a crbpoBarteasHo, BbTBb, Kacawwasncs OCH y-0Bb—napaborb y2=3ax.

Y

Puc. 63.

Kb Nnono6HBIMDB e 3aKNKYeHiiMB OPHBOAUTH H3cabloBanie JOTOUMKIAMKH H
o6IMXs KPUBHIXB, pa3cMOTphHHBIXD BB § 602.

b) KpuBas «t= (22— %)y (pec. 64) umbers Bb Hauanb KoOpAMHATH
TPORHYI0 TOYKY, YTO MOXHO M0Ka3aTh CBb NOMOIUBK H3AOKeHHOH BB § 607 wme-

3
ToAbl, WAM Mpolue U ckopbe, HanucaBDd ypaBHeHie kpuBOK BB BUIb x:%-(i)

x/.
MNpubmkas x kb 0, NonyuuMsb ypasHeHie
y/— 93=0, oTkyaa ana »’ Bb Hauanb
KOODAHHATDL [OAYy4alTcs TPH  3HaueHis
0,1 u —1. das noctpoeHis KpuBOH NonesHo
B3ATb 32 HE3aBHCHUMYW nepembHHYyWO 7= %
U 3aMbHUTH ypaBHeHie KPHBOH ABYMSl ypaB
HeHisMU x =/ — B u y=£ — 1. Ha
yepTexxh yKkasaHH TIpaHHUbW HHTEPBAJIOBD,
Bb  KOTOpHXb Hu3MbHseTcs /, Koraa
ABMKYLNAsACs ToO4YKa, BHHAA u3b 6e3Ko-
HEYHOCTH, OUKChIBaeTh JAHHYI0 KpPHUBYIO-
yTO6bH CHOBA YA3AUTBCA BB 6€3KOHEYHOCTh,
TPHU pasa NpoHas uyepe3b Hayano KOOpAH- Puc. 64.
Hate (t=—1, 0, 1).

¢+ Y kpuBoik x5+ y> =5ax?)? HaxomMMb BDb Hauarh KOOpAMHATH
yeTplPEXKPATHY 10 TOUKY, IPOUCXOAALLYI0 OTh COeNMHEeHis ABYyXh TOUEKD BO3BpaTa.
Bonke ofiuee ypaBHeHie

A2 2 9 1y aayt
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u306paxaeTd KPHUBYI, NPUHALAENKAIYIO Kb TUNY Npelsyiued KpHBOH uad Kb
tuny J[lekaptoBa JaucTa, CMOTpPH nO ToMy, OyleTb AM # YHCAO 4YeTHOE HAH
HeyeTHoe. JTO HAXOAUTCS Bb CBH3H Cb NOJNOXKEHiEMb €AMHCTBEHHOHW BELIECTBEH-
HOW acuMmnToThl X + ¥ = (—1)"a.

&

Puc. 65.

d) TNpumbper Tovexds BO3BpaTa BCTPbUaAHCh YXe Bb Pa3cMOTPHHHBIXD
paHpille KPHBHIXD (Kapaiounb, 3BoabBeHTH: Kpyra, acTpoundh, nukiouad W T. a.).
YuTaTenb MOXKETDH A YNPaxHEHid POBBPHTh, UTO YMOMSHYTHIA KPHBHIS Bb
CMEXHOCTH Cb TaKUMH TOYKaMH ynoaobasioTcs mnonyky6Guyecko#t napabons Bb
CMEXHOCTH Cb ed TOYKOK BO3BpaTa ! MNOKasaTh, YTO BO BCHXb 3THXD TOYKAXD
pajiych KpuBH3HBl paBeHb Hyaw. Takb, Hanpumbpb, AAS BepTHKAJABHATO NPO-
¢uas passepThiBaroLarocs reaukouna (§ 599, c), nombcTuBD Hayano KOOPAUHATH
Bb TOUKY BO3Bpara, HaijaeMb

. x 1 . [y 1
imf&) -z e Im(E) -5

Takb YTO NPH OE3KOHEYHO Ma/loMD §, ypaBHeHie KPHUBOH CTPEMHTCS COBNACTb
Cb ypaBHeHieMb 9 a3 32 = 86243, Ha kpusofl (¥ — x2)2 = x5 HaXOLUMDB TOUKY
BO3BpaTa BToporo poja (puc. 66). Urto6el ¥ Obl1b BeLIECTBEHHBIMb, OYEBHIHO,
Heo6x0lHUMO, uYTOO6bl x OblAb Goabmwe 0. Ecap HanuiueMd YypaBHeHie Takb:
y=22(1 £ V x), T0 yBHIMM®B, YTO KpHBAA COCTOMTb H3b ABYXDb BbTBeHl, Ka-
CAIOLIHXCH OCH X-0BD Bb Hauanh koopavHartb. Ho no oTHomeHilo kb KacaTenbHOH!
Bb 3TOH Toukb kpuBas uMberh TOTH Xe XapaKTepb, Kakb H Bb OObIKHOBEHHOH
Yo
]

usmbpsercad udcnoms 2. [lo6aBuMb b 3TOMy eime, yTo oaHa BHTBL KpHBOH
napabonnueckd pacr;pompaﬂﬂemﬂ Bb Oe3kOHeYHOCTb, a xpyras nocib uaruba

Toukb, notomy yro lim 1, otkyna cabiyeTsb, yTO KPHBU3HA BB 3TOH Toukb

S5
nepechbkaets oCb x-0Bb NPH x = 1, ¥ 3aTbMD TakxKe napaboiauyeckd yXOIHTD
Bb 6€3KOHEYHOCTb.

, 2
Bb TOYKH x=<%) , HMbeTp HauboabIlyl0 OPAWHATY BB Toukb x—:(i),
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e) 3ambuatenbHbit NpUMBPD KPHBOH Cb TOUKAMM M3rMba W TOUKAMHM BO3-
pata npeicTaBJseTh TaKb HasniBaembit aByporsd (Zweihorn, cocked bat);
R ypaBHeHie

a?— x2
'v — "’_T'*‘ .
YT 2axyvE T

M106b6i nprMbauTs Metopy § 607, Hazo 6bio 661 MpHBeCTH ypaBHemie Kb wbiomy
pauionaabHomy Buiy. Ho 3xbeb ynob6nbe 6yners oCTaBHTb e€ro Bb TOMB BHIE,
BB KAKOMb OHO HANHCaHO, M 3aMBTHTH, YTO KPHBAsl COCTOMTH M3b IBYXB BbTBel,
C0OTBBETCTBYIOIUMXD ABYMb DasiHUHLIMB 3HaKaMb BB 3HaMmenarenk. KpaTHbivn
POYKAMH, OueBHIHO, OyAyThb Th, 418 KOTOPHIXB [IBa DA3ANYHbIA onperbaeHia y
toBnanaoTb. 10 6ymers npu x2=a?, rab y =0. UToOb BLIYHCAMTE 3HAUeHiA
®b 3THXb TOUKaxb ( +-@, 0), MOXHO M He npubbratb kb InddepeHUNpPOBaHiM,
@ 3aMbTHTh, uTO NO omperxbiaeHilo Npon3BOAHON noayuaercs

NERT Y e 4 9alim - =T 1
2 :z:_lrjr:lux *a + Z-l—”;:la x2—qa? T
T.e y=—1 1pn x=a, 0 =1, mpu ¥ = —a. Takb Kakp Bb 06buXD

TOYKAX'b KacaTeJbHad OKa3biBaeTCs €AHMHCTBEHHOIO, TO TOYKH 3TH 6y,lIyT’b TOYKaMH
BO3BpaTa. KacareapHbis BB 3THXB TOUKAXD HEPEC'ﬁKa!OTCﬂ Bb OAHOH H3b BEPUINHD

Puc. 67.

kpusoit (0, a) (puc. 67). KpnsusHa BB 3TOH BeplunHb TakkKe BBIUHCASETCH Cb
noMolbl0 TpUMBHEHHAro Bblllle npieMa, a MMEHHO:

. 3 __ 22
1 . aﬁ_){—L—{—lima V a x_i
20 = # [2 2] x2 2a

f
j
3
|
|

CnbnoBateasHo, ¢ = 4 a; nostomy, ecin A’ (0, 1 a) ectb apyras ReplIHHA
KPHBOH, TO -conpHKacalwifica Kpyrbs Bb Toukb 4 O6yners Kpyrs, MOCTPOGHHBIA
Ha AA’ xaxp Ha miamerph. Uro kacaetcs ToueKb M3ru6a,To, noaoxusb y” =0,

HaxomnmMb 3V a® — x% 4+ 2 a = 0,— ypaBHeHie, KOTOpoe yIOBIeTBOpsieTca (ecCin
ﬁepmnm: 3HaKb —) 3HaueHieMb % = + $a}'5, orkyma y = }a. Crbuosa-

AbHO, TOUKH M3rn6a HAaxoaaTcs BB nepechBueHin KacaTelbHOW Bb BepHAL A’
£B KPHBOI.

fy Mpumbuas metoay § 607 kv ypasnenio, n3obpaxamoleMy COBOKYNHOCTb

ABYXBb KPHUBBIXD (@ =0 1 v =0), Mbl MOAyurMB, KPOME KpaTHBIXB TOUEKD, Ta‘;m(e
of

H TOoukH uxb nepechuenis. Bsp CaMOMb xbknk, ecan f=¢g. yp, 10 5% H 3y



116 VI, 2. NPUAOKEHI Kb MJIOCKHMb KPHBBIMB,  §§ 610—611

oYyeBiAHO, 06paTaTcs BB HyAs BMbCTh  cb / BesKilt pa3b, Kakb @ H i OAHO-
BPEMEHHO 06partaTcsi Bb HyJMb; @ TaKb KAaKb Bb pPAa3cMaTpUBaeMoMb cayuab,

KpoMb TOro
R2fF Ef | 1 dp dg
aw 50y | ) ox oy |
s oy dw |
Sxay oyt | 1 x oy |

TO, KAK'b BHIHMB, TOYKH, O6LLis ABYMD KPUBHIMB, IPEACTAB/SIOTCS, KAKD HACTOALLISA
KpaTHbi TOYKM, BB 4acTHOCTH, KOrAa MpaBasi 4acTh 0BpPaulaeTcs Bb HYAb, 4TO
umbers Mbcto (§ 577, a) koraa kpusbis @ =0 ¥ =0 B3aWMHO KacaioTcs OAHA
ApYroH, Hcue¢saers M abBas yacTh, H TOUKM TNepechbuenis Kpu€BHIXD mpejcra-
BASIOTCS Bb BUXbB TOYEKD BO3BPATd, XOTS KPHUBBIS H PAacnonaraircs no o6b
CTOPOHBI OTH HOPMAJH.

611, Anre6panueckil KpHBbIA HHKAKHXTL HPYrHXb OCOGEHHBIXDH
Touekb, KpoMbt pascMOTPBHHEIXD Bbllle, HE UMBIOTb, €C/IH 32 JJIEMEHTD,
ofpasyiowiil KpuByio, NpHHHMaeTcs Touka. Ecan BBeleMb Bb PascMo-
Tphuie TaHreHuianbHLIA KOODAHHATHL H, BMbBCTO TOYEKL Ha KPHBOH,
6yneMb pPa3CMATPUBATh KACaTelbHbis Kb KDHBOH, TO, MO MPHHLMNY
NBOACTBEHHOCTH, MOXHO BHOJHB AyanMcTHYECKH MOBTODHTH BCE Bbiliie-
usnoxennoe uscabrosanie. BMBCTO ABOHHBEIXD, TDOHHBIXD H L. T. TOUEKD
NOJy4alTCs ABOHAHBIA, TPOWHHA M T. . KacCaTeJbHH. Ho uukakuxsb
CyLIECTBEHHO HOBbIXD OCOGEHHOCTEH mpu 3TOMDb He moayuaerca. [loay-
yalOTcd KacaTelbHHf BO3BpPaTa M KacaTelbHHsa H3ruba, HO
nepBbist 6YyAyTh HE YTO HHOE, KaKb KacaTelbHbll Bb TOUKAXb H3THOa,
a BTOpbii — KacaTelbHblsi Bb TOYKaXb BO3spaTa. Ha 3TOMH OCHOBaHin
YHCJI0 ¥ TOYEKD BO3BpaTa M UYHCIO U TOYeKb H3THGa COOTBBTCTBYIOTH
IpPyrb APYTY COBEpUIEHHO TaKb e, KaKb COOTCTBETCTBYIOTH APyrh
APYry 4dcI0 ¥’ NBOHHBIXTH TOYEKD H YUHCAO 4’ NBOHHHXDb KACaTelbHBIXD,
NOpANOKD # KPHBOH M €A Kaacch . Ilpyroe Becbma BaXHOe, caMo
ce6t COOTBBTCTByIOIIEE YHCIO, €CTh TaKb HasbiBaeMbli pondb (Gesch-
lecht, genre) KpHBOH; OHO OGBIKHOBEHHO 0603HauyaeTcs GYKBOW p.
JlokasblBaeTcs, YTO 1/ KPHBOH #.TO NOpAnKa, He umbiowed KPaTHHIXB

n—1)(n -2
TOYEKDb, 3TO YHCJIO PaBHO (———)2(———) 1), HsBbcTHO Takike, YTO MpH

TOMDb e YCIOBiM KiacCh 2 KpuBOH paBeHb #(n—1), a 4ncio u
toueksb uaruba (§ 604) paBuo 3#(m —2). Ho MoxHO moKasaTb, 4TO
cyuiecTBoBadie %' IBOAHBIXD TOYEKD H ¥ TOUeKd> BO3BpaTa yMeHbLINATh
YNOMAHYTHIA TPH 4Hcna Ha »+ ', 3v-+ 22 n 8y 6. Ha ocnosanin
NPHHLMNA NBOHCTBEHHOCTH HAXOAATH MOITOMY, YTO €CIH H3b YHCEND
1 (m—1)(m—2), m(m—1) u 3m (m—2) BuuTEMb COOTBETCTBEHHO
w+w, 3u+2u n 8u -6y, To noayuHMb HHCIO p, B H V.
$opMybl, Kb KOTOpHMDb TakHMb 06pasoMb NPHXOLMMDb, HA3bIBAKTCA
dopmynamn [lnwokkepa (Pliicker). Msb HuXb J€TKO BBIBOAMTCH,

1y Jins noapoGHaro HaydeHis TeopiH NJOCKMX® aireSpaHyecKHXb KPHBHIXD
YUTATENI0 peKoMeHayeTcs mepBmit toMb ,Cours d’Amalyse* par. C. Jordan.
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MTO AN KPHBOH MOPAAKa #, Kjlacca #m W POAA p, 4HHCAA OCOGEHHHIXB
TOYEKD H KacaTeJbHBIXB GyAyTH

v=2m+p—H—m, V=%(mn—-1)mn-6+m—3p,
p=2mtp—1l)—n, w=34m—1)(m—6)+n—3p,

€CIH He CyIlecTByeTb ApyrHxb Goabe ciomHbXD ocobeHHocTedl. Oco-
Geuno sambuarensHw kpuBwfl HysaeBaro poaa (p =0), umbowis
XapaKTepH3YIOIlee HXb CBOMCTBO ObITh YHHKYpCaibHuMH (unicursale);
9TO 3HAYHTD, YTO KOOPAHHATHI MXDB TOYEKD & H ¥, BhIpawaloTcs paui-
OHAaAbHBIMH (YHKIIAMH OTBH TpeThell nepembuHo#. Kb uucay nxb
NpHHAANEkaTb, HanpuMbpb, KoOHHueckin chueHin u nepBbiA TPH H3D
pascMOTPbHHBIXD BB NpeabAyleMb § KPHBBIXD.

612. TpaHcueHNEHTHbI KpPUBBIA MOTYTb MMBTb M Apyris 0cOGEHHOCTH,
KpoMb mepeyuc/eHHBIXD BHIlIE.

a) [lpewne Bcero nAerko y6bauTbest, 4TO Takis KpUBBIA MOTYTb UMBTH
6e3unceHHOE MHOWECTBO OCOGEHHBIXB TOUekb. JTO Mbl yue BUabad Ha npumbph
KBanpatpucel (6e3uncieHHOE MHOXECTBO W3rHGOBB), HUKJIOUAb (6e3uucieHHoe
4UCI0 TOYEK® BO3BPATa) M T. X, Tenepb A06aBUMb, uTo kpuBas 32 = xsinx

Y

Puc. 68.

[puc. 68) umberb Touky Bo3BpaTa BB Hauarbh KOOpAMHATDL, Ge3kOHEUHOe UHCIO
FeAUHEHHbIXD U Ge3KOHEUHOE YHCJO ABOMHBIXD TOYEKD HA OCU x-0BDB. BHb stoi
BCH kpuBas UMbeTb Ge3KOHEUHOE MHOXECTBO TOYEKD MU3ruba, abcuuchl KOTOPHIX®
BAOBIETBOPAIOTL ypaBHeHilo 14 4x%2= 4xcotgx. It Touku GesnpenbabHo
PpH6amkaoTcs Kb OCM %-0Bb N0 MBph yaaneHid oTh Hauana KOOPAMHATH MO
BanpasncHil0 MNOJOXHUTEbHHXD X-0Bb, pacmonarasch Bce Onxe ¥ Gmnke Kb
moukamb KpuBOH xy2= 1. Kpomb Toro, naHHas kpuBas Ge3kOHEYHOE UYHCJIO Pasb
¥acaetcs mapaGonnl y2 = x *),

b) Be3koHeuHOe MHOWECTBO TOUEK®L HU3ruba, U MPUTOMB BB KOHEUHOMD
.1
maTtepsBanb, umbers kpusas y = xsin =’ Chb ACHMNTOTOIO, MApaleNbHO OCH

¥-Bb (v =1). Takp kakp 3nbch x*y”= —y, To BCB uU3rUOH JewaTh Ha
Beu x-0Bb. Kpomb GesuucieHHAro MHOMECTBA KacaTelbHHXb BO3BpaTa **), cxo-

*) Oty sambuaHia npuHamiexare OwmBlueMy yueHuky Yesapo, A-py
8. J'Eckamaps (V. d'Escamard) u nombluiessl Bo 2-Mb u3n. (1905 r.) Elementi
B Calcolo infinitesimale (E. Cesaro) B® Buab nompaBku.

*) T, e. KacaTelbHHXb Bb TOUKAXDb WU3ruba.
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OSILMXCS BB ABYXb TOYKAXb HA OCH y-0Bb), KpHBas HMberd eule n8b ocobeHHbIs
KacaTeJbHbisl, a HMEHHO NPAMbIsA, IhasALL% nononaMb Yyranl MEXAY KOOPAHHATHHIMH
OCSIMH, KOTOPhIXh OHa Kacaercs Bb 6e3KOHeYyHOMb 4HCAb Touekb. ITa ke KpHBas
3ambyaTtenbHa ewe CabAyOWMMDb CBOHCTBOMDB: H3b KaXKIOH TOUKH HA OCH y-OBb,
aexawed Bb uHTepBadxbt (-—1, 1), MOXKHO npoBecTH O6e3UHCIEHHOE MHOXECTBO
KacaTeNbHbiX'b, TOYKH KAaCaHid KOTOPHIX. J€XaThb HAa MPAMOH, npoxoxaiel
yepe3b HAYan0 KOOPAMHATB. AHAJNOTHYHBHIMH CBOHCTBAMH 061ajgaeTh KpHBas

. 1
y=x sin? (?) » uMblowas acMMNTOTOI OCH X-OBb.

¢) Toukowm npekpalleHis Ha3bIBAIOTHb TaKyl0 TOUKY, Bb KOTOPOH BHe-
3anHo npekpaluaercs wbkoropas BbTBb KpuBoil. Takoio Touxkol 6ymeTh, HampH-
1

mbpb, HAYANO KOOPAMHATD NI OXHOM H3b BBTBEH KpHBOH y = ¢ 7, umblowei
Y P Y

L]

ele TOYKY H3ru6a npu x = § (puc. 69) u acumnrory ¥ = 1. Kpusas

s=le il

COCTOHTD TAKXE H3b ABYXDb BETBeH, NMpeKpallalolUXcss Ha OCH y-0Bb Bb TOYKAXb
¥y =11, uMboOWHXD TOYKH H3rH6a Ha nOpPAMOH ¥y = 2x, M AacCHMIOTOTYy —
och x-08b. KpuBas y = xlogx Takke HaeTh oyeHb NMPOCTOH NMpEMEPDH TOYKH

L4

Puc. 69.

npexpalleHis, a HMEHHO BB Hayaxb KoOpaHHaTh, rab OHa Kacaercsi OCH y-OBb.
Hpyrie npumbpel naioTb KpHBBISA

X
= v, = x2log —;
Y gy

Kaxnas W3b HHXDb HMberb BbBTBb, mpekpauwanuyocs Bb Hayaarh KOOPAMHATE.
3T0 NPOHCXOIMTH OTH TOTO, YTO MEpBas KpUBas He HMbeTdh BellecTBEHHBIXB
TOYeKd NMpH x < 0, a BTOpas nmpd x < y. Il mepBoil KPHBOH HAyano KOOPIH-
HaTb MO OTHOWIEHI0 Kb KacaTenlbHOH BB 3T0M TOukKb Mrpaerd poan kaxb 6yato
TOYKH H3rH6a, notoMy urto (cM. § 548)

.Y oy
hm‘x'2=0’ HO MpH # > 2, hm-ﬁ=oo,

a a8 BTOpoA—Kakb GYNTO TOYKH BO3BpaTa, fOTOMY YTO

llm%2=oo, HO mpH 7 < 2, 1im37=0.
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0635 kpuBbis uMbloTh eute Apyrywo BbTBb, AAf MepPBOH KPHUBOH Cbh aCHMNTOTON
x=1, a pna BTOpo#f cb acumnrorol x —v = 1.3 3th BbTBH 3aTBMDB ONATHL
PacnpocTpaHaoTcs 10 6e3KOHeYHOCTH, IPH YeMb 06pallieHbl BbIMYKIOCTHIO NOCTOSHHO
Kb OCH X-0BB, OTH KOTOPOH MHHMManbHoe MXB Pa3CTosiHie paBHO 2e.

d) Koraa nsb pasanunnis pbTBM BcTpbualorcs (O yrioMb, He PaBHLIMD
HyA10), Bb OfHOH Toukb M ¥ BB Hell mpekpamIaloTcs, TO NOAyYaeTcs TaKb Hasbl-
BaeMas yrioBas WM Bbllawiiascs touka (springender Punkt, point anguleux
ou saillant). Bb Toukt M KpuBBEIA Kacawotcs
IBYXb NPAMbIXB, KAKb U BB ABOWHOH, HO Kax-
nas BBTBbL JAeXHTB, KaKb BB TOuKb BO3BparTa,
JAHLIb [0 OJHY CTOPOHY OTh COOTBbICTBYyMOLIEN
HOpPMaiH. YTHAOBYI0 TOUKY Mbi yxe BCTpbTHAH

(§ 999, e) y kpusolt y = e T’ a JApyro#

14-e” x
oueHb npocto#t npuMbpb Mbl UMbems (§ 282, b) M
npu x = 0 y KpuBo#H y — x arctg - M

e) JHaxbe, ecin u3b AByX® BbTBell aHLIb &
OlHa npekpainaercs BB obwell Toukb, To moay-
yaeTcsl Takb Ha3blBaeMasi TOukKa coejMHeHis
(Vereinigungspunkt)!). 3abcb kpuBas npeacra-
BASETE Kakb Obl passbreaeHie gopore mas
TOYKHM, npoGbraomed KpuByl Bb H3BBCTHOMB
HanpasaeHid. Yro6bl cocraBuTb npuUMbpbl Ta-
KUXb TOYeKH, JOCTATOYHO BH YypaBHEHIM KpH-

#, UMb i 74 OYKYy, UMBPB,
BO foulell ABOHHYIO TOYKY, HanpHM p't; Puc. 70.

x3-4-98 -3 axy =0 npubasuts Kb y pyHKujtlo e

wil x log x wau [x]. TakuMb 06pa3oMB yjaaeTcss YHHUTONMHTb HJAM nepeMbCTUTH
OIHY H3DB yeThiPeXb BbTBel, BRIXOAAIMXE W3 ABOHHOH TOYKH. QOueBUAHO, TaKOH
npieMb Mo3BOJsieT YHUYTOXHTb ABL, TpM Mau BCh uyerbipe BBTBH M MOCTPOHTD,
crbioBaTenbHO, KPUBBIS Cb YIIOBLIMM TOYKAMM MJAM TOYKAMHM MpeKpalleHis Hau
M30AHPOBAHHBIMU TOYKAMH.

O KacaHiM MJIOCKUX'b KPUBBIX'b.

613. TMopsapok®d Kacauis. Bb cMeXHOCTH Cb OOBIKHOBEHHOIO
Toukolo Jf, obmel AByMb KpHBbiMb, BO3bMeMb AL Toukn P u (),
ONHY Ha ORHOH, aApyryw Ha apyro# kpuBof. IlpenctaBumb ce6b, uTo
P w (Q onHospemenHo npuGmmkaorcs kb M (ocTaBasch, KOHeuHo,
Kaknas Ha CBoed KpHBOH), W aan onpenbJeHHOCTH NONYCTHMB eule
(XOT" 3TO M He HeOO6XOLMMO), YTO NpH 3ToMb NpsMas P () crpemuTcs
Kb HbkoTopoMy npenbibHOMY monoxeHilo, KOTOpoe 06pa3yeTh Cb KpH-
BLIMH JIHHIfAMH, T. €. Cb KacaTelbHbIMH Kb HHME BB Toukb M, yris

1) O6b 3THXDB 0COGEHHOCTAX'b, YKa3aHHBXB AbTh 30 ToMy Hasaxb Gedb-
ridckuMbs  ¢usukoms [laato (Plateau), cMm. crarbio Mansion’a BB ,Mathesis®
1883 r., cTp. 193.
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a ¥ f, orauyHbie OTBH HyAa*(M OThb sT). [lpexae scero, nerko BULbTb,
yro ayru MP u MQ 6ydyrs Ge3KOHEUHO Ma/lbiIMHU OIHOTO H TOTO ¥e
nopaaka. Bbs camomb abab, npeabab uxb OTHOwWeHia Gyders

. MP _ sinMQP sinf
lim—==1lim:, —Ff—==—" %
MQ sin MPQ sinc

T. €. YHCIO KOHEYHOE M He PABHOE HYJII0, HA OCHOBAaHIM HawWwero lpex-
nonoxeHis. Ecau npumeMdb 3a rnasHyo GeskoHeuHo Manyw M P wnu
MQ u 0603HayumMB uepesb ® Yroab, MOLbL KOTOPLIMB KpPHBLIA nepe-
cbkaiorcas Bb M (T. e. yroab Mexily KacaTelbHbLIMU Kb KPHBBIMB BB
aToli Toukb), TO

PO . sin PMQ sino

lim 776 = M G 7 P0 ~ sina’

W OTCcIoga BMIHO, yTO pascrosiie P () GylzeTb Ge3KOHEYHO MaTbIMB
NepBaro WM BLICIIATO MOpPAIKA, CMOTp NO TOMy, GydeTh /M sin @
OTJIHYHO OTBH HYJSl WIM PaBHO HYJIO, T. €. CMOTpPA MO TOMY, mepech-
KAIOTCA JM WIH KacaioTca OaHHbiA KpUBLiA Bb Toukh M. Wraks, TO
06¢TOATebCTBO, 4TO F() GyleTh 10pAIKA Bblle NEPBATO XAPAKTEpPH-
3yeTs KacaHie KpuBbixh. EcTecTBeHHO Tenepe npuHATL 32 MbBpHIO
6onte unu menbe ThcHaro kacaHis, KOTOpoe MOTYTh UMBTL KDHUBHIL Bb
Touks M, umenno nopaaoks 6eskoneuno manofi £ . CoobpasHo 3ToMy
Mbl 6ydeMb COBOPUTb, YTO KacaHie 6yneTs nopaaka », ecan P
6yners GeakoHeyHO Manoh nopaaka nu-+1%*). OmHako, npexae
ybMb NPHHATE Takoe onpeldbieHie HaLO MOKA3aTb, YTO YHUCIO # 6yHeTH
OLHO M TO Xe I GE3YHUCIEHHATO MHOMKECTBA Pa3iU4HBIXD COCOGOBE,
KOTOPBIMH MOXHO BHIGHMpaTh Touku £ u (J, cTpemsitinca Kb coBnagexiio
¢ M. Tlonowumb, uto TOuky O, crpemsauiyioca Kb M, Mbl COCNMHUMB
He ¢b P, a ¢b apyrowo Toukow P, kotopas Towe ctpemurcs kv M
Takb, YTO npexbabuoe noioxeHie F'() He cOBNaLaeTh Cb KACaTeIbHOIO
BB TOuks M Kb naHAHMDb KpuBbiMb., Korma P u P’, nBurascs no maHHOH
KPUBOH, CTPEMATCA Kb COBNAAEHI0 Ch OOHOK M TOW e TOYKOW M,
10, Kakb uspbcrao (§ 348, ¢), npamas PP cTpeMuTcss coBnacTh Cb Ka-
carennHow BB Toukb M kb mxanHo# kpusoit. [loaTomy

. PQ . sin PP’Q  sina
lim 576 = WM G P PO ~ Sina

u P'() 6yneTs 6e3KOHEYHO MaNOK TOro e nopaaka, uto u P (.
y ;

*) HanoMunnHaemd uuTaTeN0, yTo MNpH BHuYKCIAeHiH npexbna oTHolleHin
OyTs BCeraa MoXHO 3aMbBHUTh OTHOlLIeHie AyT'b OTHOUWEHIEMB COOTBBTCTBEHHBIXD
XOpitb, TAKb KAKb OTHOUIEHIE AYrH Kb CTATHBaWOlLeR ee Xopab cTpeMutca Kb
exnuauub (§§ 582, 549).

##) Takb uyTO KacaHie HYyJAeBOTr 0 NOPsAKA €CTb Npoctoe nepechuenie.
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614. BecbMa serko HalfTH aHaAMTHYECKis yCI0BiA Kacawis #-ro
nopsaaka [IBYXb KPHBbIXB, 3alaHHbiXb ypaBHeHiaMu Y = @ (X) #u
Y = (X) Bb JlekapToBeixb KOOpAMHATAXb. Mbl NPEANONOKHMD, UTO
KpHBbia UMBIOTH Bb Toukb N/ o6myio xacaTeqbHyo, He MapalielbHYO
OCH y-0Bb, W nepechueMb 3TH KPHBbIi Bb CMEXHOCTH cb M npamoio,
napaanenbHorw 3TOH ocu; nycts £ u () 6Gyaytb TOukH mepechuenin
STOH mnpsaMO# Cb AAHHBIMH KPHBHIMH. 3aMbBTHMDB, uTo eciH 6bl obuias
KacaTe/jpHas Oblia MapaielbHa OCH y-OBb, TO NOCTaTOYHO NepeMbHHTH
ocu, a, crbaoBaTe/lbHO, H KOODAHHATBI, OAHA Ha APYyryw, yTo6el uMETH
BO3MOXHOCTb OCTaThcsl MpH cablaHHOMD mpeanosioxenin. Ecau Tenepp x
ectb abcudcca Toukd M, a x-+ /4 abeuucca (obwast) Toueks P u (),
TO fICHO, 4TO 4 OyneTb Ge3KOHEYHO Manoi TOro xe rnopsaka, kaks M P
und M (), T. e. nepsaro, notoMy uro orHowenie 4 xv MP wm M()
cTpeMuTcs Kb BelMuuHb kocuHyca yrna, obpasyemaro KacaTe/lbHOK Bb
Toukt M cb OCbi0 x-0BB, a KOCHHYCH 3TOTDH, NMPH HalleMb MPeanono-
MeHin, He paseHb Hymo. [lo ToMy e npennosnowxeHiio H mpamas ()
HE CTPEMHTCS Kb COBNaleHild Cb KacateabHow Bb Toukbs M. Cnbio-
BaTe/NLHO, YC/IOBiA KacaHifl #-ro MOpsAAka 3aKAKYalTcs BCh BH OMHOMB:
yTo6b1 PQ) 6b10 Ge3KOHEUHO MaoKw mHopsaaka #-}-1, a Takb Kakb,
nonaras x{(x) = @ (x) —y (x), ambemsb

1 1 n
PO=yg+h) =@ Fhs)+ 7/%2’/(35)-;-. ~.+m1ﬂl( ) (x) 4

1
s hn+1 (nt-1} x 8 )*
+(n+l)‘. b4 (x + 84)%),
raib 0 < B <1, ToO W BUAHO, YTO WA BBIMOJHEHIA BHILEYOMAHYTArO
yCl0Bi HeOOXOMHMO H AOCTATOUHO, YTOGHI

(22) 2@ =0, 7@ =0, ..., M@ =0, /() =0.

Utakb, uTOGH aaHHBIA KpHBbA uMbBau BB Toukbd M kacanie
nopfAaka 7, Heo6X0JAHUMO U NOCTATOYHO, YTOGHI

p)=w&), ¢@=1), ..., @@=y,
g (x) 2= Y (1),

T. €., yTOGbl MEPBHIA # MPOH3BOAHLIXD OPAHHATHI, B3AThiA N0 abcuucch,
uMmbau Bb Touks M onMnakoBud, a (n-+1)-bi NpPOM3BOXHBIA — pas-
JMYHbIA  3Ha4eHis. 3ambBTuMb, uUTO nepBOe H3Db BHINENPHBEAEHHHIXD
PaBEHCTBD BLIPAXAETD, YTO KPHBHIA Bb Toukh M BcTphuaoTes, a BTopoe,
410 OHb BB Hell Kacarorcd.

*) Mbsl npeanonaraeMd 3xbeb cyulectBoBaHie # -+ | NPOM3BOAHBIXD OTH
GYHKNIH @ H ¥ Bb OKPECTHOCTH TOYKM X H HENPEPHBHOCTb Bb 3TOH TOUKb
(#+1)-bIXD n1pou3BoAHLIXL. OCTATOMHBIA WieHD Bb GopMyad Tanopa Mur 6epemsb
Bb ¢opmt Jlarpanxa.
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615. 3amETuMb, uTO0 BB Ccaydabh # HeveTHAaro HaHAeHHbIH
yCnoBif COBNAagalTb Cb ThMH, KOTOpHiA BblpaxaroTs (§ 313), uro
¢yukuis x (X) npy X =x wumbers maximum wap minimum; a Takb
KaKb 3Ta QyHKUiS npH X = & paBHa HYI0, TO Bb CMEXHOCTH ¢b M
OHa OypneTb COXPaHATL TMOCTOAHHO OAHMHDB M TOTDH XK€ 3HaKb - WIH —,
H, crbpoBatenbHO, KpuBbi Bb Toukbt A/ ue mepecbkawTtca., Haobo-
poTh, ecnu # uyncno detHoe, To X (X) npu X = x He 6ymerd HM
MaKCHMYMb HH MHHHUMYMB, a notomy @(X) > (X) no omny cropouy
ors M, n ¢(X)<<y(X)—no apyrow, T. e. kpusbls Bb Toukt M
KacalTcd M nepechbkaroTca. Yxe 0OHHD TOTH (aKTh, YTO KPHBHIS,
Kacasicb ApYrb Apyra, Bb TO e Bpema mnepechkaioTcs, 3aCTaBAseTDb
3aKN104UTb, YTO KacaHie OymeTh Bhicuiaro, nmo kpattHeft mbph, Broporo
nopsaka. (OaHako, 3TO 3aK/lOYeHie MOAYHHEHO HeoOXOAHWMOMY Mpeano-
N0XeHil0, a MMeHHO, 4TO (QYHKUIH ¢ W vy wumboTy BuoAHb onpenk-
JleHHBbIS, € IHHCTB eHHbIfA, NOCAbA0BaTeNbHBIA TPOH3BOAHKSA BB TOUk: M.
Takb wanpumbpb, Bb § 605 Mbl BcTphTHAM KpHBYIO, KOTOpas Bb Hauanb
KOOpAHHAaTh mnepechbkaers CBOKW KacaTeAbHyl0, XOT KacaHie o06buxb

auHil 3xbeb npocroe, T. e. 1-ro nopsaka. Avanoruynmift cayya#t npemcra-
2

BASE€Th KpHBas y= il T » KOTOpasi kacaercs W mepechkaercs ¢b napa-
14+ e”

Gonow y = 1x* Bb Havanh xoopawHatvs (§ 599, f), xora u 3;bee

OBynerd npoctoe Kacanie o6buxb kpuBbixb. Janbe, Hamo eme 3aMbBTHTD,

yTOo BABBO OTH Hayana koopaHHATDH 3Ta Kpusad Hmbers mpocToe Kacanie

Cb CBOCK KacaTepHOW0, a Chpasa — HeMb3d C(Ka3aTh, KAaKb BHICOKD
GyneTt MOPAJOKD KacaHis.

616. Ycnosis (22), pascmaTpuBaembls Cb aareGpaHyeckoft TOYKH
3pbuif, BblpaxaioTb, yTo ypaBHedie x{(X) =0 wumbers (#+ 1)—
KpaTHbIf KOpeHb X =X, 4 Takb Kakb 3TO e ypaBHeHie onpexbiasers
abcumcchl TOHeKD nepechueHin NaHHBLIXB KPHBBIXBH, TO MOXHO CKasarb,
yto Bb TOukKt M coeanHeHn #-+1 O6UIMXD TOYEKD OGBHXD KPUBBLIXD.
Takoe npexncrapneHie reoMeTpHueckd omnpaBasiBaeTcs cabiayomuMs co-
obpaxeniemb. Ecan yepesws Touxy M na kpueok y = f(X) nposenems
nepembunyo kpuByilo y = @ (X), ypaBHeHie KOTOpPOH CONEPXHTBH
6onbe # mNpOH3BOABHBLIXD MapaMeTpoOBb; ecaH 3aThbMb pacnopsaauMcs
3THMH NapaMeTpaMH Takb, 4ToGbl BTOPas KpHBas Mpow/a yepeanb #
apyruxb todeks M, M”, ... nepso#t KpHBOH, M HaKOHel'b, 34CTa-
BUMb 3TH # TOYeKb CTPEMHTbCS Kb cOBNajeHilo c¢b M Takb, 4ToGbl
npH 3TOMb NepeMbHHas kpuBas cTpeMuaach Kb onpenbiaeHHomy npenbnan-
HOMY MOJIOXKEHiI0, TO Bb 3TOMB - peabAbHOM®D - ONI0KEHIH BTOpas KpHBas
6ynets uMbTh Cb mnepBow kacanie BooGuie mopsgka #. [lonoxuMb, BB
camomdb abab, uro 41 napamerposb nepembHHOH KpHBOH onpenbneHbt
TaK'b, YTO BBITIOJNHEHBb YCJOBis

@) =/(x), @x)=/(x), ..., ¢@&,)=/(x,)
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rab x, x,, x,, ... abcuuccsr Touexy M, M', M, .... Torna,
kakb ussbeto (§ 347), MowHO Hanucathb

¢ (X)=7 (&) + (X —2) f(x, %) + (X = ) (X —2) [ (w, 21 29) + - - -

F X)X —x) .. (X5, ) S, 2y, .0, W)
!n—|—1)(g)
F (X - X—x) ... (X—x, )~-————
) 1) (71+ )
npd yemb & 0603HAYAETDH YMCIO, JEKAIIEE MEWIY HAMMEHLIIMMDb M HaM-
GonbluuMb M3b uucenb X, X, Xy, ..., Xn. Hamb u3pbcTHO Takxke,
4TO, KOrda Xy, X9, ..., X, ONHOBDEMEHHO CTPEMATCH Kb 1", TO
W)x
imf(x, 2y, %, ..., X)) = A ( ).

CnbnosatensHo, 0Go3Hayasi uepe3b § uucno, cpensee mexay X U x,
6yaeMb umkTh

.

- ” / n)(x) - n+1 (p(n—|—])(;_-) .
(X — ) T

¢ (X)=/(x)+ (X — )f 1(?:) (X — x)g;/l (x

&N

Cb apyro#t cTOpoHb, ecad &, Takke Hbkoropoe uucino mexny X u x, 10

S :f(x)—|—(X—x)f,T(x) + (X — x)z‘/l._(j)ﬂL L

n_f (x) n—|—1 f(n—H) (50) .
[Toatomy

im0 () ) — e @)

Y (X — )ttt Ty

Wraks, pasnocts f(X) — @ (X) OGyners GeskoHeuHo Manas nopsiika
Bhie 2, U 065 kpusbis umbioThp Bb Toukbt M Kacanwie nopszka He
Hke 7. [lopanokt MOXHO cabnaTh Bbllue #, €Cld eule APYTis TOYKH
nepechueHis KpPHUBLHIXD, KDOMb Pa3cMOTPHBHHBLIXD Bblllle, TaAKKE COBMALYTH
¢b M. Pasymbercn snbce » Bcerma pascmarpusaercs, Kakb Irbaoe
YyHcno, Mexny ThMb kakb npu onpenbneniu mopsaaka kacaHi He HCK0O-
yaeTcs BO3MOXKHOCTb ApOoOHaro nopsika kacadis. Takod cayda#h BcTph-
4aeTcd, MeXAY MpOYMMDB, DU KAaCaHid KPUBOH W ed KacaTenbHOH u3ruGa
(8> Toukd BO3Bpata), rib mopAnOKb Kacauis BooGuwe (§ 608) pasent 1.

617. Conpunkacanie (Oskulation). ITonowums, uyto Tpebyercs
yepesb HBKOTOPyio TOuKy (x, y) Ha naHHo# kpueoit f(X, Y)=0
NPOBECTH APYTYH0 KpHBYI, MMBIOIYI0 Cb 1aHHOW Bb Toukb (x, ¥)
KacaHie MOpANKAa # W NPHHAANENKAILYId Kb CEMEUCTBY KpDHBBIXb, OINpe-
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nbasemoMy ypasHediemb Buaa @ (X, Y) =0, conepxauums Gonbe #
NPOU3BO/bHLIXD NapameTpoBb. [ada storo HywHo Oyaers anddepeHus-
posaTb 006a ypaBHeHil # pash MNOAb PAlb Takb, Kakb 3T0 AbnaioTh
¢b Wwhabio onpeabaeHia nocabAOBATENbHBIXD NPOH3BOLHBIXD OTh Y no X
A0 TOpflKa 72 BKAWOYHTeIhHO. 3aThMb Halo 6yleTh BHPa3dTb, HYTO Bb
060MXDb PALAXD TONYYEHHH XD YPaBHEHIH 3TH TPOM3BOAHbIA npu X =x
u Y=y umbioTh 0aMHAKOBbIA 3HaYeHin. Takumb 06pasoMb NOMy4YuMD
# 4 1 ypaBHeHiH, NpHYHCAAA Kb HHMD M TO, KOTOpPOE MOJAyyYaeTcs, KOrjia
BbL ypaBHeHiH MCKOMOH KpuBOH, monoxumb X =z, Y =1y (Bbpaxas
3THMDb, YTO OHa TPOXOAHTHL Yepeab TOYKY (x, y)). OITH ypaBHEHis
nocayxatrb and onpenbaedias # 4 1 mnapamerpoBb, H, BooOule roBOpH,
TOAbKO NPH uYucTh NapaMeTpoOBDb, NPEBOCXOAAUEMD #, MOXKHO TONYYHTDb
Kacadie z-ro nopsaka. Ecin pacnopsaumca BcbMHM mapameTpaMH TaKh,
yToObl MOMYYWUACA HAWBBLICIIIA BO3MOXHBIA MNOPAAOKD KacaHid, Toria
roBopsTh, YTO HAIIH COTMPHKacaloWylocs Kb [AaHHOH KpPHBOH
F(X, Y)=0 Bb nanHo#t Toukh kpusywo nanHaro suma ¢ (X, Y)=0.
[Tpu 3roMb He MCKAIOYaeTC BO3MOXHOCTb TOrO, 4TO BcAbACTBie xako#
AH60 0COGEHHOCTH, NpeacTaBAieMOH NaHHOIO KPHBOIO, OXHIaeMbilf Mak-
CHMAa/JbHBLIH TNOpPAAOKD KacaHid noBbicHiTcd. Toraa roBopATh, 4YTO Bb
AaHHOHM TOukb kpuBma wMbiOTH nepeconpHkacaHie (superoskulation).
Yro6bl onpenbadTb, Bb KAaKHXb TOYKAXb OHO BO3MOXKHO, Hai0 eule
past nuddepeHUMpOBaTh AAHHBIA YDaBHEHil M HM3b HHUXD HCKIIOYHMTDb
Bch nmapamerpol. [loayuyuTcs ypaBHeHie Mexay x H y, KOTOpOe M onpe-
abagerTb HCKOMBIl TOYKH.

618. Mprmbpul. a) Kb nannoit kpuBO# BB AaHHOM Toukb Tpebyetcs
NPOBECTH CONpPHKAcaloulylocs npamylo. Takb Kakbh BB YpaBHeHIH NpaAMOH
Y=mX + k aBa npOU3BOJbHBIXD NapaMeTPa, TO BOOGLIE MOXHO AOCTHIHYTb
TOJNBKO NPOCTOro Kacauia (nepsaro nopsaxa). [lpumbAAS M3T0MEHHYIO BB Hpe-
AbLAYLIEMD § METOAY, MONyuyaeMb ycnosif: y = wmx + h, y’=m, NPDU UYeMD
Ha0 NOMHHTb, YTO X%, ¥ WU ¥’ OTHOCATCA Kb AaHHOH kpuBo#f. Ortciona A
NapaMeTpoBH [ONYYAIOTCH 3HAYEHiA m = y’, A=y —xy’, © Mbl HAXOAUMD yDPaB-
HeHie uckomoit npamoht (cM. § 586): Y=X9¥'+y—xy’ wm Y—y=3'(X —x)
(conpukacaoliasca npsmas ectb kacarenbHas). s nopbimieHia Nopalxa KacaHis
Heo6xoauMo ycnosie ¥/ =0, U OTh AaHHOU KPHBOM 3aBHCHTD MOXETH JH TaKoe
noBbiLIEHie [1POM30i#TH. Mbl BHAMMDB, YTO TONbLKO BB TOUKAXD H3rHO2 MOWETH
npousoiTH kacadie Bbluie 1-ro nopaaka. OHo 6yaeTs Boo6ile BTOPOTO NOPAIKa,
M KacaTenbHaa 6yaerd nepechbkaTb KPHBYIO; HO, 4ToObl 3TO ABHCTBUTENBHO
Cy4UN0Cch, HEOGXOAMMO U LOCTATOYHO, Kpomb ycnosia ¥” =0, etue uTo6ul nepsas
M3b N0CTBA0BATENbHBIXD [IPOM3BOAHLIXD ¥, yI¥, .. . He ofpawamasca Bb
HyJ1b, 6bl1a HEYeTHAro nopsaxka. [eOMETPHYECKH MOXKHO CKa3aTh, YTO BB TOUKH
H3rH64 COEMHEHbl, 10 Kpaitneit mbpb, TpU o6LIiA TOYKM KPHBOH M KacaTeabHOH,
M YTO BO BCAKOM®D ciyuab uucno ckonusmuxcs 8b M Touekd 6yneTh HEUETHHIMD
MIH YETHbIMD, CMOTPS NO TOMY, Nepecbkaerhb AM HaM He nNepechbkaers Kaca-
Te/bHas KPHBYIO.

b) Kps\;n, cb ueHtpomdb (& %) u pajiycomM®b @ H306pawaercss ypasBHeHleMb

(X =62+ ( 7P = 02 Nudpdepenuupys u noacrasasas X =x, Y=y u 1 4,
nojyyaemMb

(23) (x—EP+—ap=0, x—CF+(ymy =0,
L4324+ (y—w)y'=0,
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OTKy Aa nocabaoBaTenbHO HAXOAHMB

14972 .
o X - g=y

o 3
P +(1+-y/2)~‘
Y

P 0=

Sou=T % =Ty

7

TakuMb 06pa3soMb Mbi CHOBA HaXOABMB TOTh KPYI'b, KOTOPbI Mbl yXe paHbLie
Ha3BaJHM CONMPHKACAIOLIUMCSH, M BHIAMMB, 4TO NOPANOKD €ro KacaHis Cb KPHBOW
6yners, BooGule, paBeHd 2. Otcrona cabuyers (cM. § 592), uto conpukacaro-
witca kpyro Bb TO# Toukb, B KOTOPOH OHB KacaeTcs KpHUBOH, ee H
nepecbkaeTv. OCHOBHIBASCH HA CKa3aHHOMB BB § 616, MOXHO TaKkke CKasath,
YTO COMpHKAcawdulifics Kpyrs NPOXOAHTH Hepe3b TPH CMEXHbIS TOUKH KPHBOY,
H [ONE3HO NPHIOMHHTh, YTO HMEHHO TaKuMB 06pa3oMb CONpHKacaloulit Kpyrb
M BCTpbTHACS HaMb BB nepsuid pass (§ 348, e).

¢) Ecau xenaoTs, 4T06bl KPYres Ch AdHHOIO KPHBOX HMbab KacaHie Bbilie
2-ro nopsiika, TO HYXHO, 4TOObi ellle YAOBAeTBOPHAOCH ypaBHeHie, noayuaemoe
uepe3d auddepeHunposaHie nocabaHsaro u3bs ypasHeHi#t (23), T. e.

3yly//+ (y ___ ,'])y///= 0 HJH 3y/y/I2= (1 +y/2)y///’

Byners nu 370 ypaBHeHie YJOBJETBOPSTbCS HAM HBTH, 3aBHCHTDH OTH NPHPOb
AaHHOH KpHaoi BB To# Toukb (x, ¥), KOTOpY0 pa3cMaTpuBaeMb. 3aMbBTHMB,
4TO NPOH3BOAHAS OTh @ HMEHHO DAaBHA

1 2 Y} i3 Y Y73
(—%i By~ "),

lpeacraBass cedb, crbroBatenbHo, uTo Touka M (x, ¥) OMNHCHIBAETH HAHHYIO
KpHBy1O (cM. § 5Y2), MBI BHAMM®B, 4TO CONpHKacaloulifics Kpyrs 1aMs 6y-
aeT» HMbBTb KacaHie Bblme 2-To NOpsjiKa Ch AaHHO KPpHBO, rab
paaiycs KPHUBH3HBH 6Gyaers maximum uau minimum. 3THMB, 0AHAKO,
HE HCKMOuaeTcss BO3MOXHOCTH TOTO, 4TO NepeconpHkacaHie OyleTds H Tams,
rab ¢ He 6yneT® HH maximum, WM minimnm.

Orubarolyiss KpuBbist
(Enveloppen).

619. Onpeptnenie. Monoxumb, 4TO naHO ypaBHeHie cemeHcTBa
KpHBLIXD f(x, ¥, @) = 0, NpH ueMb KaXIOMy 3HaueHIl0 napaMeTpa a
cooTBbTCcTByeTH onpenbneHHas KpuBas 3TOro ceMeiictea. Msbl npeano-
NOXHMMB, 4TO f(x, ¥, @) HenpepsiBHa OTHOCHTENbHO @ H HMbeTb He-
NIPephIBHbIA TIEPBLIA NPOH3BOJIHBIA M0 BchMb nepembuHbiMb. [lycts M
ecTe Touxa nepechuenis kpuBmXb (@) M {@ -+ A), T. €. KPHBLIXB, COOT-
BBTCTBYIOWHXD 3HaueHinMb napamerpa a v a- 4. Ecan, duxkcupys a,
cTaHeMb npubammarte - kb Hymo, To KpuBas (a4 4) Oyamers nocre-
NeHHO NPHOAMKATBCA Kb KPHBOH (@) M MOMETb CAydMThCa, YTO Touka M,
nepeaBHrasch no Kpuso# (a), 6yneTd cTpeMHTbCs Kb HEKOTOpOoMy mpe-
atasHomy noaowenito 4. Ecam kpusbin (@) u (2+4) He nepechxa-
10TCH, TO, HECMOTPS Ha 3TO, MOXKETH CAYUMTHCH, UTO Ha KpuBoH (a)
CYWeCTBYIOTS TO4YKH A, oOnanatouiin cnbaylownMb CBOHCTBOMDB. €CaH
BTopaa KkpuBas (a-+ %) oTchkaeTs Ha HopMaan Kb nepsBoit (@) Bb
Toukt M whroTopeit 0Tph30KD, 6e3KOHEuHO Manbi NpH A Ge3KoHEYHO
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ManioMb, TO Bb Toukb 4 3T0Tb 0Tpb30K® 6yaeTh 6E3KOHEUHO MAJBIMB
Bblll€ TepBAr0 MOpPAAKA OTHOCHTENbHO /. Takia ToukM HaucuaAbHBH-
waro 6e3koneunaro cOaAHKeHin Kpusbixb (@) M (a-+/4) MOXHO
pascMaTpHBaTbh TaKKe KaKb TOYKH, OOILif ABYMB KPHBbIMb, €C/M TpeHe-
Gpeub Ge3KOHeuHO MajbiMH Bbicmiaro nopsaka. OGiuee mbcro Toueks A4
Ha3bIBATh OTHGawINew KpHBeX® f(x, ¥, a)=0.

620. YpaBHenle oru6awomeit. [Ipeanonowums, qro A He
KpaTHas TouKa KpHBO# (a); BcabacTsie mpeano/ioxeHHOH HeNMpepHRHOCTH
MepBbiXb MPOM3BOAHBLIXD DYHKUIH f, H BB CMEKHOCTH Cb 4 — KPaTHHXD
Todeks He Gyners. [TosTomy, ecin BosbMeMb Ha KpuBoH (@) Touxky M
A0CTaTo4uHO Gausko kb A, 10 Bb TOukb M Hopmans Kb kpuso# (a)
6yners umbrs Bnoaub onpenbneHHoe Hanpasnedie, H KOCHHYCHI YI/IOBbB,
06pa3yeMblxsb 3THMB HanpasjeHieMb Cb KOOPAMHATHHIMH OCAMH, GyAyTh
6€3KOHEUHO Ma/l0 OTJIHYAThCA OTb COOTBBTCTBYIOUIMXD KOCHHYCOBD
yr108b HopMand Bb Toukb 4. QGo3Hauas uepess o u § KOCHHYCHI
yraosb Hopmaau Bb Toukb M cb ocamu, 6yaemn, crbrosarensHo, uMbTh
1 of 1 df_L o

Varew " T gz

(¥ U y—xKoopauHaTsl ToukH A4). O603HauuMb, narke, 4epesb § U 7
KOOPAHHATH TOukH [, cTpeMsiifcs Kb x M y— KOOPAMHATAMB TOYKH A,
npu 6e3koneuHo Manomd . Ilyctb Takxe [ 0603Hauaers otphsoks MM,
orchkaembiit KpuBow (@ 4) Ha HopMann BB Touks A kb Kpuson (a).
Ecan M ecrb Touka nepechuenin KpuBbIXB, TO / HALO MONOXKHTL PaB-
HbIMB Hymo. Bo Bchbxb ciyuaxs koopaudatsl Touxku M’ 6yaytes £+ la,
7 -+ /8. DTH uMcia NOMKHM YIOBIETBOPATH ypaBHeHilo f(x, v, a+h)=0.
CnbnosareisHo,

f(E+la, n+18, a+ h)=0.

Orcona, npuxnmas Bo BHuMauie, utro f(§, 1, a) = 0, u or6pacusas
6€3KOHEUHO Ma/bifd BHICIUATO TOPSAKA OTHOCHTEIBHO /i, HAXOAUMB

z(adf +,3‘3ff) w3 <o,

ox ay
a 1uoTOMy Z:—V-h?g{- Takbs Kakb KpaTHbIl TOYKH HCK/IOYEHH (T. e.
Af ne passa 0), Tj(:, aaA Toro 4to6bl [ 6bIO BHICIWIATO MOPAAKA,
ykMB /2, HEOOGXOMMMO H AOCTATOMHO, 4TOSH GbUIO g{z—( = 0. HUrakms,

ypaBHeHie orubaroumel noayyaerca 4epe3db UCKAOHeHie g H3DB
ypaBHeHi#

(24) S,y a) =0, fl(x,y a)=0%.

*) Boobiue, nonyyaeMoe yKa3aHHbIMB NyTeMb ypasHeHie Oyierb u3o0pa-
®aTb Jaubo orubawoluylo, au6o obiee MbcTo 0COOEHHBIXB TOYEKD KPHBOH.
Cum. 'ypca ,Kypce Maremaruueckaro Anamusa“. Mocksa 1911, crp. 460.
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621. XapaxTepucTnyeckoe cBoiicTBo ormbaromeii. Moxuo
CKasaTb, YTO ypaBHeHie JaHHAro ceMeHCTBAa KPHBHIXDB, T. €. MEPBOE H3b
ypaBHeHi#t (24) u ecTb ypaBHeHie orufaroiue#, ecim Bb 3TOMBb ypaBHeHi
f(x, v, a) =0 Oynevb pascMaTpuBaTh @, KaKb (yHKUil0 OTb X H ¥,

onpenbaseMyl0 ypaBHeHieMB %lf- = 0. uddepenunpys nepsoe Hu3b
ypaBHeHiit (24) npu cabnanHoM® yCa0BiM, HaXOAUMD

AT VT

KOTOpOe, Bb CHIy BTODOrO H3b ypaBHeHilt (24), NpPHUBOAMTCA Kb
7 . . 7
3% + a—j_y =0, T. e. Kb ypaBHeHilo, omnpedbnflouieMy 3HaueHie y

aas kpuBoit (a). CabnosatenbHo, orufaiolas KacaeTcd KaXAOH
M3b KPHUBBIXB JaHHATO ceMeHcTBa. Bb 3TOMB COCTOMTH XapakTe-
pHCTHuecKoe CBOHcTBO orubatowert. [IbitcTBUTENbHO, KakoBa Gbl HH
6L1a KpHBad, KOTOpas [AOKHA KacaTbci BCBXB KPHBHIXB JaHHAro ce-
MeHcTBa, BCErJa MOXHO CUMTAaTb, YTO €A ypaBHeHie ecTb YypaBHeHie
f(x, y, a)=0, rab a HeussbcTHas dyHKLiA, KoTOPyw Hado onpenb-
JAMTb HaajexauuMbs o0pa3oMb, uTOGbl yIO0BIETBOPHTH MOCTABJICHHOMY
tpe6oBatito. 310 onpepbaeHie KOMKHO ObiTb cAbaaHo Tak®h, 4TOGH
ypaBHeHie (25) 4aBano TO e camoe 3HaueHie y’, KOTOPOE NOMyyaeTcs
A5 BCAKOH KPUBOH (a), KakoBo Gbl @ HHM Gbvio. [lostomy HeoGxoamumo

0 .
JOMKHO ObITh a—gzo, M HCKOMOe ypaBHeHie coBnajaeTs ¢b THEMB,

KOTOpOe MOJYy4deTcs MCKIYeHieMb @ W3b ypaBHeHilt (24).

622. Ypasuenie f(x, y, a) = 0 pacnpentnsers TOUKH MIOCKOCTH
N0 KPHBbIMD, JEXAWMMb OObIKHOBEHHO MO OJHY CTOPOHY OTB Oruba-
loute, KOTopas TaKuMB 06pa3oMb fBJAAETCA rpaHuLeH ofracTH, 3anodj-
HEHHOH KPHBBIMH JaHHAro cemelicrea. PascMOTpUMB Tenepb JBa ypaBHeHia

(26) Sfle, v, a,0)=0, glx, 5 a,b=0.

3TH ypaBHeHif, BOOGuie TOBOPs, YCTAHABIMBAIOTH HbEKOTOpOe COOTBBT-
CTBie Mex1y KaXA0I0 Mapolo 3HaueHill He3aBUCHMbIXB MapaMeTpPOBBL H
Touxamu (x, ¥) Ha mnnockocTH. Bonpoch 06b onpepbieHiH rpaHHLb
TOW 06nacTH, KOTOPas 3aHATA 3TUMH TOYKAaMH, IPHBOAHTD Kb PasbiCKaHiio
orubarolelt ceMeiiCTBA KPHUBHIXDB, H300paxaemaro, HanpuMbpb, nepBeiMb
H3b ypasheHit (26), eciM BB HeMb OyJeMb pascMaTpuBaTh @, KaKb
eIMHCTBEHHbI TNPOW3BOJbHLIA TapaMeTpb, a b, Kakb (yHKUil OTB
x. v u a, onpenbasemyio BTOpbIMB M3 ypaBHeHilt (26). Iloatomy

0 ) .
6yneMb umbThb f—l-aj;‘;b 0, rab (dig onpeabaneTcs M3b ypaBHeHis
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Otciona cabayers, uro
9/, &) _
@7 3 b 0.

Hcknouas @ u b usb ypaeHenift (26) u (27) mbl ¥ nonyummb ypas-
Henie wnckomo#t kpuBo#i. OnHO H3BL ypaBHeHilt (26) Moxerb W He
conepwate Bb ce6b & M y, W TOrAa CHOBA NPHXOAHMDB Kb Ciayyaio
OHOr0 HE3aBHCHMAaro napaMerpa, NOTOMY YTO APYrof Hano pa3cMaTpH-
BaTb Kakbk ynkuilo nepBaro. Ho ypaBhenie (27) ocraercs cnpasensu-
BuiMb. O6Gumnbe, ecim umbems s ypaeHenilt

f@y a b ¢ .. =0, gy abec...)=0...
Cb » napamMeTpaMu, CBABAHHBIMH # — M COOTHOLLIEHIAMH
pla b.c,..)=0, v bc ...)=0, ..,

10, Auddeperuupys Bch naHHbIA ypaBHeHis (T. €. NEPBbiS # W YCJIOBHBIA

72 — 1) OTHOCHTENLHO MapaMeTpoBb, M uckmovas da, db, dc, ...,
HafineM®b, yTo QyHKUiOHaNbHLIA onpenbanTens f, &, ..., @, 9, ... OTHOCH-
TeNbHO a4, b, ¢, ... NOMKeHDb OuThb paBeHD Hyao. Hckioyas » napa-

MeTpOBb 431 #-+ 1 ypaBHeHill, Mbl M NOJyYHMMD ypaBHehie orubaioimefl.

623. JBONIOTHI M 3BOJbBEHTbl. JBOJIOTOK MIOCKOA KPHBOH
Ha3bBalOTh oOrunbalomyio ef Hopmasnel. Bedkas KpuBas HasbiBaeTcd
3BObBEHTOI0 cBOoefi 3BoMOTH. Ha ocHOBaHiu ckasaHnaro Bb § 9593,
MOXEMDB TOTYaCh CKasaTh, YTO 3IBOJNIOTA NJOCKOH KDHBOH €CThb
obimee MbcTo e LEHTPOBD KDHBH3HLL. ITY TEOPEMY MOXKHO TaKxe
[OKa3aTh NyTeMb, yKa3aHHeiMb Bb KoHUb § 620. IlpumbHas ykasannoift
npieMb kb ypasHenito HopMann X —x+9 (Y —9) =0, noayyaems

— 1+ +(Y=-2)y"=0.
KoopauHaTel TOYeKDb KacaHis HopmajeH c¢b uxb orubawoweli onpenbns-
1otcs1, cabaosatensHo, opmynamn
2

© 14yt 1+
X=x—y -7, Y= -
Yy y+ y

Cb apyroH cTopoHbl, xkakb Mbl Buaban BD § 618, eciu § u 1 — koop-
OUHATH LEHTPa KPHBH3HBI, TO

Utaks, X =&, Y=1.
624. Eciy HanuweMd KOODAMHATHI LEHTPAa KDHBH3HbI Bb BHAb

§=2x—psing, #n=y+ocosp,
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TO OTCIONA BBIBEIEMB
dé=dx—ocosp-dp —sing-do, dn=dy —psing-dp+ cosp-dog.

Mpunomunas teneps, yto dx =cos ¢ - ds, dy=sing -ds n ds=9do,
Haxonumb d€ =—sing . dg, dn = cos@ .do. DTH bopmyabl noKask-
BalOTh, 4yTo saements CC ayru 3BoMOTH (puc. 71) MOXHO pascma-
TPHBaTh, KaKb Jexallii Ha HOpManu Kb 5BOAbBeHTH W umblowiti aauHy
do=dp. Orciona onatb crbayersb, uTo KacaTeabHHA Kb 3BOAOTE—
HOpMaau kb 3BoabBeHTH. Kpomb Toro, paBenctBo d(o—g)=0

Puc. 71. Puc. 72,

NoKa3blBaeThb, 4T0 0 — @ = const. [losTomy, ecan Bo3bMeMB HEKOTODYIO
nyry C,C,=0,— 6, Ha 3BOAOTH H NOJONKHUMB, YTO Ppamiychl KpH-
BM3Hbl JaHHOH 5BoAbBeHTH Bb KoHuaxb Ayru C,C, umbioTp suavenis
0 M 0, TO O, — 0y, =0,— 0y, T. € 0,— 6,=0,— 0, V/HbiMn
C/I0BaMH

(28) Oyra C,Cy = M,Cy — M, C, (puc. 72).

[ MpumEBuaunie. U3b popmyrs d& = —sin@.do, dn=cos g - dp
nonyqyaems d& -+ dn?=do®>= dg?, orxyna do= +dp. Ecmm npu
neuwenin toukn M ore M, kb My 6 1 @ ONHOBPEMEHHO BO3PACTAOTDH
unn y6nBawTb, T0 do=dg; ecin xe, NpH BO3PACTaHiH G, g yOHBaeTB,
10 d(6+0)=0, 1. e. 6 o ==const. 3axaoyenie, auto v C,C, paBHa
pasHocTH paniycosb KpuBusinl + (M,C,— M,(C)), cnpasemnBo Bb

do
'V da
mMbHAETD 8HAaKB, TO NpelblAyllee PABEHCTBO He CNPaBelInBO. Bb 3TOMB
caysat nyry M, M, nano paspbauTh Ha €acTH, Bb KOTOPHIXD %g
COXpaHfeTh 3HAKB, H NPHUMBHUTL [OKasaHHOE PAaBEHCTBO, Cb COOTBbT-
CTBYIOLIMMD 3HAKOMB, Kb Kawao# yactd otababno. Hanpumbps, ecan

obouxb cayuasxb. Ecau we, npu nsuxenin M oty M, xv M,
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Ha napaGoxt Touku M, u M, nexaTb no pasHell CTOPOHBI OTb Bep-
muHsl (), UEHTPh KPHBH3HBI Bb KOTOPOH ecTb Touka (C Ha OCH, TO

o CCy=MyCy—CO, wCC=M,C—CO, © CyCCyom=MyCy+MyCy—2CO.]

Ykawemp Hbkotophis 3ambuaTesnbHbin cabacTBis 3TOro CBOHCTBa:

a) Ecan ayra M M, nocratouHo Mama Ans Toro, 4TOOBI e
KpHBM3HA H3MbHAIaCh OTb OLHOTO KOHUA Kb APYrOMy Bb OIHOMb H
TOMDB e HanpaBieHiH (T. €. MWJIH MOCTOAHHO BO3PACTala WIH MNOCTOSHHO
y6hBana), TO OKDPYXHOCTH COMPHKACAIOWMXCA KPYTOBb Bb TOYKAXb
M, v M, ue moryts nepechkarbcs, notomy uto onbh orabasiorcs oama
oTp Apyroél umenHo ayroiwo M, M, (cm. § 592). Jlerko, Bnpouems,
BLIYHC/IMTbL PA3CTOSHIE Mexa1y STHMHU OKPYXKHOCTSMH, PABHOE Pa3CTOSHilO
Mexny Toukamu (Jy u (J,, newawmmu Ha auHin uentposs C Cy
mexny M, n M, (puc. 72). Mb umbems

Q105 = 0:Co — (01 + GG = MGy — MG — GGy

win O, 0,= nyra C,C,— xopaa C,C,>0. CnbaosaTenbHo, icHO, 4T0
OKPYXHOCTH [BYXDb /[OCTaTOYHO OJIH3KHXH CONMPHKACAIOUWHXCA KPYroBb
nepechkaTbcs He MOryTh. Ho Mbl MOXxeMb ckasath euwie Goabe, a uMeHHO,
4TO 3TH OKPYXHOCTH He MoryTb HUMbTh (§ 585) M obGued
TOYKH, H pascTOfdHie MemAy HHUMH ecThb O6E3KOHEYHO MaJjad
TPeThAro NOPAAKA OTHOCHTENBbHO Ppa3CTOAHiA MexaAy HXD
IEeHTPaMH.

b) Hav dopmyasl (28) BhiTekaeTh ewe cabayiouwlee: npeicTaBUMb
ce6b, uTo Ha HBKOTOPYIO IVIOCKYIO KDHBYIO HaBHUTa HEPACTMKHMAH HHTh;
3aKphNUBD OJMHDB € KOHEWb H YIepHBas HHTb BCErAa HaTAHYTOMW, Oy-
JieMDb CBHUBATb HHMTb Cb KPHBOH BB €Ml INIOCKOCTH, TOI'1A BCAKas TOYKA HHUTH
6yneTs ONMCHIBATL 3BOJLBEHTY AaHHOW kpHBOH. Hrakb, BCAKad KpHBas
yuMbeTs 6e3KOHEUHOE MHOMECTBO 3BOJILBEHTh, [IPEACTAB/IAIOWHXD CHCTEMY
Napa/lieJbHbIXs PABHOOTCTOSIWHXD OAHA OTb APYTOf KDHBHXDb. IBOJb-
BEHTHl [JaHHON KDHBOH MOXHO TaKXe€ pa3CMaTpHBaTb, KaKb pYJETTH,
ONHCHIBAEMEI TOYKAMH NpAMON, KaTduieficd 6e3b CKOJIbXeHis Mo JaHHOH
KPHBOM,

625. Jlnm nosHaro usydeHis 3BOJMIOTH DaHHOM KPHBON oOcCTaercs
eute onpenbauts ea kpususHy. Cb 37010 nbabio 3aMbTHMB, 4TO Yroab
CMEXHOCTH 119 O0GBHXD KpPUBBIXb, OYEBHAHO, OAHHD H TOTH *e. OTciona
T0T4ach cibayerTs, YTO paAiych KPHBH3HH 3BOJIOTH PaBEHD @ dQ ).

Mostomy, Boo6we Kaxnol Toukb 3BOJBBEHTH, Bb KOTOPOH KpPHBH3HA

. do
*) TTotoMy uTO pajiych KPHBH3HBI 3BONIOTH PaBeHb Fri rab do = do,

dp = — -
7 0
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MaKCMMyMb WIM MHHHMyMb, Ha 3BOJIOTE COOTBETCTBYeTh TOYKAa BO3-
BpaTa,a TOYKH BOSBPaTa 3BOAbBEHTH (N0 kpaiHed mMbpb, mepsaro pona)
€aMM MpHHadNexaTh 3BOMIOTH, notomy uro npu 9 =0 Touxa M 3BOJB-
BEHTH ¥ TOYKa (O 3BOAIOTH COBIANAITDb Cb ONHOK H TOK e TOUKOKW 4.
Kpomt TOrO, ecnm @ ects pamiych KpHBM3HB 3BOAOTH BbL TOukb 4,

U d
TO M3b ypaBHeHis lim Qﬁ = @, [MepeHecs Hayaao cuyeTta Ayrb Ha

3B0AbBeHTE Bb TOuky A W npumbusa Teopemy JlomuTans, TOTYach
flONYYUMD
2
im< =24,
S

CnbpoBareNbHO, Bb CMEWHOCTH Cb TOUYKOW .4, 3BOAbLBeHTa HMbeTh
npuban3NTeIbHO GOpMY KDHBOH, HaTypanbHOe ypaBHeHie KOTOPOH ecTh
0?=2as, 1. e. (cMm. § 595, 0) dopMy 3BOALBEHTH Kpyra paniyca a
Bb CMEXHOCTH Cb es TOYKOK BO3Bpara.

626. Ynpaxwuenis. a) YpasHeHie y = (x — a)® uzobpaxaerp ceMeHACTBO
PaBHbIXD Mexly co60l KyGuYecKHXb Napaboasb, ornb6aeMblXb OCbK x-0Bb. IJTa
npsmas Kacaerca BchbXb mapa6oakr BB TOYKaxXb HM3rH6a HXB, 4 NMOTOMY W He
2bauTe naockocTe Ha ABb o6aacTH — ONHY, BB KOTOpOH Haxomsatca Bcbh oruba-
€Mbifl, 1 APYIYl0, Bb KOTOPOH NXB BOBCe HBTB, KaKb 3T0 GblBaeTh Bb GOJbIUIMH-
ctb cayyaess (cM. § 622). TouHo Tak® we orubawoulas napaboas y=a2 (x—a)?
COCTOHTB H3bh OCH x-0Bb M kpuBOR 16y —=x% Ho 3ta kpuBas kacaeTcda kaxuao#
u3b napaboas Bb Toukb x = 2a, v nepecbkaers Kamayl H3b HHXB BB ABYXb

Apyruxs x=—2a +2a} 2. CabrosaTeabHo, 06.1aCTh, 3aMOJHAEMAs JAHHBIMH
napa6oJaMu, OTPAHHYEHA TOABKO OCbIO %-OB'h.

b) HaiimeMdp oru6alolLyio MNOABHXKHOA mpAMOH, KOTOpaf HBHMKETCH MO
TIIOCKOCTH TaKb, YTO ABb ed TOYKH MOCTOSHHO HaXOAATCH HA CTOPOHAXb NAHHATO
npaMoro yraa. Ecau 0603HaYuMB yepeésdb / pa3cTosHie Mexay 3THMH TOYKAMH,

s x
TO ypaBHeHie npAMoH 6yners o5t ﬁ =/, 1 § MOXKHO Pa3CMaTpHBATh, KAKD
napaMeTpb, KaxIOMY 3HayeHilo Kotoparo cooTsbTcTByeT®s onpenbieHHoe M0J10-
#eHie npamo#. [uopdepesuupya no &, nmoryyums

¥ _ Y am x/cos b yfsinb
cos3 b sind b cos28  sim2f

>

J 2
cnbroBareabHo, x = /cos? 8, vy =1Isim30 u x} —}—y% = /3, HWraksp, orubaomas
NOABHXHON NpsAMOA ecTb actpouna (§ 595, g).

c) Actponpa 6yners Takxe orubatomas BCHXb SJIMNCOBD, ONHUCHIBAEMbIXD
KaWI0W0 APYrol TOYKOKW TOH e npaMol (puc. 73). [bHcTBHTEIbHO, ecau pas-
abaamb / Ha n8b vacth @ W b, Takp 4t0o @+ b=/, To Touka nbJaeHia onumWeT®b

2 2
SANHUICD % + %— = 1. /[udcdepeHuupys mo napaMeTpams 4@ H b, ¥ NPHHEMAHA

BO BHuMaHie, yto da + db = 0, NoIy4yuMs
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OTKY Ia nocabpoBaresbHO

%2 = adjl, y? = b3/l x%+y§= 1%,

Ecan we, BMBCTO 3TOrO, MoAyocH 6yayTs cB#3aHbl ycaosiems a2 -+ 6% = 2, To
NONOGHBIME e 00pa3oMb HaHieMb, 4TO orubaomas 6yieTs cOCTOATH H3D Ye-

Puc. 73.

ThipeXd MNpAMBIXB + ¥ + ¥y = !, 1. e. BCh asaunchl, umblowie o6uia ocn (no
HanpasieHilo) H o6wift kpyrs Momxa, Bnucaibl Bb OAMHB H TOTH We KBal-

patb (pHc. 73).

d) Mexny sBonbBeHTamH UbnHOM 1uHiM ocofenHo 3ambuarenpHa Ta,
KoTopas Gepers Hayalo Bb BepIUMHDB KPHBOW M HOCHTD Ha3BaHle mpaxmpuce:

of o\

Puc. 74.

(puc. 74). HaBbcTHmA cBolcTBa IhnHON JHHIKM
(§ 595,1) npuBOAATH TOTYACH Kb YCTAHOBJEHIIO
HUmecTBIyOWKXD CBONCTBD TPAKTPHCH: OTPb-
30Kb, OTCBKaeMblt aCHMNTOTOI HA Kaca-
TelbHOHR, cdHTaeMbl OTBb COOTBbBTCTBY-
e TOYKM KacaHis — BeJHYHHA NOCTO~
fAHHaf; LUEHTPD KPHBH3HB JNeXHTD Ha
neprneHAnKyaAaph, BO3CTaBIEHHOMD Kb
acUMNTOTH HM3b TOYKH NepechbueHia esn
C’h KacaTeAbHOIO.

e) Kakbp aHanMTHUeCKH, TaKb M reoMeTpH-
YEeCKH JerKo M0Ka3aTb, YTO 3BOJOTA LMKAOHIbI
paBHa CBoe#t 3BOJbBeHTH (TOABKO CIABHHYTOH
¢b» wmbcra), 3BoawTa Kaplionabl ecTb BTpoe
MeHblIas KapaioHaa, 3BOJIOTa aCTPOHILI BABOE
60abiuas acTpoHza M T. a. OOwHbe MOMHO
JIOKa3aTh, YTO 33 HCKJIIOYeHieMb 3BOJbBEHTHI

Kpyra, BCh SmM- M rHNOLMKJIONIB NMOAOGHBI CBOMMB 3BOJIOTaMB, H €CIH 1 eCTh
OTHOLUEHie pamiyca mOABMKHOIO Kpyra xb paiiyCcy HENOIBMXHAro, T0 OTHOIUeHie
nono6is (NOCTOSIHHOE OTHOMIEHie MeXAy NPONOPLIOHANLHBIMH IMHAMH) 3BOb-
BEHTH! M 3BOAIOTH paBHO 1+ 2m, T. e. paBHO cooTBbTCTBeHHO 1, 3, § W T. A.
A unkaonanl (e = 0), kapmionasl (m = 1), acrponasl (M= —4) 1 T. I.
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f) DBynemb HckaTh orufamoilylo ceMmeHCTBA KPYroBb, 3HadA KPHBYIO, Ha
KOTOPO# HAXONATCH HEHTPhl BCHXDB KPYrOBB, H 3aKOHD M3MbHeHia paniyca Bponb
3to# kpuBo#. [lonowumb, 4To & %) H @ — KOOPHHHATHl UeHTpPAa W pamiych, 3a-
JaHHble, KaKb (QYHKUIM AYTH ¢ KpHBOH — obuaro mbcTa UEHTPOBD, TOraa HAmo
6yners auddepenunpoBats ypasHeHie (x — &2+ (¥ — 9 = 02 no ¢, pascma-
TpHBasg NMPH 2TOMB X H ¥, Kakb NOCTOAHHHA. Mul noayyaemsb

o (x~§)%+(y~n)‘;l—z+g§§4=o,

H BHIHMB, YTO KPYTH KacawoTcs orubawllie#i BB TOYKAXb, JeXALMXDb Ha Nps-
MOH, NapanienbHOH HOPMAnM Kb JAHHIM ILEHTPOBB, NPOBENEHHOH HA PA3CTOSHIH
do
°do
IOCTATOYHO, 4TOOBl | do | Obina He Goabiue | do|. MHbiMH caoBamu, orubaioluas
TOJBKO TOTAA BELIECTBEHHA, KOTa CKOPOCTb, Cb KOTOPOI ABHKETCA HEHTPb, He
MeHbllle CKOPOCTH, Cb KOTOpPOIO KPYI'b pPacTATHBaercs WIH Cxiumaerca. [lpu
|do| < | do| orubawowas COCTOHTH 3B IBYXDH BbTBeH, COBNANAIMXD BB OIHY,
korna do = 1 do. Bb aToMb cayyab kacaTeabHas Kb obuiemy mbCTy LEHTPOBB
6yzeTs HOpMaibHAa Kb OTrHOawoIed, u kpuBas (&, n) ecTh He YTO WHOE, KAKD
3poaloTa Kpuso#t (x, ¥). MlHeiMB croBamu, ycnosie dg = 1 do, Heo6xoamMocTb
KOTOparo Oblia ycTaHoBaeHa Bb § 624, OyleTs H N1OCTATOYHBIMB LAA TOTO,
yto6bl Kpyru HbkoToparo cemeficTBa OBIAH CONMPHKACAIIIUMHUCSH
KpyraMH NAOCKOH Npamoit.

oTb uentpa. Ytobel orubamomas OGblla BeLIeCTBEHHOIO, HEOGXOAUMO H

do!

[ NpumBuanie. [lpu Q51> 0 u npamasa (1) He umbern
a’al

dg
%|>1,

O0IIHXD TOYEKD Cb OKPYXKHOCTbIO Kpyra pagiyca ¢, crbpoBarenbHo, HbTp H

BeulecTBeHHO# orubaowed. [Tpn |-g < 1, npamas (1) nepechbkaers okpyxHOCTD

d a‘
Kpyra Bb AByXb TOYKaXb: OJHA ONHINETDH {IPH u3MbHEHIM ¢ omHy, Apyras ApyTyio
d
BbTBL orubarowen. Ilpu lﬁ‘ =1, npamasa (I) kacaercs okpymuocTH oruba-

eMaro Kpyra M TOYKa kacaHis ONHMilleThb eIHHCTBeHHYI0 BETBb orubaioieir. Kpomb
TOro, KacaTenbHas Kb JMHIM LEHTPOBDL OylNeThb NepreHINKYJspHa «b aubin (1),
T. ¢ OyleThb HOPMalblo Kb OrHGaeMoH. ]

627. loa3psl ¥ aHuTHUNOAAPBEL. Mbl ywe ckasanmu Bb § 9590, c,
YyTO MOA3POI [AHHOH KPHBOH OTHOCHTENBHO TOYKH (J HA3LIBATD
o6uiee mbcto npoexuidt Touku () Ha KacarenbHOH Kb IAHHOH KPHBOH.
Ecnu xpusaa (M) ects nonspa xpuso#t (M) (puc. 75), o xpusas (M)
HA3bIBAETCH AHTUMON3POIo KpuBoh (M) orHocuTenbHo Touxku (). fcHo,
4TO AHTHNON3PY HEKOTOPOH KPHBOH OTHOCHTEJIBHO TOYKH () MOMKHO pas-
CMaTpUBaTh, KAKb orubaiwoilyio nepneuauxyidposs MM, Boacrasnen-
HBIXh Kb DA3IMYHBIMB NPAMBIMb, MPOXOMIIHMb 4Yepedb (J, Bh TOUKAX'b
nepechyeHiss 3THX'B NPsAMbIXB Cb JaHHOW KpuBow (M). Dro sambyanie
H yxaspiBaeTb NyTh [ad onpeabsnenis autunonspel NaHHOH KpUBOH.
Ilycts M -~ wbkotopas Toyxka Ha naHHOH xpusofi, a M,— cootsbr-
CTByWOIlas el Toyxa Ha HcKOMoN antunoaspbs. Hanunwems ypasHeHie
oru6aemoli npsimoli BB BUAD

xcos b+ ysiné =r.
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Ouddepenunpys ero no §, Haxomumb

—xsinf4ycos b =7

DTo ecTh ypaBHeHie npsMoit, nepnenauxymspuoit kv MM, , npoxoasiueft
yepedb KoHewb /V nomipHo#i nogHopmand nanuo# kpusod (§ 588).
Koopaunartsl Toukd M, yaosneTBopsiiors 06ouMb ypaBHeHiiMb, crbiao-
BaTenbHO, Touka M, auTunopspn faHHOH KpHBOH, CoOTBHT-
cTBywowas Toukd M, ecth npoexuis Touku N ua npamyo MM,.
M3b nomyyeHHbxb [JByXDb YPaBHEHil HaXoaWwb A9 KOOPAHHATD
Toukd M, Bbipawenis

x=rcosb —# sin, y=rsinl 4 # cosb.

WUckmovan § u3b 3THXD IBYXD ypaBHeHill, npu yemb # 4 ¥ 6yayTh

u3BbcTHRS  dyHKUIM OTD §, onpeabaseMbls NONAPHBIML yPaBHEHieMD

JaHHOW KPHBOH, Mbl H MNOJYYHMD ypaB-~

Henie aHTUNOA3pH BB JleKapTOBLIXD

M, KoopauHaraxs, Ecau, obpaTHo, ndaHa

6ynerv kpusan (M,), To u3b onpenb-

newia ea noaspm (M) ussbeTHO Gyders

N nosowenie Touku M, cooTBETCTBY IOWIEH

Toukb M, ¥ BbILIEH3NOKEHHHA CO00-

- 1Y paxenisi A310TD BO3MOXHOCTb APYTrHMDb

r nyTeMb NPHATH Kb MNOCTPOEHiIO Kaca-

' TennrHOR BB Toukb M na noaspts (M).

) 9 - % DBb camomb abnb, 3Ta KacatenbHas nep-

neHnuKynapHa kb Hopmann MN, a

Puc. 75. npamas MV nonyuuTcs, Kakb npsmas,

npoxonsamas uepesb M W cepenuny

OM,. Danbe, ecnn xenaemb 3HaTh padiych KpHBM3HbI Kpuso# (M)

Bb Toukt M, (ua awtunomspb naHHOH KpHBOH (M), npeanonaras
u3BbCTHHIMD pafiych kpuBu3Hb nocrbanest), To sambuaemnb, yTO

41;:-(r+/')sine, %:(r +#) cos b.

Takb Kakb d§ ecThb yroanb CMexHocTH aas kpusoh (M,), To es pamiycn
KPHBH3HH O, = # + 7" *). WUTaK®, n0cTaToyHo nponomkuts npamyio M, N
Ha muny NVC =", 4T06b noayuuTb Bb TOuks (C; HCKOMBIA LEHTPH
KPHBU3Hb, JTOTH Pe3y/nTaTh OOLIKHOBEHHO NpPEACTaBASIOTD Bb APYTOMD
Bumh, BbpaXas Q, 4epesb pamiych BekTopb #, = QM, u pagiycnp

*) Bsb caMoMd abab, d0 SKBUBAEHTEHD Yray MeWay ABYMS [epleH1d-
KyAspaMd Kb ABYMb Ge3KOHedHO GIH3KUMB KacaTelbHbIMB Kb KpuBol (M),
ds  Vdx*+dy:

nostoMy dé=deg, Q‘=Zz’Tp 75 r4-v.
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KpuBH3Hbl @ NaHHOH KpuBOH (/). BulpaxeHie @ moiyuHMDb No BTOPOH
u3b dopmyad (8), a MMeHHO

3
__ eyt
Q_r2+27’2—rr” 272 —ro

Orciona nonyyaetcss cOOTHOLIeHie

. 7oy l 1 ,
29 e 7 0

KOTOpPOe M [aeThb BO3MOXHOCTb moctpoutb C,, Koraa u3sbcTHO mono-
kenie nenTpa kpususHnt ( nauuo# kpuso#t (M). (Cm. § 595, ).

628. Kayctnkn (Kausticae). llpeactaBums ce6b, uto u3p Hbko-
TOpo# Touku () BHXOAATH cBETOBbE JyuH, NagaloTh Ha 3epkano (M)
M OTb Hero otpakawotcs *) (puc. 76). [lpenbabHeis nonoxenis Touekd
nepechyueHis Kaxabixb AByXb Oe3KOHEUHO
6H3KHXD OTPAMEHHBbIXD yyelt 06pasyloTdb
cebTAly0CH MHHIIO, Ha3bIBaEMYIO KayCTH-
KO no oTpaxeHilo (KarakaycTH-
ko). Kayctuka kpuso# (M) orHocu-
TenbHo momoca () 6yaers, crbrosarensho,
oruGaiowes ayueH, Buxoasiuxb usb ()
u oTpaxawomuxcst oTb (M) no ussbeTHoMy
3aKOHy paBeHCTBAa YIJOBBb MNajeHis M oTpa-
weHis, Jlyub, oTpawenHel! BB Toukb M,

LP

NpoHneTs yepe3b TOYKYy L,, CHMMETPHYHO \\ 7,
pacnonoxeHHyw cb () OTHOCHTEbHO Ka- -
carenvhodt b Toukt M (ML,= OM, L,
QM,=M,L,). PascMaTpuBas etue KpHByIo Puc. 76..

(L)—o6wee mbcro Toueks L, cummerpuy-

HbixS ¢b () otHocutensHo Touku M (ML = MQ),— nerko suphbts,
yro kpusas (L,) ectb nomspa kpusoH (L) oTHocutenbHo momoca ().
[QL, 1 LL,, vacatenvnas kb (L) LL,| MM,]. Tlostomy (§ 627)
Hopmanb Kb kpuBo# (L)) mb Toukb L, mponners uepesn cepeanny Q L,
T. €. uepe3b Touky M. Cabnosatensno, Bch oTpaxenHble Jy4yH HOp-
ManbHel Kb KpuBOH (/,), u oru6aioias HXDb eCTb 3BOJMIOTA 3TOH KPHBOH.
Hrakb, kaycTMKa faHHOH KPHBOH €CTb 3BOJIOTA MOA3PHI KpH-
BOH, mono6HOH naHHOH, OTHOCHTeNbHO cBbTAulelicda TOUKH.
Otcioza cnbayers, 4TO MNOCTPOeHie TOYEKD KAayCTHKH TPHBOAMTCA Kb
NOCTPOeHil0 LieHTPOBh KpuBM3HH (cm. § 595, j) momspul kpuso# (L)
otHocutenbHo Touku (). TIpH 3TOMB MOCTpOEHiW, Kakb jnerko BHABTH,

*) Touka @, sepkano (M) m nydeksb NafalOWMXb JAyueH Npeanonarartcs
J€KAIHUMHE BB OJHOHA IIOCKOCTH.
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MoxHo 3ambHuTh Kpueyw (L) mauuow kpusow (M) *). Bb ToMb cay-
yak, koraa cBbToBBie Jy4H napamienbHel (cBb™uasics Touka BB Gesko-
HEYHOCTH) MOCTPOEHie KaycTHKH OCOOEHHO ynpouaeTcs, MOTOMY 4YTO
toria umberp MbcTO Teopema: HOpPMaJaHM Kb KaycTHKB, NpoOHCXo-
Asiuled OTH Nyuka mapaiansenbHbiXD Aydyel, n1badaTs nononams
paziycs KDHBH3HB 3epKaja Bb COOTBETCTBYWIIHXD TOYKAX'D.

[ Mpumbyanie. Teopemy 3Ty HeTpynHO LOKa3aTh AHAMTHTHYECKH.
HanpaBumM®b ock y-0Bb napaanenbHo Jyyams, nanaloWuMs Ha sepkano (M),
M mycTs ¥ = f(x) HaHHOe ero ypaBHeHie. Yroab «, o6pasyeMmuii HOp-
MaJblo Kb 3epKany Bb Toukbk A/ ¢b nmapaouuMb JyyeMb, paBeHD Yriy,
06pa3yeMOMy KacaTelbHOI Cb OChbI0 X-OBb, TaAKDb 4TO tga =1y = f'(x).
Yroab Mexiy najaolidMb H OTPAXKEHHBIMD JyueMb GyleTh paBeHDb 2a,
a notomy yroab f3, oGpasyeMeulfi OTPaXeHHBIM® NyueMb, GyNeTh paBeHD

T
2a+—2— (uTo NpsiMO BHIOHO H3Db YepTexa); cabrOBaTENbHO,

! 1
2i =5 (75

M ypaBHeHie OTpaxeHHaro sayuya 6yneTsb

l Y-l = (5= ) —».

Ecan npucoenunumb ClOna ypasHeHie, nonyueHHoe H3b (1) auddepen-
LHpOBaHieMDb MO MmapaMeTpy %, H H3Db MNOJYYEHHRIXD INBYXDb YypaBHeHi#
HCKJIOYHMD &, TO MOJYYHMDb YPaBHEHie KayCTHKH. DTO BTOpOE ypaBHeHie
y ”2__
6yzers X —x= — y—,,l, Bb cuay wero (1) maets Y — yl= —7 .

4

[TostoMy, o6o3Hauas uepesb (&, 1) KoopamHare! TOYKH [ Ha KaycTHKD,
cootBbreTByrowedt Toukk A (x, y) Ha sepkarb, 6ynemb umbTh

4

/2__1
2) §=x—%’n=y—y .

yl/

Hopmans kb Kayctukbs BB Toukbh (£, n) nepnennuky/sipHa kb oru6a-
emoit (1), crbmoBarensHo, ypaBHeHie 9TO# HopMaau 6ynerd

’ 2_1
j}}//) = (l _yIZ) (Y—‘.y +y7—)'

3) 2y’(X—x+

CaMoe npocroe BeIYHC/IEHiE MOKaXeTb, YTO ITOMY YPABHEHil0 yIOB/IETBO-

*) 3r10 yTBepAideHie He coBchbMB Touno. TouHas HOPMYAHPOBKA MOJYYEH-
HAro pesyJbTaTa COCTOHTB BB CabAyolleMb: 3B0JIOTA MOA3PH JAHHOH KPYBOH
H € KayCTHKH OTHOCHTENbHO OJHOH H TOH e NaHHOH TOYKH CyTb ABb mogo6Hbla
H MOZOGHHMB 06pa3oMb PACIONOMEHHBIS KPHBHIA, IPH Y€MD UEHTPD Moaobis
JeXHTh Bb JAHHOA Toukb, a OTHollleHie mogobis paBHo 1:2. (Cm. E. Weyr,
.Ueber die Identitit der Brennlinien mit den (Evoliiten der) Fusspunktskurven«.
Zeitschrift flir Math, und Physik, 1869, pag. 376).
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paoTh 3uavedia X = L (x4 %), Y=%(71+}’), rok x1=x_(l+yr2)yr.

y//
14y
n=y+ —y—» KOODIMHATbL LHTPA KPHBH3HbI C 3epkara Bb TOukb
(%, ¥), yTo wu nokaswiBaeTb Teopemy. Ilocrpoenie Toukn P cBOAMTCH
Kb TOCTPOeHiI0 TepneHankyaapa usb cepenndsr (A Kb oTpamenHOMYy

ors Touku M ayuy.]

Bosspamasac, kb o6imeMy ciyuaw TOouke () Ha KOHEYHOMD pa3-
CTOAHIH OTbH 3epKala M TPHIOMHHAA TeOPeMy O MAuHbB AYrH 3BOJIOTH
(§ 624), npuxoaums Kb cabaywomemy sakaoyenin: Ecam P u P—
TOYKH KayCTHKH, COOTBBTCTBY®wIMin Toukams M u M 3epkana,

0 v PP =+ {(QM+ MP)y — (QM'+ M P)}. Ilbicteutenso,
QM-+ MP=L,P, r. e. paniycy kpususus kpuso# (L,) Bb Touxb L,,
M aHaNorHyHoe 3Hayedie-umbers cymma QM'+ M'P’, otkyna u cab-
AyeTb BblileCKa3aHHOe Ha ocHoBaHiM § 624. [loaydenusii pesynbTaTh
MOXHO (DOPMYJHPOBATh TAKb: [JIMHA AYTH KAyCTHKH paBHAa Pa3HOCTH
Meway NMHHAMH [yTed, KOTOphie CBhTH NpOXOAHTH OTh cBbTaeHca
TOYKH [0 OJHOIO H APYroro KOHLUa nyrd. Ec/iM, KakoBbl 6bl HH GbUTH
toukh M n M’ wna sepxans, v PP =0, toraa

OM+ MP = QM'+ M'P,

H Tojiy4yaercd Takoe CabACTBie: ec/H XOTHMB, 4TOGbI JyuM, BbIXOAAILie
u3b ToukH (), MO OTpaweHid oTb 3epkana M, couMch Bb OLHOH
Toukb P, To Heo6x0auMO, 4TOGH 3epKano umbao GopMmy 3anumnca
¢b dokycamu B P u (.

629. YmpaxHenia, a) BosBpamasich kb BOIpoCy 06D aHTHION3PAXD,
MONIOXKHUMB, YTO [dHHAA KDHBAas €CTb YJAMTKA: # = @ cos § -+ b. Waw aroro ypas-
HeHift BbITeKaeT®B: # + #”=b, a 3TOrO [NOCTATOMHO, 4TOGHl YTBEDPHAATb, YTO
auTHIOA3pa ecTb Kpyrb panlyca b. TouHO Takb ke, €cAM [AaHHAS KPHBAST —
cnupanb ApxuMeaa: ¥ =ab, 1o »'=a, »”=0; Touka N (puc.75) €CTb HEHTPB
KPHBH3HBI aHTHNON3DPH (}{;), motoMy uto #”=0, M Bceraa ocraerca Ha OKpYy-
KHOCTH Kpyra pamiyca @, notoMy uto 7’= a. WUraks, ApxumenoBa coupais
€CTh [O0A2Pa 3BOJbBEHTH KPYyra. IJTO CBOUCTBO, KOTOPOE MOXHO CHHTATh
OYEBUAHBIMB (CM. PHC. 54), 1aeTh NPOCTOH CMOCO6D MOCTPOEHiA LUEHTPA KPHBH3HbI
BB gaHHOH Toukb M Ha ApxuMenoBolt crupaiu.

| Mpumbuanie. Omnoxuss Ha nmepnenaukyasphs kb paaiycy ekropyjM Q
(puc. 75) mmuny QN = a, crpoums npsMoyroasHuks M QN M, ¥ npoBomuM®
ero piaronann MN u M, Q, npoekrupyems N Ha Q M, BB Touky H u Touky H
Ha N M, BB touky L. Llenrps kpuBuaubl C 6yners Touka nepechueHis mpAMbIXD
LQ n MN. 310 npsMo BbITEKaeTh M3b IOCTPOEH{s HEHTPA KPHUBHSHBI MOASPEI,
ykasaHHaro Bb § 595, j. [lonmesno mnpoBbpHTH 3TO MNOCTPOEHiE CB MOMOLIBIO
BTOpPO# opMyanl (8) ana @, KoTopas BB AaHHOMB cayual naers

3
B (72+a2)§.
MC= ity

b) HalnemMsb aHTHIOZIDY NpAMOHM JMHIM OTHOCHTENBHO HAHHOH TOUKH
(puc. 77). [lpuMeMD JaHHYIO OPSIMYIO 32 OCb ¥-0Bb, 4 NEPNEHIMKYAADD Kb HER
M3B ToukH () 33 0Cb x-0Bb. Toraa ypaBHeHie mpsimoit MM, Oyners my=m2x+4p,
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rak m o6o3Hauaerp yriaoBo# koddduuiedTs (nepembHHbIA), a +p — MIHHY OT-
pbaka OQ (nocrosrnywo). JuddepenurpoBatie No # AaeTh y=mx, a HCKIO-
yeHie m naers nanbe y2=2px. CrbroBaTenbHO, aHTHNOASPA MPSIMOH OTHOCHTENLHO
JaHH.H TOUKHM ecTb mapa6ona cb (OKYyCOMD
Bb JaHHOH Toukb, kacawow:acd HaHHOH
npsaMoii Bb BepmuHb. 3TOTH pesy/abTaTs,
BNpOYEMb, MOXeTh ObITh BhIBEIEHB H3b
NOCTpOeHin KacaTensHOH, AaHHaro BB § 627.
Bb camomb abab, sto moctpoeHie paers
£ QMN =, NM,H, takp uto HOpMaJib
abaute yrones QM H nononam®y; a ¢b Apy-
roH CTOpOHHI, Ha OCHOBaHiM CKa3aHHaro Bb
x § 590, d BhiTekaeTn, YTO 3TO CBOHUCIBO
NPHHALIEKHTD HCKMOUUTENbHO napaboab.
3ambTHMB elle, YTo BB HACTOAIEMD
cayyal dopmyna (29) obpawmaercd BB
r9;=27;2 (0=0o0), TAKb KaKb BB NPSIMOYTo/b-
HOMB TpeyroabBukb LOM; —riZ=v» LM,
TO Toyka L pbauTBL paliych KPHBH3HBH NO-
noaaMb. TakuMb 06pa3oMb CHOBA NoJsyYaeMb
u3sbcTHoe yxe noctpoenie (§ 595, k).

c) Koraa cabroBnie ayud, Bhixofsuie H3b (), OTPaWaroTCsi OTH KPYroBOro
3epkana, To kpusas (L) 6ymers Takke kpyrs, a cabaoBateabHo, kpuBas (L;)—
yautka (§ 590, ¢). B®b yactHOCTH, ecnn Touka () J€XHTH Ha OKPYXKHOCTH IaH-
Haro Kpyra, T0 OHa JeXHTh M Ha OKkpyxHocTH Kpyra (L), H yiurka 6yleTs
Kaprionnoo, 3BOAIOTA KOTOpPOH O6yneTh Apyrow KapaiOHIolo, BTPOE MEHbIIE
nepsod W o6paTHO pacnonoxeHHOW. MTakb, kKayCTHKa KPYroBOro 3epkana,
AAA NMyYKa Ayyed, BUXOAAUIHNXD H3Db HBKOTOpPOH TOYKH caMoro 3ep-
Kana, e€CcTh Kapiiouia, kacawomascs 3epkaisa Bb cBbrameit Toukt Q) Touka
BO3BpaTa 3TOH Kapaionan ABIHTH piaMeTpb, BRIXOASIWLIR 3D (), Bb OTHOWEHIH 2: 1.
Ecau xe ayud BoXoASTD H3b 6€3KOHEYHOCTH, TO, KAKD Mbl BUIBIH paHblie, HOpMab
kb kaycTdkb BB Toukb P, coorsbTcTBylomeid AaHHOH Toukh M, Ha Koropyio
najiaeTsb Jyub, NPOXOAHTH Yepesb cepeadHy N pamiyca OM. [loatomy, koria
NOCTPOEHbl OKPYXHOCTH KPyra, npoxoisumaro uepess N cb ueHtpoMd BB O, U
Kpyra cb aiametpoMb MV, TO, Kakb BHIUMDB, KpUBYI (F°) MOXHO pascMmarpu-
BaTb KaKb pYJETTy, ONHCbIBAEMYI0 TOYKOl [P, Koria BTOpPOH Kpyrb 6esb
CKOMb}EHIA KaTUTCA mo nepBoMy. HMrTakb, KaycTHKa KpPYyroBoro sepkaJnaa
Aag MyYKa napanneipHbXBb JAydell eCThb 3MNHIHKJIOHAA Cb ABYMA
TOYKaMH BO3BparTa.

NPUNOMKEHIA Kb KPHBLIMD ABOGKOW KPUBM3HBI #).

OcHOBHbISI (POpPMYIIBL.

630. KacatenbHass mnpsimas M HOpMaJibHas TLIOCKOCTbD.
Kacareasnow Bb manHo#t touxh A4 kako#h yroano miockod wim He
NNOCKOR XPHBOH Ha3biBaeTCs NpaMas, Cb KOTOPOK CTPEMHTCA COBMNACTb
chikywas MM’, xorna, cduxkcupys touky M, 3actasumb Touky M’

*) Hennockas kpuBas HasbiBaeTC KPHBOW JBOSIKOH KPHBHM3HBI MO MpH-
uuH’b, KoTOpas BuisicHHTCA Bnocabacreiv (§ 638). Ha nbMeukoms sa3bikb He-
NJOCKiA KPHBbIS Ha3blBalOTCA BHTHIMH KpuBbIMH (gewundene Kurvem), Ha ¢pan-
lyscKkoMb — KochiMH (courbes gauches). Ha pycckom® HH To, HM Apyroe HasBaHie
He BOLJO BB ynorpebieHie.
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GesnpenbabHO npuGaMmaTbes Kb M, ocTaBasch Ha NaHHOH KpMBOH.
Mul orpanHumMca 3abcb HM3yueHieMb TaKHXb KPHBLIXDB, LIS KOTOPHXDb
uMmteTs MBCTO paBeHCTBO:

v MM
m———s—n=1,
xopaa MM’

noA06HO TOMy, Kakb 3TO HMbBIO0 MBCTO WIS NAOCKMXb KPHBEXD Bb
npenvinymelt raapb. Takb kakb Hanpamasoulie KocHHychl chkyiuei
paBHbl pasHocTaMb dx, Oy, 0z Mexay KoopiauHaTamu Toukn M u
KOOpAMHATaMH (%, ¥, z) Toukn M, nbaenHviMb Ha mauHy otpbska MM,
TO, nepexoas kb npenbay u sambuaa xopny MM’ nyrow MM = ds,
HafileMb, 4TO HanpaB/dllie KOCHHYcH KacaTelbHOR BB Toukb
(x, v, 2) onpenbasiorcs dopmyaamu

dz
= -— == - = -— ¥),
1) a b ¢ ds)

PopMysbl 3T OTHOCATCH Kb TNOJOXHUTENbHOMY HanpabB/eHil0 Kaca-
TeJdbHOH, KOTOpOe Bceria BbLIGMpaeMb HAYIMMB Bb CTOPOHY BO3pacTa-
OUHXDs Ayrbs S. Bospbias pasenctBo (1) BB KBaapaTh M CKJAanbiBad,
HanhaeMb

2 ds? = dx? + dy?  d =2

Eciv koopauHaTh .x, y, 2 3anaHbl, Kakb ¢yHkuin HEKOTOparo napa-
MeTpa £, TO cnepBa BuuUciAsSeMb ds no dopmyas

ds =Vd=2f dy? 1 d2?,

a satbvp no c¢opmyaamb (1) HaxooMMDB M HanpaB/sAOILiE KOCHHYCH
kacatenbHo#i. [lpn 3TOMB GepeMb NOJOKHTENLHOE WM OTPHUATENbHOE
3HAaY€Hid KOpHA KBaApaTHAro, CMOTps 1O TOMY, GyAeTb J4 § BO3pa-
CTaTb WM yO6blBaTb NMpH BO3pacTaHiu /. YpaBHeHis KacaTelnHOH 6yayTb

X—x Y-y Z—2

dx dy dz

Hxb MmowHO npAMO nucarb, Kakb ypaBHeHis npaMo#, npoxonsie i
uepesb TOUKM (x, ¥, ) U (x +dx, v+ dy, z-+dz). TIlonesto
sawbTuTh ewme Apyryio ¢opMy ypaBHeHili KacaTenbHO#, npumbHAeMy
¢b yROGCTBOMDB Bh TOMb caydabh, Koraa KpuBas 3ajaHa [OBYMA ypaBHe-
HiIMH BuWAAa:

plx, 5 2)=0, p(x 1 2)=0.

*) Ina BbIBOAA 3THXD (GOPMY/TDH MOXKHO BOCTONb30BAaThCA PA3CYHAEHIAMH,
COBEPIIEHHO AHAJIOTHYHbIMH TBMb, KOTOPHIS NPUBENEHB! BB NpUMbuanin kb § 591.
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Takb kake X —x, Y—y, Z— 2z nponopuioHanbubl auddepenuianams
dx, dy, dz, KOTOpHS CBA3aHB COOTHOIIEHIAMH

op dx—l— ‘pd_y—l—o(pdz 0
ox oy

oy oy oy ,
ox dx+yydy+yzd°—01

T0 6ynemb uUMbTb

0 0 0 ;
X =250+ (Y =9 50+ (Z = 2) 57 =0,

E-050+ (=0 L+ (z-a5e=0.

Aro u Oynerb ypasHeHie KacaTeibHOH. HopMma/nbHO0O NAOCKOCTHLIO
Bb Toukt M HasbiBaloTh o6uiee MbcTo HopManeh Kb KpHBOH BB 3TOH
Toukh, T. €. MePNeHIHKy PO, BO3CTaBIEHHBIXb H3b M Kb KacaTelbHOH.
YpaBHeHie HOpPMaNbHOR MIOCKOCTH €CTb

(X —x)dx + (Y—y)dy +(Z—2)dz =0,
WM, €C/M KpHBas 3amaHa ypaBHesiamu ¢ =0, ¢y =0, To

ox
|
dg Jdy |
Y=v 5y 3 |=%
op dyp
Z=2 5, 95

631. BuHopMa/ib M CoNMpHKAacaloUWlasicss MIOCKOCThb. ['1aBHas
HOpMaJIb M COPSMIJSIIOMAs MIOCKOCTb. Koraa touka M’ crpemurcs
Kb coBnazeHio ¢b M, TO MIOCKOCTb, MPOXOAAUIAs YEPe3db KaCaTeNbHYKO
Bb M u napamnenbHas kacatenbHofl Bb M7, Moxerbp H, BoOOIe
roBopsi, GyneTb cTpeMuTbcss Kb HbkoTOpOMYy npenbinHOMY MOJOWKEHIKO,
310 npenbnabnoe mosnowenie onpenbaseMOl  yKasaHHbIMbL 0GpazoMb
IVIOCKOCTH HA3LIBAIOTb CONMPHKacawulewcs naockocThio (oskulierende
Ebene) Bb Touks A/. Onna u3b Ge3udC/IeHHArO MHOWECTBAa HOpMaieft
Bb TOukb M NewuTh BbL ITOH MIOCKOCTM M HA3bIBAaeTCA IJABHOIO
HODMa/bio, Ipyras neprneHIMKyJIAPHa Kb 3TOH [JIOCKOCTH M HAa3blBAETCH
6MHOPMAbO, MOTOMY 4YTO ee MOWHO Pa3cMaTpPHBaTh, KAKDb MEPMEHIH-
KyJpb Kb IBYMDb Oe3KOHEeYHO OAM3KMMDb KacaTelbHHMDb, T. €. KaKh
npenbabHoe nosmowedie o6ularo NeprneHANKyAspa Kb KacaTeJlbHbiMb Bb
toukaxy M w M’'. TlnockocTb, MPOXOAAWYIO Yepe3b KacaTeldbHY0 H
GUHOpMalb, HA3BIBAOTH CHpAM/nioulel0 miockocTeio (rektifizierende
Ebene).
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[ Mpumbyanie. Ha rnaBHOH HoOpManu M Ha GMHODMA/H, TaKDb We
KaKb Ha Kacare/bHOH, W BOOOLle Ha BCAKOH npsaMoH, BHIGHPAIOTH NO
npousBony onpelnbieHHOe Hanpas/eHie, KOTOPOe HA3bIBAIOTDH MOJOKH-
TebHbIMb, M KOTrJa TOBOPATH 00B 3THXB NPAMBIXb, TO BCEraa noapa-
3ymbBaloTh 3TO Hanpap/eHie, eclH He CKa3aHO MPOTHBOMOJONKHAIO.,
Bmberh ¢b ThMb pasnHualoTh Ha HOPManbHOH, conpHKacawouleHcs, cops-
MIAIOLIEH MJIOCKOCTH MOJOKHTENbHYIO M OTPHLATENbHYI0 CTOPOHY, NpH
YeMDb NOJIOKHMTENLHOIO HA3LIBAOTB Ty, KOTOpas obpalleHa Bb Ty Ke
CTOPOHY, Kyla HAETb NONOXKHTENbHOE Hamnpas/ieHie NepreHAHKYAApa Kb
TOH 1M Apyrod naockoctd, To e camMoe OTHOCHTCA M Kb KOODPIMHAT-
HBIMD MIOCKOCTAMD, |

Hopmarsrnan

HAOCKOCHD
8
Q?
S
§' Cnpamazfoman
N NAOCK OIS
9
b
Puc. 78. Puc. 79.

Tpu npambis (KacarenbHass, GUHODMA/b M TTaBHAA HOPManb) H TPH
NNOCKOCTH (HOPManbHasd, COMPHKACAIOIIAACA W COPAMJAIOLIAA) TNpeacTa-
BAAIOTH c06010 COoOTBbBTCTBEHHO pefpa M TrpaHH TpexrpaHHaro yrnia,
¢b BepwHHOW Bb Toukb [N/, KoTopuif#t HasbiBaeTcs GyHAaAMeHTa/b-
HHMD MIH OCHOBHBIMB TpisaApoMb. Mbl yBHIMMD BROCABIACTBIH,
yTO AAd onpedbieHis OTHOCHTENBHArO MOJOMeHis OCHOBHBIXBL TPi3APOBDL
Bb IBYXb Ge3KOHe4HO 6JM3KHX® Toukaxb M u M’ nocratouno 6yners
3HaThb 1Bb Ge3KoHeuHO Manbii BeJHuHMHBl & H 7), onpenbasembin cirb-
AyolMMb 006pa3oMb: & ecTb adddepeHuian, 3KBHBANEHTHBIA yray
MewIy KacaTelbHLIMH Bb Toukaxb M v M’', a 71— auddepenuians,
SKBHBANIEHTHHIH YTy Meway OHHOPMANAMH Bb 3THXDB TOukaxt. [lepBbifi,
& HasbIBAETCH YT/OMB CMEXHOCTH, BTOPOR 7)—yrJoMD KpyueHis,

632. Teneppr HamMb HywHO cabnatb HeGo/abWIOe OTCTyNJeHie,
[Tonowumb, uTo naHa HbKOTOpas npsaMas, Hanpasislollie KOCHHYChI
(A, B, C) xoTopo#i HenpepbiBHbIS (QYHKLIH He3aBUCMMOH nepemMbHHOH.
Bcerna MowHo Ha#itTH auddepeHUianb, SKBHUBaNeHTHHIH 6e3KOHeUHO Ma-

nomy yray mexny Hanpassedismu (4, B, C) u (A4 04, B+ B,
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C+d8C), 1. e. nanpasneHiaMu, coOTBBTCTBYIOUMMH 3HaYeHisMDb £ H
! -+ dt vesapucumoit nepembuHoll. na storo npeacraBumb ce6b mwapb
paaiyca, pasHaro 1, ¢b LeHTPOMDb Bb Havant koopauHatb (0, u npo-
seaemd pagiycel OP v OF’, Bb naunbixb Hanpasaewisxb (A, B, C)
n(A+0A, B+ 0B, C+ dC). Tlpn uambHenin ¢ Touka P onuiers
HA TNOBEPXHOCTH wIapa HBKOTOPYW KPHBYIO. Yroab Mexiy AaHHBIMH
HanpaeieHiaMu usMmbpsierca ayrow 6Goabworo kpyra PP. fcuo, uto
3Ta ayra skeuBaneHtHa xopat PP/, kotopas BB CBOKO OYepelb 3KBH-
BaneHTHa ayrbs PP’ xpuBoit nuHiu, onuchiBaeMOH TOuKOH P; HakoHelrh,
ayra PP 3tolft xpuBoH 3kBuBaleHTHa AuddepeHiiary ayrH ¢ ToH xe
KPHBOM, OTCYUTHIBAEMOH OTDH MPOH3BOJBLHO BEIOPAHHAro Ha KPUBOH Hayana.
3ambuas Tenepn, yto A, B, C 6yayTb, 04eBHIHO, PaBHBl KOOPIHHATAMb
toukn P (notomy uro OP =1), no ¢opmyat (2) Hattaemsb

) do? =dA + dB? { dC2.

Kb apyromy sambuatenbHOMY BhIpaweHil0 40 npuieMb, 3aMbBTHBDB, YTO

A+ B+ C*=1, AdA+4+BdB+ CdC =0, scrbacteie gero (§ 30)

A B c 2 ‘EAz 2A4dA

dd dB dC Sdd4 saxe |~

a noToMmy
() de2 = (BdC — CdBP+ (CdA — AdC? 4 (AdB — Bd A2

633. OG6patumca Tenepb Kb onpexbaeHilo HanpasneHin rn1aBHOH
Hopmaad. Cb 3tolt wbabio 3aMbuaemMtb cabayouiee: ecid HanpasieHie
(A, B, C) cosnagaerv cb HanpasieHiem® KacareabHo#t (a, b, ¢) Kb
naHHo# kpueo# Bb Toukh M, To maockocts OFP P’ 6yners napamienbHa
KacaTeJbHbIMDB Bb Toukaxb M u M', u cb npubanweniem» M wv M
(npu yemMb u P’ cTpemutcs cosnacte ¢b P, eciu a, b, ¢ HenpephIBHbIA
dyHKuid OTb £), 6ydeThb CTPEeMHTbCH Kb COBMAfeHild Cb CONPHKACAIO-
mewocs  naockocteio. FlpenbabHoe nonoxenie npamoit PP 6Gysers
wacatenbHas Kb kpuso# (P) Bb Toukbt P W noTOMy fepneHAHKYAspHO
kb OQP. CabnosatenbHo, npenbnbHoe monaoxenie npamos PP’ Gyrers
napanieNbHO He TOJNbKO COMpUKAcalUieHcs, HO H HOPMAbHOM MJIOCKOCTH,
T. €. napaiie/bHO rAaBHOM HopManu. [Ipumtbuss Ttenepp dopmyas (1)
kb kpusoll (F) (npu yemb do=¢, a x, ¥, & Hago 3aMbHHTb Yepesdb
a, b, ), HAXOLMMD 15 HATPABJSIOLIMXD KOCHHYCOBH TJIaBHOH HOPMA/H

dopmybi
da db dc
(5) l=?1 ‘M=T, Po=

634. TMocas 3TOr0 MOMHO onpenbAWTh U HamnpaBs/eHie GHHOPMaH.
Ocrasaas noKa NOJOXKUTENbHOE HampasneHie GHHOPManu; HeompedbaeH-
HEIMDb, 0603HaYMMD HANpPaB/AOLlie KOCHHYCh GHHOPManH yYepesd a, 3, 7.
DTH BeIMYHHB YAOBAETBOPAIOTDH YCJAOBiIMb OPTOTOHATBHOCTH OTHOCH-
TeNbHO KacaTelbHOH M TJIaBHOH HOpManH

Saa=aa+pBb+yc=0, Zal=al+ fp+yv=0.
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[pucoenuHuMb Kb 3TUMB JABYMb YPaBHEHiAMDb eule TpeTbe — yCiOBie
MepNeHAUKYIDHOCTH KacaTe/lbHOH W [JIaBHOW HOpMau
Jal=al+bu+cv=0.

DTH TpH ypaBHeHis BBIPAXAIOTH OPTOTOHAJBHOCTh OnpenbiHTens AeBATH
OCHOBHBIXB KOCHHYCOBD

a b ¢
a B v
A w v

3Hauenie storo onpenbaurens Gyners, cabpoBarenabHo, paBHO + 1.
(§ 69). Ho Bcerna Moxno*) BbLI6paTh NONOXUTENbHOE HAnpaBieHie
6uHOpManu TaKkb, 4yToOb uMbEI0 MBCTO paBeHCTBO

a b ¢
{6) a 8 v |=+1L
A ouwov

TeoMerpHuecku TakoH BHGOPD NOJNOKHTENbHArO, HanmpaBieHin GHHODMAH
CBOAMTCA Kb cabaywoueMy npeanonoxeniio: Ecan Mb coBMbcTHMB
OCHOBHOH Tpi3ApH Cb TPi3APOMB KOOPAMHATHHIXH OcCelt TakuMb 0O6pa-
30Mb, Y4TO NOJOMNHUTENbHBIS HanpaB/eHil KacaTelbHOH M TJaBHOM
#HopManu (BHGMpaeMbls MO NPOU3BOJMY) COBNAAYTH COOTBBTCTBEHHO Cb
flOJIOXKHUTEbHBIMU HanpaBleHiAMH OCell x-OBb H 5-OBb, TO NOJOKH-
TeNbHOE HanpapieHie OGMHOPMalM COBNajeTh Cb MNONOXHUTENbHHIMD Ha-
npaBieHieMb oOcH y-0Bb, Hamb u3BBCTHO, 4TO NpH BHIIEYKA3aHHOMD
yenosin (§ 70) Kawawmil 3neMeHTH  onpeataurtens (6) pasen®
cBoeMy anrebpauyeckomy aonoiHeHiwo. Ilostomy, nomabsysch
dopmynamu (5), Halinemb, YTO HanpasJigioulie KOCHHYyCb GHHOP-
Manu onpeakasawTca dopMynaMu

o “ b Y

1
bdc—cdb cda—adc adb—bda &

Tenepb Mb MOXEMb HaNMCaTh H ypPaBHeHie COKPHKacalouleics NAOCKOCTH,
a umenno: 3 (bdc—cdb) (X —x) =0, uim noapobube

(bdc—cdb)(X—x)+(cda—adc)(Y—y)+(adb—bda)(Z—2)=0.
Ha ocHoBanin ¢opmynas (1) Mbl MOXMeMD HanucaTb 3TO yDaBHeHie eule

8b crbayouiemsd uak:
X—x dx d3x

Y—y dy d2y |=0.
Z—z ds d?z

*) Vambuas, ecas NoHago6UTCH, 3HAKH Yucelb , B, 7.
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Orcion4 BHAMMB, YTO COTPHKACAIOUIYIOCH TMJIOCKOCTL Bb Toukb (x, ¥, 2)
MOXHO Pa3CMaTpHBaTh, KaKb [UIOCKOCTb, MPOXOISAILIYI0 Yepe3b KacaTesb-
Hylo Bb 3TOH Toukb M yepesdb TOYKy

(@+de+d2x, y+dy+ydPy, s+ds+ fd2ak

[ pumByanie. s toro, uto6m ypaBHeHie conpukacaiouieics
NAOCKOCTH MOIO GbiTh NPEACTaBJeHO Bb yKa3aHHOMDb Bulhb, Heo6xonuMo,
BO BCAKOMDB cayudad, npeanonoxutb, uyto He BCh koadduumieHTH NpH
X—x,Y—y, Z—z, 1. e. He Bchb TPH MHUHOPA, COCTaBNEeHHHE H3b
AByxb NocabaHHXB cTON6LOBB, paBHbl Hymo. IIpH atomb npeanoso-
eHiH JNerko A0Ka3aThb CyUleCTBOBaHie COMpUKacaiouehcs MIOCKOCTH,
KOTOpPO€ Mbl Bbiile AONycTHAH. Bb camomb abab, ypasuenie maocko-
CTH, MPOXOLfLIeHi yepesb KacaTenbHyi Bb Toukb (x, y, 3)

; X—u Y-y Z—-2
@ dx  dy  daz

M napainenbHON KacatenbHOW Bb TOukb (x+0x, y+ 0y, 2+ d2)

X—(x+06x) _ Y-(y+dy) _Z—(2+02)

{ dx +0dx dytody dztodz

Mmoxerb OHTh HanucaHa Bb cabayouwems Bunb:
X—x dx dx+0dx X—x dx ddx

(1) Y-y dy dy+ddy |=0wm| Y—y dy 0dy |=0.
Z—2z2 dz dz—|—6dz Z—z dz 0d=z

Paznbnueb nocatouifi cronbens Ha ds, nepexons Bb AbBoH uacTH Kb
npeakny npu 0s =10 u BHOBb YMHOXHBBL mnochbaHili cronbeun Ha
ds = ds, Mbl M TPHAEMD Kb YPaBHEHiIO

X—x dx d2x
Y—y dy d?y |=0.
Z—2z dz d’sz
Takb Kakb, no cibnanHHoMy npeanoJoxeHilo, 3T0 paBeHCTBO, ABHCTBH-

Te/NbHO, SIBASETCS ypaBHeHieMb, TO CyllecTBOBaHie COMpPHKacawomencs
NNOCKOCTH [0Ka3aHo. |

635. dopmyant (7) u (5) NaOTH BO3MOXHOCTL BHIUHCIHTL Ha-
npasjfoulie KOCHHYCH GHHODMAanW M TrNaBHOW HODMadd MO AAHHBIMD
kocHHycaMb @, b, ¢, onpenbisiomumb HaripaBiedie KacaTenbHOH, TaKb
KaKbh YTOMb CMEXHOCTH & MO¥eTh ObiThb BbLIYHCAEHD MO ONHOH H3B
cnbayouHxs QOPMYaD

2=da?+d2+ de?, &= (bdc—cdb2+ (cda—adc+ (adb—bda).
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[lpy 3ToMb 3HaKb, Cb KOTOPHIMBb GepeMb OTClOAa &, OCTAETCH TIPOM3-
BOJIbHBIMB, MOTOMY uTO W3MbHenie 3atoro sHaka Bb dopmynt (7) u (5)
BjeyeTb 3a cobow0 uambHeHie 3HAaKOBbL udcesb @, B, Y M A, W, v,
TaK’b 4TO 3HayeHie onpenbantens (6) ve usmbuserca. Eciu sMbcTo 2, 8, ¢
6uaM G6bl AaHBl @&, B, ¥, TO MOXHO GbIO 6bl BHIYMCAUTH YroAb Kpy-
YyeHia n no ¢Gopmyaamb

P=dat+dP+dp 0w =Bdy—ydpP+ (rda—adyp? +(adf—pBdaf,

a 3sarbMb, 3Had %, Cb NOMOWLI (GOPMysb, aHanorHuubixb (7) u (5),
onpenbauTh HanpasneHie ABYXb ApYrHxb pebepb OCHOBHOro Tpisapa.
Bb camomb abrb, aubdepenuupyis pasencta Jaa =0, Fa?=1,
npu nomoik (5) Hakaemdb

Sada=—ada=—¢3al=0, Zada=0,

da df dvy

CaboosartenbHO, TRy 4+ n, w4, BbI6Hpad HaANEXKAIIKMMD
o6pa3oMb 3HAKB ¥ 1),

., d df d
(8) ,{,=—ay iu,:wﬁ—g: v=——y~-

Hanke, Bdy —ydf = (fyv—yuw)n =an wu . 4., 1. e

9) a B b . ¢ _ 1,
( Bdy —vdB ~ vda—ady  adf—fda 9

3ambTuMb M 3abch, uro MsvbHeHie 3Haka %) WM 3HaKoBb G, f, ¥
b (8) M (9) He napywaersh paseHcrsa (6).

[MIpumbuanie. O6pamaeMs BHMManie YyWTaTead HA OaAHY OCOGeH-
HOCTb BDb H3nOoweHin Ye3zdpo, oOTIHHAIOWYI0 ero OTb [MPHHATArO0 Bb
6onpuinHcTBh pykosoacTsb no HuddepenuianbHoit ['eomerpin. Pascma-
tpusas BybcTh ¢b nawnolo kpuBowo (M) cdepuueckyo kpusyio (P),
o kortopo# 3xbch rosoputca Bb §§ 632—633, HMAM Takb HASHIBAEMYIO
chepHUECKYI0 YKasaTelbHHUY, CTaBAThb YCJIOBieMb, 4TO AupepeH-
uianb ea Ayrd 4o Oepercs ¢b ThMDb ke 3HaKOMb, Cb KakuMb Oepercs
nuddeperuiant ds Ayrd LaHHOH KDHBOH, T. €. 4TO O M § OAHOBpE-
MEHHO BO3pacTaloThb H yGwiBaioTh (cM., Hanpumbpb, ['ypca ,Kypceb
maTeMaTHyeckaro AHanusa“, nepesoid noat pea. npod. b. K. Maoa-

. .ods
3beBckaro, 1. I, ctp. 506). Bb cuay 3toro ycaosin oTHOUIEHIE To

ds .
wm —, TaKb HazbiBaeMbl paniych nepBOH KPHUBH3HbI 0, OKash-

BaeTCd BCerda YHCIOMDb nosoxutensHbiMb. Bumbert ¢b thMb 3a nono-
WHUTENLHOE HampaB/jeHie raaBHOH HopManu 6epeTcda MOJOXHMTENbHOE Ha-
npaeneHie KacateJbHOH Kb Ccdepadeckod ykasarenbuuub, koropoe He
3aBHCHTD OTBb BHOGOPa MOJOXKHUTENbHArO HanpaBJeHis HA AAHHOHW KPHBOW
(eM: Typca ctp. 509). Yesidpo 2TOro ycjoBis He CTABHUTb H pascma-
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TPHBAETDH O, KaKb anreOpaHyeckoe KOJIHYECTBO, KOTOPOE MOMETDH GbiTh
KaKb MOJOXHTEJbHBIMD, TAKb H OTPHUATENbHBIMbB, H OCTAB/IAETDH BHIGOPD
NOJIOXHUTE/ILHATO HAIpaB/eHid T/1aBHOH HOpPMaiH, PaBHO KaKb H MOJO-
XMTE/bHATO HAMpAaBJIEHiA KacaTeJbHOH IIPOU3BONbLHBIMB, Onpenbss Juuib
MOJOXHTE/IbHOE HanpasieHie OuHopManu, npu cakianHoms BhHIGOPh
nepBeIXb ABYXb, ycjaoBieMb (6), KOTOpPOe MOXKHO HA3BaTh YCJAOBiEMD
KOHTPY3HTHOCTH ocHoBHOro tpianpa M¢t, Mb, Mn (puc. 79) b
TpisaapoMb KoopauHaTHEIXDB ocelt Ox, (Jy, Oz. [NTonoGHas Touka 3phHis,
KOHEUHO, N0MYycTHMa H HH Kb KaKHMBb NpoTHBOphuisiMB He Beners, HO
BPANDb JM ONDABAbIBAETCH KAKMMH HHGYIb OCOGBHIMM BbIrofamH; HbKo-
Topbid M3cnbnoBaHis (kakb Hanpumbps, u3cabposauis § 643) naxke
ycanoxusioTes. OTHOCHTeNbHO yciaoBia (6) sambrumb ewe cabaywowee.
Koraa nonowwurensubiss uanpasnenis M¢, Mb, Mn cosnanyts c¢b no-
noxutensHeiMu  Hanpasaedismu Ox, Oy, Oz (v Touka M c¢b» O), 10
a=1, b=c=0; =1, a=y=0, v=1, A== =0 u onpenkaurean
(6) = 4+ 1. Oro 3HAueHie OHDB COXPaHUTH M NPH BCAKOMD APYTOMb
MOJOXKEHiH OCHOBHOTO TPi3Apa, MOTOMy uTO, OYAYYH OPTOrOHANbHLIM®,
OHDB MOXETH HMMbBTh TOMLKO 3HaueHin -1 umam — 1, a He o6pamasch
Bb HyJb W OyAy4Yd HENpepbiBHOW (YHKIIE OTb CBOHXD 3/MEMEHTOBD,
He MOxeTb MbHATH 3Haka.]

636. Popmynm Ppend. uddepeHuupys pasenctsa Sal = 0,
JaA=0 u ZTA*=1, npuuumad Bo BHuMmaHie dopmyan (5) u (8),
HaneMb

Sadl= —Ada=—¢Z)2= — ¢,

Zadl=—Sida=—n212= —1y

n SAdA=0. Crbnosarensho, di, du, dv yioBreTBOPAIOTH cHCTeMb
ypaBHeHi#
adl+bdp +cdv=—¢

adl+ fdu+ ydv=—n
Adi+ pndp +vdv= 0.

Onpenbautenn 3TOM cucTeMbl [aseHdb onpexbaurento (6); 3uayeHie ero
paBHo 1 M KawAblf 3/eMEHTH paBeHB CBOeMy aiareGpanyeckoMy A0NOJ-
HeHito. Orciona TOTYaChH noJydaemsb (GopMmysbl

(10) di=—ae—an, du=—bs—p3n, dv=-ce—yny,

u3BbcTHHI nNoab HasBaHieMb (GopMyap ®peHé, BB COBOKYMHOCTH Cb
dopmyamu  (5) u (8) owb nokaswbiBawTb, 4yTo AuddepeHuiaaw
A€BATH (QYHAAMEHTAJbHBIXDb KOCHHYCOBD BBIPaXAKTCH JHHEH]-
HbIMH (GYHKHiAMH CaMBlXb KOCHHYCOBDB, KO3ddHuilieHTs Bb 3THXB
BEIPAXKEHIAXD 3aBUCATD TOALKO OTH &€ U 7. Ecim 0603HauuMb ewe ue-
pest @ auddepeHUianb, 3KBUBAISHTHBIN YTy MeXAy ABYMsi Ge3KOHEYHO
O/M3KHMH T/IaBHBIMM -HOpMansiMH, TO H3B ¢dopmyat (10) yepesb BO3BbI-
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uleHie HXDb BB KBAPaTh H C/OMeHie noayyuMb ?=g*-+ n?. CsoiicTso,
BbipaXaeMOe 5THMDb PAaBEHCTBOMDb, JIETKO [0JyYdeMOe TaKiKe TepMeTpH-
yeckHd, U3BBCTHO noab vMeHeMb TeopeMbl Jlankpé (Lancret).

637. Tlone3no sambTuTh, 4TO GOPMYAbI, AHANOTHYHBIA [PEAbILY -
IWHMB, UMbIOTH MBCTO /M9 BCAKOA CHCTEMB TpeX'b OPTOrOHAJBHHXD
HanpasneHiii. PascmoTpuMb cnepBa 1aBa nNpPOHM3BOJBHBEIA  nepeMbHHIS
HanpasjeHis 1 Ha30BeMb BpalleHieMDb IlepBaro HanpaBJeHid OTHO-
CHTENBbHO BTOpPOro audbdepeHuianL ¢, 35KBUBANEHTHbIH Ge3KOHEYHO
MasnoMy u3mbBHeHil0 Hanpas/jeHisl Npo3KUid nepBaro HanpapJjeHis Ha
MJIOCKOCTb, napasienbHylo o6oumb *) Ilpeanowumn ce6t BHYUCIHTL @
no nauHbiMb Kocuuycams (A, B, C) u (A', B, (), onpeatasiowums
nepBoe H BTOPOe Hanpasiedis. [IposeneMb 4yepe3b Hayaao KOOPAHHATD
YeThIpe NpsAMbIA, NAPa/NeIbHbIA H 0AHHAKOBO HanpasieHHbls ¢b (4, B, (),
A4, B, ), (44384, B+0B, C+0C) u npoekuierww nocrbansaro
HanpaeJ/eHis HAa MJOCKOCTb, Napa/ieNbHY0 MNepBbiMb ABYMB *¥), [lyctb
P, P, P" 6ynyts Touku nepechyenis nepoil, TpeTnefi U yeTBEpTOH
NpAMOH ¢b NOBEPXHOCTHIO 11apa paiiyca, paBHAro eaHHUUb, Cb LEHTPOMD
Bb Hayant koopauHats. Torma (A4, B, () 6yayrb koopauHaTamu
toukn P, (A+0dA4, B+ 6B, C4 Cd) koopausatamu Touku [,
a notomy 0.4, 0B, 0 6yayTs, OueBHOHO, NpoeKuiu saeMenta L7
Hd KOOPAMHATHBIXb OCAXb. aemeHTb " sxBuBaieHTend nUddepeH-
uiany @, cornacHo onpeabneHiio nocabaHiro. ITOThH 3/MEMEHTD MOXKHO
pascMaTpHBaThb Kakb Npoekuio siaemenra P’ Ha wanpaenenie (I, m, n
aneMenta PP", oueBuano, nepnenaukyispHoe kv (A, B, ) ***),
[Tostomy, ynepwusast oaut auwib anddepeHuianbHbll Ge3KOHEUHO Masbid,
HaineMDb

o=1ldA4+ mdB + nd(,

Hante, ecin HasoBemb Yepesb @ yroab Mexiy Hanpasietiamu (A, B, ()
u (A, B, (), 1o, oueBuaHo, Gyaembp nmbTh

A'=Adcosp+Ising, B'=Bcosp+ msing, ("= Ccosqp -+ nsin g **x¥),

YMHOxasn nocabauis pasenctea cooTsbrctBenHo Ha dA, dB, dC wu
CKnanbiBasi, TOT4ach HaHaEMB

wsing=A'dAd+ B dB+ € dC.

JT10 u ectb Ta GopMysa, KOTOpas OKa3biBAETCS BeCbMa TOJE3HOK Bb
FeOMETPHYECKHX'D H MeXaHUYECKUX'b MpuaoKeHinaxb, Ecau Tenepn Hanpa-

*) Tounbe rosops, 6e3KOHEYHO MaAOMY YTy MexAy Ha4yalbHbIMb M H3Mb-
HEHHbIMD HaNpaBJieHieMb 3TOA MpoeKUid.

**)  Bemrmyunsl 0.4, 0B, 6C umbiore 31bch TO ke 3Hayenie, 4TO
8L § 632.

#¥) PP’ ectb NMpoekuisl siemeHta PP’ wa HampasJeHin sjiemenra PP7,
noroMy uto P’P” | nnockoctu OFPP”, a crbgosarensHo, u k» PP”.

*%x+) [Tpoextupyemd Ha ocu Ox, Oy, Oz CTOPOHB NPAMOYTOJIBHATO Tpe-
yrOAbHHKA, B KOTOPOMD THNOTEHy3a MMbers Hanpasnenie (47, B/, (V) u xaretn
HanpasaeHis (4, B, C) u (/, m, #) u yrons @ NpOTHUBONEKUTH Katery (I, e, »).
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paenin (A, B, C') n (4", B", (") o6pasywTb ch. HanpaBieniemd
(4, B, C) oproroHanbnyio cucTeMy cb onpenbiuTtenemb, paBHbIMb
eauuui’h, To, 0603Hauas uepesb W " COOTBBTCTBEHHO BpauleHis
Hanpasnenia (4, B, C) otnocurensno (4', B, C'y n (4", B", C")

Ha OCHOBaHiM BbllenpuseneHHOH Gdopmyabl 6yneMb MMbBTH
1¥4d4 =0, 2I4dAd=w, 2A4"d4=o0",
OTKyla BLIBOAMMB
d4d =A'0+ 40", dB=DBw+ B0, dC=Co+ "o

Hanbte, ecan o603HauuMb yepesdb @ auddepernialb, 3KBHBAICHTHHIA
a6conlTHOMY uambHenio nanpasaenin (4, B, C) Bb npo-
cTpancth, To cb nomowso dopmyas (3) § 632 M npenHAYUIHXD
noayuumMs w?= @'?- "% Bb uacrHocTH, dopmyas (5) u (8) noka-
3bIBAIOTDH, 4TO a6COMIOTHOe H3MEHeHie HanpasieHia kacaTeNbHOH YPHBO-
IMTCS Kb BPAUIEHI0 & OTHOCHTEILHO TI/aBHOH HOpManH, abconioOTHOE
uambHedie -HanpaB/ieHis OGHHOPMAaJTH Kb BpALIEHII0 %) OKOJNO TOH Xe
raasHoit Hopmanu. Popmyssl (10) nokasbiBalOTb, HANPOTHRD TOrO, YTO
a6comoTtHoe uambHeHie Hanpap/eHid I1aBHOH HOPMAaaHM (2 COCTAB/IRETCH
M3t [ABYXb BpaleHi# — & M — 17 3TOH NPAMOH OTHOCHTENLHO Mnep-
BHXD ABYXb.

O nepBoit U BTOpOl KpuUBU3HE.

638. Kakb 419 MIOCKMXB, TaKb M I8 HEMJOCKMXDb KPHBHIXD
MEpOI0 NepBOH KPHBH3HB MIM NPOCTO KpuBuaubl (Flexion) cayxuts
. & g .
OTHOWIEHIe —— MM ——; QHANOTHYHO 3TOMY OTHOMIEH]e }s NpUHMMaeTcs
3a Mbpy Bropo# kpuBH3HB MM kpyuenia (Torsion) nanno# kpupoi
Bb naHHoH toukb. OuHa He BcTpbuaeTcs npH M3yyeHiM MIOCKHXDB KpH-

BbiXb, [OTOMy 4YTO AJf HHMXb OHa BCeria paBHa HYJ 0. Yaepxupas
nanbe Ha3paHie paniyca KpUBH3HH IS OTHOLIEHis %S, YC/OBH/HCD
Ha3LpBaTh paaiycoOMb BTOPOH KDHBHM3HBL HMJIHM KpyueHis OTHO-
uleHie ¢z = %f BeeneHie onpexbaeHHbXb 9 M ¢ BO BCh npensidyulis

dopMyas, BMbcTO Ge3KOHeYHO Manbxb & M 7, nbnaercs Cb ubabo
npunath 3tMMbL Gopmynamb Goabe TodHyio dopMy. Popmyast (5), (8)
1 (10) npuUHNMAIOTD BHIB

da _ 4 do_ A di_ @
ds_ o ds ds . ¢ '
(1) db_w AR _w du b6 B
ds 0 ds =z ds 0 %
de v dy_ v, dv_ ¢ 7,
ds ¢ ds « ds g 2
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[Ipunumas Bo BHHMaHie ¢opMyabl (1), MOXHO Hamucartb TPH (HOPMYJbl
nepearo CTo/61a HHAauye, a MMEHHO :

_ddx _ dady
=0usds YT asds’

K

2
ds

d
(12) A v—o 42,

HJIH, €CIH YTrOaHO, TaKb:

: 2
13) }'zg(ﬁx dxﬁs)vuzg(dy dyd2$), =0(d22 dzd25).

ds®  ds ds? ds? dsds? ds?  dsds?

TouHo Takb e, Ha ocHoBaHin ¢opmyas (1), MoxHO HamucaTh ¢op-
Myabl (7) crbayoummbs 06pa3oMb :

_ (dzad?y  dydiz _ [dxdPz  dzdx
a9 “fé’(d—sdsz”d—sm)’ p=ol7i 7 Teas)’
dy d?x dxd2y)

r=elfTa T

639. Boiuncnenie nepBoii KpuBH3HBI. Dopmyan (1), (12) n(14)
NAI0THh BHIPAXEHis NeBATH (yHAAMEHTaNbHHXDb KOCHHYCOBb Bb MEPBLIXD
M BTOPLIXL MPOM3BOAHBIXD OTH KOOPAMHATBH TOYKH (¥, ¥, 3), CuMTas
M3BECTHLHIMD 3HaueHie @. IT0 3HAueHie moayuurcs M3b ThXb Xe ¢op-
MyJI'b, IOTOMY UTO, BO3BHIlNAs BB KBaApaTh H CKJanbBas paseHcTa (12),
noJyyaeMb

N

WM, eClId YroiHo, Ha ocHoBain (13),
1 (d2x\ (@2 (222 [ds|2
& o) (3 + (73 - ()

Ecau npumeMdb s 3a HezaBucumylo mnepembHHylo, To mnocabaniff uiens
o6paTHTCcs BB HYJb, U Mbl YBUAMMB, YTO ‘M 34kCh, KAKb H Bb INIOCKHXB
kpuBbxb (§ 558, ), KkBaApaTH KPUBH3HH paBeHDb cyMmb KBan-
PaToBb BTOPHXDH MPOU3BOAHBIXB OTb KOOPAMHATDH, B3ATHXDB
no ayrkb. EcM BO3BHCHMB Bb KBaApaTh paseHcTBa (14) M CIOXKHUMD,
TO MOJYYMMDP APYroe BHIPaMeHie AJd Q:

+ (da®+ dy2+ dat)t ,
V(dy &2z — dz d2y2 + (dz Bx — dx d28P + (dx 2y — dy d2x)?

(16) o=

[Ipu mocTosiHHOMDB Z OHO 3ak/aIouyaeTds Bb ce6b, Kakb vacTHH#l cayuall,
u3BbCTHOE BHIpaMeHie aJjs @, yalle Bcero mpujaaraemoe Bb HacabaoBaHin
JIOCKHXD KpUBHXB. U3b dopmyas (15) Toryacs cibayers, uto npamas
€CcThb eNHHCTBeHHas JAMHis, uMmbomas kpuBH3HY, paBHYI0 HYJI0

1
{BO Bchxb TOukaxb). Bb camomb nbak, 3 JHIIb TOrga [MOCTOSHHO
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PaBHO Hy/wW, Koraa Bch TpH BTOpDLIA NPOM3BOAHLIAA KOOPAMHATH 10 §
ONHOBDEMEHHO PaBHB! Hya0. Torxa nepBbis NPOM3BOAHBIS PaBHBI NOCTO-
IHHKMB @, b, ¢, a oTclaa, 0603Ha4anA yepesb X, No» Zo KOODIHHATHI
TOYKH, OTb KOTODOH CUMTalOTH HAyr¥ S (T. €. TaKOH, uTO Npu x = x,,
Y =2 2=2, 4 s=0), Haltnemd» x =as+x,, v =>bs+ by,
2 =¢84+ ¢,. Hckaouas s, nonyyaemb

x—xo VV——_yO z—zo
T L7 20 % 70,
a b ¢

yDaBHeHin npaMoH, npoxomsuie# uepess (x,, ¥y, Z) Bb HarnpasaeHin

(a, b, o).

640. Boiuucnenie xpyueris. Hzv sroporo croabua ¢op-
myab (11), nyrems yMmHOMeHin Ha A, 4, ¥ W CIOXeHis, noaydaemb
1 da

_ LI
" = Ao tuoo v

Cv npyro#t cropousl, auddepeHunpys opmyny (14), umbems

da dzddy dydiz fa do
(a’sa’s3 dsds3)

d_.s,1=g +-Q‘% H T A

Orcrona, npuHumas Bo BHuManie dopmyant (13), nonydaems

1 5 vdzx(izzﬁ‘y dy cﬂz)

T YL dse\dsdS T dsds
KK
dx dx Bx
ds ds2 ds
1 _ dy d%y d3y
un TP ds de as
a’_z djz a3z
ds ds® ds8

STa BaxHas (popMyna DaeTh BENHUKHY KDy4eHin, korna uasbhcTHa Kpu-
BusHa. [lomcraeasa ciona BeipaxeHie ¢ no ¢opmyas (16), Moxemd
TaK¥Ke HanucaTb

(dy a2z — dz d?y) d®x + (dz d®x — dx d?2) By + (dx dy — dy d%x) dBs
(dy d?z — dz d?y)? + (dz dBx — dx d22) + (dx d2y — dy d2x)?

1.
(2

310 M ecTb HCKOMOE BblpameHie BeMMUMHB KpydeHin. Maaumpbe MOXHO
NpeACTaBUTL ero Bb BHAb

dx dy ds

d?x  d2y 4z

dBx By ddz

dx dy dz [
d’x  d?y d2z

1_
~ =
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1A NJOCKMXD KPHBBIXB, OYEBHAHO, KpyueHie MOCTONHHO DaBHO HYJIO,
€ClH HCKIIOYHUMD TPSIMYIO JIMHIIO, A8 KOTOPOH KpyueHie Beiuyuha He-
onpenbaeHHast, Takb KaKb BCAKYIO TIOCKOCTb, TMPOXOAAIIYIO Yepesb
JNaHHYIO TIPAMYIO, MOXHO pa3cMaTpHBaTh KaKb COTMpPHKA&caoiylcs Mao-
ckoctb. [lonesHo 3aMbBTHTB, UTO TIOCKIA KPHBBI CYThb €AMHCTBEHHBbIf,
IS KOTOPLIX'b Kpyu€Hie TMOCTOSIHHO paBHO HYa0. Bb camomb akak,
ec/H KpydeHie TOCTOSHHO DaBHO HyJo, TO onpeabauTens Bb npaBoH
yactH ¢opmyasl (17) mocTosHHO paBeHb HyMo, a otciona (§ 375)
cabayers, 4uto NpH HamnexalleMb BhGoph Tpexb mocrosHHbIXb @, 8, 7,
cymma Sadx =0, a noromy Zax, 1. e. ax+ fly+ yz = const,,
H KPHBas JEKHUTD Bb IVIOCKOCTH. JTO 3aKlioyeHie, pABHO Kakb M 3aK/iO-
yeHie, NpuBefeHHOe Bb KOHIYE MpeablayInaro §, MOXHO BBIBECTH TaKme
HEMOCPEeACTBEHHO H3Bb MEPBLIXb ABYXb CT0AGLOBBL (opmyas (11) *).

641. Beoluuciedie kpyuyeHiss MOXHO BecTH Takwe TEMb nyTemdb,
KakiMMb Gbl10 BbiBelleHO BhipaxweHdie (15) ana kpuBusHbL. [BicrBuTenbHO,
u3b opmyas (12) cb noMowsbio AxtepeHIMPOBaHis MOJNYUHMDb

d 1 (a a)l d ddx

o %) e Tdsdsas T

a I-}aT‘]‘)M'bY BO3BbIlliad Bb KBaApaTtb H CKJ/JaabiBas, HakaeMb

d 1\ 1 1\ 1 d d dx\2 d d dy\? d d dsz\?
@og) e e=ma) e ad) (e
Kb ato#t ¢opmyab, KoTopas Takke AacThb v, KOria ¢ H3BBCTHO, MOXHO

TaK)Ke TMPUATH, BO3BbIUAA Bb KBaApaTb paBeHcTBO (17), mMpeacTaBHBB
criepBa npaByio yacTb Bb 6onbe obmemb BUAb

dv  ddx d ddx
ds dsds dsdsds
dy ddy d ddy
ds dsds dsdsds |’
z_if d ds d d dz
ds dsds dsdsds

YTO BCeraa BosMoxHo (§ 558, c).

UacnbaosaHie KPUBBIX'D ABOSKOW KPUBU3HBI.

642. [Mpumbuanie. By ganbubiukxb M3cabaoBaHiAXb Mbl ycio-
BUMCAi pa3b HaBcerja, 4YTO B3aUMHOE DAacrlo/NOoMeHie KOOPIHHATHHXD
oceit xapaktepusyerci cabayowuMb o6pasomb: [lpeacraBumt ce6h
nabnonatensi, croswaro Ha naockoctd () xy MO HanpaBieHilo TNONOKH-
TeJbHOW OCH 2-OBb M CMOTPALIArO 1O HaNpaBieH{l0 MONOXKHTENbHON

*) Oto1b BHIBOABL MMEAB Obl TO MPEMMYIIECTBO, YTO He HyxHa Gblia Ob
cchlika Ha TeopeMy Bpouckaro [cM. gacts I, npum. XLIV (xb § 375) Ha c1p. 428].



152 VI, 3. NPHAOXKEHIA Kb KPHBHIMD ABOAKOH KPHBHBHbI. § 642

OCH x-0Bb; Mbl YCNOBHMCH, YTO As 3TOr0 HaGnojarels NONOKHTENbHAR
OCb y-0Bb HampaB/leHa BMPaBO; HHLIMH CJIOBaMH, MOJAOXKHTENbHYIO OCh
9-0Bb HANO MOBEpPHYTb Ha yroab Bb 90° Bb HampasneHiu, IPOTHBOMO-
N0XKHOMD [IBHXKeHiI0 yacoBOH cTphakH, and TOro, utobbl OHA coBnana
Cb MOJOXKHTENLHOI OCbI0 X-0Bb. [IpH 3TOMDB yC/0BiH, COINACHO yCNOBII0
KoHrpyeuruoctu (6) § 634, pacnonoxenie peGepb OCHOBHOrO Tpisapa
6ydeTb MMEHHO TAKOe, KaKoe H306paxeHO Ha puc. 79, a HMEHHO Ha-
6noaaTtens, CTOAWIA Ha cnpaMadiouied MAOCKOCTH MO MNONOXKHTENbHOMY
HaNpaBAeHil0 rNaBHOW HOpPManH M CMOTPALLIA BB MONOKHTE/NLHOMD Ha-
npasieHid KacaTenbHOH, YBHAHTD MONOXKHTE/bHOE HanpapneHie GHHOPMA/H
Bnpaso orb ce6a. Takoe cornamenie gbnaaerca nas TOro, YToGe MOXKHO
66110 KpaTko W onpeabneHHo GOpPMynHpOBaTh MHOrie H3b ganbHBAWHXD
pesyibTaTOBb. |

Korga ussbcTHBl KpHBM3HA M KpyueHie Bb dauno# Touxh M Ha
KpHBOH, To onpeabanTca M MonOxeHie ocHOBHOrO Tpisapa Bb Touxkbs M,
6e3koHeuno 6auskolt kb M. Uro6bl 3TO MOKa3aThb, BLIYHCAWMDB ClEpBa
pascrosnie 3 Adx orvp Tourn M’ (x + dx, y +dy, 2+ d2) a0
NAOCKOCTH, npoxodsiled uyepesb N ¥ NepneHAHKYNIpHOH  NaHHOMY
nanpasneuiio (4, B, C). [lpu stomb noab pascrosniems M’ oTb
3TOA MAOCKOCTH MOHHUMAaeTCA ero anre6panyeckas BenHYWHa, T. €. paa-
cTosHie, B3ATOE Cb -, AJAg TOUYEKD, JNEXKAUIHXD Cb OAHOH CTOPOHBI
OTb MAOCKOCTH H Cb —, 1A TOYEKDb b ApPyro# cropouul. [lepembha
aHaKa 3TOro pascrosiHil 0603HauaeTs nepexodb Touku M’ cb oaHoH
cTopoHbt Ha Apyryw. Pasnaraas dx, 0y, dz no dopmynb Tafinopa
(§ 564), Bcerna MOXHO NPHHATHL 32 HE3ABUCHMYIO NepeMbBHHYW Ayry S
NaHHOW KPMBOH, NpM TaKOMDb npeanonoxeHin dgopmyas (11) nagyts

dy _ &y i dx o d 1 [(a a1l
ds 7 ds2 o ds3 "dso  \o v ) 0

a noromy
. A ds? .d 1 a ay 1\ ds?
°"—““'S+ET+(M‘;;*.(5+7)E>“6 o

H OKOHYATENBHO

_ Q@ ds? d 1 a By lrvdss
(18) Z'Aéx—ads-}-?—?——k(@a—sg-~(?+7)~5>?+ ,

rat &, B, C 0603HaYAIOTL KOCHHYCHI yrnoBb Hanpasaeuis (A, B, ()
¢b pebpamH OCHOBHOrO Tpisagpa, T. e.

A=34da, P$=24da, C=Z4..

Toabko npu & = 0 npasas uwactb GopMyanl (18) ectb 6eskoHeuyHO
Manas Broporo nopsaaka (otsocurensio MM’ = ds)., u nbnaerca Ges-
KOHEUHO MajnoK Bbllle BTOPOro nOpaiAKa Kkoraa, kpombs Toro, euwe H
@ =0. Orcoaa BHAMMD, 4TO pascTosHie Toukn A OTH BeAKOH mio-
CKOCTH, NPOXOmAuled uepesb KacatenbHyw Bb Toukh [f, BooGuie
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' 6e3KOHEYHO Majass BTOPOLO MOPALKA OTHOCHTeabHO Ayrd MM'; auwb
OfHA H3b BChXb 3THXB MIOCKOCTEH OTCTOHTH OTh M’ Ha Ge3KOHeyHO
MajlOMb Pa3cTosiHid, 1m0 KpaHHed wmbph, Tpethairo nopsika, a HMEHHO
conpukacawwasca naockocts (npu & =0, €=0, HanpaseHie
(4, B, C), oueBuaHo, napasieqbHO OGHHOpManH). Wrakb, MOweMb
cKa3aTb, YTO COMpHKacawoulasacs MmiockocTe ThcHbe Bebxbp Apyruxs
MIOCKOCTEH MPHMBLIKAETH Kb KPHBOH Bb CMEKHOCTH Cb TOoukow M.

643. dopmyant (18) ToTuach AanyTH BblpaweHis KOOPAHHATH
#, ¥, w ToukH M’ OTHOCHTe/IbHO OCHOBHOrO Tpisapa. CTOHTD TO/MLKO
nocnbaosareabHo coembiwats Hanpasaesie (4, B, () ¢b KacatenbHO0
@=1, $=E€=0), 6uuopMarvio (B=1, &=€=0) u raasHOW
vopManbio (C=1, & =B =0), uTo6u no0aAyHTb; BEpHO 10 6e3Ko-
HEYHO Ma/bIXB TPETLATO MOpsAKa (OTHOCHTEILHO dS) BK/IOUHTEILHO,
KOOpAHHATHl TOYKH [’ OTHOCHTE/NLHO HOPManbHOH, COMpPHKACAIOIIEHCH
H CIpAMIAIOWEd MIOCKOCTH, a HMEHHO:

as’ -4 4 dstde,
602" °T T 6os YT 9 6 o2

(19) u=ds —

I1H GopMyabl 1alOTh BO3MOMHOCTb H3cA5A0BATH XOAB KPHBOH Bb
CMEXHOCTH ¢h Touko M. Mu npeanonowumsb, 4to BB 3TOH TOuUKh
HH mMepBas, HH BTOpPAas KPHBH3HA He PaBHbl HyJAK0 H 3aMbTHMB, 4TO
3HaKH 4YHCeIb #, ¥, W NPH NOCTaTOYHO MaioMb ds ompeabisiorcs

n n

} A
e IR )
e>0 M_ M e
g<o __M M| — ¢

- BN
g >0 A<0
Puc. 80.

3HAKOMB WIeHa HauHH3wel crenenn. Habuopartenb, HAywil no KpHBOH
BB MOJOKHTENLHOMD HalpaBleHiH KacaTelbHOH TaKb, YTO MONOKHTE/NbHOE
HampasJeHie [J1aBHOH HODMAlH MPOXOAHTH OTb HOI'b Kb T0/0BE, OueBHAHO,
YBHANTD, 4TO BB Toukb M KpuBads mOoAHHMaeTCa WIH OMycCKaeTcs,
cMOTpst Mo ToMy, Oynets aH @ >0 nm <0 (w >0 wim <0), u
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3akpyuuBaeTcq BAEBO uaM BNpPaBo, CMOTPA MO TOMY, GYAYTH M = H @
OIMHAKOBLIXD WM NPOTHBOMONOWKHBIXB 3HaKoBb (v < 0 uan v > 0).
Kpomt rtoro, sambuan, uro sambHa ds va —ds mbusers sHakb v,
He MbHAS HM sHaka w, HY 3Haka pasctosuia 3 4 dx BooGue, ecau
=0, a € ve =0, ™Mbl BHAMMB, UYTO BCH TOYKH HOCTATOYHO
Mano# OyTH, Bb CMEXHOCTH Cb TOYKOW M, newatsb no onHy
CTOPOHY OTDH BCAKOH NNOCKOCTH, NpoXxonasdlued depesddb Kaca-
TEeNbHYO, 3a HCKIWOYeHieMD conpHkacalleidcs NJA0CKOCTH,
KOTOpPYW KpHBaf tepecbkaeTsb. YeTbipe pa3nuuHbiXb BHA4, Npen-
CTaBNEMbIX> KPHBOIO Bb CMEKHOCTH Cb TO4KOW M, Bb 3aBHCHMOCTH
OTb 3HAaKOBD @ H ¢, MOTYTB ObITh H3006paseHbl TaKb, KaKb 3TO cabaaHo
Ha puc. 80, rob nyHwkTHpoMb oOTMbueHsl AyrH, Jjewaiuis BakBO OTB
Hamero Ha6mopatens. Takumb 006pa3oMb OOGHApYIKMBAETCA, 4YTO NpH
» < 0, Habmonateib YBMIMTB KpHBYW (MpH KacaHiM ¢b conpukacaio-
WeCcs NJIO0CKOCTBIO), Nepexoisiielo ¢b AEBOA € CTOPOHLI Ha MpaBylo
NOAHUMARACL WAM CDb NPaBOA CTOPOHBLI Ha AbBYIO Onyckaacb, TaKb 4TO
Bb 000MXb Clyyasaxb kpuBasd OyneTh BNpaBO 3aBHTO MAM MpaBoIo
(dextrorsum). 3To 3HauuTB, YTO ABMMKEHIe TOYKHM, yrdarsdwule#ca no
KPHBOH BD MNOMOWKHTENbHOMD Hanpap/ieHid, NpPenCTaBHTCA TJa3y Hab.io-
AaTens MNPOHCXOAALIMMD MO HanpasleHilo HABHKeHis uyacoBoi cTphiaku.
Ipu 2>0, vao6oporsb, KpuBas OyneTb BABBO 3aBHTOW WaH 15BOIO
(sinistrorsum). Mrtakb, BH CMEWKHOCTH Cb OGBIKHOBEHHOIO TOUKOIO

1
(robt Hu R HH — He paBHbl 0), kpuBan O6yneTb  nNPaBoOi0 NpH

T
v <0 n abksow npH = > 0. Jlerko Takke y6bauTbca, 4TO TOTH HIH
ApYTO# XapaKTepb KPUBOH HeE 3aBUCHTDB OTDB MOJNOWeHIn Habmonratens
Bb npoctpaHcTBb. Flpumbpbl KpUBLIXD Cb NONOKHTENbHBIMD HAH OTpPH-
uaTenbHLIMDB KpyueHiemMb Bcrphuaiotca Bb npupont !): xmbab 3asuBaercs
BTEBO, a BMHOTPAnHan /1033 BMpago.

[ lpumbyanie. [lonatie o npaso#t u abBOH KpHBOH ecTb 0606-
weHie usBbcTHaro nouaTia o npaBoMb H AbsoMb BUHTE. OG6bLIKHOBEHHas
Hapb3ka HaeThb NpaByl BHHTOBYIO JIKH{IO, MOLE/IbIO KOTOPOH ‘MOXETDH
Cny®HuTb mronopdb. HywHo sambruth, onHako, uro onpenbseHia npaso#
(dextrorsum) W nbeoit (sinistrorsum) kpHBO# He ycTaHOBReHbl BROAHE
onpenbieHHO Bb MaTeMaTHuYeCKOH nuTepaTypb: OAHM Ha3bIBAIOTH NPABOIO
TAKYI0 KPHMBYIO, KOTOpas y IpYyruxb HasbiBaetca nabeow. HeoGxomnmo
3aMbBTHTL, YTO ycTaHoBJeHHOe BB § 643 coorsbTcTBie Mekay 3HaKOMB
KpyueHis =, onpenbnsemaro gopmynoo (17), ¥ xapakrepomdb (npaBbiMb
iy abBeIMB) KpuBOH, M3MBHHTCA Ha nNpoTHBONO/JOKHOE (T. €. NpH
+>0—npasaa, a npy =<0 — nkBan), eciy uaMbHUMD B3auMHOe pac-
noJioxeHie KOOPAMHATHLIXB OCell WAM cnocob6b COBMblEHIA OCHOBHOTO
Tpisnpa ¢b KOOPAHHATHLIMB Tpisapomb, T. e. yciosie (6). (Cwm., Hanp.,
Fypca ,Kypep® crp. 316). 3ambtumb ewe, yro uscnbnosanie § 643
3HaUMTENLHO yNpoluaeTcs, €can ycnoBuMc (KaKb 3TO OGLIKHOBEHHO H

1) Maxwell. ,Lehrbuch der Electricitdt und des Magnetismus*: (Bd. I. § 25).
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mabnaercs) HaNpaBUTb MOJNOMHTENbHYIO TVIaBHYIO HODMajb Bb TY CTOPOHY
OThb CHpAMJAIOLIER MIOCKOCTH, Cb KOTOPOH Jaewarb Bch TOYKH KpPHBOH,
cvexHbixb ¢b M. Torna w>>0, a crbrosatensHo, u ¢>>0, 0 nocTaTOUHO
pascmMoTphTh BepxHIOK yacTb puc. 80, W pasnuuate aBa cayuas ¢ < 0
U >0, Bmbero vertbipexb. [Ipn 2 ==0 KpuBad naOcCKas U He BHIXOAHTDB
H3b COMpHKAcAOLEHCad [UIOCKOCTH, T. €. [UVIOCKOCTH CaMOH KpHBOH.
IMpu =<0 kpuBas nepechkaeTs conpukacaloLyOCs MIOCKOCTb, NePeXoas
c¢b nbBoit cTOpOHBI Ha mnpaBylo Ans Hawero Habmopatens (3Hakb ¢
MepeXoAnTd M3b - Bb -+ npH u3mbHeHin 3Haka ds u3b — BB ),
npH z>> 0 — Ha060poT®. | -

644. Cb nomouwsw TExb we dopmyns (19) MoxHO elie moa-
po6ube uW3crbroBaTL KPUBYIO Bb CMEKHOCTH Cb AaHHOKW Toukow M.
Haa storo 3ambruMb cnepsa, yTo, MOMBCTHBD Hayano KOOPAMHATHL Bb
Touky M, cuutas 3Ty TOUKy 3a Hauyalo Cyera Aylb, COBMECTHBB Tpi-
34pb KOOPAHHATHBIXL OCEH b OCHOBHbIMBL TpisnpoMb Bb Toukhk M
H npeHebperas 6e3KOHEYHO ManbIMH Bbllle TPETHATO MOPAAKA, MbI MO-
HeMb Lyry naHHo# kpusoit MM’ pascmaTpuBaTh, KaKb AYry KPHBOH,
H3o6paxaeMoft ypaBHeHiAMH

s s3 _ s3 P s2 $ do
T8 YT T 6o T30 62 ds
KoTophiss mnoayuyatorcs H3b (19) sambHoo OykBb %, ¢, w OyKBaMH
. d .
X, ¥, 2 u ds 4yepedb S. 3HayeHid @, 7 H d—g, BXOJALIS Bb 3TH ypas-

HeHisl, KOHEYHO, 0603HAYAIOTb YACTHBIA 3HAayeHis 3THXD GQYHKUiH npH
s =0, Bb Toukb M. Uckniouas nepembHHyl0 § BchbMH BO3MOXHBIMH
crnocobamu, MOJNYyYHUMDb

s 20 4 x2 x3 do %3

; Iy o X KT s - .
YTgEt FT 5, T 6tds Y 6oz

Hatb 3Tuxb ypaBHeHilt BHAHO, YTO mNpoOeKuis KaHHOH KpPHBOH Ha HOp-

ManbHylo mnockoctb (M yz) umbers Bb M TOuKy BO3BpaTa, Mpoekwuin

Ha conpukacawulyiocs M0ckocth (M x2)— O6BIKHOBEHHYIO TOYKy, a

npoekuis Ha cnpamagoylo miockocth (M yz) — Touky uaruba. Harbe,

TaKh KaKb HaMpas/siollie KOCHHYChl KacaTeasHOH Bb Toukb A’ pasHb

MPOH3BOAHBLIMB OTb X, ¥, & MO §, @ 3TH MPOH3BOAHMBIS, KaKDb JIErKO
2

, 2 s
BUABTh, MponopuioHaAbHBl YHCAAMDB X — TS W 8= g, TO KOOpaH-

Hatbl JI0GOH Toukd (§, 7, ) Ha 3TOR KacaTeNbHOH MOKHO H306PasHTDL
bopmynamu

s2

60

g

§=kx—{—-—§—(1—‘k)s, n==rky, {=Fke+(1-4&)

Orcrona Haxoaumb, 4To KacatenbHas Bb Toukbh M nepechbkaers co-
npuKacawwycs Bb Toukb A/ mnockocth (T. e. maockocTe 7 == 0)
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2 52
Bb TOYKE Rl 60)’ Aewauief ¢b TOH Ke CTOPOHB! OTH CNIpAMAAIOLEH

N0CKOCTH, Cb KOTOpOH Aewuts M. Crnpamasioulyio naockocts (§ = 0)
3Ta KacarteabHas nepecbkaeTb Bb PAa3CTOAHIH — Ly OTb COMpHKAcaio-
52

wekcs maockoctH (u3b ypasd. (=0 nonyyaemnb &= - g=— 5+ ")

Orciona cabayerb, UTO KacaTedbHbii Bb ABYXb GE€3KOHEUYHO

6AM3KHXD TOYKAXDb He mepechbkaloTca M KpaTyaliimee pascTo-

. ds3
fiHie MewaAy HHUMH paBHO W IdT1a TeopeMa MPHHALNEKHUTD
(2

bonné (Bonnet).

645. U3b npemniayuxb GOpPMyab TakkKe BbIBOXUMDb, 4TO

Ecnd sambuumb sabes myry s(MM’) xopgoio ed, T. e. s* uepessb
x%+ y*+ 2% TO  YBMAMMDB, 4TO 3Ty AYTYy MOXHO Pa3CMaTPHBATh, KaKb
AYTy, 7Newaulyi0 Ha TMOBEPXHOCTM WIapa, M306pamaemMaro ypaBHeHieMb

do\2 .
L <y+ za—i) + (a— o= &2,

do\2 .

rab R2= o2+ <z d—i) . Wapb pamiyca & cb rieHTpoMb BB HOpManLHOH
. d

MJIOCKOCTH M Bb Pa3CTOAHIA -za,—i M @ OTb COMpHKacaiouefics U crpsam-

nsomel MAOCKOCTH HA3biBAETCd COMPHUKACAKOUWMUMCH WAapOMb Kb
DaHHOU KpHBOH BB AaHHOH TOoukt /. DTOTH Wapb, MO cpasHeHiio €O
BCEMH Ipyrumu 1uapaMu Bb mpocTpaHcTBh, ThcHbe Bcero mpHMbIKaeTsb
Kb HaHHOH KkpHBOH. Ecan 6wl Mbl OT6POCHAM M GE3KOHEYHO Malbist
3-ro nopsanka, T0 ayry MM' mowHOo 6un0 Gbl pa3scMaTpMBAThL, KaKb
T/IOCKY 0, NeXAILYI0 B COMpUKacaioileca MI0CKOCTH, 4 ecnd 016pOCHMB
M Ge3koHeyHO Manbis 2-ro nopsxka, to ayry MM’ momno pascMmartpH-
BaTh MPOCTO, KAK'D MPAMOJIHUHEAHHIH 0Tph30KD Ha KacatenoHo#. [TosTomy
Bb u3CNBA0OBAHIAXD, Bb KOTOPHIXH MOMKHO He 06pallaTh BHUMAHiA Ha
Ge3KOHEYHO Masbisl BLICLUMXDb TIOPALKOBb, MO3BOJMTE]LHO Pa3CMaTPHBATH
KpuBylo, kakb naomauuyio MM M M'’'... cb Ge3koHedHO MaibiMH
CTOpPOHaMHM, M pAa3CMATPHMBATbL KACATE/bHYIO, KAKb MPAMYIO, HA KOTOPOH
NeXUTb oMb 3neMeHTb MM, conpukacaowyocs MAOCKOCTb, KaKb
.TJIOCKOCTb, onpexbasgeMyio ABYMA TNOCABLOBaTENbHLIMH 31EMEHTAMH
MM v M'M’, wnu tpema touxamu M, M, M", u, HakoHeud, co-
npdKacaollifica Wwapb, Kakb onpeabasembil yeToipbMa Toukamu M, M,
M’, M. Takas Touxa 3pbHini 4 TakOH CrnOCOGBH BhipaweHis, XOTA H
He BMOAHB npaBHibHbie, ThMb He meHbe MOryTb GLiTh T0/A€3HB Bb
THXb ClyyaaxXb, KOTAA XOTATb HHTEPNPETUPOBATbL reOMETPUYEcKH TH
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Wi npyrie pesyabratel Juddepenuianbnaro Hcuncnenis. Mol moxmeMdb
Ternepb JIETKO KOHCTaTHPOBATb, YTO IV Mepexola OTb MOJIOXKeHis (yH-
LaMeHTalbHArO TPi3Apa Cb BepwHHOW Bb M Kb CMEKHOMY, Cb
BepWwHHOW Bb M’, Hano cnepBa NepeiBHHYTh BEPUIHHY MO KacaTeabHOM

n

[
'
'
]
1]

!

Puc. 81.

HA BeIMYMHY ds, a 3arbMb HaTe peGpamb e€ro Takis BpailleHis OKOJIO
BEPLIHHBI, YTOObI KOCHHYCHI MXDb HANpaBieHii OTHOCHTENbHO IEPBOHa-
YyanbHHXDb £, b, 2, noayunnn Obl caboyrolis 3HayeHis:

t 1 0 £
b 0 1 7
w: —& =9

IT0 BHBOIHUTCH H3b (HOPMYAD (5), (8) u (10), eca MOJOKHMD Bh
mxp a=f=v=1, b=c=y=a=A=u=0, i eue crpoxe cb
noMouipio cooGpawenitt § 637.

[ MpumEBuanie. Jlns mosicHeHin cKa3aHHArO Pa3cMOTPHMD, HampH-
MEpb, [MaBHYI0 HOPMasb, HAMPAaB/AIOLIie KOCHHYCh KOTOPO# 0OO3HaueHbl
yepe3d A, 4, v. Korma coBmbcTHMB OCHOBHOH Tpisupb Toukn M c¢b
KOODIMHATHBIMB TPi3APOMB TaKb, KaKb cKa3aHo BB § 634, T1. e.
Mt v Ox, Mb c» Oy, Mn c» Og, To nonyunms a=1, b=¢=0;
=1, a=y=0; v=1, A=u=0. Ilpu nepexoub orv M kv M’
A, W, v obpatatca Bb A-4-di, u+du, vI-dv, rob dAi, du u dv
onpenbastca no ¢opmynams (10), a A4, w, » umbioTs yKasaHHbIR Bbilwe
HayanbHLIS 3HayeHis, cibroBarenbHO

A+di=0—1.e—0.p=-—¢
w+du=0—0.e—1.np=—19
p+dv=1—-f0.e —0.yp=—1

DTH 3HaueHis M OaHB Bb Ta6aunk KOCHHYCOBD TIJIaBHOH HOpManu #'.

Takumb e 06pasOMb MONYYAIOTCH 3HAUYEHis KOCHHYCoBb s £ u b
13bp dopmyars (5) u (8).]
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646. OcobenHocTn. Bce, ckasaHHoe BB mpeabiaywmxh §§, crpa-
BeLJHBO JHWbL Bb TOMDb NPEANONONEHIH, YTO pa3cMaTpHBaeMasi TOUKa
Ha KpHBOH ecTb OGLIKHOBEHHAas TOuka. DBbIBEAEHHbI 3aK/OUeHid
TEpPAOTD CHIY O] TOYeKb, KOOPAMHATbl KOTOPHIXb YIAOBIETBOPAKTD
yCI0Bi0

dx d2x d8x

(20) dy d2y dy =0
dz d’z d3z

(cm. § 604). Takis TOYKH aHA/MOTHYHBI TOUKAMB H3rH6a TJIOCKHXD KpH-
BbIXb; Bb HHMXb, Ha ocHoBaHin dopmyas (17), no kpaitne#t mbpb, omna
M3bL KPHBM3HB paBHa HyJI0, a MOTOMYy KoopauHata v OyreTdh Gesko-
HEYHO MAa/OK NOPALKA, Bblile. TPETLAT0. UTOOH BLIYHCIHTL 3TY KOODAH-
HATy, HAAO NPOLOKMTL BbUMCIEHie, HayaToe BB § 642. V3D BbipaweHis
ddx
dss

dix a d (1 d (1 dz [ 1 1 1y 1
@ FE-—s i (y) e () v+ [rs(e) (e e]

OTcloga, Ha OCHOBAaHiH YyCJIOBiH

u dopmyas (11) Hatizemb

Saa=0, ZJAia=0, Za=1,

TOTYaCh HAXOJHUMD
dsd 1
e 4

_1V 4 4e —
v—ﬂaadx—— 24 {,—@2’

8BpHO 0 GE3KOHEYHO MalbIXh UETBEPTAr0 TNOPAAKA BK/IKUYHTENLHO.
CabaosateibHO, €C/H

3
L=0,Hoa’<l>20,rmy=_1f_dl>.
0 0 12 \o
a ecau
1 1\ _ o ds3 1),
:—0,H0d<7><0,1‘0’u— 2‘T0d<-;) )

Usb 31HXb GOpMYnb BbiTekaerThb ciabuytoiee 3akiaiodenie: Touku KpH-
BOH, CMEXHHS Cb TOUYKOW M, ynosaersopsometo ycaositwo (20),
JeXaTh NO OAHY CTOPOHY OTh CONMpMKacawue#hcs NIAOCKOCTH
(v ne MmbuaeTb 3Haka npu sambub ds Ha —ds). [lpu aTomE,
Bch 3TH TOUKM JaexaTh cabBa OTb cOnpHKacawinedhca niaoc-
koctu (ans HaGmopatens § 643), ecau Ta KpuUBHM3Ha, KOTOpas
paBHa Hyaw BB TO4Ykb A, npuHUMaeTdh 3aThbMb 3HAKB, O1H-

*) BoipaweHie v MOXHO HanHcath H TaKb:

vm (1) g 0 (1),
T 12¢ds\o T T 2pds\ e
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HAKOBBHIL €O 3HAaKOMB Apyro#t KpuBu3Hel BB TOoukb M, n
1 d /1

cnpapa, Bb NMpOTHBHOM®B caydyat (v<<0, e — u — ry
(2

touks M onuHakoBuXb 3HaKoBb, v > 0, Bb MNPOTHBHOMB cayuab).
Ecau 8B Toukbh A/ o6h KpHBH3HBI paBHBI HYJIO, TO ¥ OyneTb 6e3KO-
HEUHO Malol0 He HMe nAaTaro nopsaka. [bHcrBurensio, nnddeperumnpys
dopmyny (21), npu cabiaHHBIXD MPEANONOKEHIAXD, JETKO HAHLEMB

1 o o dsd 1 1
U—mbadx-— —46d3d—;

p_ 48 d (1) d (1)
T T 40 ds\p/ds\z

OTciola BHAHMDB, YTO Bb LAHHOMB C1yuyabh COMpPHMKacaloIascd MIOCKOCTb
8b Touxh A/ nepechbkaerb kpHuByw0, Kakb Bb OGLIKHOBeHHOH Toukb, H
navHas Touka A Oynerb Touxol M3rMb6a M AR NPOEKUiM 1aHHOH
KpHBOH Ha HOpManbHym miockoctb *). Hsb Bcbxb Touekdb, s KOTO-
puixs uMbers Mhcro ycnosie (20), ocobGenno 3ambuatenvHwl Th, ans

HIH

1
KOTOPbIXb TO/IbKO MepBasi KPHBH3HA - - paBHa Hy0., Bb HuxB npouc-

XOAHTD MPAMO MPOTHBOTIONOWKHOE ToMy, 4To HMberb MbcTO BB OGbIK-
HOBEHHHIXD TOYKAXb, 4 MMEHHO: KpuBas nepecbkaets BCh naoc-
KOCTH, npoxonaawia uyepesb Touky M, 3a HcKAOYeHieMD
conpukacawuweica. IT0 MPOHCXOIHTHL OTb TOrO, UYTO BbL TO BpeMd,
KaKkb ¢ OyleTb, Kakb Mbl BHAbaH, OGe3KOHEUHO Malol UeTBEpPTaro
nopsiaka, w OylLeTb TPeTeAro nopsaaxa, n Mbusers BMbcrd ¢b # cBo#
3uakb npu 3ambub ds Ha —ds. Orcona nanbe cabaoyers, uto
touka M G6ynerb TOukowo u3ruba NAA MPOEKLiM KPHROH HA COMpHKa-
CaloUlyIOCA, a He Ha COpAMIAIWY0 miockocTe. Takis Touku nbhcTBH-
TenbHo, Bb CHIY 9TOrO OOCTOATENbCTBA, AHANOTHUHBL TOUKaMDb H3ruba
MIOCKHXD KpHBLIXDb. Ilanbe, Touka A/ Gyners TOYKOK BO3BpaTa A/s

s

. 1
MpOeKIin KPHBOK HA HOPMAJBHYIO MJOCKOCTb, KaKb Bb ciyyab ri 0

1 1
Takb M Bb cayuab —= 0 (mpwm - ZO); HO BB MepBOMDB cayvab 3to

GyneTh TOYKAa BO3Bpara Mepsaro, a BO BTOPOMb— BTOporo poaa (§ 608).
Tpynunbe wuscnbnaoBaHie KpHBBIXB Bb TaKHXb OCOOEHHBLIXB TOUYKAXDb, Bb
KOTOPHIXb @ M = 00pamialoTcs BB HyAb, MOTOMY UTO TOrAd TepsloTb
CMBICTD  BbILLICMPHBEACHHbIA Pa3OMeHia KOOpAMHATD 2, U, W, TaKb
Kakb MpH BuBOAE HXDB Mbl MOAB30BaNHCL (DOPMYNaMH, BDb KOTOPHIX®
CYUIeCTBEHHYI0O pOJMb HrpaeTh MpeAnonoxeHie, 4to 06b KpHBH3HBI
4HCcaa KOHEUHBIA.

*) Bb aroMb Jerko y6bauTbes, cOCTaBMBL YypaBHeHie 3To# npo3kuiu
noao6HO TOMY, Kakb 3T0 Obin0 cabaano Bb § 644.
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[ MpumbByanie. [ns nosicHeHin H3/MOXEHHAro MONOXHMDB, YTO Bb
1 1 . d [1
Toukb M? =0, a — > 0. Takb KaKkb No yc.ioBi0 e <?> HE PAaBHO
(2

1
HyJsI0, TO -~ HenpeMbHHO W3MBHAETD 3HaKD NpH nepexoll OTH TOYEKT,
178 KoTophixb ds < 0 kb Thwb, y KoTopeixb ds >0, T. e. npu 1BU-
. ! . 1
WeHiH BB MONOXMTENbHOMB HampasieHin no kpusoit. Ecaw 3Hakb o

nepexoauT™s H3b — BB -, T. €. MPHHHMAeTD 3HAKDB, OJHHAKOBHI

d (1
Chb L, TO 1 BO3pacTaeTsb H <—> > 0, a torna dopmyna
T [ S\@

__dst d (_l_
T 12¢ds\e
paeth v < 0, Kakopb 6b HM 6uab 3Hakb ds. CabnosatenbHo, Bch

TOYKH, cMexHbis ¢b M, GynyTs ¢b AEBOH CTOPOHBH OTD CONpHKAcalo-
meHcs MNOCKOCTH (CO CTOPOHB! OTPHIATE/IbHATO HAMpaB/eHis GHHOPMAnH).]

KacaHie KpUBBLIXB Cb NMOBEPXHOCTSIMH.

647. Bp 3axmouerie cnbnaems HBKOTOPHIS yKasaHis 1o Bonpocy
O KacaHid KpHBOH NHHIH CBb NMOBEPXHOCTBIO, OTChLIAA YHMTATENs [/ MO[-
po6Haro O3HAaKOMJEHi Cb BOMPOCAMH O KacaHid KPHUBOH JHWHIH CB
NOBEPXHOCTLIO MAM CBb [PYrOK KPHBOK Kb [IPYTHMB COUHHeHinMB ).
Yro6bl pasBuTb MO BO3MOMHOCTH GLICTPO H HAIANHO TeOpild KacaHiH,
Mbl OGyneMb ONHpaTbcs Ha HbBKOTOPble pPe3yAbTaThl, MOJSyYeHHblE HAMH
paHbiue (§ 616) npu uaydeHin kacaHis NAOCKHXD KPHBbLIXb. Mbl 6yneMsb
coo6pasHo 3TOMy roBopHTb, yTO HbkoTOpas mnoBepxHOCTh HMbBeTh CB
JaHHOIO KDHBOW BB Toukb [ Kacasie #-ro mopsiika, ecid 3Ty NMOBEpPX-
HOCTb MOXHO Pa3CMATPUBATh, Kakb mpenbnbHOe MonoXeHie NOBEPXHOCTH,
npoxonsueit uepesd Touky M ¥ nu ADYrHXB TOUEKb TOH e KPHBOH,
KOraa 3TH # TOYeKb (M HMKaKid ApyriA) CTPeMATCs Kb COBMANEHilD Cb
toukoo M. Ecau 3Ta NOBEPXHOCTh NPHHAIMEKHTB Kb 4YHCAy ThXb,
KOTOpHs BB TpexmbpHOM® npocTpaHcTBh onpenbaswores # -+ 1 TOuKamH,
WM, YTO CBOJHTCA Kb TOMY Xe, €CH 3Ta TOBEPXHOCTb NPHHALIEKHTH
Kb ceMellcTBy, ofwee ypaBHeHie KOTOparo 3akjiouaeTh Bb ce6b 7 -1
NPOM3BO/ILHLIXD MMAPAMETPOBD, TO MOPSAOKD KacaHisi BOOOIlE He MOXETH
6biTh 60sblte 7. Korma 3TOTH NOPANOKE KacaHis JAOCTHTHYTb, TO TOBO-
pATb, YTO pa3cMaTpHBaeMas TMOBEPXHOCTb, €CTb CONPHKAacalwWascs
Kb NaHHOH KpuBOH BB NaHHOH Toukb. UTOGH MOAYYHTb AHANHTHYECKis
YCAOBisl CONPHKACAHIA MOBEPXHOCTH CBb JaHHOIO KPHBOIO BB JIaHHOK
Toukh, oueBHHO, 10CTAaTOYHO NpoAHGbdepPeHIIHPOBATL ypaBHEHie MOBEPX-~
HOCTH CTOJBKO Pasb, CKOJAbKO HYXHO [/ MOJyYeHif N0CTATOYHArO [JIsk

1) Cwm., Hanp., Hermite ,Cours d’Analyse“ (p. 116).
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onpenbnenis napaMeTpoBb uMCla ypaBHeHilt, W HanucaTh, uTo BCh 3TH
YPaBHeHisl yNOBNETBOPHIOTCA KOOpAMHAaTamMu TOoukk M (x, ¥, 2) M uXD
nuddepenuianamu. Takumb 06pasoMsb, nbHcTBUTENbHO, NOJB3YACh OOLIK-
HOBEHHBLIMD YCIOBHBIMD CNOCO60MD BhipaXeHis (§ 645), Mbl BolpakaeMd,
YTO NOBEPXHOCTb NMPOXOAMTDH Yepesddb TOuky M u # GeskoHeuHO 61M3-
KHXDb Kb Hedl Touekv M', M" ... na xkpuBoi.

648. Conpukacawmascs NIOCKOCTb, O6uee ypaBHeHie

TJIOCKOCTH
AX+BY+CZ4+D =0

CONEPXHTDH BB NBUCTBMTENBHOCTH TPH NPOM3BOJLHBIXL NapaMeTpa, a
HMEHHO: OTHOWUEHiA Tpexb K03ddHLieHTOBb Kb YeTBEPTOMY, He paB-
HOMy Hymwo. Buipaxas, uto 3TO0 ypaBHeHie W 1Ba LpPYrHXb, MOJYyYeH-
HbiXD LM depeHuHpOBaHieMb no Ayrd § IaHHOH KPHBOM, yAOBIeTBOpS-
I0TCA KOOPIMHATaMH x, ¥, & 104kM [ Ha KkpuBOH, nonyyaemdb

22) Ax+By+Cs+D=0, Aa+Bb+Cc=0, Ai+Bu-+ Cv=0.

rnb a, b, ¢, A, u, v nuboTb usebcTHHA M3B npennnymuxb §§
3HayeHis. IlepBoe ypaBHeHie Tpe6yeTb TONBLKO TOrO, YTOGH MJOCKOCTH
NpOXOAMJa Yepedb TOUKYy M, eciu nNpucoeNMHUMD BTOpOe, TO IMIOC-
KOCTh OyleThb ywe NPOXONMTH Yepesdb KacaTeJbHylo Bb Toukh M.
ITosToMy BCAIKYi0 TJIOCKOCTb, NMPOXOLALLYID Yepesb 3Ty KaCaTelbHYO,
MOXKHO Ha3BaTh KAaCaTeJbHOI MNJAOCKOCTBIO, KaKb MMBIOWYI0 b
KPHBOIO KacaHie nepBar0 nopsiaka; pascrosHie Touku ', Ge3KOHEeuHO
6au3Kk0i kb M Ha KpHBOH, OTH 5TOH MJIOCKOCTH 6yneTh OG€3KOHEYHO
Manow 2-ro nopsanka otHocutenbHo MAM’. Ecau npucoennnnmb eme
TpeTbe H3b ypaBHeHii (22). TO pascMaTpPHBaeMas MJIOCKOCTh NOMKHA
Oyners OpPOUTH M uYepe3b IABHYI0 HOPMaJib, T. €. COBNACTb Cb TOM,
KOTOPYIO Mbl Y€ DaHblue HasBaniM CONPHKACAIIIECs INOCKOCTIO.
[Topsinokd Kacanifl ¢b KPHBOH pPaBeHD AByMb, HO Bb HCKIIOUHTENbHBIXD
TOYKaXb MOX¥eTh OHTb W Bule. TOrna mniaockocth GyneTs HMEBTL ¢b
KpHBOIO TlepecOTNpHKacaHie WM, KaKb WHaue TOBODATH, OyleTdb
CTAUiOHAPHOIO CONPHKACAIOILEICA TNOCKOCTLIO ¥),

649. CrauionapHas conpukacaiowWancd IJIOCKOCTb TOJAyuaeTcH,
OYEBHAHO, Bb Thxb OCOGEHHBIXD TOYKAXb, KOTOPHISI XaPAKTEPH3YIOTCA
ycnopieMb, nonyyaeMeMb uepesb uckioueHie 4, B, C uswp ypas-
HeHi (22) c¢b npHcoenMHeHieMb Kb HHMB TOro, KOTOpPOe HaHleMb
nponunddepenunposass nocibonee usb Huxb., Ho, uto6n 6biTe yBEpEH-
HbIMb, YTO HH OIHHDB H3b BO3MOXHBIXb C/yyaeBdb He GyNeTh NpPONYILEHD,
Hano crnepBa 3aMbBTHTB, 4TO AHddepeHLHpOBaHie BTOPOro M3’b ypaBHeHil
(22) naerd, cobcTBEHHO TOBOPS, cabayiollee ypaBHenie

(23) (di+ Bu+ cq))%_:o.

*) 'ypca. ,Kypce Maremaruyeckaro Amanusa“, crp. 491.
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[Moaromy cabaywowee nnddepennposadie aacTs (MpUHHAMas BO BHHMaHie
dopmyasl (11) u BTOpOE H3B ypaBHeHit (22))

d 1 1
(24) (AZ+BM+CV)3§?=(AG+B[)’+Cy)E;-

Ecaun % He pasHo 0, To ¥4 A =0, a noToMy MOXHO moaowuts 4 = a,
B =8, C=y, u ycnosie (24) nacts Torma 1 =1{0. Bb npoTHuBHOMB
k4

cayvab (l= 0) ypaBdedie (23) yIOBNeTBOPHTCA NPH NPOH3BOJBHBIXD

sHavedinxs A4, B, C. Torma Beskas kacaTelbHas NAOCKOCTb GYAeTh
umbTb Kacanie 2-ro nopsiaka c¢b kpuBow. HM3b 3THXB niOCKOcTEH cO-
npukacaoumerocs OyneTs Ta, WS KOTOPOH BhHINOJHEHO yciosie (24).

. d 1
Takb Kakb 3TO ycilosie BoobGuie (T. e., ecClH 4s o He pasHo 0)

NPHHHMAETb OnATb BHLb 344 =0, TO monyyaercs ONATL CONMpPUKACAIO-
wasics M10CKOCTb, HO Kacadie Oynerwb, no kpaiiveit mbph, 3-ro mopsanxa.
Bcerna HywHO mnpH 3TOMDB MNOMHHTb, 4TO0 BCch npumbHsembis 31bch
dopMyel U BHBOJWMBIS H3B HHXb 3aK/OUeHiss TOJbKO TOrAa CrpaBel-
AuBbl, Koraa o6b KpHBH3HBI KOHeyHH. HTakb, cTaumioHapHhHs comnpu-
Kacamowisics NMAOCKOCTH noaydyawTcs Bb ThXb TOYkaxdb KPH-
BOH, BB KOTOpoO#, mo kpaliHe#t mbpb, omHa H3B KPHBHUBHD
paBHa HYyJI0, T. e., KOria BbiNoJHsercs yciosie (20). Bnpouems,
€Cii OCTaBHMB Bb CTOPOHE BONMPOCH O pas/HYHBIXD MOJOWEHIAXD KpH-
BOH OTHOCHTE/bHO MNepe-COMpPHKacalouleHcss IMJIOCKOCTH, TO MOXEMb
6oictpte moayuute ycnosie (20) npu nomowm nuddepeHuHposaHis,
HanMcaTh BTOpOe M3b ypasHediit (22) 8b sunb . 4dx =0 u uckaouas
A, B, C u3b sroro ypasHeHias u caibayoumxs asyxs: SAd*x =0,
2AdPx =0.

650. Conpukacaromificss maps. Ucxons usbh o6waro ypaBHeHis
MOBEPXHOCTH 1Uapa

(X =22+ (Y=l + (Z -2 = &2

(rab &, n, §, & napamerphl, KOTOphie Hal0 HalJexalWHMb 06pPasoMb
onpenbants), nuddepernvpys no ayrk s naHHo# KpHBOH M MOACTaBRAsA
ewbero X, Y, Z woopaunatel Toukn M (x, v, z) Ha KpUBOH, HaineMms;
npumbHas usBbcTHRIA 0603HaveHis, cabayowis ypasHeHis

@+ -+ —(R-&
alx—§ +b(y—u) +c(z—{) =0,
25 ‘ AMax—=d +uly—n) + 90 =—oe.

a—9 + B —n) +7-0 =52
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Hab Tpexd nocnrbaHuxb ypaBHeHI nonyuaeMb, NMPUNOMWHAsA cKasaHHOe
061 onpexbaurent (6),

x—§=—lg+az§~§'

- do

(26) y—n=—po+Be5 >
do

Z—§=——v_g—{—y¢,;i;_,

OTKyAa Y Haxoiumb koopauHate &, 7, { uenrtpa wapa. [loacrasass
B'b NEps0e ypaBHeHle, NMONYYMMDb AJA BEJMYMHB paiiyca ¢opmyty

@27 . R = 0% + (7’ gg)z

OnpenbaeHnbifi Takumb 06pasoMb 1IADDL U €CThb TOTb, KOTOPbI HaMb
BcrpbTuaca Bb Havank § 645, 3To BMAHO M3B TOro, yro nocabais
TPH H3b ypaBHeHi#t (25) BelpawalwTb, YTO UEHTPD Llapa JEXHTH Bb
HOpMaTbHOH TNJOCKOCTH, Bb pas3CTOSAHIM @ OTbH GHHOpPMAIU H —z%g
OTb JIaBHOH HOpMaiu. JTOTH wWapb ecThb npexbibHoe noJoxedie iiapa,
npoxoaswaro uepesvs M, M, M’ nw M’’, xorna nocabasis Tpu
TOUYKM CTPeMATCs Kb cOBhajeHilo ¢b nepsoto. [IpexnbibHoe mnosoxenie
kpyra MM M’’, oyeBuaHO, ecTb Kpyrb, Jexauiil Ha NOBEPXHOCTH
npenbapbHaro 1wapa, a Takb KaKb IVIOCKOCTb 3TOr0 Kpyra CTpeMHUTCH
Kb COBMAJEHIl0 Cb CONPHKACAIOWIEIOCH IJIOCKOCThIO, TO COMpHKacalo-
wikca kpyrb ecTp nepechuyeHie NOBEPXHOCTH CONMpHKacaw-
giarocs I1apa cb COnpHKacawuelocs niaockoctolo. Ciabnosa-
TeJbHO, 0 €cTb Pajiych CONPHUKACAIOLIarocs Kpyra, 1 nepsas KPHBH3Ha
Xakofi yroaiHo KpuBO# paBHa kKpHBHM3HB compHkacaomarocs
Kpyra, Kakb U AJd naocko# kpusoi. DBosspawmasace kb yc/0BiAMB
(25), sambTuMb, yTO mnepBOoe 3acTaeifeTb wapb NpoHTH uepess M,
BTOpOE — KacaTbCi KpuBO# BBH Toukbh A, Tperbe — npoxoauTth uyepesdb
conpuKacawoluifica kpyrb., Herseproe xe yciosie u3b BChbXb WapoBd,
Kacalouxcas Kpuso# BB Toukd M u taMb we ee nepechkao-
L HUXDb, BEIABAAETH OAMHDB, KOTOPHIYI KpUBY He nmepechkaerd,
TaKb Kakb UMbeTh Cb Helw Kacadie BOOOILE TPeTHAro NMOpsAKa; 3TO H
€CTh CONMpHKacalollifica 1Wap®.

651, Yro6bl ysHaTh, JIOKMTH JM KPHBAas Bb CMEXHOCTH Cb TOY-
ko M Bub wiM BHYTpPM cOnpHKacalolWwarocs IUapa, BHYMCIMME pa3-
crosnie 4 Touku M otb ero nomepxHoctu. [Ipeanonaras paniych &
KOHEUYHBIMb, H3b PABEHCTBA

B+h2=(x—E+ 02+ —n+ 622+ (2 —{+ 620,
npeHeGperass 6e3KOHeYHO MajibIMH Bbllue 4-ro nopsika, BhBOAHMD
Rhr=3S(x—5ox+ 52642
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O6o03nauass onath, Kakb Bb § 643, uepess %, v, W KOOPAHHATH
touku M’ oTHOcHTeAbHO (yHOAMeHTalbHAro Tpisnpa, uMbeMb

dx=au+av+Aiw, dy=0bu-+ fv+pw, dz=cu+yv+vw,

a npuHuMas ¢opmyabl (26) # ycIOBil OPTOTOHANLHOCTH, HalneMb
Rh=—wo+ ve Q+ (u3+'z/2+w2)

Bt sro#t popmynb, Ha ocHoBanin (19), MOXKHO npeHeGpeub YHCIOMDB T2,
OrPaHHYHTLCS MEpPBbIMB WIEHOMb BB w2, H BHYHCIAUTL # TOJBKO 10O
YleHOBb 3-TO MOPSiAKA; HO Bb @ M ¥ HAAO 3HAThb U uYieHbl 4-ro no-
pALKa, a TOrO JIerKo HOCTHTHYTb Cb nomouibio dopmynn (21). Mu
HalLeMDb

do\ ds?
v-(—1+ +4‘L)(’)Qz
ds2  ds?do dZp dp\2 0% dst |
R R 7 il (=l H IR B
[Tonaras nas coxpauiesis _g_*_._ai 290\ jerko Haxomums
Jit COKpaul A= - s ds)’ )it
% dst
(28) Rh= 5107

a Takb Kakb Adbdeperuposatie dopmyan (27) naers eule

(29) RdR = xedp,
TO OKOHYATeJbHO HAXOAHMDBb
_ dstd&
" 24 022do

Hraks, ecoiu uckmounMb Th TOukit, Bb KOTOPBIXB d@ =0, To mocTa-
TOYHO Mazas nyra KPWUBOH, B3fiTal Bb CMeXHOCTH ¢b M, 6yaeTb Bes
BHb MaM BCA BHYTpPM ConpuKacawomiarocs lwapa Bb touxb A7, cMmotps
no ToMy, OyayTb Ju OGBeMb I1apa H IJIOMAAb COMNPHKACAIOILArOCs
Kpyra OZHOBDEMEHHO BO3pacTaTb WiH yOmBaTh HAH H3MBHATbCA BB pas-
JHYHOMD CMBICTE.

652. YroGbl HaiiTH ycJoBie, NPH KOTOPOM NPOHCXOAUTDL mepe-
conpHkacanie I1apa cb KpHBOH, T. €. MPH KOTOPOMD MOPAAOKH KacaHis
KPUBOH Cb e CONpPHKACAIONIMMCA IUApOMDb OyAeTh Bblille TPETHIro,
HYKHO TOJbKO npoaHddepenuupoBath nocakaHioio H3b GopMyas (25),
NpHHHMAs BO BHHMaHle ¥ Bch npeaminyuris. Ho, uro6bl He nponycTuth
HH OJHOrO C/ly4das, HajO ChI3HOBA BHINOJHUTH Beh AuddepeHuuposanis,
He Mbuas dopMbl nocnrbroBaTeNbHEIXD Pe3y/bTaTOBD (T. €. He COKpaillas
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Bb HUXD OGUWHXD MHOXHMTeneH). DBeinomuss ckasaHuoe, nonyuumb no-
cabauia mBa yciosis (25) Bb BUAb

[/,

0

1 _ 1 _

R | =

. X
Huddepenunposanie nocabuHIro macts 0 0. Kb ToMy xe pesyis-

TaTy TOTY44CcH NPHUXOIWMb, 3ambuad, 4TO HallleHHOe yCJOBie COLEPKHUTD
Bb ce6b Bce TO, 4TO, Ha OcHOBaHiM dopmyasl (28), HEO6XOAHMO M
NOCTATOYHO AJI8 TOro, YroGnl /2 6uu10 Ge3KOHeYHO Majioi Bhille 4-ro

o1
nopaaka. Taxb Kakb npeanosoxedie i 0 wuckaoueHo (moromy uro

o1
& npennonaraercs KOHeYHLIMDB), a TAKKe M [peLrojoxeHie 7:0 npH

do=0 (Ma TOMD Xe OCHOBaHIH), TO Mbl MpHAEMD Kb cabiyioureMy
saxatodeniro. Kpomb Touekd, 119 xoTopuixb % =0, nepeconpu-
KacaHie wWwapa cb KPDUBOI MOXEeTDb NPOU3OHUTH H BD APYTLHUXD
TOYKAaX'b, XapakTepusyembixb THMDb, UTO Bb HHXD BTOpAs KDPHBU3HA
paBHa HYyJI0, XOTa Dafiych COMNPUKACAIOWIATOCH LHapa OCTAeTCH KOHed-
HbMB. BB 3THXB nocnbasuxh Toukaxb BTOpoe u3b yciosift (30) esl-
NOJMHAETCA TOMIECTBEHHO, M KpHBad wWmbers kacadie 3-ro nopsaka co
BcbMH  l1apamu, NPOXOIAWIMMH Yepe3b corpukacaioutiiica xpyrs. Ho
Jdlb OJMHBD W3b 3THXD 1IADOBB MOXETDb ObiTh HA3BAHD CONPHKACAIO-
LIMMCH, 4 UMEHHO TOTb, KOTOpbiél Mbl onpeakauwau Bb Hawanb., Cabno-
BaTenbHO, ycaosie % = 0 [OCTaTOYHO, HO He HEOGXOAMMO [dd Nepe-
conpuxacaia; ¢opmyia ke (29) noxassiBaeThb, YTO BO BChXb Cayyasaxs,
eci dg He pasHo Hymo, dR Henpembuno pasuo mymo. Orcioga Bb
yacTHOocTH Takoe ciabacteie: Kpusas nepechbkaerd compukacaio-
mica waps BBL TOMDB cayuab, xorma ero paaiycs Gyners
maximunm uaM minimum, 4au xorga 3TOoTb waps nepechkaers
CTAUiOHADHYIO COMPHUKACAWYKCA NIOCKOCTb 10 OKPYXHOCTH
xpyra, paaiycs xotoparo 6yaeTd maximum uau minimum,
Be 3roMb nocabidems ciayuab mpoucxoouTh Kakb pa3b MPOTHBONO-
JI0¥KHOE TOMY, 4TO OblBaeTh Bb OGBIKHOBEHHOH TOUKb, a MMEHHO: KpuBas
He nepechbkaeTh HH OLHOrO W3b APYrHXb LIAPOBDH, NPOXOAAUIMXD UEPE3D
conpuKacaoulif#ca Kpyrs.

653. PascmoTpuM®B Tenepb Kakyio Hubyab chepuuecKyio KpHByio,
T. €. aunilo, Jexalyio Ha NosepxHOCTH wmwiapa pagiyca K. Bb kaxmo#
Touxkb ed, 04eBHIHO, He MOXeTh ObITb HMHOTO COMPHMKACAIOWIATOCH HJIH
Jaxe nepeconpuxacaroiiaro wapa, kpovb Toro, Ha 1o0BepPXHOCTH KOTOpAro
oHa Haxoautcd. [loaTomy, Taks Kax's BB Hallemb ciydab @ = =const.,
dopuyna (29) nactv anbo % =0, aubo dg =0, a nocnbanee TpeSyers,

Kakb yxe Obio 3ambueHo Be § 655, urobul L) (vnaye & Gbirb 6ol

1

6eaxoHeunniMb). Ho npu dg=0 u — =0 wueo6xomumo u %=0. Cab-
k2

JoBarenbHo, ycaosle % =0 Heo6x01uMO A9 TOro, YToOwl KpWBas Gbiia
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ceprueckas. OHo O6ynerb M HOCTaTOYHbIMb, UTOGHI Bb 3TOMbL yGb-
auTbca npoauddepenunpyems ypasHenie (26). M3b nepBaro, noabsyfch
¢dopmynamu Ppené, noayuumb

d§  .dp d{ do a a .dg
s ”Ts+“3§(%ﬂ)+(5'+7)9+ s’
cnbpoBaTenbHO,
d§ dn, d
@1) e ——na, P, d—fz—m.

Ecan % =0 s BcbXb TOYeKb KPMBOH, TO M3b QOpMYy.abl (29) BUAHMD,
uro & paBHO HbkoTOpOMY moctosHHOMy K, a uab (31), uto & 7, §
TaKKe TOCTOSHHBIA, T. €. YTO BCh TOUKH KPUBOH HAXOASTCS Bb OJHOMDb
M TOMDb e pascrosHin R o1b nenoasusmuo# Touku (§, 1, §)—u kpu-
Bad aexuTs Ha cepb. pamiyca R, cb uentpoms Bb (§, 1, §). Uraxs,
ycaosie, Heo6X0AHMOeEe U NOCTATOYHOE AAA TOro, 4TOBH KPH-
Basg O6wna chepHUECKOIO, COCTOUTD Bb TOMD, YTO

e 4/ do\_,
‘b ds\*ds) — "

654 *). Bosspawmasch kb o6weMy ciyyaw, sambuaemn, uro ¢op-
myan (31) BbipaxaioTb cabaylomylo TeopeMy: KacaTelbHBIS Kb
o6uieMy MbBCTy LeHTPOBb cONPHKACAOWHKXCA Waposb napad-
JdeabHbl GHHOPMAaNdMb LaHHOH KPHBOH, TaKb KakKb

dé _dn_d{
a B 7

Boseeimias Bb  KkBampaTb ¢opmyasl (31) M cknanwiBas, HalineMb
do®= x?ds?, ecnn 0 -- Oyra o6waro MbCTa 1eHTPOBb COMNPHKACAIO-
muxcd waposb. OTcona do == + x ds; ecau BO3bMeMb

(32) do=—nds,
10 Qopmyas (31) nanyts

at dy _
do- © d—O“B, de U’

T. €. MpPH ycaoBiM (32) moa0XkuTe/NbHOE HaripaB/leHie KacaTeJdbHOH Kb
o6umiemy MbBCTy UEHTPOBB CONpPHKACAIOUIMXCA LIAPOBbL COBNAalaeTb Cb
NOJIOKHTE/ILHBIMD HanpasienieMb GUHOpPMank kb naHHOW kpuso#. Pas-
CMOTPHMb TEMEPb 3aBHCHMOCTH MEXIY OCHOBHbIMM TpisnpaMH JaHHOH
KPHBOH, KOTOpYl0 6yneMb HasbiBaTb MEpBOIO, U o6ularo Mbcra UeHTPOBB

*) Bb noanussuxbd Bb 3T0Mb § ecTh HBKOTOPHI HETOYHOCTH, a NOTOMY
anbck OHD H370MEHD Bb APYrof pelakuin.
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CONPHUKACAIOLIMXCS 1APOBh, KOTOPOe 6yldeMb Has3hiBaTh BTOPOI0 KPHBOIN).
YnepxuBas npexHis 0603HaueHis Ans nepBod KpHBOH, 00603HAYHUMD
cootsbTcTByIOIie 3nemeHTHl BTOPOH ThMM e OykBaMM O 3HaYKOMEB 1.
Mu yxe Bupbau, uto, npu ycaosiu (32), q,=a, by=0, ¢,=7.
Tenepy, 3ambTUMB, UTO TIJIaBHBIS HOPManM HAlIMXDb IByXb KPHUBHXD Bb
COOTBBTCTBYIOLIMXD TOYKAXDH mMapaiienbHsl Mewny cobowo. [ bhcreu-
TeabHO, Gopmyasl (8) § 635 nawTn

4

Il
ag

Ao
da

B
N

a dopmyasl (5) § 633, npumbHeHHbSs KO BTOPOH KpHBOH, NalyTh Bb
CHly BBHILIEYTIOMSIHYTHIX> PaBEHCTBD,

Mo
de df dy

oTkyna u cnbayers ckazaHHoe. Kak®b cabacTsie, OTCIONA BBLITEKAETh, UTO
KacaTe/bHbs Kb Nepsoi KpUBOH mnapannenbHnl OHHOPMansiMb BTOPOH.
Hrtaxb, O6ysemb umbth

Ayt =4, wt=un, v=

G =+ta, 51::E 0, n

I
H-
N

3Haku BB 3TUXD (OPMY.]aXb Mbl MOXEMD BLIGpaTh 110 NPOH3BONY, HO
€CM NOCTaBMMD yCAOBie, uTo6n M aasi Bropoft kpusokt umbno mbero
paBeHCTBO

ay, by, ¢
(6" A= an B om |=+1L

Ay My, M
aHanoruuHoe (6), TO, NONOXKHBD

m=ay, B=0b, n=rc,
JOMKHBI B3SITh

A=—4i W=—n v =—u

T. €. B3ATb MONOXMTEAbHOE HamnpasjeHie TrnaBHOH HOpMaldd BTOpPOH
KPMBOH NPOTHBONOJOXHBLIMD [OJOXHMTEILHOMY HanpaeneHiloc rnaBHOH
HopMand nepsoit kpuBoH. Torma abHcTBuTENbHO,

\: a, 8, y ‘ [ a, b, ¢ |
4= a, b, ¢ | = a B v |=+1L
—A, —u, —v E i Ay @, W

[pu ycnosin (6') moxemn npumbHutb Teneps Gopmyast Ppene (11)
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Kakb Kb fepBOH, Takb H kO BTOpo# kpuBo#. Torma uHatinemsb

A_da_  dao A y)
1y o dsT  Fde T TR T
T. €. 2, = %#Q.
2 Ay _day _ da A _ X4
01 do  xds  xt na

T. €. 0, = %7, H HAKOHeUb

d | do
=0tz lege], vu=00.

Ocob6enno 3ambuaTe/bHbl Takb Ha3biBaeMble KOCble KPYCH, T. €. KPH-
Bbld Cb MOCTOAHHOIO MEPBOK KDHBH3HOIO H He PAaBHOI HYJIO BTOPOIO

1 .
<Q =R, —= O) . ILm vux® Bch conpukacatoutiecs wapsl Mexay cofomwo
k2

paBHbl (R = @) M LeHTpsl HXb JeXaTb Ha LPYrOMb KOCOMDB Kpyrh
(0, =0). Kocble KDYyrH —eNHHCTBEHHbIT KPHUBbIA, Cb KOTOPHLIMH
conpHkacaeTcs Oe3uyHCIeHHOe MHONKECTBO paBHBIXb Mexn1y
cof0l0 1apoBb, AOTOMY 4TO A0 dopmyab (29) npu ¢ HenocTosHHOM®D
&R He MO¥eTH GbITb MOCTOAHHBIMB, ecid ¥ He paBHO 0, a Bb nocabn-
HeMb cayuab, kaks Mo BuAbnH, Bch compukacawoilliecs ulapsl coBmna-
1aIOTh Bb OJHHDB, HA MOBEPXHOCTH KOTODATO M JIEKHTDH NAHHAA KDPHBad.
BosBpawadace kb obweMmy cayuawo, 3aMbTHMB Bb 3ak/ai0yeHnie, 4To Cb
nomowtslo popmyas (29) u (32) Jerko BHIYHCAHTL YTroadb dd Mexny
MOBEPXHOCTAMH ABYXb 6e3KOHeYHO GJIM3KHXB COApHKAcCalo-
WHXCA [WAapoOBD (T. e, MeXIy KacaTelLbHoIMH Kb HHMb MJIOCKOCTAMH
Bb Toukaxb M u M,). [BHCTBUTeIbHO, 3D OYeBHAHOH HOpPMYybI

do? =dR2+ R2d 52,
noJy4aemMb
dd xo 1dlog&

ds & 7 dlogo

Jro otHoluedie, kotopoe emapTpws (Demartres) nasBaaws cdepuue-
CKHMD KpyueHieMD, eCTb TaKKe noJe3Hblff 119 H3yuyeHid He MJIOCKHXD
KPHBBIXDb IIEMEHTD.

YnpaxHeHis.

655. BunToBBIst NHHiM. a) PascmoTpumb criepBa OOLIKHOBEHHYI WIH
KPYTOBYI0 BHHTOBYIO JHHIIO, T. €. KPUBYIO JuHil0, OonpexbaseMyo CBOKCTBOMD
nepecbkath Bch oOpasywoilis NpAMOro Kpyrosoro LWIAWHApPAa pamiyca » momb
NOCTOSHHbIMB YIIOMB @. 3a OCh 3-0Bb BO3bMEMb OCb UMJIHHAPA, a OCh X-OBb
NpOBENEMb TMEPNEHIHKYIADHO Kb OCH 2-0Bb 4Yepedb HBKOTOPYIO Touky A Ha
kpuso#h. Ilyctb 6 o6osHauaers yroas, o6pasyembrt mpoekuieto OM Ha mio-
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. dz
CKOCTb X¥ CBb OCbl0 X-0Bb. Taxb Kaksb, o onpenknexilo, ¢ (= —75 | yncno nocro-

sTHHOE W paBHoe co0s ¢, To OyileMb UMBTb 2 = 5COS @, eclH yCIOBHMCH OTCYH-
TRIBATb AYIH OTB TOYKH A; yroas ¢ mnpeinonaraercsd oCTPHIMb H, clbloBaTenbHo,
s Boapacraere BMbcth ¢b 2. KoopauHatel Toukm M Oyayrs x = #cosé,
y =rsind, 2z=scosp. [dubdepeHuupysd, nNolyyuMb

dx = —rsinddi, dy=wrcosbdl, ds=cosgpds,

a 0TCI0/Id, BO3BHILAS Bb KBaAPATh M CKIAJbIBast, HAX0AHUMb ds2=r2d 02+ cos? ¢ ds?,
u jganbe
rdb r0

i — =

sin @ sin ¢

CooTHOILIEHie 2 =S COS @ YMe MOKa3biBaeTh, 4To ecan I ecTh nepeckuenie xa-
catenpioit M7 c¢w mnockocteio (xy), o miuHa M T xakb pasp paBHa w AM;
Tenepb e Mbl BHIMMBb, YTO eciv P ecTb mpoekilis M Ha Ty Ke INIOCKOCTb, TO
PT =ssinp =70 = gyrs kpyra 4P. [lostomy, korga M onucbiBaerb BHHTO-
BYIO JHHil0, Toyka 7 onuierb 380abBeHTy kpyra. [lanbe, Hampasasmoulie kocm-
HYCbl KacarenbHOH 6yayTb

a=—singsind, b=singcost, ¢=cosg,

Puc. 82.

OTKY/4, Cbh noMolubio axddepeHiltnpoBaHii, HA OCHOBAHiM mepsaro cronbua ¢op-
Myas (11), monyunms

4 sin?pcost p singsin 6 0
o ¥ o r v
1 panke
7
= f=— ] = — sin 8 y=0.
0 s g A cosf, w simf,

Wraks, rnaBHbid HOpMaad BHHTOBOM auHiM BerpBuyalOTL och MMAHHADA MOAD
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npAMeiMb yraomb (v=0). Kpomb 10ro, sambrums, uto panxiycs nepBoit kpu-
BH3HH 4YHCJ0 nocTosHHOe. Hanpasasiwlie kocuHych 6uHOpMann 6yayTh

=cpu =—cos@sind, f=—cA=cospcosl, y=0501—ayp=—sing,

M I0CTaTOYHO NpoAuddepeHHpoBaTh @ U §, WIH OJHHD U3b KOCHHYCOBD IJaB-
HOH HOpMaiu (NPUNOMHHAs OCTANbHBIA GopMyabl (11)), 4To6b HaliTH paaiycs

. ¥ -
KpyuYeHis ¢ = ———— + Kakb BHAMMB, MU paliych BTOPOH KPHUBH3HBHI
sin g cos ¢

YHCAO0 NOCTOsHHOe. BB maEHOMDB cayuat ero BeJHUMHA YHCIO MOMOKHUTENb-
Hoe, noToMy uto (§ 643) pascMaTpuBaeMas BHHTOBas JuHia Oyfers simistrorsum.
Brnipowemd, Bct BhiBedeHHBIS ¢OpMyAbl GYAyTh CNIpaBen/HBbi M JUisi BHHTOBOH
JuHin dextrorsum, ecid BB HHX'DB NOJOXKHMB sin 2 ¢ < 0.

b) VYkaxemp Temepr ABb 3ambuaTeibHbIsi NOBEPXHOCTH, Kb KOTOPHMDB
NPHUBOAMTDL H3yueHie KPYroBoH BHHTOBOH JMAiM. IlepBas ectb o6uiee MkcTo
KacaTeJbHbiX> BHHTOBOH JuHiM, H Ha3biBaeTcds pas3BepTHBAKUIUMCA CeaH-
KOUAOMbBb, Mbl yxe Buabin, yTo niockia chyeHia 3T0H NMOBepXHOCTH, MepneH-
HMKYJSPHBIA Kb OCH UWIMHAPA, BCh paBHBI ONHOH M TOH ke 3BOJbBEHTH Kpyra
paniyca ». UYto6m oTmaTk ceb6b oTueTb O BUAE NOBEPXHOCTH, NMORE3HO 3HATh
TaKXe ed Npoduib, T. . chueHie NOBEPXHOCTH IMOCKOCTBIO, MPOXOASLIEI0 Yepedb
OCb. YpaBHeHis kacaTeqbHOH O6yAyTH

x—rcos  y—rsind 2R
—sin®  cos8  cotg

ec/u 0603HaYMMB Yepe3b /X MocTOsSHHOE uucao » cotg . Tonaras y=0, nosyynms

v
X =0 z=R (6 —tgo).

O10 ypaBHeHisn, Bb TNNOCKOCTH (vz2), ywe u3pbcrHo# kpusoH (§ 599, ¢). [aas-
Hbl I HOPM4AH BUHTOBOH JHHiM 06pa3yoTh JAPYrod reJUKOUA'B, Ha3biBaeMblit
KOCHMb, HWIH TEJHKOHAOMDB Cb HANPaBJAKLIEd NJOCKOCThbIO, TaKb
Kakb Bch 06pasyiollia ero mapaineibHbl OMHOH M TOH Xe NJOCKOCTH. YpaBHeHis
raaBHOH HopMaan: y=xtgl, 2=/R0; Hckiouas 0§, noiyuaemb YypasHeHie

2
KOCOTO TeJHKOMAa: y = xig B

c) Buuncaeria nepBaro ynpaxHeHis MowHO c606LIMTL Ha cayvai r,
paBHAaro Kakod HUOyab GYHKLIKM oTh §, T. €. Ha cayvail 10600 Umaundpunecxot
BHHTOBOMN JHHIH, HAYEPYEHHOH HA NOBEPXHOCTH KAaKOTO YrOAHO (He KPYroBOro)
uMIMHApa M BcTpbuaiomesl Bch 06pasyioilil moxb NOCTOSHHBIMB YTIOMB .
Bmbcro Toro, yro6n noBTOpPATE BCch BHIUMCAEHis, MBI MOXeMb, ais Gorbe kpat-
KHMDB f1yTeMb. BHIBECTH TO, Y4TO HYXHO IS PACKPHTIA OJHOTO BaXHAro W Xapak-
TEPUCTHYHATO 1Sl 3THXD KPHUBHIXDb cBOWcTBa. Hanomuumb dopmyisl

do_ v, 4y _
ds o ds

v
— —
v

M 3aMBTHMb, YTO NpPH ¢ NOCTOAHHOMD NOJyuYaeTcd H3b nepBod dopMyan v =0,
nocnt uero BTOpas gacTdb y == const. Takb xakb Bcerga ¢249y24+12=1, To
NpH ¢ = COS ¢, MOXHO TNOJOXHTb

¥ = €os (w +%> = — sin.p,
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Yroas @ Mbl OTCUHTBIBAEMD BDH CNPAMAAIOIIEH MAOCKOCTH OTH KacaTeAbHOH BDb
TAKOMB HANpaBJeHiM, KOTOpoe AAs HabmrJaTens, HAXOASIArocss HAa TMOJOKHTENb~
HOH TrnaBHOH HOpManH, coBmajano Obl Cb HarpasieHieMb, NPOTHBONOMOKHBIMD
IBHXEHiI0 4acoBo# cTpbiaky. YCAOBHBIWIKUCE BB 3TOMb, U3b TPEThbeH U3 MpEdH-

4 .
IylUHxDs GopMyas, noayuaemds tg o = R M BHIHMMD, 4TO OTHOIIEHie ABYXb

KPUBH3HB 9HMCA0 nmocTosiHHoe. OOpaTHO, MOJOKMMB, uTO aas HbkoTOopo#
KpHMBOH OTHOLIeHie KPHUBHU3HD YUCAO NOCTOsHHOE. [IpoBeneMdb Hepe3s Touky M BB
CTIPSMASIIOWER MI0CKOCTH MPAMYI0, onpexbiaseMyio KOCHHYCaMH /=a cosp—a sing,
m=>bcosp — fBsingp, m=—ccosp—ysing, INpH YeMDb NOCTOSHHBIA yroab @

onpenbasierca dopmynow tg ¢ = % Ha ocnoBanin dopmyas (11) Ha#laeMs Torna

dl/ dm dnf cosp sinmgp
ds|” ds ds/y 0 v

CrbpoBatensHo, /, m W # udcaa TNOCTOSIHHBIS, 3 KpUBasg OymeTh HHIMHIpHUUE-
CKOI0 BHHTOBOI) JHMHiel0, MOTOMY 4TO OHa HadepueHa Ha uuaueapb *) u Bcrph-
yaerdb Bch ero oOpasyloliis Mogb NMOCTOSHHBIMB yraoMb @. Mrtaks, nas Toro,
4yTO6H KpHBas Gbina NHIMHAPHYECKOO BHHITOBOI JHHiew, Heob6xo-
IMMO M JOCTATOYHO, YTOOH OTHOUIEHie efl ABYXDb KPHUBHU3HD OBIJO
YUCAOMD MOCTOSIHHBIMB. Ecau narbe Kaxias H3b KPUBH3HD YHCIO MOCTOSIH-
HOe, TO BHHTOBas JAHHiS Heob6XoguMo 6yreTb prrosoxo oHa Gynerdb JdeXaTb Ha

KpYroBoM® HMAHHAPE, paaiych KOToparo paBeHb Msl npegocTaBaseMb

z+ PEEER)
4YTATENIO TPYLDb NOKa3aTh 3Ty TeopeMy, Ha#nenuywo [liouzs (Puiseux)

d) Komunecxkoro BUHTOBOW JNHHIe HA3BIBAIOTH TaKylo, KOTOpas mepe-
cbKkaeTh MNONb UOCTOSHHBIMBL (HO He NpPSIMBIMB) YrioMb 4 Bch o6pasyouiis
KOHyca. Ecad KoHych KpyroBo#, To BHHTOBasi JHHiA nepechkaeTsb, odeBHAHO,
TaKXe NOLDb MOCTOSIHHBIMD YIVOMD ¢ 00pasyloulifl HUAHHAPA, MPOEKTHPYIOLIAro ee
napannenbHo OCH (NPHTOMD, €CIH 7 €CTh YTON'b HAKIOHeHI 06pasyoliMXb KOHYCA
Kb OCH, TO COS @ = €Os i) cos 7). [losTomy BHHTOBas AMHi 6YNeTh BB TO Xe
BpeMs M LUHJIHHIDHYECKOIO, a MOTOMY H HaspiBaeTCH HHJAHHIPO-KOHHUECKOIO
BHHTOBOIO JHHIiel. ITo, MOXHO CKa3aTh, JOrapHeMHuecKas CINHPals Mpo-
crpancrBa. Ecau Bo3bMEMD BEPLIMHY KOHYCa 33 Hauana KOODAMHATDH, @ OChb €ro
3a OCb 5-0Bb, U 0003Ha4UMD depe3b R pascTosiHie TOYKM M OTH BEPIUHHEI,
TO JOJXKHBI UMBTDH

xdx Y dy z

_{_zd

COS 1 =

dR
MM COS Y = —— - Takb kakb, Mo MpeanonoxeHino, cosy He paBio 0 (MHaue

umbaun 6pl R = conmst., M KpuBas Jexasa Ow Ha MOBEPXHOCTH Wlapa), TO
R = S5COSY, €CAM CYATaTh OYrH § oOTb Bepliuunl. Cb APYro CcTOpPOHH!
Rsin,4*), crbaoBaTenbHo, » = mrssin iy, Ak N8 COKPAalleHi MONOXKEHO
= sin g cotg . Bumbers ¢b TBMB, KoOpauHaTH ToukH M 6ynyTh x = # cOS 6,
y rsin8, & =rcotgy, nosTomy umbeMmnb

dr? = m2sin2 @ (dr2+r2d 02+ dz?) = cosp dr2 + m2»2sin2 ¢ d 62,

otkyna dr —mr d0, logr = mb -+ const. Hrakb, npsaMoe chuenie Toro uu-

*) O6pasyoulia HIMHAPA NapaifjelbHsl Hanpasaewio (/, m, #), a Kocu-
HYCh yraa Mexay KacarteapHow (a, b, ¢) u ob6pasywolumMu (/, m, #) paBenb
al+bm+cn =cosgp.

**) »— pa3crostie mpoekilid Toukd M Ha NIOCKOCTH (xy) OTH Hauana
KOODJMHATh (BEPLIMHBI KOHYCA).
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JAMHIDA, HA KOTOPOMb AAHHAA JHHIS eCTh BHHTOBAsd, eCTb JOrapUeMMuYeIKas CIH-
paab. Ecau teneps 3ambTuMm®b, yTO

gr—msim dé¢ _ 1 dr siny 1
ds Y ds T mrds T ms

TO JIerKO HafiAeMb HAnpaBadmolliie KOCHHYCh KacaTelbHol:
a=(mcost—sin)siny, &= (msinb 4 cosb)siny, ¢=cosey,
4, AMbdepeHUUpYS euie pasb, HAHAEMb U KOCHHYCH [MIABHOH HOpMad

. . gsimy . i
A.=~(cose+msme)_—1*» jt=—(sintd —mcosf) ——=» v=
ms ms

Wraks, r1aBHBIS HOPMAH MEPNeHIMKYIApHB Kb OCH KOHyC4, HO ee He mnepech-
KalOTb: OHB HOpMAa/lbHbL Kb MOBEPXHOCTH UHJIHHAPA, 4 He KOHYyCA.
BosBbimas BB KBagparh W CkaanniBas nocabaHis GopMyin,  3ambuas euie,

2
sim .
yto 14w = sinzz’ nojly4uMb 3HayeHie @, a U3b HEro TOTYach H » = o tg ¢,

a4 HMEHHO:
s mwmSs

0= = ’ v ="
sin ¢ cos ¢

CabnoBarensHo, paniycet nepBo# U BTOPOH KPHUBHU3HBI UUAHUHADPO-KOHHU-
4eCKOH BHHTOBOH JHHIM npomopuioHalbHB AYyrb, OTCUHUTHBaAeMOH
OTb BepmMHUHB KOHyca. MoxHO 10Ka3arh, yto, o6patHo, uMbers Mbcro cab-
Ayollasd TeopeMa: ecin and wbkotopoi#t KpusoH ¢ = ks, o =4's, rab & u &’
MOCTOSHHbISA, TO 3Ta KPUBAA HEOOXOAMMO J0NKHA ObiTh LHIHMHAPO-KOHHYECKOIO
BHHTOBOIO JIHH{el0, Jexalliew Ha KPYyroBoMb KoHYyCH, 8b KOTOpPOMB Yroab 2
Mexny ocbio M obpasywouiumu onpeabiasercs dopmy.ion

tgy=F2/VRLFEL 22

656. [lpenctaBumb ce6b MIOCKOCTh Bb BMAB FHOKOH, HO HEpPACTSHHUMOH
MaTepiadpHOH NOBEDXHOCTH M 1aAMMb e€H NpH MOMOUlH crubaHig, He MbHAKOLIATO
AMHHBl JHHiK, Ha HeH HavepyeHHBIXb, opMy kako#t HHOyAb UMIMHADHYECKOH
noBepxHocTH. [IpaMbis auHin HbKoToparo onpeat/ieHHaro HanpaBieHid o6paTarcs
TOrAa Bb obpasymolligd unaduiapa, Bck apyris BB NUWIMHADUYECKIS BHHTOBHIA
apHid. Otpb30Kb Beako# TakoH iMHiM Gymers [aBaTh Kpardadinee pas-
CTOsTHie MEX Ay ABYMS JOCTATOYHO OJM3KUMH TOYKAMH HA MOBEPXHOCTH UMAHHAPA.
Takb ke, kKakb oTph30Kb npsMoH, kotopaa nocab crubaxia obparuaace Bb
BHUHTOBYI0, aBalb Kparuyajiinee pa3cTosiHie MexAy IBYMs TOYKAMH HA IMAOCKOCTH.
Bt cuny aToro cBOWCTBA UMIMHADHYECKYIO BHHTOBYIO JHHIIO HA3biBAOThH TeoOfe-
3MYECKOI /JHHIC HA MOBePXHOCTH UMJAMHAPA. BnocabacTsinm Mbl pascMOTpHUMDB
reofie3nyeckis JHHIM. Ccb Apyrofl Toukd 3pbuid U o6obuMb HXb ompenbaeHie
i Kako# yroaHo mosepxdoctd. Ho u temepp yxe ™Mb MoxeMb H3cabroBaTh
reoje3nyeckis JUHIM Ha MOBEPXHOCTH KOHycCa, T. €. Th MuHiM, BB KoTOphiA o6pa-
UAOTCA MPAMbiA JHHIM HA TUIOCKOCTH, KOTAA NPH MOMOLUIM ONHOTO CrHGaHig Muf
JafHMb 3TOH MIOCKOCTH KOHHMYeckyio dopmy. 3ambTUMDB TOTYaCh Ke, 4TO KORH-
YeCKis BHHTOBBIS JHHIM HH Bb KakoMb clyyat He OyAyTh reolae3vyecKHMH,
MOTOMY 4TO, KaKb Mbl Y€ 3HdeMb H3Db NpeaslAyliaro oHb MpodcxoadTdb H3b
JOrapHOMHYECKUXb ;CTUpadell Cb NMONIOCOMDB B BeplinHB KOoHyca. OrpaHuuMBanch
clyyaeMb NMPSIMOTO KPYroBOro KOHyCd, MOJOXHUMB, YTo A ecTb NpoeKuid BepllKHbt
KoHyca O Ha Ty npaMylo, Kotopas npd cruGaHin IJIOCKOCTH obpalliercd Bb
reofesuyeckyo JuHio, / miuHa orpb3ga OA4 u R — pascrosdie orp Touku O



§ 656 KACAHIE KPHBHIXb Cb MOBEPXHOCTAMH. 173

10 Kako#t HHGynb (nepembuHo#) Toukn M mo To# we npsMof. Torma R2=s2-| /2,
€C/M YCJIOBHMCS CYUHTAaTh AYTY reofe3ndeckod KpPHBOHK OTb TOUKH A, MOTOMYy 4TO
manHa otpbska AM npu cruGanin He wmbHsercs. Janbe, ecanm o06o3nHaunMb
yepess ¢ yronb OMA (b npocTpanctBb 310 OyneTs yroab Mexiy o6pasyio-
ek Konyca, npoxonsuefi yepesb M, u wacaTelbHOH Kb KpHBOH BB Toukb M),
T0, Ou€BHIHO, OyneMb MMBTb

aR s cos sin /

= = . k.

ds R @, ¥

Bri6pas® Tenepb KOODOHMHATHBIS OCH TaKb e, Kakb BB npeabaylieMs § 655, d,
NONYYHMD VI8 KOODIMHATB TOUKH M BhIpaweHis x=»cos §, y=rsinf, z=rcotgy,
rib ;7 yroas Mexay o6pasylOlIMMH KOHYCA H €ro OCblo, # W 0 NOJXSADHBIA KOOD-
IMHATH Tpoexiin Toukn M Ha maockoctn O xy. Ilpn 3ToMB, oueBHHO, GyreMb
BMbTe # = Rsin y. [uddepenunpys soipaxenis x, v, 2, HalieMb

dx =cosbdr —rsinddl, dy=sinddr+rcostidd, dz=cotgydr H
ds? = dR? - r2dee.
db sing

Orkyna, narke, FeT 5 e sH 9 OOHOBpEMEHHO BO3pacCTaloTh, YTO BCETIa

MOXHO npeanonoxnTs. HMsw 1hxb we BroipaweHit mis dx, dy, dz nerxo Hafi-
J€MD HanpaBAsiOliie KOCHHYCH KacaTeAbHON, 4 WMEHHO

a = — sin¢gsin § + cos ¢ cos siny, & == sin ¢ cos § -+ cos ¢ sin § sin y,

€ = COS @ COS J.

Indpdepenunpys eie pass, NOMTYYNMB HANPaBAsIoNlie KOCHHYCH! T1aBHOK HOPMaJH

A= — ]Q? sinfgcot ycos ycos b, = — % sin?g cot 7 cos ysin 9,
, 0 <o
v = — sin @ cos j
P ol @ 7
HAH
A=—cosycosf, p=-—cosysinl, »=siny,

ecan 3aMbTuMb (BO3BHIIIAR NPeAbIAyUls (GOPMYJ/ibl Bb KBalpaTh H CKIAJbIBAs), 4TO

1 sinZg

o " R -cotzrfRécotz.

2

Fnasueis HOpManw, cibaoBaTenbHO, NePHeHANKYASPHB Kb 00pasyloiUMD H mepe-
cbkaloTb och KOHyca: oHb HOpManbHB Kb TOBEPXHOCTH KOHYca*). Hampa-
BAgOlli€ KOCHHYCH OMHOPMaiH OyIyTh

¢ =—cosgsind —singcossiny, 3= cosqcosb — sin @ sin I siny,
y == ~— sin ¢ cos .
*) Mwp yBuguMp BrocabICTBiM, YTO 3TO €CTh XapaKTEPHCTHYECKOE CBOH-

CTBO re0le3HYECKHXb JMHIK Ha BCAKOH IOBEPXHOCTH.
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Hocratouno mnpoanddepenurposatb nocrbiHee ypasHenie, 4yTOGH HaliTh BeaH -
YUHY KpyudeHis

1 sin @ cos ¢ ls

— = coty = cot z.

” R SO = pe otz

3ambTuMb cooTHOwenie sz =/gp. MOXHO ROKa3aTh, YTO TO K€ COOTHOLIEHie
CpaBefIMBO RAs reofie3Hyeckoll JHHIM Ha M0GOH KOHHYECKOH MOBEPXHOCTH H
He CNpaBefauBO AN APYTHXD AUHIA Ha TOH ke mnoBepXHOcTH. Mrakb, reope-
3HYecKid NMHIM Ha NOBEPXHOCTH KOHYca XapaKTepH3yloTca THM®b,
YTO OTHOWeHie mMepBO# KPHBH3HHW KO BTOpOHN H3MbHAeTcA obpaTHO
nponopuioHanbHo AAUHD AyrH.

657, Mscrbnyemnb eule KpHBYIO, 3a0aHHYI0 ypaBHeHifAMH
x = § (ef+eHecosd, y= i;(e6 +e.8sinb, 2= RAO.

(Ipexsae Bcero 3aMbTuMB, YTO, BB CHAy paBeHcTBh y = xigl, 2= K0, kpusas
AEWHTB Ha KocoMb rennkonib (§ 655, b). Cb npyro# cropousl, npoekiis KpHBOX
Ha NMA0CKOCTH (xy) ecTb cnHpanb, H3o0paxaeMas Bb MOJAPHBIXD KOOPAHHATAXD

ypaBHCHiCM'b
Yy = 2 r'4 (4 y

a TaKkb Kakb 2 = KO, To KpHBas J€KHTH TaKKe HA MOBEPXHOCTH BpauleHis
R/ Z _Z
¥y = — (B +e R .
2
3r1a NoBepXHOCTh €CTh KaTEHOH b, 0OpasyeMmblft BpalledieMs whnuHo# JHHIK

X = % <ek—|~ e—k>

OKOJIO OCH 2-0Bb (es KUPeKTpHcH). PascmaTpusaeMast KpuBasl, CrbaoBaTenbHO, €CTh
nepechyenie kocoro resykoufa cb KaTeHOHROMB. [luddepeHuupys BuipareHis
KOOpAHHATD, HAXOAHMDB

dx _ R §_ 9 8 L o~y

de_—‘[[(e — ¢ B cos 8 — (¥ + ¢ By sin 0],
dy _ R0 _ g 8 4 b ds _
75— g @ —eN)sind (¥ feYcosh],  H =R

orciona R

ds

ds _ R o 8 o R 0,0

do V2( +e7%) 1/2( )

nonaras, 4to s = 0 npn 6 = 0. [losToMy Hanpapasiioitie KOCHHYCH KacaTenbHof
6yayTn

] ' 1, Ve -
a=—=(kcosd —sinb), b= (Bsin® -+ cos0), ¢ :
1/7( ) )

2 Py + o0
Pl
ecan 0603HaYHMD Aas coKpaiueHis £ = ————+ Takp Kakb
b 4 P

—asind +bcosb =

1.
V2
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TO HaXOOMMB, YTO KpHBasA nepechbkaeTd  mapainileldH KaTeHOH A NOAD
dk

yraoMb BB 459 3ambuan, narbe, uro ﬂzl—k?, u auddepeHunpys eule

passb, MOAYYHMB

da ko, db__ & .
Eé=~ﬁ(51n0+kcose), ﬂ_ﬁ(cose—ksme),
de_ _ kV2
d0~—00 +e—ﬂ

Orciona, BO3BHIIlIAA BB KBAaAPaTh M CKAalbiBasi, NOAYYHMDB & = kd 8, a moroMy

1ds R (e%4¢0p 2 R2
C=Gd Y3 8 s
V2 & —e s

V2

| R

1 1
A= ———=(sin® 4 kcosb), w=——_(cosd—rksinb), »=
1/2( + ) V2 )

HaKOHCLl'b, MOAYy4YHMDB €Ul

2 cosb 2sinb A —e 0

= E) = b ‘}l =
P + a0 b + e 0 P + &9

, .

Takb Kak® i:tg 6, To O6uHHOpManb, OueBHAHO, mnepeckkaeTp ocb 2-0Bb, H
a

crkroBaTenbHo, HOPMAa1bHA Kb MOBEPXHOCTH KaTeHonna*). Jlas BhMHC-

fenis BTOpOH KPMBH3HW JOCTATOMHO TeNepb B3ATb ONHY H3B dopmyan (11),

dy Vv
Hanpumtps, Js— —, + HHD Hes NMOJYYHTb
s (4
R 52
— 2,0 —0y2 _ .
=y @ 4+e2=R+ 7R

Jlerko mokasatb, 4TO ¢ PaBHO OTPb3Ky OGHHODMalH MEXIy KPHBOIO H
0oCbl0 2-0BBb. BB camMoMb nbab, Ha OCHOBaHiH H3BhECTHHIXB CBOHCTBD UWbIHOA

2
N T
aunin (§ 589, c), atorb oTpb30KD KaKb pa3b PaBeHD R T. €. . 3aMbTHM®B,

HaKOHeWlb, YTO OTHOUIeHie mepBoi KPHUBH3HH KO BTOPOU H3MbHAeTCH
nNpsMo nponopuioHansbHo AAHHE ayrHu (o6paTHoe TOoMy, 4TO 6BUIO CKAa3aHO
AAS eONe3HYECKHX'b JHHI Ha koHych BB § 656). ‘

658. Kpusbin Beprpana. a) [Ipemtoxums ce6b pbuur, Boipoch:
MOTYTH /¥ [JaBHBIS HOPMalH onaHo# kpHBod (M) ObiTh BB TO Me BpeMs [AaB-
HBIMH HOPMaisMH Apyro#t kpuso#t (M;)?**). Kawuo# touxt M (x, y, 2) nanHoH
KpDHBOW coOTBBTCTBYeTH TOMKa M, Ha ApPYyrodl KpHBOH, KOOPAHHATH KOTOPOH
6ynyrn

4] xy=x4+4ip, Y=y -+tup, &=z+vp,

*) 3rto wacTHeif cayyail ofuaro cBoHCTBa MOBEPXHOCTEH  BpalleHis :
HODManb Kb NMOBEPXHOCTH Nepeckkaers och BpauleHis.

**) Jlaf NIOCKHXB KPHBBIXD, OYEBHAHO, HOPMANH Kb OJAHOX KpuBo#H 6yiyTh
HODManfiIMH KO BCbMB KPHBBIMB, € MapaalelbHbIMb; AN KPHBHIXb He NIOCKHXB,
KaKb YBHAMMDb, NaHHaA KPHBAasA HOMKHA YAOBJIECTBOPATL H3BBCTHRIMB yCHOBifAIMB,
uto6b! €A CMaBHHIA HOpPMand 6bLiH OOGUIMMH CB APYroio KPHBOIO.



176 VI, 3. nPHAOKEHIA Kb KPHBBIMD JBOSKOH KPHBH3HHIL, § 638

rab p o6o3navaers pascrosnie MM,, a A, p, v — HanpaBJsiollie KOCHHYCH
obuled a8 IBYXb KPHBLIXB IVaBHOH HopManu. IlonoxuTenbHbls HanpasjeHif
kacarenbHo M7 Bb Toukt M kb kpuBoil (M) M KacarenbHol Mt BB Toukt M,
Kb KpHBOH (M) OyAyrb NepneHgMKYJApHb Kb Hanpasnedilo Mn — obuieit
rnaBHOH HOpMasau, Ho, BooGiue roBops, He 6yAyTh coBnajatb. O603HaUMMDB ye-
pesd y Yroab, Ha KOTOPbI# Haao NOBEPHYTb Noaynpsmyio M;# okoao toukn M,
utobn M;#, cabaanace napannenpuolo M{, IpH YeMDb BpalleHie NPOHCXOAHUTBH
Bb TOMB € HanpasieHiM, Bb KOTODOMB Hago NoBepHYTh M ! Ha yroas BB 90°,
4ro6pl M/ COBNAJo Cb NONOKMTEJAbHBIMD HanpaB/ieHieMb OuHopmann Mo, ITlpu
TakoMb ycaoBiM 0 cuerh yraa v, Kakb Jerko y6bauTbhes, manpasJsiollie KOCH-
Hycbl KacareJpHOH M, # Bhipassrcs ¢opMmyaamu

() ay=acosy—asiny, b=>bcosy—PGsiny, ¢=cccsy—ysiny,

Cw npyro# cropoHul, umbems, no dopmyaams () u (11) § 638,

dx a , a dp
dg‘“‘«z*"ﬁp+lz§“ﬁm
d
H g = %1- » riih s;— ayra kpusoil (M;). OroxnaecTBAss BbIpaXKeH]e a1=%- . z—z’%

c¢b TEMB, Kotopoe palorTh ¢QopMyas (Il), T. e. npupaBHMBas K03 (HILIEHTHI
npH 4, NpH a, H HESaBHCHMBIE OTh 4 H a YAeHH Bb OOOHXD BEIPAMEHIAXD, .
NONYyYHMB

a’p_ 75_a’s1 p_a'sl,
(33) 21,—5—0, l—z—igmosw, . = 45 Snv,
TaKB YTO
1 cot y 1
34 — const,, — = -
(34) ? St

TNonyuennbiss GOPMYJbl BBIPAKAIOTH TOJALKO TO, 4TO [MABHEIS HOPMaaH KpuBOH (M)
6ysyrs> HBEKOTOpbLIMHM HOpMansMM KpuBoH (M;); urc6n oHb ObliM HMeHHO
r1aBHBIMH HOPMaJfiMH M s BTOPOH KPHBOH, HEOGXOAMME! €lLle YCJOBis

day _ 4 db_p do v,
dsy 0y ds; 0 d s, 01

3ambuasn, uro

da; (cos Yy  siny

. dy
s >l——(usm1p+acostp)ﬂn'r.n.,

] (2
HaXOIHUMDB

- dy 1 dsy cosy siny
(35) ds 0, 01 ds 0 T

&

T. e. = const.; a 3T0 NOKA3bIBAETH, 4YTO OCHOBHHE Tpiaapsl O6GHBHXZ
KPUBBIXb NOJKHb ObITh HENOABHXHO CBfi3aHb Mexay cobolo (. e
OTHOCHTE/bHBISI TONOKEHIA pebepb 3THXB TPisApOBb He H3MbHAITCA NpPH NE€pe-
%ok OTH ONHOM TOUKM HA KPMBOH Kb ApyroH). Kpomb roro, Ha ocHoBaniu ¢op-
Myas (34), Mexay o6bMMM KPHBH3HaMH HNaHHOH KpHUBO# (M) ROAXHO

" cyulecTBOBaTh JHHEHHOE COOTHOMEHie Ch NOCTOSHHBIMH KO3Pdu-
nieH Tamu. Mpl BugMMB, TaKeMb 06pasoms, uT0 KpHBas (M) He NpOM3BOJbHA:
oHa jomxHa O6blTb KPHBOIK bepTpaHa: Takb Ha3biBAOTCH KPHBBIK, MEXAY
KPHBH3HaMH KOTOPBIXB CYILECTBYETh COOTHOLICHie BUAA

36

(36) LAY
0 (2

rit p U g — NOCTOSTHHBIA.
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b) Hyxno 3ambruTh, 4T0 W 06paTHO, ecid JaHa kpHBas Beprpana (M),
TO BCh HaWIeHHbIS Bhllle YCAOBiA BBHINOJIHSAIOTCH, TAKD YTO CYUIECTBYETH APYras
xpuBag (M,), uvbiomas cb gaHHOIO OOIIiA IMaBHBIN HOPMaid BB COOTBBICTBY-
IOLIMXD TOYKaxb. ITH ABb KpHBbIA onpexbisOTh Ha OGLIMXD IMABHBIXDL HODMa-
A9xb OTpb3kH paBHOH JJHHBI p, a KacaTeJbHblA BB KOHLUAXb Kawaaro orphaka

b2

06pasynTs Mexay co60l0 NOCTOSHHbIH Yroas y = arctg p

» OueBHaHO, BTOpas

KpuBas 6yleTh TakKe KPHBOW DeprpaHa, yaoBaeTBopsionieio ypaBHeHilo, noay-
yaemoMy U3b (36) sambHOlO p Ha — p. ITO 06GCTOATENLCTBO MO3BOJAAETH BecbMa
NPOCTO BbIYHCAUTb 06b KpHBH3HBI KpuBOH (M), Tak® Kakbp dopmyaa (33) Aaers
ds, _ VP4 q s _VP+e

* *

= —— a TakKiKe aHaJOrH4yHo 3TOMYy s = OTKyJAa
7

ds [

27y =p2 4+ ¢2%, T. e mpou3sBeleHie BTOPHIXD KPUBH3HB BB COOTBhHT-
CTBYIOIMHXD TOYKaxb O06bHXD KPUBB XD — BEJHYHHA MNOCTOAHHAS.
[IpumtHas nanke dopmyay (36) xb xpusoit (M), noayaums

P _49 _,_ 49 _;_(etg0q |, _r—t0o)p,
01 7 P+ q? P+a3e (12+49%0
T. €.
1 _ g:—po
(87) o #F+a)e

YTO MOXKHO TaKike MOJAYYHTb M3b BTOpoH dopmyast (35). HaxoHeuws, 3aMbTeMD,
410 OTBHTH, MONYUYEHHHIH HaMH Ha NOCTABAEHHBI BONPOCH, TEPAETH CMbICAD
npH p =0, T. e. 117 KPHUBLIXb Cb NOCTOSHHHIMB (HE PAaBHBIMB HYJI0) KpYyUEHieMD
H nepeMbHHOIO NepBOI0 KpHBH3HOK. B® aToMb cayuab xpusma M u (M) cos-
nagalTs. JTO 3aKAl0YeHie He pacnpocTpaHseTcs Ha KPUBBIA Cb KpyueHieMs,
PaBHBIMB HYJI0 (T. €. MUIOCKIA KPHBBIA); BB 3TOMB cayyal umbems v =0, u
dopmyasl (33) u (35) NpHBOAATCH Kb W3BBCTHHIMB Pe3yabTaTaMb :

ds
# = const,, 7{?1=1~—§—, 0=0—2,

OTHOCAINMMCH Kb cHcTeMb mnapajienbHbiXb KpuBbHXB (§ 624, b). [ToayuyeHHbIA
pesyabTaTh He WMbeTs MbcTa H BB TOMB caydab, korga o6b KpHBH3HBI mocTO-
IHHDI, TOTOMY 4YTO TOTAa ypaBHeHie (36) yaoBJerBopseTcs 6Ge3uncleHHbIMB MHO-
KECTBOMD napsh 3HaueHit p H ¢. ITo 3HAYUTH, YTO KPYTOBYI0O BHHTOBYIO
JHHII0 MOXHO 6e3YHCAEHHBIMD MHOXECTBOMD CNOCOGOBD pa3cMaTpH-
BaTh, KaKkb KpPHBYI0 DepTpaHa. Mwbl BUAMMDB, YTO KPYroBHIS BHHTOBbIS
AHHiH, OTH BCHXDB APYrUXbB JAUHIH JBOAKOH KPHUBH3HLI, OTAMYalOTCH ThMb, 4TO,
Nnofo6HO MNIOCKHMB KPHBBbIMB, UMBIOTH 06lilis 1aBHbIA HOPMadd Cb OGe3uHciaeH-
HbIMB> MHOXKECTBOMB ADYTHXB KPHBBIXB. ITH ApYrif KpHBbA, pasymbercs, Toxe
KPYTrOBbIS BHHTOBbIA H MeXJy HUMH OJHa JONKHA NPHBOAHTLCA Kb IPSAMOH.
OHa cooTBBTCTBYeTs TEMDB 3HAYEHISMB p W ¢, KOTODPHIY YIOB/IETBODPSIOTH YypaB-
HeHiaMB (36) u (37) mpH oy = oo, T. €.

k4 (4 2
p = _ov | q = _2-9_2 ,

o*+ 7

H €CTb He YTO HHOe, Kakh obuas ocb BChbX® IHIHHAPOBB, Ha KOTOPHIXD JEXKaTh
KPYTOBBIf BHHTOBBIA JHHIH.
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NPUNOSKEHIA Kb TEOPIM NOBEPXHOCTEW.

OCHOBHLIAA NOHATIA.

659. KacarenbHan nnockocts. Ko BCEMB KpUBBIMDB, OpOXOmsi-
WUMDb Yepe3b TOuKy A HA MOBEPXHOCTH, MpPOBEIEMDb KAacaTeshHbis
npsMeid: OHbB Ha3HIBAWOTCA KacaTebHbBIMH Kb moBepxHocTH. Hanpa-
BleHie Kaxa0# M3b HUXD onpenbaserca kocuHycamu, xoropoe (§ 630)
NpoNopIioHaNbHbl  AH(depeHIianaMb KoopaHHaThL x, ¥, & Toukd M,
ecIM npeAcTaBUMDB cebb, yTO 3Ta TOUKa NepeaBuraeTcs No OAHOH W3Db
KPHUBHIXs Ha MOBEPXHOCTH. EciM noBepXHOCTb 3afaHa ypaBHEHieMb
(N, Y, Z)=0, to ynomanyTsie AucpepeHiiabl CBI3aHBl ypaBHeHiEMb

) %gd_x ()fn’ +‘)/d —o.

IT0 ypaBHeHie BbIpaXaeTh, YTO BCAKasd KacaTelbHasd, Kb KakoH 6wl
KPMBOH Ha TIOBEPXHOCTH 4Yepedb TO4Ky M oOHa uu 6Gmia mnposesneHa,
neprneHAMKYIApHA Kb npsMofl, Hanpasiaenie kotopo#t onpenbasercs
KOCHHy caMH

o L of 1 of 1 of

I —

]/ ]fdx B ]/jj}di}w ]/’/765

CnbaoBatenbHo, Bch KkacaTenbHula BBb Toukd A/ newaTs BB ONHOM
naockocTH. OHa Ha3uBaeTCd KacaTeNbHOH HAOCKOCTH Kb MO-
BepxHocTH Bb Toukh A, a npamas, kb Hed nepneHAuKynApHas, BO3-
cTaB/leHHasd 3B TOH e TOUKM N/ — HOPMAAbW Kb [OBEPXHOCTH.
KacarenbHas nnockocTh M30fpawaercs, crbaoBaTelbHO, ypaBHEHieMb

) K= o (vn Y+ 2-9 L=

Ecin XoTUMDB BBECTH BB BLIYHUC/AEHiE€ YacTHBIS MPpOMU3BOJHLIA OTDB 2 110

~

X M no y, o0osHauaeMpln OyKBaMH p M ¢, TO KOCHHYCbl HalpasieHis
HOPMajM BbIpassTcs HopMyiamu

—P N = /._‘;_q—_._; N = —= 1: - =i‘)1
VIR R T VI+ptg Vitp+g2

a ypaBHeHie KacaTeJbHOH MIOCKOCTH NPUMETH BHUID

%) Z—2=pX—x)+q(Y—2)

*) BLITEKAIOMMH W3b ypaBHeHiR f. - p f. =0, Sy tafl=
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Co6anmxan ckasaHHoe Bb § 568 b HACTOALIMMH BBIBOAAMH, Mbl BHAUMB,
4TO HOpManb Kb NOBepPXHOCTH f = 0 BB Toukh M u ectb Ta mpamas,
B1OMb KOTOpoH ¢yHKIia f cTpemuTca u3MbHATBCA Bcero OGbicTphe,
Mexny ThMb, Kakb BIOMb KACaTe/NbHBIXB 3Ta (YHKIIA CTPEMHTCS CO-
XpaHuTb 3Hauenie 0; nbHcTBuTenbHO, BB TOoukaxb M, newauxs Bb
Kacate/bHOH MIOCKOCTH, QyHKLia f uMbeTd 3HaueHis, 6eaK0Hequ MaJIblst
‘BTOpOro mnopanka otHocureabno M M.

660. TlonesHo umbTh Takke GOPMynbH N9 HEMOCPENCTBEHHArO
BbIUMC/IEHIA KocuHycoBb £, O, 9T Bb ToMB ciyyab, korna momepx-
HOCTb 3a/laHa ypaBHEHiAMU

x=q ) y=7y>0,0), z=y@,0).

fIpn 3TOoMB mapamerpbl # W v U3MbBHAKTCA 1HE3aBUCUMO OAHMHDB OTb
apyroro. UTto6bl 3TH TpU ypaBHeHis M306pamand MOBEPXHOCThb, HEOOXO-
aumo, urobel asb u3b GyHKUiK x, y, 2 O6bIM HesaBUCHMBl, a c1bao-
noBaTenvHo (§ 578), uTo6el BBL MaTpucch

0x dv oz |
ou du du

box dy dcs
| o

N

He BCh MMHOpEI BTOPOrO NOpsiKa paBHAMIMCL HyJ0. Eciau Teneps v
OCTaeTCq MOCTOAHHBIMD, TO JIAHHKG TPH VPABHEHIA H306pamaloTb KPHUBYIO
dx Jdy OJ3

JIMHII0O Ha MOBEPXHOCTH; Su ou oum OynyTb NPOMOPLIOHANBHE Ha-

TIPaBIA0ILHMD KOCHHyCaMb KacaTelbHOH Kb 3ToH kpuBOH BB pascma-
dx dy 0=

TpuBaeMOH TOukb; TOUHO Takb xe 50 du dv 6yayTs mnpomopui-

OHA/MbHBl  KOCMHYCaMb KacaTeJbHOW Kb JApyrolt KpuBOH, KOTOpDYyio
[O/My4YUMb, PA3CMATPHBAA 74, KaKb [IOCTOSHHOE. YC/IOBIA MepHeHAMKYsp-
HOCTH HOpManK Kb 0GbUMB KacaTelbHHIMB JAOTh

e X0

Uab Huxbp BbITeKaerTs, yro £, O, 9T nponopiioHanbHb BhILIEYTOMS-
HYTBIMb MHHOpDaMb, 4 TaKb KaKb CyMMa KBaApaTOBbL 3THXb MHHOPOBD
paBHa KBajpaTy MaTpHCCH, T. €. ac — b?, rnb

050
G_Z<du>' Z(dl%)’ ¢= OZd?v

TO, OYEBHIHO, GyneMb HUMbTH

o1 0(n o 1 ) o 1 alxg)

T VabiEow v TN T Yar—eotn T YVab—oow v
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661. YnpawHenin. Halpemp ypaBnenie koHyca, OMCaHHAro OKOJIO
nosepxuoctd f(X, Y, Zy=0 cb BepmuHoio BBH AanHoH Toukb Q (&, 7, ),
T. €, TOTO KOHyca, o6pa3ywolis KoToparo. 6yAyTb KacaTeJbHbIMH Kb IOBepX-

HOCTH, NPOBEJeHHLIMH H3b TOYKH (). YpaBHeHis, Bbi-
paxarwowis, yto Touka M (x, y, #) JAeWUTD HA NOBepX-

HOCTH, H YTO KacaTenbHas IVIOCKOCTb Bb Toukb "M
(5)' 78/ NpoXOAHTD yepess (), 6yayTs
éé (4) f(x,}’: Z)=0,
b 0 0 0
| =055+ 0-95L+ -0l -0
.

S
N

Ecin BB 3THXD ypaBHeHisXDb OyleMb pascMaTpHBaTh
X, ¥, 2, Kakb nepeMbHHbIA (TeKYyIlis) KOOPAUHATHI, TO
3TH ypaBHeHis H306pa3aTb KPHUBYI kacaHig ko-
Puc. 83. Hyca Cb NoBepXHOCTbIO. Takumd 06pa3soMDb Bb NPHIO-
WeHifAXDb onpexnbasgercs, Takb HasbiBaeMbll, BUAUMM It
KOHTY p’b NOBEPXHOCTH A4S HabmojaTens, CMOTpSLIAro
Ha Hee H3b TOYKH (), T. e. KpPHBYI, oTABAfIOMYI0 BHAMMYI0 H3b TOukd
YyaCcTh MOBEPXHOCTH OTb HEBHAWMOW WIH JuHiI0, oTabagiouyio cBbTb> 0Tb ThHH
Ha TOBEPXHOCTH, NOTPYXEHHOR Bb NMydyekb CBHTOBHIXD ayueH, UCXOAAIINXD H3DB
Toukn Q. Ecam xoTuMb onpenbants ThHb, 6pocaeMyio 1aHHOIO TOBEPXHOCTbIO
Ha ApYyrylo, TO AOMXKHBI Kb YPABHEHI0 3TOH NMOBEPXHOCTH MPHCOENHHHTb YpaB-
HEHie ONMMCAHHArO KOHYCa, YTOOh! MOAYYHTb KOHTYPb. OrpPaHUUMBAIOWIIA 3Ty ThHBE.
YpaBuerie 3TOro KOHyCa MOJyYHMb, €C/IH HCKAIOUHMD X, ¥, 2 3D ypaBHeHil (4)
¥ ypaBHeHill obpasywoiett J M konyca

X—§& Y=oy Z-{

x—§ y—n &—

.

wy

Bb yacTHOMB cnyqa‘ls, korna ) HaXomuTcs Ha 6€3KOHEYHOCTH, yepesb HCKIO-

=

yenie x, y, & H3D ypaBHeHil

_ of of of X—x Y-y Z-2
S, 9, 2) =0, AW+ij+Cb—z_o, =g =7

NoJAyYydMb YypaBHeHie UHUJAHHAPA, OMHCAHHATO OKOJO NMOBEPXHOCTH Cb
o6pa3ylIuMy, napaiieabHbiMe Hanpasiaerio (4, B, C). Bosepautasch kb 06-
ueMy cayyaio (komyca), 3aMbTHM®B, YTO HCKAIOUeHie X, ¥, & MOXHO INPOH3BECTH
BeCbMa INIPOCTO, pascMaTpuBas QyHKUiO

Fy=fE+tX -8, n+t(Y—mn), (+1(Z-10)

u 3ambuas, yTo BTOpOE H3b ypaBHeHid (4) ob6pauaercs Bb F7(#) = 0. Crbrosa-
TeAbHO, ypPaBHeHie ONMUCAHHATO KOHYCa MNOAYYUTCH Yepe3ddb HCKIIO-
yeHie f u3b ypasHenit F(£)=0u F/ () =0.

662. OcobennocTi. Bo Bcemtb npeawiaylieMb noapasymbeanocs,
410 B Toukb M (¥, y, 2) He Bch nepsms npomssonubia OTH f no
%, ¥ U z paBHbl Hymo. HWHaue ycnopie (1) ofpamanocs Obl Bh TOM-
JleCTBO M He 1aBano Obl HUKaKOH cBAdu Mexny dx, dy, dz. Ecwm

6) 9o g, g, ¥ _o,

0x oy dz -
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10 M 6yners ocobeHnas ToYKa, BH TOMDb OTHOWeHid, 4yTo Bcb Kaca-
TeJbHBIA Kb MoBepxHocTH Bb Toukb M, BMBcTo TOro, uro6ml aexars
B'b OAHOR MAOCKOCTH, OGPasyIOTh KOHHYECKYIO MOBEPXHOCTb, DTO MOXKHO
TOTYaCh YBHUABTb, eClM HanHileMb ypaBHEHi€ MOBEPXHOCTH MR TOYEKD .
(X, Y, Z), 6eakoneuno 6auskuxb kb M, Bb Bunb (§ 376)

X0 L (v L vz

X 0z
1 o 02 f . 02 f
i — x2 P —a — —_— PN e =
+2[(X et P2 - (Y J’)dxdy+ ]—}— 0
of of odf
Ecta - oy’ op BHUMCICHHHS 118 TOUKH M, He paBHb Hym0

OIHOBPEMEHHO, TO, OTOpachiBasd G€3KOHEYHO MaJlbisi BBICHIATO nopfsmxa,
BHIHMb, YTO Bb CMeXHOCTH ¢b M noBepxHOCT ynomoGasercs mioc-
KOCTH (2); TakWMDB NyTeMb MOKHO MNPAMO MOJYYHTb ypaBHEHie Kaca-
TenbHO# maockoctH. Ecaum ke, Hao60OpoTH, KOOpPAHHATH .TOuKH M
YIOBJNETBOPAOTH ypaBHeHiAMDB (5), TO, IpeHeGperas GE3KOHEUHO MaJbIMHU
8bllue 2-r0 MOPAAKA, MOXHO pa3CMaTPHBATh TOYKH MOBEPXHOCTH, CMEX-
Hen cb M, kakb Jlexallls HA TOBEPXHOCTH KOHYca BTOpPOTO
fnopaaka.

o2 02 o2
F—ap Sl (Yosp 4 b2 (V) o+ =0

# T. . Pasbickanie 0COGEHHBIXD TOYEKD MOBEPXHOCTH (KOTOPHIA Ha3bl-
BAIOTCH TAKKE KOHHYECKHMH, HIH ABOWHBIMHU, TPORHBIMH U T. A.
TOYKAaMi) MPOUBBOAHTCA MyTeMb, aHATOTHYHBIMBL TOMY, KOTODOMY Mb
crbaoBanM npu  usyuyedid nAoCKHXb KpuBbiXb (§ 607); xapaktepnb
ocobeHHO# Touku omnpenbasercs- pascmotphbHieMb MIOCKUXDB chueniit
fI0BEPXHOCTH Bb CMEXHOCTH Cb pascMaTpuBaeMod Toukoiwo. Hapo samb-
THTb, YTO HA MOBEPXHOCTH OCOGEHHBIS TOYKH MOTYTDH MPHUMBIKATH ONHA
Kb Apyro#t HenpepblBHO W 06pasoBath 0cOOGeHHBI aAuHin. Ecau, na-
npumbpb, 6yneMb 1POEKTHPOBATh KaKy!0 HHOYAb IIOCKYI0 KPUBYIO H3b
TOYKH, HeJlewalled Bb ed OCKOCTH, TO MOMYYAMb KOHWYECKYIO MOBEPX-
HOCTb, Ha KOTODOH KpaTHbIMH JdHiAMH 6yayTn Bch 1H o6pasyrowis,
KOTODbISl MPOXOAATD HYepe3b KPaTHY! TOYKY Da3cMarpHBaeMOR KpHBOMH;
TOYHO TAKMKE KpAaTHBIMH JIMHiAMH MOBEPXHOCTH BpauleHia 6yayTds Bch
napannend, o6pa3yeMbls KpaTHbIMH TOYKaMH MepuiiaHa u T. a. JIpyroro
poaa oco6eHHOCTH, aHANOTHYHbIA TOYKAMDb H3rHOa MJIOCKHXDB KPHBBIXB,
Bckopb Hamb BeTphTATCA.

663. Conpukacawuliscs npsAMbis,” BosBpauasch Kb 0GbIKHO-
BEHHBIMBD TOYKaMb, H3YUMUMDb (POPMY MOBEPXHOCTH BB CMEXHOCTH Cb
TaKOW TOYKO10. Bo3abMeMb ypaBHeHie KacaTelbHOH MJIOCKOCTH Bb
¢opmb (3) u BuuHCIMMBL anreGpadyeckoe pascrosHie 2 OTb 9TOH
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MIOCKOCTH 10 Ge3KkoHeyHo GaM3KOH Kb M/ TOYKM Ha NOBEPXHOCTH.
DTO pascTosiHie BHPAKAETCA TaKb

dp—ﬁ()rx fq()y
VIitp+qe

(rmb dx, dy, Oz pasHoctH Mexny koopauHatamn M w M), Mm
umbemb, nante,

bz=p0x+qdy+1(rda2+2sdxdy+16y%)+ -

ik p, g, v, s, ¢ umbloTb u3BbeiHLA (§ 563) 3HaueHin W BhYHCISIOTCS
ans toukn Af. Ot6paceiBas Ge3KOHEYHO Maibls Bbinie 2-rO MOPSAKE,
nMbem», cabrosarenpHo,

7 dx~—|—25dxn’v—|—tdy~

VT 4P+ 4

(6) h=

Beskas napa suadenii dx u dy, c¢b cooTBLTCTBYIOWMMD €fi 3HaueHieMb
dz = pdx + qdy onperbaserb HanpasneHie NPIMONH -— KacaTeJbHOH
Kb ONHOH H3b 6e34YHC/IEHHAro MHOXECTBd KPHBHIXb, MPOXOAAUMXD ye-
pesd M no nosepxHoctH, B Touky M’ Bcerna MOXHO MPENNONONHTD
Jexalield Ha OAHOH H3b 3THXD KPHBBIXB, Bpawas kacatenrHyio Bb
KacaTeNbHOH nuockocTH BB Toukb A/, Mbl MOwemb IOCTHTHYTb TOTO,
yto6bt TOouka A/’ TpuHana MwGoe nonowenie BHyTpH HEKOTOpOH,
LOCTATOYHO M4NOH YaCTH ¢ TNOBEPXHOCTH, COCTaB/AIOLIEH OKPECTHOCTb
toukn J/. Bo Bpems nonHaro o6opoTa KacaTenbHOH OHa 1Ba pasa
NpHMETb TAaKOe TNOJOXeHie, NPH KOTOpoMb A ciobaaercs Ge3KOHEYHO
Ma/ol0 BpllLIE BTOPOro nopsiaka. 3to 6yayTs Thb Hanpaenenis, s
KOTOPHIXB 4McaIMTeNb Bbipawenis (6) o6pawaercs sb Hyab. Takumb
06pasoMDb, Mexny 6e3uHCIeHHBIMBb MHONKECTBOMb KacaTeNbHbX'b, MpPOXO-
ISILIMXD Yepe3b TOuKy M, MOXHO OTIHUMTL ABE NPAMBISl, KOTOPHIA
Ha3bIBAIOTCA COMPHKACAI LIMMHCA NPSIMBIMH, NOTOMY 4YTO M3b BChXD
NPAMBIXD, POXONAIINXD Yepesb M, owb Thcube Bcero NPUMBIKAIOTHL Kb
NOBEPXHOCTH Bb CMeXHOCTH ¢b M. IDTH npameis GyayTs MHUMbIMH
WM  BeIIeCTBEHHBIMH, CMOTPS 1O ToMy, O6ynerds Jau #f— 52 >0
win < 0%*). Bb nepsoMb ciyuab Touka M/ HasbiBaeTcs 3MMMNTHYe-
CKO10, BO BTOPOMb runepboanveckow. I[lpu #f—s?* =0 conpu-
K4CaIiacs NpsMblst COBNAalTb, H Toyka A/ HaswiBaerca napa6onu-
yeckow. Ecan M annuntuveckas Touka, To /4 coxpaHseTrnh onpemb-
JeHHBLIH 3Hakb g BCEXP HanpasieHil, M BCA 4acTb ¢ NOBEPXHOCTH
JEXHTh Cb ONAHOH CTOPOHBI OTDBH KacaTeJbHOH TNJNOCKOCTH.
MoxHO NO3TOMY cKasaTh, 4T0 N/ HM30/HMPOBaHHAR TOYKA VIS JIMHIM
nepechyenis NOBEPXHOCTH Cb KacaTelbHOI MJIOCKOCTEIO. Eean we A

. . . dy
*) YcioBin MHHMOCTH WM BEIECTBEHHOCTH ThXb 3HayeHilt 7y PH KO-
TOpuIXb ¥ dx24+2sdx dy +1dy? = 0.
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runep6onyeckass TOYKA, TO BeLECTBEHHbISl COMPHKACAOILIACT MpPAMb S
onpenbasioTh Ha KacatelbHOH MJIOCKOCTH Takis aABb o6nactd, 4Tto Bb
ONHOH u3D HUXDb /4 >>0, a Bb Apyro# 2 < 0; cabaoBarteibHO, Bb 3TOMb
ciyuyal kacartennHas naockocTb Mepechkaers g. Hanbe, ecan M’
JeXUTD Bb ITOH MJIOCKOCTH, Hau o6wHbe, ec/iM OHA JIOKUTDH Ha KPHBOH,
1751 KOTOPDOH Kacare/lbHas MIOCKOCTh Bb A/ Gynerb CONpPUKACAIOILEICs
MIOCKOCTbIO, TO pascTosiHie /4 6yneTs Ju60 Hydb, 1MG0 Ge3KOHEUHO
MajJol0 He HHXKe 3-r0 MOpsjKa, a MOTOMY YMCIUTe/Ns Bb BbIpaweHiH (6)
J1O/DKeHDb 00paTUThCl Bb HyJab. OTClofa BbITeKaeTb, YTO COMPHKACAIO-
wiscst npaAMbiA OyAyTH KacaTeJbHbIMH Kb ThMB KDHBBIMDB, 11 KOTOPHIXD
COMNPHKACAIOIAACH TMIOCKOCTh COBMAJaeTh Cb KacaTelbHOK MIOCKOCTbIO
Kb mnoBepxHocTH *). Bb uyacTHocTH, mepechueHie moBepxHOCTH Cb Kaca-
TeJIbHO0 MJIOCKOCTbIO MMbeTh nBb BbTBM, mpoxonmsmia uepess M w
Kacamouisics .Bb Hefi conpukacamowuxca npaMeixb. CiabaosdrensHo,
M 6yners nBOHHOI TOYKOW s 3TOH KpuBoi. OGpPaTHO, KaKb TOJBKO
HbKOTOpas KpuBasi HAa MOBEPXHOCTH Kacaercsi Bb Toukb A/ compuxacaio-
weHcs npsmoft, /4 nbraercs GesKOHEUHO ManoOl BhINe 2-rO MODSLKA, U
KacaTenbHasi TUIOCKOCTb GyAeTb CONMPHKACAIOMEIOCH [UIOCKOCTBIO  1JIfl
Tako#l kpusof, uan (§ 646) mnepsad KpuBH3HA KPHBOH BB 3TOH TOUKb
pasHa 0, Haxouneusn, sambtumb eine, uro eciu dyHkuia #7 — s® Herpe-
PBIBHA, TO 3/VIMOTHYECKil W rumepGoOMMuecKis TOYKH 3amoOJHAKTD TaKif
06/1acTH Ha MOBEPXHOCTH, KOTODBIfl Pa3rpaHMYMBAIOTCSH JMHIAMH, o6pa-
30BaHHBIMH MapaboNMUYeCKUMH TOYKaMH. ITH JIMHIM OyAyTb JHHIAMH
nepechyeHisi JaHHOH MOBEPXHOCTH Cb MOBEPXHOCTbIO #f— §* =0
(cp. cb § 604).

664. YkasarenbHuna (uHauxatpuca) flronesa (Ch. Dupin).
Y1068 Gmixe pascMoTphTh, YTO MPOUCXOAHTDH Bb OKPECTHOCTH Cb TOY-
KaMH JABYXb PaslHYHBIXb DPOJAOBB, MOMBCTHMD HA4alo KOOPAMHATH Bb
Touky A, a ocb Z-0BhL HanpaBUMb 1O HOPMalM Kb TNOBEPXHOCTH.
3HaKD BupaeHis »f — s* mpu 3TOMb He M3MEBHHUTCA, MOTOMY UTO, KaKb
Mbl BUABIM, 3TOTH 3HaKDb XapaKTepH3yeTb TakKifd reoMeTpHYeckis cBOMH-
CTBAa MOBEPXHOCTH, KOTODPHISl OTh BbHIGOpPAa KOOPAMHATHBIXBL OcCe#l, oue-
BUAHO, He 3aBHCATH. Ilpu cabaaHHoMb BeIGOpE Mbl OyneMb HUMBTh
p=0u ¢g=0 (§ 659) u BB cMexHOCTH Cb Toukoi [/ NaHHasA MOBepX-
HOCTb ymopo6aserca mapaGomouny 2 = §(rx? 4+ 2sxy + £y%), anun-
THYEeCKOMY TNpu #f¢— s* > 0, runep6oauyeckomy npu ¢ — §2<C0.
Conpukacatouiacs npaMeii 6yayTs Th MMEHHO, MHUMBIA W/IH BELIECTBEH-
Hbisl, TPAMOJMHEHHBISI O6pasyolis napaGosionaa, KOTOpbIsl /eXaTb Bb
miockocth £ =0. Ecm r¢— s*=0, to A — napabonuueckas Touka
H napa6osouids o6paulaercs Bb napaGonnyeckit nuiuHaps. Ilepeckuems
Tenepb TMOBEPXHOCTb ABYMS MJIOCKOCTAMH 2 = - /, napa/ielbHbIMH Ka-
caTenbHOHl MIOCKOCTH (2 =0) u GesKOHeyHO Kb HeH GIM3KUMH. YDas-
HeHin chueHift 6ynyTn

ra?+ 2sxy+£y2 =421

*) CM. manbuie § 665.
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u u300pamaoTs 160 Mapy 3/AIMICOBDL (OAHHD BELIECTBEHHBIN, Ipyro#
MHHMBbI#), 160 nNapy AOMOJNHHUTENLHBIXD THIEpSONDb, CMETPS 1O TOMY,
Gyzerb 11 Touka M sanuntaveckas uad runepSonuueckas. [IpoexTtu-
pyemMb 3TH chuenins HAa KacaTebHYIO IIOCKOCTb W MpeACTaBHMb cebb
MXDb PACTAHYTHMH [0 HaMpaB/JeHi{l® H3b LEHTPAa, TaKb, YTOGH HXb
ypaeHenie ofpaTuiaoch Bb ypaBHenie x4 2sxy-+ty*=+1. Beine-
CTBEHHAA 4acTb 3TOH Mapel KOHWYeckWx®b chueHift HasbiBaerTcss ykasa-
TeNbHHLE Wau uHaukatpucolo [wonena *). Oua nepechkaerca
KaWIbIMb [1iaMeTpOMD BB [BYXDb BEUIECTBEHHHIXB TOUKAXB M €3 aCHMII-
TOTHI — BEUIECTBEHHbIA HAH MHHMBIA —— COBMANAIOTH Cb COMNPHKACAIOLUN-
MHCA TMPAMBIMH Kb MOBEPXHOCTH.

665. 3ambuyaTeNnbHbIA KPHBbIA HA NMOBEPXHOCTH. Hab BChXb
JHHIA, KOTOPbIA MOXHO TMPOBECTH HA MOBEPXHOCTH, OCOGEHHO 3aMbua-
Te/lbHbl aCHMMTOTHYeckin auuin. 3ro Th KpUBHI, KOTOPHS BB
Kama0f cBoH Toukb KacawTca conpukacawoouietica npaMoH, T. e. acuMi-
TOTb MHAMKATPHCH. ACHMNTOTHYECKYIO JHHII0 MOXHO ce6b npencraBuTh
NIPOM3BENEHHOK [BHWKeHieMb TOukd M, KOTOpas ABHraercs Mo COMpH-
Kacawoluefica npavoit 8v M 1o touku M, sarbmb N0 conpukacaouehcs
npsamoit Bb M’ no Toukn M wu 1. A. Ecan nama rtouka M, smbero
TOro, yTo6bl NBHraThc noCIbLOBaTENbHO IO COMPHKAcCAIOIUUMCS Tps-
MBIMb, T. €, IOCTOSTHHO TaHreHUiaJbHO Kb ACUMIOTOTAMD HHIHKATPUCH,
IBHranacb Obl TIOCTOSHHO TaHIEHWIaNbHO Kb OCAM®B HHIMKATPHCHI, TO
ONHChIBAEMan €10 JIHHiA Obiia Obl Takb Ha3biBaeMasi NUHI KPHUBH3HBIL.
Besikas rmosepxHOCTb, cMBAOBATENbHO, MOKPHITA ChTbIO [BYXD CHCTEMDb
JMHIA KPUBH3HGI, KOTODbLIS BCErla BelleCTBeHHH. Yepe3db Kaw Ayl TOUKY
MOBEPXHOCTH MPOXOAATH OMHA JIMHIA OAHOH H OldHA JNHHiA Lpyro# cu-
crembl, nepechkasicb NPUTOMB OPTOrOHaNLHO. Yepess Kakayld TOUKY
TIOBEPXHOCTH TMPOXOAATH Takke b acuMnroruyeckis awdiu (seule-
CTBEHHBISL WIH MHHMbI), ONMHAKOBO HAK/IOHEHHbIA Kb 06GbBMUMB MuHiAMb
KPHUBH3HB (KaKb aCHMMOTOTH [HMepBoMbl Kb e 0ociMb), H 06pasyioTh
Mexay cofolo, BooOuie, He npamol yroas. [lTo cabnaHnomy BB § 663
sambuaHilo conpHkacaroulifica MIOCKOCTH aCHMITOTHUECKOH IHHiM GynyTh
KacaTeNbHbIMH TIIOCKOCTAMH TMOBEPXHOCTH, €CIH TOJBKO HE MOCTORHHO
L:O; Bb nocabiHems cayuab aunia Gysers npsmow (§ 639), otHo-

¥

CHTE&NLHO KOTODOH Kacare/lbHas IJIOCKOCTb BCeria MOWeTb ObiTh pa3-
cMaTpuBaeMa, Kakb cornpukacaoumadcs kb Hel (§ 646). CnbrosareasHo,
O acUMMNTOTHYECKHXB JNHHIA rnaBdas HopMaab Bcernga Jne-
XHUTH BB KacaTeAbHOH MAOCKOCTH Kb noBepxHocTH. Cb apyro#
CTOPOHBI, UEPe3b KaXKIAYI0 TOUKY TMOBEPXHOCTH MPOXOLHTDH Ge3uncieHHOe
MHOXECTBO KPHBLIXb, TaKb Ha3bIBAEMLIXD [EONE€3HYECKHXD JAHHIH,
M KOTOPHIXH [/1aBHAA HOpPMAalb €CTb HOpPMadb Kb MOBEPXHOCTH,
Mubl yBumuvb BrnocabacTBid, uyto KparyaHilil myTe MO MOBEPXHOCTH
MEXIY NBYMS € TOuKaMd (ecld pascTosiHie Mex1y HUMH He [pesoc-

*) ®pannysckit reoMeTps, yyeHHKDL 3HaMeHuTaro MoHma.
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X0OHTh M3BbBCcTHAaro mpenbna) ectb MMEHHO Nyra reoldesHyeckolt NHHIH,
yepe3b HHUXDb npoxomsiie#. OueBHAHO, NMpsMad JHHIA eCTh H reolesH-
YecKas W ACHMMNTOTHYECKass HA BCAKOH MOBEPXHOCTH, MOTOMY 4TO Kaxaas
e HOPMa/Jb MOXeTh ObTh Pa3cMaTpHBAEeMd, KAKD TJaBHas.

JInHeHyaTbisL NMOBEPXHOCTH.

666. Korna npsMas nuHifi, nBurasch Bb npoctpaHcTsb, mocabao-
BATE/IbHO 3aHHMAETD NPOCTYI0 6e3KOHeuHOCTh (00 1) pasNHYHBIXDB MOJIO-
XKeHid, TO OHa 06pasyeTb TaKb HAa3bIBAEMYIO NMHEHRYATY 0 MOBEPXHOCT.

[ MBI roBopHMb, YTO mpAMas 3aHMMaeTh oo! MOJOMKEHiH, Koraa
K03 HIIEHTb BB e ypaBHEHifAXD 3aBHCATHL NHIIL OTH ONHOTO He3a-
BHCHMAro napameTrpa. Ecam 6b1 aTH ko3¢ duuieHTH 3aBHCBIH OTH ABYXD
He3aBHCHMBIXD MapaMETPOBD, TO MBI CKasanu Obl, YTO OHA 3aHHMAETH
00 ? Das/MUHBIXB NOJONKEHIH M 06pasyeTh KOHIPYEHIil0 NPAMBIXD,
a He JIMHEHYaTy0 MOBEPXHOCTH. |

DuKcHpya 06pasyIOLLYI0 MpPAMYI Bb HBKOTODOMB MONONKEHIH ¢,
Pa3CMOTPUMD 1pyroe es mnoJoxeHie @', Ge3aKOHeYHO GIHM3KOE Kb .
O6uiit nepneHaHKy/pb Kb NpAMbIMB g H g  BCTphuaeTs mpaMylo g BB
#bKoTopoit Toukb, KOTOpas nepeaBuraeTca NpH IBHXeHiM ¢ M cTpe-
MHTCH KB HBKOTOPOMY mpenbnsHoMy nosioxenilo (), ¢b KOTOPHIMB H
€OBMNaleTh MPH COBraneHin npamoit g’ ¢b g (puc. 84). Ira Touka ()

Ha3biBaeTcAd LEHTPaNbHOK TOYKOW o6pasyioweit. Ecnu kpaTuaituiee
pasctosinie /2 Meway nBymsi GesKoHeyHO GJM3KHMH 0GpasylolMMH Gy-
neTh Ge3KOHeYHO Manoi0 MepBaro Mopsika OTHOCHTeJsHO ayrH QO
kpuso#t ((J) —o6maro MbcTa UEHTPaJIbHBIXD TOYEKD, TO MOBEPXHOCTh
HaseiBaeTca kKocot (windschief) (310 u Gyners BB 0o6wemb ciydab),
a xpuBasd ((J) — el ropAOBOK HIM CTPHUKIUIOHHOI Juuiew (Strik-
tionslinie). Ecnu xe, Ha060poTh, /2 Ge3KOHEUHO Manas BHICIATO MOPAIKA,
TO TMOBEPXHOCTb Ha3bIBAeTC pa3BepThiBalowelocs (abwickelbar), a
kpusas (J es pe6pomb Bo3Bpata (Riickkehrkante).

667. Tlonoxums, uto (a, b, ¢) 0603HAYalOTHL HanpasisOLIie
¥ ] ¥ H
KOCHHYCH OGpaszyiouteit, a (x, ¥, 2) KOODIHHATH KaKOR HHGYIb TOYKH
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Ha He#t nexawed, Hsb Anamurnueckofi [eomerpin uspbcTHO, uTO
Yyromb (¢ Meway npaMmbiMd g v g  onpembaserca no dopmynt

sin? ¢ == 2(60c—c0b) = (boc —cdbP +(cda--adc) + (adb—bda),

rib cuMBOAb O 0603HAYaeTh NPHPALLEHis BXOIALMXB CHOAd BENUYHHD
npu nepexoad ore g kb g'. Ho /4 ects npoexnin orpbska mexmy
Toukamn (x, ¥, 2) ¥ (v +d0x, ¥y dy, 24 d2) nHa obwik Kb mps-
MBIMB g M @' MEPNeHAMKYAApD, a HANPABAAIOLIE MOCHHYCHI 3TOrO Mep-
NeHAUKYASpa ~MponopuioHadbHel uucaamb bdc — c0b, cda — ade,
adb—bda, nosromy /i onpenbnsiercsn dhopmynoiw

a da dx
N 2. /) (f_t(jj dx = b ‘ b o0b v
¢ d¢ O¢

WM KOpoue
lesing = [a, da, dx],

b
a da Ox

b 06 Oy

‘c dc Oz

la, da, dx]| =

[Ipenebperass Bb 06hHXb 4acTAXb paBeHCTBA GE3KOHEUHO MaabiMH Bhillie
TPETBATO MOpAIKa, NONYyUHMDb

he =|a, da, dx|+ tla, da, d&>x]1+ 4 (a, d%a, dx]+ - -,

Inst toro, uto6e A 6bi10 GE3KOHEYHO MANOK Bhille NEpPBaro NOpsIKa,
HeOoOXOAMMO M NOCTaTOYHO, uTobw [@, da, dx] = 0. 3IT10 paBeHcTBO
H Bblpa¥aeTb ycJaoOBie, HEOOXOAMMOE M [10CTATOUYHOE, UYTOGbL
10BEPDXHOCTh, 06pa3yeMas nmpsiMol0

rabk (a, b, ¢) n (v, y, 2) dyHkuin oTH OLHOH He3aBUCHUMON
nepembHHo#l, O6bina pasBepThBawinetcs, CrbayeTd 3aMbTHTS,
uTo 3TO ycnosie He uambHuTC, ecau sambHUMB KOCHMHYCH a, b, ¢
K4KHMM yTOAHO NPONOpLiOHaNbHBIMH UMb udcaaMd, 3ambruMmb eine, uTo
NpH BHIOMHEHIM 3TOrQ yC/IOBis Bb BuipaweHid /@ nponagyThb M UlEHb
TPeThAr0 MOPALKA, MOTOMY 4TO

[a, da, 2x]+ [a, d?a, dx]| =d][a, da, dx].

CrbnosaTenbHO, B> Pa3BEPTHIBANOUIEHCA MOBEPXHOCTH KpaTyait-
liee pascTodHie Mewny nByYyMs Ge3akoHeuHo O6iauskuMu obpa-
3yHOWHMH €CTh 6e3KOHEYHO Masjasg He HUXE TPeThAro MopsaKa
OTHOCHTENbHO Ayru pebGpa BO3Bpara.
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668. Teopin KpuBbIXD [BOAKOH KDHBH3HE TOTYaCh NAacThb HaMb
npumbpb pasBepTHIBAIOLUMXCA NOBEPXHOCTEH. A MMEHHO, $ICHO, 4TO
obuee MbcTO KacaTenbHBIXb Kb KPHBOH IBOSIKOH KDHBH3HBI €CTb pas-
BEPTHIBAIOLLANACH MOBEPXHOCTb, I/ KOTOPOH [aHHAs KpUBas CHYHHTD
pe6pomMb BO3BpaTa, MOTOMY 4TO ecaH (¥, ¥, Z) eCTb TOYKA HA KDPHUBOH,
TO 3JEMEHTHl TpeThiro cronbua Bb onpenbiaurent [a, da, dx] npo-
nopuioHanbHel 3neMeHTaMb nepBaro (§ 630) u onpenbautens pasens.
nynwo, O6patHo, ecan onpegbnurens [a, da, dx] =0, 1o BCerma
MOXHO Ha NMOBEPXHOCTH, 06pasyemoil npsaMoio

HAHTH TaKyl0 KPHBYIO, KacaTe/NbHBIA KOTOPOH OyAyTh 06pasyiolinMu
noBepxHocTH. JhiicTBUTENLHO, KOODAHHATH M0G0 TOYKH Ha 06pasylek
MOXHO NpeNcTaBHTb (HPOpMynamu

X=a+4+av, Y=y-Lbv, Z=2-+cv,

rib ¢ anre6panyeckas nnHHA OTpHE3Ka MexIy pascMaTpPHBAEMOIO TOUKOIO
M Toukol (x, ¥, z). PascmaTpuBan v, kakb GyHKUIO OTBH TOH e
He3aBUCHMON nepeMBHHON, 0T KOTOPOH 3aBHCATH YHCIA X, ¥, 2, a4, b, ¢,
Mbl MOXeMB pascmarpuBath X, Y, 7 Kakb KOOPIHWHATH TOYeKb HbKO-
TOPOH KpuBOH Ha nmaHHOH mnoBepxHocTH. Hanpaenswouwie KOCHHYCH
KacatenbHOH BB 3TOH KpuBo# 8B Touxbs (X, Y, Z) nponopuioHanbHbl
uncnambe dX = dx 4+ vda 4 adv, dY =dy +vdb+ bdo,
dZ =dz+4 vdc+ cdv. Yro6bl KacatenbHas coBnana cb 06pasytoled,
HEOOX0NMMO H IOCTATOYHO, 4TOGLI MOXHO Obuio onpenbiuTs U Taks,
uyto6bl 3TH uHcia OblIM NPONMOPUIOHaNbHBI YHCHaMB @, b, ¢, T. e.
4ytoObt GLLIO

’

dyv+tvda dy+tovdb dz +wvdc
a o b . c

A npu ycnosin [a, da, dx] = 0 310 Bcerza BOSMOXKHO, NMOTOMY 4TO
OHO €CTb He 4TO HHOE, KaKb yc/ioBie COBMBCTHOCTM HAaMHCAHHBIXB JBYXD
ypaBHeHIH ¢b 014010 HeusBbecrHOW v. MWrakb, BCSKYy pasBepTh-
BAOIYOCH MOBEPXHOCTb MOXHO pa3CMaTpHBATH, KakKb o6llee
MBCcTO KacaTebHBIXb Kb KPHBOH NBOAKOH KPHBHSBHBLIL

[ Mpumbyanie. B uacTHOMB cnyuah, 91a KpHBas Mowerd o6pa-
THTBCH BB TOYKY, U€PE3b KOTOPY! TOrga M npoxoisTh Bchk obpasyo-
ulif, TaKe 4TO NOJY4YaeTCd KOHMYeEeCKas NOBEPXHOCTb; 9Ta Bb CBOIKO
ouepenb NpeBPalaeTCs Bb LMJHHIDHYECKYIO, KOTIa BePLIHHA KOHyca
ynansercs Bb Ge3KOHeUHOCTb M oOpasytoulis LbnalTcs napamienbHbIMHU
Mexny co6olo.

MoxHo orgate ce6t oTueTs BB 3TOMB CBOHCTBH, 3ambrHBL Cib-
nyoumee. Ecnu mbl nposememt uepess g MIOCKOCTb, mapannenbHywo g,
To pascrosHie Touku () OTH 9TON NMNOCKOCTH OyleTh PABHO /4, a TaKb
Kakb /i TpeTbsro MNOpsIKA, TO, BOOGLle TOBOpSI, NPOBENEHHas HaMH
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fJIOCKOCTh  COBMAAEeTh Cb COMPHKACAIOWENCS [VIOCKOCTHIO Kb pe6py
Bo3spata Bb Toukb () (§ 642). Uro6bl nokasaTh, uTO g — KacaTelbHas
¥b pe6py BO3BpaTa NOCTATOYHO MOKA3aTh, YTO DA3CTOfHie MexAy ¢ H
apoekuielo Toukn () Ha conpHKacamulyiocs MIOCKOCTh GymeTh GeaKo-
HEYHO Ma/ol0 BhHillie MepBaro MOpsAka. A TaK'b K4Kb 3TO pascTosHie
paBHo mpouseeneHiio ()" Ha 6e3KOHEYHO Manbift yromb, TO TeopeMa
H J0Ka3aHa.

669. Tlonoumb Tenepb, 4T0 %, y, 2 0GO3HAYAIOTH KOOPAHHATHI
LeHTPaNbHOA TOYKHM M NOCTaBMMB cebb 3anauelt onpenbnuTts KacarenbHyi o
MIOCKOCTh BB Kako# Hubynb Toukt A nuHeHuaTOH mMOBEpPXHOCTH.
‘O6pasyowas g onpenbnsercs KOOpAHHATAMH x, y, 2 H HANPAB/SIOWHMH
KocuiiycamH @, b, ¢. Bcb aTH Beamumusl, kakb yme 6O ckasaHo,
6yLyTB (byHKU,lﬂMH OoTh oaHOH HesaBucuMOH nepembHHOH 1, 3a KoTOpYyIO
MOXHO MPHHATH AYTy pe6pa BO3BpaTa WM CTPUKUIOHHOH nMHIH, OTCYH-
THBAEMYI0 OTB MPOHM3BOJBHOH HaualbHOH TOUKH 4 Ha kpHBo#., Touka M
Hia JaHHOR oO6pasylowelt onpenabnutcs Toraa es pascTOsHiEMD 7 OTB
ueHTpanpHo#t ToukH. CrbrosarenbHo, koopauHaTH TOukH M BbIpakaOTCs
8D ABYX'h MAPaMeTpaxb # H v (QOpMyJamH

X=x+au, Y=y+bv, Z=2z+cv.

Kpomt ToTO,
0X dx da oY dy dv 0Z dz dc
0 ou dutVdu’ Gu " duT?dw ou dutPdu’
oX _ oY _, 9z _
o0 =" 0w T g0 TH
E s Barouascs ﬁi—jf—a da_ 2 H T
CH MOBEPXHOCTb Pa3BEPTHIBAIOWAACA, TO —- =da, —- = o . I,
a nocabania gopmynsl 06pawanTcs Bb
90X oY v 0oz v
ou +797 duhb Zf' 011_C+2f

Bmbert cp Thmb Hanpasnsiomie kocuhycpr £, O, OU HopmanH Kb
noBepxHoctH (§ 660) 6yayTs nponopuioHanbusl onpexbanrensMsb

oY, Z) 9(Z. X) O(X,Y)

9 (u, v) d (u, v) "o (1, v)

KOTOpblE CaMH MPOMOPLIOHANBHB ONPeNANTENIMDb MaTPHCCH

T. e. KOCHHycaMb «, 3, ¥ Ounopmanu. Kakv Bumumb, £, O, 9T ne
3aBHCATH OTb 7. CnblosarenbHo, kacaTesdbHas MAOCKOCTb BB
Toukb pasBepTEIBaloulefcs MOBEPXHOCTH KacaeTcs [MOBEepX-
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HOCTH BAONbL BceH o6pasywiielt, npoxonswel uepess 3Ty
TOYKY, MHBIMH C/OBAMH, BO BChXb TOUKAXD JAHHOH 06pasylomel Kaca-
Te/bHbIS [IOCKOCTH COBMAfdiOTh BB ONHY.

670. Bmb cnyuyab kocoit nuHeiuaroi nmosepxsHoctH £, MU, OT,
Ha oOcCHOBaHiM ThXxb ke dopmynrs § 660, 6yayTs npoONOPLIOHATbHL
YUCnaMb

b(de+vdd) —c(dy+vdb)=(bdz—cdy) +v(bdc—cdb) n . 1.

Bt To ke Bpems, 0603Hayas uepesdb «, £, ¥ HANpPAaBIAOUIie KOCHHYCHE
o6LIaro nepreHinKyapa Kb g M g', umbeMs

a -~ 8 _ v _ 1
bdc —cdb  cda —adc adb—bda ¢

3

M aHANOTMYHO, 0603Hauas uepess A, (M, ¥ HANPABASIONIE KOCHHYCH
ofwaro neprnesiukympa kb g B QO’, Takke uMmbeMsb

A . " _ » _ b
bdz —cdy c¢dx—adz ady—bdx h

[osTomy, nonoxusb % = K¢, Haxonums, uto £, O, 9T nponopui-
” v v v
OHaNbHbl yHCAAMB A + 5@, U+ 8, v —}—Fy M COBManaKTb Cb

A, b, v npn v = 0. Ha oCHOBaHiM CKa3aHHAro, HOPMATH Kb [OBEpPX-
HocTH, coOTBBTCTBYOWiA 3HayeHisMb O M v napamerpa v, COCTABMATDH
Mexay co6Got yroms 1, onpenbageMbit GopMynsamu

cosy = LA+ Mu+ NNy, sinyg=La+ MB + y.

31 paBeHCTBB

g oM 9T QA4 My N
B 1

== ~ = cos
i—l—%a ,u—l——Rf:’ v—l—Ry

(notomy uto A2+ u?+4-2t=1, ia+uf+ vy =0), nHaitnems
Q= (/‘.—{— AZ, a) cosy, M= (/.L—{—%B) cosy, O = (v—{— %y) cosy,

a ymHoaas Ha @, f3, y M CKIajbiBas, NOJNy4HMb

v

siny = R

cos 1,

tgy = o
gu}—F

3J1a ¢opmyna, Hainennas Illanems (Chasles) nokaspiBaeTs HHxecTb-
aywouee. Korpa Touyka KacaHif, BbIHIA M3B HAYANLHATO MOJOXKEHIA HA
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TOPJIOBOH JIMHIH, ONMMCLIBA€TH 0Opa3yOULYI0 KOCOH JHHeHYyaTOH NOBepX-
HOCTH, TO KacaTe/lbHas [MJIOCKOCTb MMOBOPAYHBAETCA HA YTOAb, TAHIEHCD
KOTOparo nponopujoHaneHs npoiaenHomy nyTtd. na onpenbienis no-
JIOXeHilt Ge3yuClAeHHar0o MHOXKECTBA KacaTelbWhiXb MAOCKOCTe#d BB pas-
JAMYHBLIXD TOYKAXbL ONHOH H Toi ke oO6pasyrouiel HOCTATOYHO 3HATH
gueno [, KOTOpoe MO3TOMY M HAa3LIBAETC MAapaMeTpOMD pacmpe-
nbneunin KacaTenbHLIXD MAOCKOCTeHd. UTOGHI HHTEPNPETHPORATL reoMe-
TpHYECKi Xapakrepd Teopemnl [llans, mpuMeMsb 32 OCbh X-0BB NPAMYIO g,
32 ocb ¥-0BB nOpenbabnoe Nosnoxenie obularo nepreHAHKYsIpa Kb Mps-
MbIML g M g'; TOria ypasHeHin wopmanu BB Toukh A/ npumyrs BHAD

X=v, Y=7Ztgy

n dopmyna Hlana macts X Z =RY. Crbuaosareisio, HOpMAIH Kb
KOCOH NMHeHYaToOH MOBEPXHOCTH RAOAL OAHOH M TOH e obpa-
3ytoulefl JexaTh HA NOBEPXHOCTH rumepGoaumueckaro mnapa-
6onounna.

671. OG6paulaeMcst CHOBAa Kb PasBEPTHIBAIOUIMMCA TOBEPXHOCTAMD
u sambTuMb crbaytowee. Ecan kpusas (/44), koopanmuaThl TOYeKD KOTO-
poit X, Y, Z onpenbasorca dopmynamu

N=x+av, Y=1rtbv, Z=35+4cv,

nepechkaers Bch ofpasyowia nmoabs NpAMBIMBL yIAOMB, WJIH, KaKb rO-
BOpATh, OyneTb OPTOTrOHA/NLHOKW TpaeKTopielt 06pasyioLIHX'b, TO
M0 YCAOBiI0 OPTOrOHANALHOCTH OyaeMsb HUMbTH

ad XN+ 0dY+cdZ=3adl =0.

Ho no dopmynams (7), umhems

dX = (a —i—»f{—:f) du 4 adv n 1 o4
Takb 40 Jad X = d(u+ ) v yenosie Jad X = 0 naers 1 v = const.,
T.e. vAQ+ QM =const. Orciona cabayers, yTo BCAKas OpPTOro-
HalbHadg TpaekTopid oOTchbkaeTs Ha AOLIXL IBYXb 06pasyOUIHXD
oTphakH, pasHOCTH KOTOPHXDB paBHa IiMHt Ayru pefpa BO3Bpara
MEXIy TOYKaMH KacaHis aTuxb ob6pasytoumxs *). [Tosromy, ecin nmbems
THOKYI0 HepacTSKUMYI HHUTb, 3akpbrieHHYo BB TOukb A u HartanyTywo
no peSpy Bo3Bpara, M 6yneMb NOCTENMEHHO CBHBaTh 3Ty HHThL, ylep-
XHBad ee MOCTOAHHO HATHYTOW, TO Kawaad ed TOYKa OYNEeTh OMHCHI-
BaTh HEKOTOpyt0 oproroHansuyto tpaexropito (A4). Ha sromsb ocHoBaHin
kpuBbLiAt (/) HasbIBaOTHL 3BO/LBEHTAMH (pasBepTKaMH) pe6pa BO3BpaTa,
KOTOPHMDB MOXETH ObiThb Kakasi YrOAHO KpPHBas.

672. O6patHo, pe6po BO3BpATA HA3LIBAETCH 3BONIOTOI0 KAKION
13b KpHUBHXD (M), noToMy uto (KaKb W BB IUVIOCKHXD KpPHBLIXDB) ef

N UAQ+OM =wAO L OM, wQO =0M - QM.



§ 672 JAMHENAYATBIS MOBEPXHOCTH. 191

KacatenbHuss GyayTb Hopmannm kpusbixb (M). Hscabayems Teneps,
OTHOCA BCE Kb OCHOBHOMY TPI3ApY OIHOH M3b KpuBbIX® (M), xakomy
YCIOBiI0  I0/MKHBI  yAOBAETBOPATL HOpMadd 3TOH KpHBOH, 1aas TOTO,
yro6br oHE MoriM 06pa3oBaTh Pa3BepTHIBAIOILYIOCH MOBEPXHOCTb. Pas-
CMaTpMBasd OIHY H3b 3THXBH HOpMasel, 0603HAYUMb, YEPE3h (P YTONIb,
ofpasyeMblii €10 Cb IVIABHOIO HOPMAJblO, TOTA HAMPaBJsiOlilie KOCHHYCHI
pascMaTpuBaeMolt HopmanH omnpedbasTes dopmynamu

I=asing-+Acosq, m=gJdsing -+ pcosq, n=7ysing-+ vcosq,

a dopmysl
I'=acosqp—Asing, m’=pgcosqg — psing, n'=ycosey — vsing

onpenbasite KOCHHYCH ﬂpyroﬁ" HopmanH, Kotopas BmhcThk ¢b nepsoio
M Cb KacaTeqbHOl 06pasyeTs OPTOTOHA/bHBIY TpPi3Ap®H, YAOBJIETBO-
patowiit yenosiio

Ho wmwm ywe Buaban (§ 667), uro pascmarpuBaemas HODMalb, [pH
nepensmkenin Toukn M no xpusoit (M) o6pasyers pasBepTHIBAIOLLYIOCH
MOBEPXHOCTb TOTAA M TOAbKO Toraa, kKoraa [/, ¢/, a] = 0. 3ambuas,
yto dl = (acosp — Asing)de +singp da+ cosqg 44 u noavsysco
popmynamu dpere (§§ 635, 636) da = An, di=-— ag — an, Halixems

dl=0U(dp —y) —aecosg T A

Mostomy onpenbautens ([, di, a] npusenercs xb (I, £, a](dg —n),
T. e. kb 1 — dg, Takep Kake [/, ', a} = — 1. BsleynomsHyToe
yciosie npusenercd, cabioBareasHo, Kb 1) = d¢ WM

®) ds =

TeoMeTpHYeCKOe 3Ha4eHie 3TOro yc/OBii MOXHO OOHAapyKHTb, BBeIs
Bb pa3cmMoTphbHie BelHYMHY BpauleHis @ pascMaTpUBaeMOd HopMaiH
oTHocHTenbHO raaBHolt. CorsacHo ompexbiaeHilo 3Toft BeaIHYMHBI, JaHHOMY
Bb § 637, Mol umbemsb

osing=3idl=(dp—)ZL=(uH—dg)sing,

OTKyla @ =1 — d@, yro o4eBHIHO camo no ce6b. Tlostomy Hawe
ycnosie TpeGyers, uToGB @ OblIO DaBHO HyJI0, a 3TO 3HAYHTH, YTO

*) Orcwia, MeXAY MpOYUMBb, cablyerh, 4TO ¢ He PaBHO NOCTOAHHOMY,
€C/IM  KpUBad He [I0CKAsl, 4 [OTOMY HM TJaBHBIA HOPMaad, HM OHHODMANH lic
MOryTh 00pa30BaTh Pa3BepTHIBAIOILEHCT NOBEPXHOCTH.
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Bb TO BpeMs, KAKb HHEKOTOpas TOuYKa [ABHIKETCH 10 KPHBOH IBOAKOH
KDHBH3HB!, Pa3BEPTHIBAIOWLiSIC MOBEPXHOCTH ONHCHIBAETDH BCSAKasw el HOP-
Mallb, JBHTAlOUIAsC Bb HOPMAalbHOH IJOCKOCTH (BB KOTOPOH dukcupo-
BaHA [MaBHasi HODMajb) TaK'B, YTO BB MPOCTpPaHcTBb OHa mepenBu-
raeTcs MEePHNeHAHKYJIAPHO Kb 3TOH MIOCKOCTH.

673. Bmb 3akmodyeHie AoKaweMb ewe 1Bb Teopemsl, Henocpen-
CTBEHHO BHITEKAOW{ H3B MpelblAyLIaro:

a) M3pb nocnbansro sambuanin cabayers, uro nBuxkenie oGpasyro-
ue# TPOHCXOANTH TAKHMB O6Pa3OMb, YTO COMPHKACAIOWAACH TIOCKOCTD
kb pe6py BosBpara ((J)) Bcersa OCTaeTcss MepIIEHAMKYISPHOIO Kb HOp-
MasbHOR tockocTH kpuBod (M) *). MuHbMuM cnoBaMu, HOpMalbHas
NAOCKOCTb Kb 3BOJAbBeHTH coOBmazaeTs €O CHPAMIAAILEIO
MAOCKOCTBIO 3BOJIOTHL

b) Ha#ns oanny ¢yukuio @, ynosrersopsouyio yciaosio (8),
Mbl TIONy4HMDb Ge34HclieHHOe MHOXECTBO IAPYTHX'B, YIAOBJAETBOPSIOUIMXD
TOMY Xe YyCI0Bil0, MPHGaBHBD Kb HaifeHHOH (YHKUIM TPOM3BOMbLHYIO
nocTosHHyo. OTclona BbITekaeTh, yTo oGpasyloulis pasBepThiBalo-
wehcs MOBEPDXHOCTH HEe TepecTalTh ObITb TAaKOBBIMH, €CJIH
NOBEepPHEMDb HXBb BCH Ha NPOHU3BONBHBIK Yroab OKONO ONHOH
H3b HXDB ODTOrOHaNbHBIXBD TpaekTopilt. Pebpa BosBpara moay-
YaeMbiXb T4AKHMB O6pasOMDB Pas3BePTHIBAIOUIMXCSA [OBEPXHOCTEH mpen-
CTaB/AIOTD Ge3unc/eHHOe MHOMECTBO 3BOJIOTH NAHHBIXB KPHBBLIXD.

[ lpumbuanie. AnanutHueckyio TeOpil0 3BONIOTH H 3BOJNBBEHTD
(pa3BepTHIBAIOIWMXD ‘M Pa3BEPTOKD) UHTaTelb MOXerb HaHtH y [ypca
~Kypch MaTemaTHueckaro aHanusa“, crp. 520, § 231, 1. L.

Orubarowis NOBEepXHOCTH.

674, PascMOTPHMD CeMEHCTBO MOBEPXHOCTEH, H306PaKaeMoe ypaB-
HenieMd f(x, ¥, 2, @) =0, rab ¢ HesaBucuMblit TlepeMbBHHLIE MapaMeTpP.
Jlio6asa M3b moBepxHOCTeH cemedcTBa, cOOTBETCTBYIOUIAs NaHHOMY 3Ha-
yeHilo @, BOOGHIE rOBODS, Nepechkaercs ¢b APYIo, COOTBBTCTBYOUICHO
3Hayenilo a - /. TOoro e mnapamerpa, no HbKOTOpOH KpuBOH. 3Ta
KDHBafi, Cb TPHOGIMKEHIEMD /4 Kb Hy/MI0, MOXeTH CTPeMMThCT Kb HbBKO-
TOpPOMy MNpenb/IbHOMY MOMOMEHII0 Ha MepBOH MOBEPXHOCTH, Bb 3TOMB
npeababHOMD MOJIOXKEHIH OHA HA3HIBAETCH XaPaKTEPHCTHKOIO JAaHHOH
NOBEPXHOCTH pascMaTpuBaeMaro cemefictBa. O6uiee Mbcro Xapakrepu-
CTHKDB BChX'B IIOBEPXHOCTEH 1aHHAro ceMeHcTBa Has3blBaeTCd OTHGAIO e O

*) IMoToMy 4TO CONMPHKACAIILYICH WIOCKOCTh Kb KPHBOH ({)) BB Toukbs O
MOXHO Pa3CMaTpHBaTbh, KAKD IVIOCKOCTb, TPOXOALLYI0 Yepesdb o6pasyowyo QM
H Ge3koHeyHo 6au3Kyl0 Touky Q.
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(Enveloppe) BchHxb 3THXB noepxHocTel, MoxeTd Takke ClyuMThCH,
yro noeepxHoctH (@) W (@ - /) He nepectkalotcsi, Kakb Gbl Mano 4
HH 6bIO, HO Ha NOBEPXHOCTH (a) MOryTh ObiTh TOYKH HaH60/bIIAr0
c6amxenis cb nosepxHocTslo (@+4) (cp. c¢» § 619), T. e. Toukw,
KOTODHISl MOXHO DascMaTpHBaTh, npeHeGperas 6e3KOHEYHO Ma/bIMH 10-
panka, Beicmaro ybMb £, Kakb TOukH, 06uiis 0GHUMD NOBEepXHOCTAMB.
Bb 3THXBb ciydat XapakTepucTHKa NOBepXHOCTH (@) ecTh npeababHOe
nonoxenle o6maro MbcTa 3THXB TOYEKD NPH GesKOHEUHO MalOMBb /.
- Cb noMolIkl0 coobpaeHill, aHANOrMYHBIXD THMD, KOTODHIMH Mbl MOJb-
30Ba/HCh TNpPHM pasbickaHin orubaiome#i NJIOCKHXD KPHBHIXDB, TOTYACDH
JIOKa3biBAETCA, UYTO ypaBHeHie orubawuie#t NOBepXHOCTH NOAY-
yaeTcs yepeadb HCKJAKWYeHie napameTpa @ u3b ypaBHeHi#t f=0

0
-[— . Jlerko Takxe J10Ka3aTh, YTO BCAKas NOBEPXHOCTL C€-

MeHCTBa KacaeTcs orubamomeit Baoab Bcelt cBOel XapaKTepH-
CTHKH, Jlam 3T0r0 CTOMTH TOAbKO 3aMmbTuTh, uto ypaBHewie oruGa-
lolelt eCTh He YTO HHOe, KaK'b yPaBHEHie caMOro ceMelCTBa MOBEPXHOCTER
f(x,5 z,a)=0, eciu Bb HeMb @ DPa3CMaTpHBAeTCs, Kakb (QYHKLUA

, 0
OTb KOOPAHHATDH, YNOBJETBOPAIOIIAS YC/IOBi0 EJ; = 0. [lepBus npous-

BOMHBIA JIBBOK uacTH ypaBHeHif orubaiowmwell 6yanyTs, carbaosarenbHo,

of [ ofoa  af 9dfda f+dfda

+5ﬁ0_£ oy ' daoy oaodz

0
H MPHBOJATCH Kb -d—i, aj’t—, -lz, Kakb M BB cayyab a nocrosuuaro *).

675. NMlpumEpol. 3ambuarenbhbit npumbpb orubaomell gaers cemefcTBO
naockocTelt. XapakTepHCTHKA NIOCKOCTH, OYEBHAHO, MPAMas NHHis, cibaoBaTenbHO,
orn6amomas Gyrerd JHHeHyaTOI0 NOBEPXHOCTbIO, 4 HAa OCHOBaHiM mochbauen Teo-
peMB, OHa Kacaercsl KauIOW M3b MJIOCKOCTel cemefictBa Bpoab Bcelt o6pasy-
oweH, 8 noroMy oHa 6ylerh pasBepThIBalollelocs nobepxHocrbio. O6paTHo, Ha
OCHOB&HIH ckasanHaro BB § 669, Bcikas pasBeprhiBalomiasicd NOBEPXHOCTb €CThb
oru6aiomas ConpHKacaliuXxcs nnockoctell Hbkoropo#t kpuso#t (pe6pa Bo3Bpata).
HMcxoas Mab 3TOTO, NETKO BEIBECTH BaKHBLI aHaJIMuTHYecKil XapakTepuCTHUecKil
NpH3HaKb Pa3BepPTHIBAIOLINXCA NOBEPXHOCTeH. YpaBHEHie KacaTeNbHOH MJIOCKOCTH
KD 11060 NMOBEPXHOCTH €CTb

Z=pX+qY4 (s —px—qy)

Uro6pl MOBEpPXHOCTb OblNa pPa3BepTHIBAIOMIEIOCS, HEOOXONMMO H  AOCTATOYHO,
4106H P, ¢, 3 — px — gy OblAM QYHKUIAMH OJHOTO HE3aBHCHMAro mapamerpa.
A pns 3roro .Heo6xoauMo M jocraroyHo (§ 578), uro6el fko6ieBa MaTpucca
9THXD TpeXb OyHKUil umbra Bchb MUHOPBH BTOPOrO NOpPsiKa, paBHLIE HYJIO.
Takb Kakb

ap dqg o _
sx=" = b;(g—px—qy)——(rx+sy),
ap oq 0 _
@_57 ()_}’ =1, @(3—1”‘_4}’)“"(575‘}‘1‘}’),

*) Ortkyna u crbayers, uro Bb JI060# Toukb XapaKkTepHCTUKH KacaTenblibist
NBOSKOCTH Kb orunbaiomed u orn6aeMoll COBNajaioTh.

13
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TO 3Ta MaTpucca NPUBOIUTCA Kb

r s rx-+sy
s 1 sx+ ty

H 3KBHUBAJEHTHA Kb

s 0
0

Yr106b Bch MHHOpPBEI BTOPOro nopsaika 6bLId HYASIMH, HEOGXOOMMO M TOCTaTOYHO,
yto6bl #¢ — s2 66110 paBHo 0. MrTakb, pa3BepTHBAWHIACA MOBEPXHOCTH
XxapakTepH3ywTca TbMb, uTo Aad Huxb ¢ —s2=0. UHbMu cloBamu,
3TO €IHHCTBEHHBIS IOBEPXHOCTH, BCh TOUKM KOTOpbIXb napaboauueckis (§ 663).
3ambTuMDB, 9TO 1419 KOCHIXD JAMHeHUaTbIX> MNOBEpXHOCTed Beerua »& — s < U,
IIOTOMY 4TO depe3d KauAylo TOYKY WXb BCErj[d IMPOXOIMTH BellleCTBEHHAs! ACHMII-
TOTHYECKAsl JHMHiA, a UMEHHO, NPAMONHHe#Haa o6pasyomas. Ha passeprbiBa-
jomeficds MOBepPXHOCTH 062 ceMeHCTBAa ACHMITOTHYECKHXb JUHIH COBNAZAlOTH Bb
OIHO — CEMEHCTBO MPAMOANHEeHHBIXD 06pa3yOILUXD; HO, KpOMb TOrO, CYLUECTBYETD
elle ONHAa H30/MPOBAHHAs aCUMNTOTHYecKas /MUHiA - pe6po Bo3Bpara. ITO He
npoTuBopbuuTe paHbe CKa3aHHOMY, TaKb Kakb JAerko nokasatb (cum. § 693, b),
yTo Ha pebpb BO3BpaTa #, s U ¢ o6pallalTcs Bb 6E3KOHEUHOCTD.

676. ITonoxxuMb Teneps, YTO PascCMATPHBAETCHA ABAXAB Ge3KoHeuHas
cHCTeMa MoBepxHOcTeH, H3o0paxaeMbiXb ypasHeHieMb f(x, ¥, 2, @, b)==0
IJI1 BCEBO3MOXHBIXD NMapDb 3HA4YeHiH He3aBUCHMBIXDH NMapaMeTpoBb a U b.
duxcHpyeMs OOHY H3Db 3THXD nosepxHocted S, coorsbrcTBYIOULYIO
AaHHOH mapb 3Hauewikt (@,, b,) napamerposb, H, BHGPaBb NPOM3BOJLHO
HBKOTOpYI0 DYyHKIUIIO @, MOTOXHMD

b=by+ @(a) — ¢ (ag)-

TakuMb 06pa3oMb pa3cMaTpHBAeMblH Cay4Yal CBEJETC Kb Pa3scMOTPhH-
HOMy BB MNpelblylieMb §, W Ha MOBePXHOCTH .S nonyuuTcs HbBKOTOpas
XapaKTepUCTHKA, CO0OTBBTCTBYOUAs BbIGpaHHOH ¢yHkuin ¢. DBeaun-
CIEHHOMY MHOXECTBY QyHKUIR ¢ cooTBbTcTByeTH Ge3uncieHHOE MHO-
WECTBO XapaKTEPHCTHKD; BCh 3TH XapakTepHCTHKH MNPOXOAATH 4Yepesb
Hikotopbia onpenbnenusis ToukW Ha nosepxHoctH S. Ib#-
CTBUTENLHO, XapaKTepHCTHKA, cooTRbTCTRYOWAn HbkoTopolt dynkuin ¢,
Yy IOBJIETBOPSETD YCJOBiO

of . of , .
L+ e @ =0,
of of
M Ha Hell Jewarb Th ToukH S, AM8 KOTOPHIXD 52 = 0, a5 = 0. 3

TOYKH, KaKb BHIHMD, He 3aBHCATH OTH Bubopa ¢yHkui#t ¢. Bb Hamemb
cay4ah, Bb NMPOTHBONONOXKHOCT NEPBOMY, HAa NOBEPXHOCTH S He cyule-
CTBYETb JHHiH, o6pasyloulelt, npu nepexoabs oTs S Kb Apyroil noeepx-
HOCTH cHcTembl, ornfbamowmyo, ¥ Jadmb OTAbALHBIA TOUYKH, obulee
MBCTO KOTOPHIXD NpH TOMB ke nepexombs M 6yneTh orubaoureio
MOBEPXHOCTBIO AAHHOM cucTeMbl ¥). YpaBHeHie 3TOH orubarowe#t noay-
yaeTcs 4yepe3b MCK/IOYEHie NMapaMeTpoBb 4 H b H3Db ypaBHeHiH

_ of _ of _
/=0 oa 0, ad =0.

*) Ee naswiBaloTs oru6aiolied BTOpPoOro poaa.
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U BB 3ToMb cayuat orubammas xacaerca BchXb oru6aembixb.
Bb 4acTHOCTH KaxAayr TOHEPXHOCTb MOXHO DA3CMATPUBATH, KAKb OTH-
GalIy0 esl KacaTe/bHbIXb MJIOCKOCTeH.

677. Huhorma cHcTemMa UOBEPXHOCTefi 3ajaeTcd ypaBHEHieMb
Fx, v, 2,a,b,¢, ...)=0, npa yeMb Mex1y » napametrpamu a, b, c, ...
CYLECTByeTh ¥ COOTHOWEHIH, rab »=mn—1 wm n-—2, cmorps no
toMy, UMbeMb nu ab10 cb ceMmeficTBOMBL mNOBepXHOCTEN, 3aBHUCALIMXD
OTb OOHOTO NPOM3BOMLHATO TapamMeTpa, WIH Cb CHCTEMOK, 3aBHMCALICI
OTb /ABYXb TaKHXb NapaMeTPOBb, WM, KaKb T[OBOPATb, Cb MpPOCTOI0
MIH IBOHHOI GE3KOHEYHOCThI0 nosepxHocTelt. YTo6wl M 3xbeh nmoayuuTh
ypasHeHie orubawuiefi, HagO0 BLIPa3HTh, YTO Bb MAaTpHcCh

of of of |
da 0b dc
dg  Odp Ig
oa 0b Oc
v w9y
da 0b d¢

sch MuHOpHI nopsaxka v+ 1 pasBHul Hyaw. Takumb 06pasoMb mosayua-
10TCA 72— YPaBHeHi M HCKOMOE ypaBHeHie MOJMYYHTCH Yepe3b HCKIIO-
YyeHie s mMapaMeTpOBDL HM3L YDaBHEHi MOBEPXHOCTH, HAaHHBIXBH ¥ COOT-
HouleHi Mexay mnapameTpamHM, W # — % TNOJNYYEHHLIXD YypaBHEHiH.
MoxeTd TarKe CAYYMTBCH, YTO Bb YPaBHEHie CHCTEMBl HJIH CEMEHCTBA
MOBEPXHOCTER napaMeTpel M KOODAHHATH BXOMATDH HeABHO, T. €. UTO
ypaBHeHie 3T0 uMbeTb BHAD f(u, v, w, ...)=0, rab «, v, w,

$yHKLiH OT®b x, ¥, & H NAPaMeTPOBDL; HO Bb 3TOMDb cayuyab sicHO, uTO
4acTHHS TPOM3BOAHBIA MO NApaMeTpy @ mnojaydarcs no (GopMyiaamb

ofov  ofow

of ofou
oa " ouda ovoa owoa T T THMTA

678. Yupaxuenia. a) Hatinem® orubawiuywo BcbXb noBepxHocTed, ro-
MOTETHYECKHXD Cb JAHHOK MOBepXHOCTbIO f(x, ¥, 2) =0 oOTHOCHTeqbHO BBKO-
Toparo ueHtpa (). /[am atoro cnepsa 3aMbBTHMB, yT0 ecaH §, n, { 6yayTs
KOOPAMHATH TOYKH (J, H MONOWKHMB

FOy=rE+tx—8, n+ty—n) {+te=0)

70 ypaBHeHie F (f) = 0 NpH BCIKOMB / H306paxaeTd ONHY H3b Pa3CMAaTPHBAEMBIXB
NOBEPXHOCTEH, H BB YACTHOCTH NpH /=1 JNaHHYK NOBEPXHOCTb. TaKb KaKb
ypaBHeHie HCKOMOH oru6arolllelf nosyyaercd yepesb WCKAOUeHie 7 W3b ypaBHeHiH

() =04u F’(f) =0, To okasblBaercq, uro (§ 661) stra ornbarowas Gyrers
KOHYCH, ONHCAHHBIA M3B JaHHOM TOYKH OKOJIO JaHHOM MoBEpXHOCTH. Ecau nau-
Has NoBepXHOCTb Oynerb, HanpuMbpb, MOBEPXHOCTh 3/IMICOMIA, OTHECEHHAd Kb
€ro 0cAMb, TO, nojaras

1+ 35 hmo1s3E aeo1s D
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HaxomuMb F () = (f + fy — 2/1) 2 —2(fy — f1) ¢+ ./fo; ROCTATOYHO NMPHPABHATDH
HYJI0 JHCKDAMHHAHTD ff, — f12 3TOro ypaBHeHis, 4TOOH NOAYYHTb YpaBHeHie
ONMHCAHHArO OKOJIO 3J/UIMIICOMAA KOHYyca

Ex

2 g2 2 %2 2 2 By = 3
(:{ﬁ‘b‘ﬁzﬁ—l)(ai+%i+ﬁ—‘)=(7ﬁ+‘52'+%— )

b) KaHanoMB Ha3wBaloTh MOBEPXHOCTb, OrHBAIONLYI0 CeMEHCTBO 11apOBD
OJHOrO W TOrO XKe panmiyca, LUEHTPb KOTOPHXb HaXOAATCA Ha NAHHOH KPHBOM.
B3apb ypaBHeHie MoBepXHOCTH HIapa

(X — 2R+ (Y= 9P +(Z— 22 = R

BB KOTODBIXD> KOODAMHATH UEHTPA X, ¥, 2 MOXHO Pa3CMaTpHBAaTh, KAKD QYHKUIH
OJHOrO MapaMeTpa, a HMEHHO AJHHBI AyrH JAHHIH UEHTPOBD, H, AHddepeHUHpys
€ro No 3TOMY napaMeTpy, NMOJYYHMb ypaBHEHie

®) a(X—2)+b(Y—y)+c(Z—2)=0,

M BHAMMD, YTO XapPaKTEPHCTHKA JMEXHTDb Bb HOPMaJbHOH NAOCKOCTH
AHHIH UeHTpOBDB. Ortcioa crbayerTs, YTO KaHaADL MOXKHO pPascMaTpUBaTh, KaKb
NOBEPXHOCTb, 00pPa3yeMYI0 OKPYXKHOCTbIO MOCTOSHHAro Kpyra, JABHramwllarocs
BDb KakJoe MTHOBEHie MO HampasieHilo, HepreHAHKYIAPHOMY Kb IIOCKOCTH 3TOrO
Kpyra. YpaBHeHie KaHa/a MONyYHMb, HCKII0Yas NTapaMeTpd S H3b ypaBHEHia Hiapa H
ypaBHeHis (9), Bb KOTOPHIXD X, ¥, 2, 4, b, ¢ — QYHKUIH 0T S. AHaJIOTHYHBIMB 06pa-
30MDb NMOCTYNAIOTD NPH Pa3biCKaHid orubaiouleit awboro cemedcrsa waposb (T. €.
CHCTEMBb! 11APOBDb, Bb YPAaBHEHIH KOTOpHXDb BCh Koap@HuUieHTH (YHKUIH OfHOrO
He3aBHCHMAro napamerpa). Bb npaBo# wacTu ypaBHeHis (9) Hago 6yaeTd MOCTABUTH

BMBCTO Hyad BhipaxeHie —Rd—s. Bp obuieMb ciyuyah XapaKTepHCTHKA yXKe
He OyzeTd 60JbUIMMB KPYroMb illapa M TOTAa TOJbKO OYAETHh BELIECTBEHHOIO,
Korja abco/I0THas BEAHYMHA 75 He > 1*). VHbIMH c0Bamu, He CYLIECTBYETH
BELIECTBEHHOM orubalolilel, Koraa yBejuyeHie uid yMeHbllleHie o6beMa 11apa HAETD

6bicTphe, wbMDb nmepexBuwenie ero uentpa. Bb uacrtHocTH, korpa K =s-|-const.,

dR . :
- = 1) , orubaronias obpaulaeTcs BDb KPUBYIO JHHiI0 — 3BOJbBEHTY JHHIH

ueHTpoBb (§ 671), H orubaembie wmapbl 6YAYTDH aHAJOTHYHBI CONMPHKACAIOLIMMCA
Kpyramd miaockoit kpuBo# (cpas. § 626, f). Hanmpotusb Ttoro, compukacaioliliecs
HIapH KPUBOH [NBOSKOH KPHBH3HH Bcerja MMhLIOTh orubamoliylo nosepXHOCTb,
a UMEeHHO —ob1ee MbBCTO CONpHKAcAOIIMXCS KPYroBDb AaHHOR KPHBOH.

c: Ilpemnoxkump ce6b HaltH orubaouyo (2-ro popa) NAOCKOCTEH
ax + B8y 4+ y2 =1/, npeanonaras, 4yto pascrosHie / OTH Hayala KOOPAHHATD
CBA3aHO Cb KOCHHYCaMM a, 3, y COOTHOLIEHieMb

e e
¢

a2
Femtr_pte-a—0

31113% a, B, y» I — napameTpsl, yaoBiaerBopsiollie cootHouenio (10) u cabayio-

*) Mscnbrosanie sabce ananornyno uwscrbposanio Bb § 626, f.
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memy: a®+ 32+ y2=1. [llostomy Hamb HywHO (§ 677) pascMorphrs Matpuccy

‘ a 8 ¥y 0
‘ x ¥ z 1
| a 3 ¥y

| B @ BE-0 P °

rab aas cokpauleHis nojaomeHo

[ a2 1 Iy

O= T aRp + B2 + E_ep

fIpn momoutn u3BbCTHHIXL npeo6pasoBaHifl 3Ty MaTpucCy MOXHO NpPeiCTaBHTDb
BD BUIb

x 1

E2PUEND S N S 1

' B2 B E-p 7o F=a& ° .
1 1 1 0

1 1 1
R2—g? 2P P2 ?

Jlns Toro, utob6ni BCh es MuHOpH 3-r0 nopaiaxka oOpaTHANCh BB HYy/b, Mbl
noMmKHbl HMBTh

xo v oy v _= 1
e

2 — 2

@ BR—a T § R

O6my0 BeJIMUHHY 3THXDL TpeXb UHCEdb [OAYYHMD, YMHO#As mnepBoe Ha «?,
BTOpOE Ha (32, TpeThe Ha 72, M ckaajpiBast. [IpuHHMast BO BHMMaHie paBeHCTBO (10)
NONyYHMb TaKUMB 06PA30MBb, 4TO HCKOMas BeAH4HHA €CTh /0, TaKDb 4TO

_ 1 a Y 1 B8 T ) v
s=lotp_g 5 vty g -t e

Bo3BbilleHieMD BB KBaApaTh H CAOXKEHieMT HaljeMb elle

o s 21 a? 1 a? o 1
Bt =P Tt s D= P

IToaToMy MOXHO HanucaTtb

_ _ta P __ la 21 92 1 22 __ g2
x_m(P—a +R)—-m(x +y2+22—a%) n T,
cabaosaTenabHo,
x _ ta ¥ 13 ,
x2+y2+22—a2d12——a2 x2+y2+zz—b2—12—~b2
z Iy

x2+y2+z2—02=l2—02'

YMHOXas enle Ha x, Y, & B CKlaablBasg, HaXOAHMD ypaBHeHie

x2 lax a? 1 la?
2x2+y2+z2—a2* lz—a‘z:FZIz_a2+FZ(re—a2)2*l*
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KOTOpO€ JIETKO NPHUBOIHTCA Kb 6oabe nmpocTtomy BHIY

ax? n b2y? n 222
x2+y2+32—a2 x2+y2+52_ 2 x2+y2+22—c2

Hckomas orubamommas ectb, c1bloBaTennHo, NOBepXHOCTL BoJHB (§ 384, d).

=0.

679 *). Mbl nonyuyuMB M0Je3HOE NMPHIOKEHIe H3NOXKEHHOH Bbille
Teopin, TbMb Gonbe BaxHOe, YTO Bb HeMD 3aK/IOYaeTCs AOMOAHEHie
Kb TeOpiH KpHBLIXDB, 3aHABLIMCb DAa3biCKaHieMD MOBEPXHOCTeH,
OrHGaloI KX rpPaHH OCHOBHOTO Tpisjapa Kakoit HUO6YAb NaHHOMK
kpuBoi. BosbMeMt TpH ypaBHeHis

SalX—x=0, Ja(X—2)=0, JA(X—a)=0,

n3ob6paxaroiis cooTBETCTBEHHO NJIOCKOCTH: HOPMa/jbHYO, COMPHKA-
calulycs U cnpamadiomyo, BeidunHs x, v, ..., W@, ¥, Bb HHXD
Bxoaswisa, 6yayTs (yHKUIM Ayrd S, YyAOBJAETBOpSIOULis H3BHCTHBIMB
cootHouleHisimMb (§ 638)

df da i da A di

a
s~ % ds 0 ds z as 0

JuddepeHunpys no s ypaBHeHi pa3cMaTpHBaeMbIXb MJIOCKOCTeH, mony-
4HMDB COOTBbHTCTBEHHO

(1 SAX —w) =0, ZAX—x=0, IV(X—2)=0,
rat Bb nmocabaHeMD ypaBHeHiH MOJOXeEHO
(12) V/=asingp+acosp, m'=bsing+5cosg, #n' =csing-+7ycosg,

v .
npH 4emb tg @ =" PascmaTtpuBas atu ypasHeHis, npuxofuMb Kb cnb-
AYIOIHMD 3aKJII0YEHIIMD ;
a) Orubawoluas CONPHKACAIOIMXCA IJIOCKOCTeH, Kakb H cabioBalo
OXHJaTb, €CTb TAKDb Ha3blBaeMasi PA3BEPTHIBAIOLLANACA KACATENbHBIXD,
T. €. Takasd Da3BepTHIBAIOILAACA MOBEPXHOCTL, peGpo BO3BPaTa KOTOPOH

eCTb JaHHas kpuBag. JIbicTBHTennHO, ypaBHeHis o6pasymiuet (xapak-
TEPUCTHKH) BB AaHHOMB ciayyabk GyAyTs:

Sa(X—x)=0, SA(X—x)=0.
HUx1p MOWHO HanHcaTe Bb BHIB

X—x Y-y Z—z¢

Bv—pny vi—va au—Aif’
HIH, O (OpMy/aMb

a=83v—puy, b=yl —va, c=an—Ai8,

*) O1oTb § u3NOMeHD 30bBCh noxpobute, ywikMb BBH opuruHarh.
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BHITEKAIOWMMD H3Db dopmyan (6) § 634,

X-x Y-y Z-2
a b ¢

CnkaoBarenbHo, o6pasymwoulis 6yAyTh KacaTeJbHbIMH Kb NaHHOH KDHBOH,
4TO M Hajao G6BUIO MOKa3aThb

b) Orubaouias HOPManbHBIXD MJIOCKOCTeH Ha3bIBAETCH MNOJAPHOIO
nosepxHocThio (Polardeveloppable); es obpasymoouiis cyTb OCH cO-
NPHKACAWUHUXCA KDYLOBDb, T. €. MNpAMbSA, NPOXOAAILiA 4Yepesb
LIEHTPD> KPHBH3HbI *) NepHeHIUKYJSIPHO Kb COMpPHKacaroLeHcs MIOCKOCTH;
MXb Ha3biBalOTH TaKKe NOJAAPHBIMM npsaMbiMu, JhHcTBUTENbHO, BB
naHHOMDB cayuat, ypaeHeHis o6pasyouiefi 6yayTb

Sa(X—x)=0, i X—-x)=9p

H, OYEBHIHO, U306PaXKalOTDb MPAMYIO, NEPNEHIHKYJIAPHYIO Kb KacaTelb-
HOH (a, b, ¢) W raaBHOH HopMaiu (4, 4, ¥), T. e. Kb CONpHKacaio-
uiefics TMJIOCKOCTH; Kpomb TOro, sTa mpsMas NPOXOJAMTDH UYEPE3Db TOUKY
xy=x+A0, y,=y-+u0, 2,=2-2Q, T. €. YePe3b LEHTPD> KPHBH3HbHI
naHHOH kpuBoi BB Toukb (x, ¥, 2), Takb Kakb 06a ypaBHEHis es
YLOBAETBOPSAIOTCH 3HadeHiaMH X = x,, Y=1y,, Z = 2,. Msl Bunbiu
(§ 673), uto cyulectByeTbh Oe3uHC/IEHHOE MHOXECTBO HOpMajeid Kb
KPHUBOH, OGpa3ylolHXDb Pa3sBepPTHIBAIOLIACA MOBEPXHOCTH, ¥ KOTOPHIXb
pe6pamu Bo3BpaTa GyayTb 3BOJIOTH NaHHOH kpupoi. HerpynHo sunbth,
yTO BCAKAsl Takad HOPMaJb MOXeTDb KacaTbcs pe6pa Bo3Bpara o6pasy-
eMOll el0 MOBEPXHOCTH TOJMbKO HAa MOJAPDHOH NpPAMOMH, a OTCI0OAa TOTYACh
crbiyeTsb, YTO MOJMsgpHass MNOBEPXHOCTb OyleTh Takke O6wHMD Mb-
cToMDb BChbXDb 3BOJIOTD AaHHOH kpuBOH. JlBHcTBUTenbHO, TOYKY
KacaHia HOpMaJH Kb 3BO/MbBeHTH MOXHO pascMaTpuBaTth (mpeHeGperas
6e3KOHEYHO MalblMH BBICIIATO MOPAIKa), KAKb TOYKYy nepechueHia NBYXb
6e3k0HeyHO O6JH3KHXD HOpMaJjeHd, OuYeBHIHO, Jewallylo Ha npsMo#, no
koTopolt nepeckkaiorcs 1Bh Ge3akoHeuHO 6/M3Kil HOPMAa/bHHIA MIOCKO-
cTH, a npeabibHOe mnoJoXeHie 3TOH MNpAMOH M eCTb NOJsApHas MnpsMasd.
BrnpoueMb, 3TO 3akiioyeHie MOXKHO NPOBBPHTL M BLIYHCIEHIEMD.

[Mpumbuanie. Ilycte M (x, y, 2) ecTb naHHas TOYKa Ha JaHHOH
kpusot, MM’ wopMmanb, 0o6pasywoluasi pas3BepTHIBAOILYIOCA I[OBEPX-
HOCTb M COCTABJAIOIIAA YroAb (¢ Cb [IaBHOW HOpMaibio M#n, Touka
M'(§, 5, {) Touka KacaHin 3TOH HopMaiH b 3somoTow u M P—
nepneHauKynapb kb M#, npoextupyoutift A/’ Ha r1aBHYyI0 HOpMaib,
flcno, uto M' P napannenbHa GuHopMmaiu Mb, noToMy uTO JMEXUTDH
Bb HODMaJbHOH TUIOCKOCTH M TepNEeHIMKYNsDHA [JaBHOH HOPMaJH.
Hano noxasate, utro M'P ectb noaspHas npsmas, T. e., uyto P —

*) T, e. uepe3b LEHTPh CONMPHKACAIOWIArOCH KPyra, NpeACTABIAIOLIAro,
kakb u3BbcrHo (§ 650), nepectuenie compukacaloliarocs mapa Cb CONPHKAcalo-
1elocs TJI0CKOCTHIO.
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UEHTPb KPHBH3HBI, T. €., 4T0 oTpEaoks MP = ¢*). Taxks waxe MM’
eCcTb KacaTelbHas Kb 3BOMOTH, TO

df _ dn_ _ df

f—x n—y {(—=
uan

) di=k(E—x), dn=4k(n—y), di=k({{—2)

Cv apyro# cropoHw, mpoektupys M M'P Ha KoopauHaTHWS OCH,

HaftneMb
S=x+hithtgopa

() n=y+hu+hitgep
(=z2+4+hvthtgey

Huddepenunpys sTH paBeHcTsa, noab3yacs hopmynamu $pene (§638,(11)),
H noiacTasngs BB dopMyasl (I), moayuyums

a (1 — g) dsti (dh+»htip ds——kh) ta (d(h tgg) — " ds— khtg 4/7)= 0
Tz T
M [Ba TNONOGHBIXB K€ ypaBHeHis, MNOJyYaeMsXb OTCIOAA 3aMEHOIO

a, A, a Ha b, u, B n ¢, v, y. Takb Kakp onpenbauTesb TOH CHCTEMM
ypaBHeHift

l a i a }
b o B ’
’v vy

no yciuosiio (6) § 634 He paBeH® HY/I0, TO H3Db 3TOH CUCTEMBbl MOJy4aeMb

h ht o

1—2=0, dht ds— kh =0

k2

dtgg)— L ds— khtgg=0.

Tlepsoe ypaBuenie naets /2 =g, 4To ¥ TpeGOBajOCh MOKasaTh. HMckmos
d 1
yas £ u3b APYIHXb IBYXD, JETKO Halaemb QZ{ = — — u3BhCcTHHIt ywe
z 0

DaHbille Pe3YJbTATD. ]

[Monssyacy sambuaniems, cabaaudeiMb Boie (§ 673, a), MoXeM»
€llle YTBEPXIaTh, YTO 3BOJNIOTHl NaHHOH KpPHUBOH OydyTh reogesnye-
CKUMH JHHIgMH noagpHOR nosepxHocTH. [bicTBrTENBHO, HOPMabHAR
NJIOCKOCTb 3BOJIbBEHTHl (1aHHOR KPHUBOH) COBNAnaeTh Cb CHPAMISIOLICID
NJIOCKOCTBI0  3BOJIOTH, CabroBaTenbHO, GHHOPMaAL nocabIHEH JAeKHTY
8b HOPMaIbHOH MJOCKOCTH NaHHOH KDHBOH, a MOTOMYy r/aBHas HOPMAAs
3BOJIOTHI, NEPNeHaNKyI9pHas kb MM’, nepnenauKyispHa kb 5TOH MAOs
CKOCTH, T. €. Kb IJIOCKOCTH, KaCaTeJbHOH KB MNOJSPHOH MOBEPXHOCTH,

*} Cm. T'ypca (pyccrih nepesoas, crp. 521).
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HHbiMU c10BaMM, I71aBHAsS HOPMAdb 3BOJIOTHl COBMANaeTh Cb HOPMA/bIO
Kb MOJSPHONH MOBEPXHOCTH, 4TO M TpeboBanock nokasath. CoCTaBHM®D,
HaKoHel'b, ypaBHeHin pe6pa BO3BpaTa NOJAPHOH mMOBEPXHOCTH. Jlas
3T0ro, Kakb HM3BbCTHO, Hamo Kb ypaBHeHiAMb o6pasyloulelt mpucoeau-
HUTb elle TpeThe ypaBHeHie, nosyyaemoe auddepeHypoBaHieMb BTOPOro.
Bt atoMtn cocrouts o6uwift cnoco6b BeiBOAa ypasHeHilt pe6Gpa Bo3Bpara,
BLITeKAaWWlif H3Bb camaro onpenb/iedHis ero, kakb KPHBOH, Kb KOTOpOH
Bch o6pasymowis 6yayTbh kacatenbHeIMH. Mbl nomy4dMb, TakHMBb o6pa-
30MDb, YpaBHEHis

do
Sa(X—#=0, SAX—m) =0, TaX 2)=—:5%
koTopus pawTh s X, Y, Z auavenis (£, 9, ) ueHTpa conpuxa-
catoniarocs wmapa (§ 650). Hraks, pe6po Bo3BpaTra noAApHOH
NOBEPXHOCTHU ecTh o6umee MBCTO LEHTPOBDB COMPHUKACAK WIUXCH
IapoBb,

c) Pa3cMOTpuUMB, HAKOHEIUb, OTMOAIOLULYI0 CIPAMIASIOUMXD IIOCKO-
creft. JlaHHas kpuBas, OYEBHAHO, JEKUTDL HA 3TOH NMOBEPXHOCTH, MOTOMY
yro 3HaueHin X=x, Y=y, Z =2z yI0BIeTBOPAIOTL ypaBHEHIAMb
o6paayoumxs ZA(X—x) =0, X/ (X—x)=0. Ha sro#t nosepx-
HOCTH [aHHAas KPHBas €CTb, OYEBUAHO, reoje3udyecKas JUHId, MOTOMY
YTO ed [JIABHA# HOPMa/b MePHeHAUKYJIPHA Kb CHPAMIAIOUIEH TIO0CKOCTH
KPDHBOH, T. €. Kb KacaTe/JbHOH IIOCKOCTH Pa3cMaTPUBAEMOH INOBEPXHOCTH.
HaunHas kpuBas nepecbkaerb o6pasylouwlis noab yrIoMs, Boo6IIe
ropops, nepeMbHHEIMb, HO 3aBHCALIMMD JHMIIE OTh OTHOLIEHIA ABYXb

KPHUBH3HD %, KOTOpEIMb ompexabisercs yroab ¢. Ecim xortums ompe-

xbiute pebpo BO3BpaTa 3TOH OrubalOUIed NMOBEPXHOCTH, TO MOXEMb
310 cxbnath, onpexbnhBnL anrre6pauuecKyld BelMUMHYy OTph3ka 7,
orcbkaemMaro naHHOW KPHBOIO Ha ofpasymlueii, cuutas 3T0Th OTph3oK®
oTh TOuKM Ha pebpb Bo3Bparta. Jlns 3atoro 3ambrumb cnepsa, 4To H3B
ypaBHeHift ofpasyiouelf TOTYach MOJMy4YaeMb HANMpPaBAAOLUlie KOCHHYCH
esl, NMPeACTaBUBDL €A ypaBHeHis Bb BUAb

M TOJyyYaeMb
I=acosg —asing, m=>bcosp—fBsing, n=ccosqp — ysing.

YpaBHenisn pe6pa Bo3Bpata G6yIyTh

am ZAX—-x)=0, IVX-x=0 3IdI'(X—=x —3al'=0.

HMav Buipawenitt [, m’, »' umbemsb

dl! =ldp+sinpdatcospda=ldpL i {sllzg_i_cos (pJ ds.
v
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dm’=ma!(p—|—y,[’S";qJ w]ds, dn’:nd(p—l—v[sf";)q? —Cgs—ngs7
T T

Sal =sing.
[NosTomy mnocabaHee wab ypasuewiit (III) naers

do .
Ts SI(X — x)=sing,
WU

t-dp=singds.

Takb kakb al+ bm + cn=cosg, T0 ¢ = arctg % u Gyners yromas,

noab KOTOPHIMB JaHHas KpuBaa nepechkaers o6pasywoomis. Mab cka-
3aHHArO, MEXIY NPOUYHMDB, SICHO, YTO TOJbKO WA LHIHHAPHYECKHXDH BHH-
TOBbIXD JuHill (§ 665, ¢) orubaowas CnpAMAAIOMKMXD IUIOCKOCTeH ecTh
UHIMHIDHYECKAss TOBepXHOCTb, JIhHcTBHTENbHO, 1A 3TUXb  JNMHIH
@ — NOCTOsIHHasA, He PaBHas HyMo, [, #2, #— TaKKe MOCTOSHHbIA, KAKD
6b10 mokazaHo Bb § 655, ¢, M o6pasyomisn napadieNbHbl MEXLy
cofoio, a pebpo Bo3BpaTa GyneTh TOUKAa Bb GeskoHeyHoctH. O6paTHo,

4T06bl /= 00, HEO0OXOMHUMO, UTOOHI % =0, 1. e. @ = const.
KpuBusHa.

680. Teopema MeHbe (Meusnier). [puctynums Tenepbr Kb u3y-
YEHil0 KPHMBH3HBl JHHii Ha NaHHOH MOBePXHOCTH. Pa3cMOTPHMB KDHUBYIO,
NPOXOAsAINyI0 Yepe3b AaHHYIO TOuKy M Ha nosepxHocTd; mycth (a, b, c)
6ynyTb Hanpapasiomie KOCHHYChl KacaTe/lbHOH Kb 3TOH KpuBOH, H
@ — yroab, o6pasyeMbill el [VIABHOIO HOPMalbi0 Cb HOPMANbIO Kb INO-
BEDXHOCTH. BoabMemd Touky M Ha Toif ke KDHBOH, 6e3KOHEUHO
6muskyo kb M, v nycts P ecTs npoekuis [’ Ha KacaTeJbHYIO MIO-
ckocTb Bb Toukb M, a (J— mpoekuis M’ Ha KacaTe/ibHyl0 NpsMyIo.
[IpeHe6peras Ge3KOHEUHO MaJbiMH BblIE 2-r0 TOPSAKA, Mbl MOXEMD
paacmaTtpuBate M’, KaKb Jewalmyl0 Bb CONpPHKAcCAOMEHcs TIOCKOCTH
(§ 645), Takb uto M’'() Gyners napamienbHa raaBHOH HOpmanu (puc. 85),
a M'P, oueBunHo, napainenbHa HOPMalH Kb MOBEPXHOCTH Bb Touks M.
CnbnosatenbHo, Bb Tpeyroabuuxs M'P() yrons npu M' paseds ¢,
cropoa M’ P umbers mauny (§ 663)

B ra’xz—|—2.<>‘a7xa7y—|—ta7y'~’7
V1472 + ¢

2
a cropona M’() pasna % (cm. § 643, Buipawenie w), ecain do 06o-

h
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3HavaeTs nudgepenuianb, askBuBanentHmd anyrs MM'. [loacrasnas
3TH BeNHYHHB BB cooTHowenie M'P = M'Q . cos ¢, nonydyaemnb

(13) cosw_ra2+2sab+tb2.
0 Vitp+e
Pazcmotpumt Teneps Bch KpHBHIA Ha nosepxHOcTH, uMblowmis o6wmyio

KacateibHyo Bb Toukbt A, M Mexny HMMH OTIHYHMBL Ty, KOTOpas
JEXHTD BB IIOCKOCTH, onpenbiseMoll obelo KacateabHow (a, b, ¢)

Q J?‘ch”te
46&0
P Q
Ak
ar
Puc. 85.

H HODMAJbl0 Kb NMOBEPXHOCTH. DTa KPHBas HA3LIBAETCS HODMAaJbHBIMb
‘cbyeHieMb NOBepXHOCTH Bb maHHOH Touxkt Af. s BCbXb 3THXD
KPHBLIXDh NpaBas 4acTb paBeHCTBa (13) uMbeTb OOHO H TO e 3HaueHie,
NO3TOMY TO K€ caMoe MOXHO ckasatb H o JabBo#l. CibaoBaTensHo,
€ClIH Qo — panaiych KpHBH3HBI HOpMaibHaro chuedis (¢ =0), To Gynemn
uMbThH

M__:i.. T. €. 0 = QyCOS P
] [ 0 ’

npeanosnaras @, KOHe4HHIMb. Mrakb, UeHTPBH KPHBH3HH KaKo#
YyrooiHO KpDHBOH Ha NOBEPXHOCTH Bb AaHHOHW Toukbt M ecThb
npoekKuUis Ha comnpHKacaloiylcs MNJOCKOCTb 3TOH KPHBOH
HeHTPpa KDHBH3HH HODMajJbHaro chbuyeHis NoBepXHOCTH, Kacalo-
larocs AaHHOH KpuUBOH BB Toukt M.

681. IMpumbpbl. a) Ha wapb mopmanbubis chueHis Goabluie Kpyru #
o6milt UXb LEHTPD KPUBH3HB €CTb LeHTPD wapa. Otciona, Ha OCHOBAHIM TeopeMsl
MeHre, crbayers, 4TO LEHTPD KPHBU3HE BCAKOH chepuue cKOMl KpuBOH
Bb JAHHOM TOYk'h ecTh NIpOEKLiad LEHTPA Wapa HA CONpPHKAcawMmMyocs
Kb N1aHHO® KPHBOM MIOCKOCTb Bb JAaHHOM Toukb. ITo cabayers Takwe
u3b Toro (§ 650), yto aad BCAKOM KPHBOW cOMpHKAcawIiics Kpyrs ecTh nepe-
chueHie compHkacamoLlarocs 1iapa cb COMpHKAcaiouieica ILIOCKOCTHIO.
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b) Ha nosepxHocTH BpauleHis napamielbHble KpPYrH OyAyTs, BooGiue,
HAKJOHHbLIMH (2 He HOpManbHbIMH) chueHisiMH. LIeHTPH HXB KPHBH3HBI JeXaTh
Ha OCH BpailleHifl, 4 TaKb KaKb HXB IVIOCKOCTH NMEPHEHAHKYJIAPHBI Kb 3TOH OCH,
TO H LEHTPbl KPHBH3HH HOPMajibHbIXB ChyeHiit, kacawmHuxcs napanneneft, 6yayTn
TaKKe Jewarb Ha ocH. 3ambyas, 4To cbuyeHie MOBEPXHOCTH ILIOCKOCTBIO, IPO-
BEJCHHOIO Yepe3b JAHHYIO HA NMOBEPXHOCTH TOUKY M NepHeHAuKyAApPHO Kb Ka-
cateabHo# Kb MepuaiaHy BB Toukb M, GyneTh, OYeBHAHO, HOPMATbHBIMB Chye-
HieMBb, KacaloiMMcA napaaiend Bb Toukb M, 3axaioyaeMb, YTO UEHTPD KPH-
BH3Hb NAOCKaro chbyeHis MOBepXHOCTH BpailleHid, MPOBENEHHATO
NepneHAHKYAAPHO Kb MepHaiaHy uyepe3d Touky M, coorBbrCcTBYIO-
wit 3To#t TOUkbs, AeXKHTDH HA OCH BpauleHid.

682. Ina acHMNTOTHYECKOH KPUBOH, PABHO KaKb M I8 BCAKOH

KPHBOH, Kacaiouletics en Bb Toukbh [/, npasas uyacrb paseHctBa (13)

cos @ .
paBHa HYJi0, a MOTOMY H . = 0. 370 cooTHOwWeHie ynoBAETBODA-

. 14
eTcsl Bb KOKIOH TOoukKb acMMNTOTHYECKOH JIMHIM, TAKD KaKb Bb HeH 9):7

(rnaBHas HOpManb KPHBOH mNepreHAMKYJISAPHA HOPMalH Kb MOBEDXHOCTH),
1
a r Boobule He paBHO Hymo. Hampotuss TOro, mas BesikOH KpHBOH,

Kacaoutefica Bb Toukbh M cb conmpukacaouwerocs npaMolo, Ho umbioutel
COTMPUKACAIOULYIOCH TIOCKOCTb, HE COBMAAAIOUIYIO Cbh KACATEALHOIO MAO-
CKOCTbIO Kb INOBEPXHOCTH, ¢, BOOGIIE TrOBOpPA, HE pABHO HYMO, a

1
MOTOMY — IOMKHO ObiThb PaBHO HYJIO, KaKb Mbl 3TO yxe BULLIM BB

§ 613, Ha ocHoBaHiu apyruxs coo6paxkedi#t. Takb, Hanpumbps, BCsikoe
chbueHie MOBEPXHOCTH IUIOCKOCTBbIO, MPOXOAALIEI0 4Yepe3b OLHY JHIIb
M3b COMPHKACAIOUIMXCA MpPAMBIX® Bb Touks M, Gynets umbth BB 3TOH
Toukb KpuBHM3HY, paBHylo Hya0. Ecaum xe padcMoTpuMB, Hao060pOTH,
chueHie MOBEPXHOCTH KacaTeJbHOI MIOCKOCThio BB Toukb A (runep-
6onvueckolt), TO OKaxercss, uTo Kaxnas BBTBbL 3TO0ro chuenia 6y-
aetb uMbTb BB TOukbt M KPHUBH3HY, PaBHYK 2% KPHBH3HH
ACUMNTOTHYECKON NHHIHK, Kacaouelica pascMaTpuBaemolt BETBH
Bb Toukt M. D1y unrepecHyo TeopeMy BenbTpamu 1) Mbl ZOKaKeMb
Bb § 704. Mbl BUAMMB M3B CKa3aHHaro, 4uto TeopeMa MeHbe He mnpH-
MEHMMAa KB KDHBHIMB, KacaTeJNbHHIMB Kb COMNPHKACAIOUIUMCA MPAMBIMbD,
NOTOMy JM, YTO TOTAA BHILIENPHBENEHHOE TEOMETPHYECKOE MOCTPOeHie
OKa3bIBAETCS HE BBINOJHHUMbIMb, MJH NOTOMY, UTO O6€3YHCIEHHOE MHO-
HECTBO KPUBLIX'B, B3aMMHO Kacaloumxcs ¥ UMBIOLHMXD cONpHKacaouyocs
NMOCKOCTb, COBMNAZAOMWYI0 Bb HaHHOM TOoukb CBb KacarelbHOWO IIO-
CKOCTbIO Kb MOBEPXHOCTH, UMBIOTD pasiauuHy0 KpuBusHy ¥).

1) ,.Nouvelles Annales de Mathématiques® 1865, crp. 258. CM. Taxke
»Natiirliche Geometrie“ E. Cesaro, ctp. 223.

*) Teopema DBeabTpamn paeTs npuMbpb TakHXBb KpHBbIXb, a4 HMEHHO
NAOCKO# KpPHBO#, MO KOTOPOH NOBEPXHOCTb NepechbKaeTcd KacaTeabHOIO ILIO-
CKQCThIO BB rHmep6osuyeckodt Touks M H acHMRTOTHUECKO# JHHiH, KacalouleHcs
3TOH KpHBOH BB TOH Xe Toukb.
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s
v

)

683. HopmanbHa#n KpHMBH3HA M reofie3uv¥ecKast KPHBH3Ha.

0s
Beanunna ¢

, Jawoias KpMBH3HY HopMajbHaro chueHis, kacatomarocs

JaHHO! KpHBOM Bb NaHHOW TOYKb, Ha3blBaeTci HOPMANBHOK KpPH-
sin @

BH3HO NaHHON KpHBO/l BB NAHHOH TOoukb, a BenMunHa —— es reo-

pe3nyeckow KpueuadHowo. Ocb compukacawouiarocs Kpyra (nosnspHas
npsiMasi) nepectkaeTb NJIOCKOCTb HOPMAaNbLHAro

chuenin BB HbkoTopoit Toukk (; (puc. 86), a ¢ M
Kacare/bHyI0 miockocTh sb HbkoTopo#t Touxd C,.
KpuBH3HbBl, HOpManbHass W Teoleanueckas, oue-
BUAHO, H3MbBpAlOTCA OOpATHBIMM  BeJHUMHAMH c
orpbakoss MCyu MC,. Toukn C, n C, Ha-

" 3bIBAIOTCA COOTBBTCTBEHHO LEHTPAMH, a MPAMBIS

MC, w MC,— paniycamu HoOpMaibHOH H
reone3nyeckof KpHBH3Hbl. 3aMbTUMDB, uTO Treo-
Je3nyeckasl KDHBH3Ha €CTb He UTO HHOE, KaKb
KPHBH3HA MpOeKUiH AaHHOW KPHBOH HA Kaca-
TEJIbHYI0 MJIOCKOCTb, JIBHCTBHTEABHO, MO TeO-

pemt MeHbe, Ha unauHzpb, npoekTHpyHOLEMD G
JlAaHHYK0 KDHBYK HAa KacaTe/lbHOH [JIOCKOCTH, Puc. 86.
KpDHBHM3HAa HOpMajbHaro chuenis, kacarowarocs

JaHHOM! KpHBOM (paBHaro MpOeKUid AAaHHOM KPHBOK Ha KacaTelbHyIO

sin
ﬂJIOCKOCTb) paBHa HMEHHO —Q(B, MOTOMY 4YTO HOpMa/ib Kb MOBEPXHOCTH

3TOT0 UMJHHAPA MEePNeHAHKYJApHa Kb 06pasyrloiiuMb UMIMHAPA, T. €.
Kb HOpMalH NaHHOX NOBepXHOCTH. Kb NOHATIIO O HOpPMaALHOM W reone-
3M4eCKON KpHBH3HB Bcero ectecTBeHHbe MpHBOAMTDL M3yueHie H3aMbHeHis
HanpasJ/eHis kacatenbHolt. BenuunHa es Bpauiediss (§ 637) OTHOCHTeNBHO
HOPMA/IH Kb 11OBEPXHOCTH DaBHA

0w=20da=¢20Ai=ccosp.

A BeaMyMHA BpallieHil KacaTenbHOR OTHOCHTENBLHO MEPNEHIHKY/Ipa Kb
HEl, JIeXallaro Bb KacaTelbHON MAOCKOCTH H onpenbiseMaro KocHHycamu
L, I, U Gyners

0w =Z2da =64 =c¢sing.

[Toaromy n3smbHeHie HanpaB/eHisl KacaTtenbHOR BB MpocTpaHcTBh, T. e. &,
MOXHO pasCMaTpHBaTh, Kakb DaBHOLBHCTBYIOUlYW BpalleHiH @ W @,
OTHOILIEHIi KOTOPHIXb Kb dS:

cos @ )
— = ——— s
ds 0 ds 0

M paBHbl HOPManbHOW M reoleauueckoit kpuBuank. [lepsas, cabmosa-
TENbHO, CAYXMHTH Mbpolo Gonbte nan meHbe cuabHaro HarubaHin KpHBOM
Bb CTOPOHY OTBH MOBEPXHOCTH, a Bropas — mbpoio e uarubanis
Ha MNOBEePXHOCTH. BawHo sambrute, uTO BB Kamaoi Toukb reone-
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andeckod nunin (@ =0) reonesnueckas KDPHBH3HA paBHA Hy/O, a

7T
Bb Kaxaoh TOukb acHMNTOTHYeCKOMH ((p =~2—) TO Ke CaMmoe MOXKHO

ckasaTb O HopmaabHOW kpuBH3Hb. MHbIMH csi0BamMH, Korma Touka
NBHXETCA MO reojle3uyeckod JHHIH, TO MOXHO CKa3aTh, UTO KacaTe/bHas
nepeiBHraeTcs Bcerla HODMAaJbHO Kb MOBEPXHOCTH, a KOria TOYKa
ABHKETC T10 AaCHMNTOTHYECKOH JHMHIM, TO Kacate/sbHas ABHMKETCH TaH-
reHuiajlbHO Kb MOBEPXHOCTH.

684. Kpususna Hopmanbuaro chuenis Belpaxkaercs ¢dopmysorw

2 2
" L _ret2sab i
¢ Vitp+q?
Y1066l MOAyuyHTH reoMeTpHdeckoe TmpeactaBieHie o6b wu3mbueHin o,
koraa chuenie Bpamaercs okono Toukd M, nepeHeceMb Ha4ano0 KOOD-
AMHaTh Bb TOYKy N U HAnpaBuMb OCb 2-0Bb MO HOPMAIH Kb MOBEPX-
HOCcTH; Torda p =g = ¢ = 0. Ecmm nonoxums a = cosf, a noatomy
b =sinf, To dopmyna (14) npuMers BHADB

(15) %=rc0526+25cosesin9+tsin2e.

Om/iomuMDb Telepb Ha KaXIoH KkacaTelbHOH oTb Toukd M, orph3okb,
paBHbI KODHIO KBAaApATHOMY H3Db a6COMIOTHOH BeaHunHbl COOTBhTCTBYyIO-
maro paaiyca kpuBusHel, KoHems Takoro otpb3ka umbers BB Kaca-
TEJbHOHM TJIOCKOCTH KOOPAHHATH

x=V+o-cosb, y=V1+o-sing,

KOTOpbIsl, Bb CHIy (15), ynoBAeTBOPSIOTH ypaBHeHio
rx24 2sxy +ty2 =+ 1.

Catposatensno (§ 664), BB kaxao# naHHo# Touk'h, npu nepe-
xoabk oTb onHOro HopMaabHaro chuenia kb Apyromy, KpuBu3Ha
u3mbusiercs ob6paTHO nponopuioHalbHO KBaaApaTty cOOTBET-
cTBeHHAro aiamerpa uHaukatpucel Jionena. Bb wacTHocTH, oHa
paBHa HyJMo A chueHiit, onpenbageMbixb CONPHKACAOMMMUCT TPAMBIMH,
¥ JOCTHraeTh HAaMMEHbIUArO WJAH HaWboibwaro 3HayeHis ans chuenii,
cOOTBETCTBYIOIUXD OCAMB HHAMKATPUCH. IJtH nocabania chuenis Hasw-
BAIOTC IIABHBIMH; HXb KpHBHSHblEI— il —5»-— rMaBHBIMH KPUBH3HAMM,
1 2

685. Teopema Oiinepa. Eciu npumeMmb 3a KOOPAMHATHHIA OCH
X-0Bb W Y-OBb OCH HHIHKATPHCH, TO Bb ypaBHeHid (15) mnpouasers
utedb cosf sinf, a Takp Kakbp npu § =0 ngomkHO GHITL 9 = @,

7 1 1
a a1 § = 5 @ =0y TO 6yaemb umbth = =1 ", cnbno-
01 02
BATE/bHO,
__cos?b | sin® @

1
Q 141 Q2
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Bt 3TOoMB cOCTOMTB Teopema Iiinepa. Ecan Hanumemb npenbiayiee
ypaBHeHie Bb OJHOMB H3Db CIBIYOUIHXD BUAOBD

1_r_ (i . _1.) sino, L _ (L - l)cosze
o 01 Q2 O Q2 o Q 9

1 1 :
M NONYyCTHMDB 15 onpefbieHHOCTH, YTO o < gy TO TOTUACH YBHIMME,
1 2
yTO BCEraa
1 1
01 0

&

IA

l

1 .

02

Bb 3ATMNTHYECKHXD TOYKAXD Q; H 0, YHCJAA OIHHAKOBLIXH 3HAKOBD,
T. €. raaBHble UeHTPn kpHBu3Hb (; U C, /MexaTb N0 OmHY CTOPOHY
OTb KacaTeNbHOH MNOCKOCTH. A TaKb KakKb, Bb CHIY BHILEYNOMAHYTAro
OrpaHMuYeHi @ Bcerga AO/MKHO 3aKMOYaTbCAd MeXLy @, H @,, TO OKa-
3bIBAa€TCH, YTO LEHTPH KDHUBHU3HB BCHXDb HOpManbHHIXD chueHiH
nexatTs Ha otrpbhakt C,(,. Hanporusb TOro, Bb runep6onuueckoit
Toukb kacatenpHas nnockoctb otabasers C; ots (,, H @ MOWETDH
6uTb MONOXHTENbHBIMB W OTpHUATENbHBIMBb. Bb  nepBoMb  cayuah
0=0,>0, B0 BTOPOMB 0 = 0, < 0, TaKb 4YTO UEHTPbl KPHBHU3HH
BchbXd HOpManbHHXD chuenilt nexats Bub oTrpbaka () (,.

686. Teopemn Dinepa M MeHbe NOKa3LIBATS, YTO AOCTATOYHO
3HaTb 06%b rnaBHBIA KPHBH3HH Aad TOro, 4To6bl onpeabauTh
KpHBH3HY BB TO4Ykb M nas nw6ok kpuBOH, npoBeldeHHOH MO
JAHHOH MOBEPXHOCTH 4Yepe3b 3Ty TOYKY, Mpeanojaras, 4TO COMpHKa-
caloulanca IOCKOCTb kb 3TOH KDHBOH He COBMagaeThb Cb KacaTelbHOIO
IOCKOCTbIO Kb MNOBepxXHOCTH BB ToYkh Af. [lo3toMmy BeceMa BaxHO
ymbre onpenbiute raasHble padiychl KDHBH3HBI BB JLaHHOH
Toukt Ha nosepxHocTH. Ha ocuopauin dopmyast (14) Bsomnpocs
MPUBOMMTCA Kb HAaXOX/IEHIl0 MHHHMyMa H MaKCMMyMa TpexujeHa
ra®+ 2sab+ b Tlpn stomMb Mexny nepembHHbIMH @ M b cye-
CTBY€TH COOTHOLIeHie

(16) (L4 ) a2+ 2pgabt (14402 =1,

nojyyaeMoe 4epe3db HCK/OYeHie ¢ H3b a?+ b?* 42 =1 u u3b ywiosia
ppToronanbHoctH pa + gb -— ¢ = 0. TloBTOpss M3nomeHHOe yxe MpH
Goabe obumxn ycnosiaxs Beluuciedie (§ 384, ¢), Mb BHIMMB, YTO
HALO MOJOXHTh
a7 | ra +sb=Fk[(14pHa+pqd],
‘ | sa+tb=rk(pga+(1+4)0].

Hcxmouan %, nonysaems euwie onHO ypasHeHie Mexay @ M b, KoTopoe
mmbers b (16), M caywurs ans onpembieHis wanpasneHift ocelt WHAM-
ERTPHCH, a crbaosaTenbHo, M rnaBHeXb CchueHit. Eciu, Hao60poTd,
HCKIWOYHMD @ M b, TO NONy4YUMD YypasHeHie

r—Fk(14p% s—kpg
s— kpq t— k(14 q2)
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T. €.
(18)  ri—s*—[(1+g)r—2pqs+ (4 k+(1+52+49 & =0.

Cp npyro#t cTopoHu, yMHOMXas nepBoe H3b YypasHeHit (17) Ha a,
BTOPO€ Ha b, W CKJaobiBas MonyyaeMb

ra’+-2sab 4+t =k[(14+p)a2+2pqab+ (1442 b2 = k.
Hraxb, uucno %, pasmbnentoe Ha }/1 + P+ ¢% u Gynmerp HauMeHb-

UMD MIM HauOONbIUMMDB 3HaYeHieMb KPHBH3HBI -Q-; 4 TakK'b Kak'b KOpDHH

ky W k, ypaBuenin (18) cBi3aHbl COOTHOLUEHIAMH

_(1'{’42)"'2}545'{’(1“‘?2)1" __ﬂ
Fut b= P+ hh=1ipre
TO OyneMb HMbTH

(19) L+L=(l+q2)r—2pqs+(l+ﬁ3)f 1 _ ri—g
01 02 (14 2+ qz)% 0102 (14p2+4¢%2

O10 ¥ OyayTp GopMyan, caysaumis ana onpenbnedis TrNaBHLIXB KPH-
Bu3HB. [lonaras
y ‘ q
52:——"‘—_%‘—’ M= ——r =t
Vitp+g Vit +g

Ch TOMOIIBIO NETKAro BHIYHC/IEHI YBHAHMB, 4TO dopmyas (19) moxHO
nucath W Bb 6oake xpatkomb Buab

_0g oon. . 0@ o
@0 H=52%% 2= %my

ecnu 0603HAYHMD, KaKDb 3TO MNPHHATO, uepesb /7 cymMy, a uepesp K
NpOU3BeNeHie TABHHXb KPHRH3HB.

687. OcranosuMcs Ha MHHYTY Ha ¢opmynaxp (20) u sambrums,
YTO BB Y4aCTHHIX'H [POH3BOAHBIXD, BXOAAIMXD Bb 3TH (OPMYJbl, X H 4
CYUMTalOTCA TepeMbHHBIMH HesaBHcHMbIMH. OueBunHo, uucio A, Hanpu-
MEDB, MOXHO NMPEACTaBHTb TaKke Bb ONHOH W3b cibayiowuxs dopmb

oMM 09 09, 09
oy T35z’ oz tox

Ho Bb Tpex® pasnuuHbiXb BUAaxXb BbIpaweHisn /7 yacTHbIA NPOM3BOAHBIA
no onHo# u ToH we nepembHHo# MMEIOTH pa3nuuHms 3Hauenis. Ecnu,
HanpuMbpb, BMBCTO TOTO, YTOGH pascMaTpMRaTh z, KdKb QYHKIIO OTH
X M », XOTHMD Da3cMaTpPHBaTh y, Kakb QYHKIIIO OTb x H &, NPHHHMaR
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nocAbAHiA 32 He3aBHCHMBIA, M OTAMYAST CKOGKAMH MPOMBBOMHBI, B3ATHISA
Bb 3TOMBb MNpeano/oxeHiu, To 6yseMmb UMBTbH

J 0 0 0 0
3v = o+l 5=l
a no3Tomy
92 0O (9% 98 IO\ _ (98) | (99T
dx T oy —(5';)+P<<§>+‘1<ds>~<a>+<az>'

TouHo Tak®b *e umbemsn

9(2,90) _ _9(g, 9V
i@,y 19, 2)

Ucknouas npousBoiHbil 0Th I ¢b MOMOUWbBIO COOTHOILEHIH

08 | 99 99 08 | 09N 99T
Px T 00~ oy Ty T ey
HalieMb
0(L, M)  10(L, 90 (L, M),

(%, ¢ olx,y)  d(x,2)

688. Cpennssa kpuBH3HA. [loustieMb O cpenHell KpuBHM3HbB Mbl
o6a3anbl Codu Kepmens (Sophie Germain). CpeaHelo KPUBH3HOIO Ha-
3bIBAETCA apHeMeTH4Yeckoe cpeaHee §// TMaBHBIXB KPHBH3HB. YTOGHI
ornpaBnaTh Takoe HaspaHie, 3ambTHM® cnepsa cabayoulee: ecid ¢ u g’
0603Ha4al0Th pafiychl KDHBH3HbI KAaKHXb HHOYIb IBYXb B3aHUMHO Mep-
NeHAMKYJADHBIXE HOPDMaabHbix® chueHili, To ¢dopMyna Dinepa nactw

1 cos®6 | sin’8

0 01 &)

sin26  cos?6
—_—
01 Oa

3

1
Q,

OTKyJa NyTEMB CA0XKeHis noJydyaeMb

Pa3cmoTpumt Teneps 2# KacaTenbHbixb, paBHOMbEpHO pacmpenbieHHbIXB
BOKpYTb> Touk# A, Crourh TONBKOG npeacraButh ceGh, uto BCh oHb
pasnbiensl Ha # mNapb B3aMMHO MeprNeHAHKYJADHBIXB KacaTe/lbHbXb,
yT06bl yObauThCA, 4TO M mNpH BO3pacTaHit # A0 GE3KOHEYHOCTH,
apUeMeTHYeCKOe cpelHee HOPMaJbHBIXb KPHUBH3HD BCeraa OCTa-
ercsi paBubiMb Beanunnb 1/ b Toukbk M.

689. [ToBepxXHOCTH CBb MOCTOSHHOI CPeNHE0 KPHBU3HOIO HTPAlOTh
BaXHYI pPOJb BB fIBIEHIAXD KAMWIIAPHOCTH M ObUIM MOJYHEeHHl OMNbIT-
HbMB nyTeMb ¢uaukoMd [Inaté (Plateau)!). OcoGenno 3ambuartesbHbI

1y Cm., nanpumbps, ,Cours de Physique* Jamin (3-e wmanm, toms I,
crp. 225) uan 4-10 raasy ,Lecons sur la capillarité* H. Poincaré. Cm. Takxke
E. Cesaro ,Natiirliche Geometrie“, ctp. 233.
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MOBEPXHOCTH, IS KOTOPBIXB CDeJHAd KPHBH3HA paBHAa HyJdl0, T. €.
MOBEPXHOCTH, ¥ KOTOPHXB Bb KawAOH TOUKH ryaBHbIE paaiychbl KPHBH3HbI
DaBHBI Mexay c06010 mo abcoJlOTHOH BennuuHb W NPOTHBOMOJOMHB
Mo 3HaKy. JTO CBOHCTBO PABHOCHIBHO TOMY, UTO HMHAMKaTpuca [lromena
MPHBOAHMTCA Kb cHCTeMB OByXb NOMONHUTENbHHXD PABHOCTOPOHHHXD
runep6ois, YTO B€YETH 33 cO60 HImKecabiylouee xapakTepucTHueckoe
CBOMCTBO PAa3CMATPHBAEMBHIXL MOBEPXHOCTEH: aCUMNTOTHYECKId NHHIHK
Bb kawno#h Toukb nepechbkaroTcs noOb NPAMBIMB YrIOMb.
AHanuTHYECKH 3TH NOBEPXHOCTH, HA OCHOBaHiK nepBo#t 3B dopmyns (19),
XapakTepusyroTca cabayromums auddepeHuialbHbIMD ypaBHEHIEMb

(I+g3)r—2pg954 1+ p)1=0.

Wxb Ha3biBalOTh MHUHHMMAaJAbHBLIMHM MOBepXHOCTAMH BcabacTeie TOrO,
4TO BCAKAas COMKHYTafl KpHUBafd, NpPOBeNEHHas MO TAaKOH MOBEPXHOCTH,
BoLIKASETE UYacTh MOBEPXHOCTH, MEHbUIyIO ubMB Ta, KOTOpPYIO Ta e
KpuBag BbIIBIMTE HA APYyroffl MOBEPXHOCTH, MPOXOIsUEH Yepe3sb Ty IKe
KpuBy10. Jloka3aTe/bCTBO 3TOr0 CBOHCTBA OTHOCHTCA Kb BapianiOHHOMY
HCUHCIeHiio,

690. NMpumbpel. a) INpumbpp MUHAMATbHOM NOBEPXHOCTH MBI TOTYACH
Ha#tleMDd MEXNy NMOBEPXHOCTAMH BpailleHis. Mbl OueHb CKOpPO YBHAMMB, YTO HA
3THXD [OBEPXHOCTAXD OAHO M3b TIABHbIXD ChueHilt ecTb MepMaianb, a apyroe
KacaeTcsl napaiieid Bb AaHHOH Toukbh M, I'naBHbIMHM pamiycaMu KpHBH3HEI Gy-
Ay1h, cabaosaTenbHO, paaiych KpuBH3Hb Mepupiana u (§ 681, b) orph3oks,
orchxaeMbili OCbIO BpauleHis HAa HOPMAJNM Kb [OBEPXHOCTH, CUMTAEMBId OTH
Toukn M. Jlns MHHMMaAbHOH MOBEPXHOCTH 3TH Paniychl DOMKHLI GBITH MPOTHBO-
NOJOXHEL 110 HANpPaB/EH(I0, 4 NOTOMY MEPHAIAaHD JOMKEHD ObITh OGpalleHD Bbl-
NYKJIOCTbIO Kb OCH BpaileHis. Kpomb Toro, oHbp pomxend 061amaTb CBOHCTBOMD,
4TO0 €ro UEeHTPb KPHBH3HBI CHUMMETPHYHO PpAaCNONOXEHD OTHOCH-
TeJbHO JNAHHOW TOYKH CBb TOYKOW nepecbuenia Hopmanu cb Hemno-
ABMXHOW0 npsMolo. Panbme Mol Buxban (§ 595, 1), uto Takumb CBOHCTBOMDB
obsagaeTs WhnHas JMHiA, a BNOCABACTBIM Mbl YBHIAMNMD, UTO APYTiA KPHBHIA
aTUMB cBoHcTBOMB ofaamatb He MoryTb. CirbroBarenbHO, KATEHOMAD €CTh
€IMHCTBEHHA MUHUMANAbHAS NOBEPXHOCTH BpalleHis.

b) I'enMKOMAD b HANPaBAAIOIEI TNOCKOCTbIO (KOcoH) (§ 655, b)
TdKXNe MHHAMAJbHasd NoBepXHocTb. Bb camomdb nbak, Takp kawb o6pasywoutis
KOCOTr0 TeJHKOHAA CYThb T/AaBHbIS HODMAalAKW KPYyroBOH BHHTOBOW JHHIM M Ge3-
YHCAEHHATO MHOXECTBA JPYTMXDb BHHTOBBIXb JHHIH, JeXAMMXb HA KOHLUEHTpHYe-
CKHMXDb UnAHHApaxb (§ 658, b), TO sAACHO, YTO 3TH BHHTOBHIA JAHHIM M306paXKaOTb
co6010 OfHY M3b CHCTEMDb ACHMNTOTHYECKMXD JHMHIH. Jlpyras cucrema n3o6paxa-
€TCf, KaKb Ha BCAKOW JHMHEHYATOH NOBEpXHOCTH, CaMHUMH obpasywiuumu. Y6h-
IMBIIHCDH, TAKMMD 06pa3oMb, B OPTOrOHAJIBHOCTH ABYXb CHCTEMb ACHMMITOTHYE-
CKNXDb JIMHIH, Mbl 1OK&3aM#H 3TAMB CAMBbIMb, YTO KOCOH TeJHKOMIb MHHMMAJbHAS
nosepxHoctb. O6paTHO, HA KAXOH MHUHMMAJBbHOH NMHEHYATOH NMOBEPXHOCTH OJHA
M3b CUCTEMb ACHMIITOTHYECKHXD JHHIH H300parkaeTcs OpPTOrOHAIBHBIMH TPAEKTO-
pifsMM 06pa3yIOMIHXb, H MO3TOMY 3TH KPHBbIS HMBIOTH TCJAAaBHBIS HOPMAJH,
cosnajamomis c¢b» ofpasylomumu nosepxHoctH. Otcioga cabayers (§ 658, b),
YTO Kaxjas M3b 3THXDb KPHBbIXb UMBETb MaBHbIA HOpMaad, O6Mlig Cb GE3KOHeu-
HbIMb MHOXECTBOMB APYTHXb KPHBbIXb, H NOTOMY GyleTb KPYrOBOIO BHHTOBOIO
anmierw. CrbaoBaTeabHO, NMOBEPXHOCTL (06pasyemasi, KAKb BHANMD, T[AABHBIMA
HOpMaJIsIMH KPYTOBOU BHHTOBOH IMHiIM) eCThb KOcO# rejvkonab Takumb 06pa3oMb
nonyvaercs TeopeMa, HaaenHas Kartananoms: Kocod re 1MKOHAD €CTh €AHH-
CTBEHHAsd MUHMMaJlbHas JHHeHYaTas NOBEPXHOCTH,
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691. Ilonuasn kpuBHM3HA. [loHaTieMb o NMOMHOH KpUBH3HD Mbl
obs3anbt [ayccy. [lonHolo KPHMBHM3HOIO Ha3blBaeTCH NPOM3BEJEHIE I1aB-
HBIXD KPHBH3HB
(21

ri—s2

ST PP

AHanoris Mexay TNOJHOK KpPHBH3HOIO TMOBEPXHOCTH M KPHUBH3HOIO MJO-
CKMXD KPHBBIXH OOHApYKHBAETCS, €CTH BO3bMEMb yDaBHEHie MOBEPXHOCTH
Bb BHAb f(x, ¥, 2) =0 u BEpa3uMb K uepesb YACTHHIA NPOM3BOJHBIA
oTb f. A uMeHHO, Ha OCHOBaHin wusBbcTHbXD dopmyrs (§ 574),
HaXONHMDB

I VA VA Vs
‘ ox oy oz
“ of  f  Rf &/
. 1 ox 2 Odwxdy 0Jx0sz
@ E=dmpl s e ®f e
dy dyo 0y¢ oyoz
of  Bf  Bf  Ef
0z 0z0x 020y 03z

[MTapaGoanueckis Touku nosepxHocTH (§ 663) oxasbiBaloTCs aHanOrMy-
HBIMH TOYKaMb H3ruba MJIOCKHXD KDHBHIXDB; pasfiuuie MeXAy 3/ IHNTH-
YeCKUMH M TUNepOONMUYECKHMH TOYKAMH OCHOBHIBAETCS HCKAIOUMTENLHO
Ha TOMB, Oyners au K > uan < 0. CabayeTds ynoMsaHyTb eule, 4TO
Kazopatu (Casorati) npemnoxunn eie Tpersio Mbpy KpHBH3HBL TMO-
BEPXHOCTH
171 1 S .
Tloztod =7 &

KoTropas Kakb OyaTo Oiuwe nepenaerTd OOBIKHOBEHHOE MOHATiE O KpH-
suanb. He cabayers, onHako, npuaasate civiikoMs GoMbwIOro 3Hauetis
pascyxnaeHiasMb 0 Hanboabe ubnecoobpasHoms Bribopb BepaeHili ans
mEpbl KpuBH3HB, BawkHOo BB KoHUb KOHUOBD onpenbieHie IMaBHHIXD
paniycoBb KPHBH3HHW @, M ©Q,, WIM yCTaHOBJeHie JBYXb HE3aBHCHMBIXB
OlHa OTb ApYrod QyHKUi# 3THXDb BeauuyuMHB; M PyHKuin (19), asasro-
wisicas  aHanuTH4YeckH Haubonbe nNpoCTbIMB K €CTECTBEHHHIMDB MyTeMb,
BcTphuatoTess M BB BawHbBHIWINXDB Bonpocaxb [eoMerpin u MexaHuxw.
Honyctumb, HanpuMbpb, uTo naHa HBKOTOpas NMOBePXHOCTb, HA KOTOPYIO
TpebyeTcs HaNOXHTb JApyrylo, 6e3b pa3pblBOBb H CKAANOKB, KaKb
BECbMA TOHKYIO, THOKYI0, HO He pacTSKMMYyIO TKaHb, [aycch nokasans 1)
(b 3HameHuToM® MeMmyapb ,Disquisitiones generales circa superficias
curvas“), 4ro HeoOXolHMOe€ ycC/OBie /i BO3MOMXHOCTH TaKOIo Hajo-
JeHia cocToMTe BB ciabaywoileMb: Bb COOTBBTCTBYIOWHXB TOYKAXb
INBYXH MOBEpXHOCTEH (T. €. Bb TAKMX'B, KOTOPHIS MPH HaNOWEHIH NOMKHEL

1) Cwm., nanpumbpb, ,Calcul différentiel*, Boussinesq (ctp. 298:.
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coBnacTb) mNoJHas KPHBU3HA 0O0bUXb NOBEPXHOCTeH MAONXKHE
6biTb onMHakoBa. ChnbIioBaTelbHO, MOJHas KPUBU3HA MNOBEPXHOCTH
Bb Kawao# es Touxkh npenctaBaseTs HBUTO TaKoe, YTO OCTaeTCH HEH3-
MEBHHBIMD TIpH 1eOPMUPOBAHIM MOBEPXHOCTH NMOMOILBLIO OLHOTO CrubaHis.
UM3b Teopembl [aycca cabnyeTh TakiKe, YTO €IMHCTBEHHBISl TIOBEPXHOCTH,
Ha KOTOpbIXH (KaKb Ha TJIOCKOCTH WIH Ha IIapOBOH TOBEPXHOCTH)
MOMHO TIPOM3BOJILHYIO (GHUIYpY llepedBHraTh Cb OQHOTO MbCTa Ha Apyroe,
He uaMmbHaAs en OpMbI, CYTb MNOBEPXHOCTH Cb TOCTOSAHHOI TOJNHOW
KPUBU3HOK. J3TH TNOBEPXHOCTH HA3bIBAIOTL KPATKO MOBEPXHOCTAMH
nocTosHHo# kpusu3aHu. [Ipenbiaymee sambuanie umbeTs orpomsoe
3HaueHie BB Bonpoch 06 OCHOBHBIXDB akciomMaxdb [eomerpiu.

692. MMpamBpbl. a) 3ambuartenbHble TPUMBPEI MOBEPXHOCTEH MOCTOSHHON
KPUBHM3HBI J410Th HEKOTOPHIA MoBepXHOCTM Bpauwlenia. Ha wmiapt paniyca a

KpUBU3HA Bealh paBHa —z . Ho cyutectByerTs Ge3uncneHHOe MHOMNECTBO IPYTHXD

a2
NOBEPXHOCTEH BpalleHis, HMEBIOIINXD TNOCTOSHHYI (MOJOKUTENbHYI0 HIM OTpH-
naTenbHyl) KpuBusHy 1) [lceBmocdepa, T. e. TOBepXHOCTb, oOpasyemas
BpauenieMd Tpaktpucel (§ 626, d) oxono ea acumnToTel, MMbeTr BB KauIOH

Touk’h KpHUBH3HY, PABHYIO 3 rik @ 0603HauaeTs MOCTOSHHYIO LIMHY OTphaka

KACATENbHOH MEXIY TO'IKOK KacaHis M acuMnToTor. BB camoms Abak, Mbh
3HaeM®, 4TO TNPOEKUiA UeHTpa KpuBM3HBI (; HA OCb BpAllEHiA COBNALAETE Cb
Toukow rnepechuenia T KacaTelbHOH Cb OCbIO, MeXNy TBMB, KaKb IPYro# LEHTPH
kpuBU3Hb C, J€XUTH Ha camo#i ocu. Ho BB MpAMOyroabHOMDL TpeyroibHUKE

TCC, nubems »
MC,-MCy—= MT2 1. & 0,0, =— a2

b) [ToBepXHOCTH, KOTOPbii MOTYTH ObITb HaJOXEHBl HA IIOCKOCTb TpPH
NOMOUIM OfHOrO0 CrubaHis, NOMKHB! UMbBTh KDHBH3HY, PaBHYyK HYyaI0, T. €. 119
KAXIOH TOYKH HUXDb NONKHO OblTh #£—s2=0. 3TH NMOBEPXHOCTH CYyTh, CIbA0BA-
TeARHO, Pa3CMoTpEHHBIA Bblwle pasBepThHBalouisca nosepxnoctd (§ 675).
o KasopaTv ennHCTBEHHOI TIOBEPXHOCTBIO Cb KPMBM3HOK, PABHOK Hyao, Gblna
6Bl MAOCKOCTb, 4 KPYrOBOA LUAMHAPD MMBAB OBl KPHBH3HY, PaBHYI TNONOBHHDB
KPMBH3HbI MOBEPXHOCTH WApa TOro ke paniyca. BosBpaTuMcs, onuako, kb [ayc-
coBy onpelbieHil0 KPUBM3HBI ¥ 3aMETHMB, UTO OYeHb BAXHO, UTO TEOLE3HYECKis
JWHIM, Koraa oHb npencTaBAAOTE KparTyadwil MyTb MExMy AByMA TOYKAMH Ha
NOBEPXHOCTH, OCTAIOTCA Fe0Ne3UYecKUMH U nocnb HanoxeHis NaHHOH MOBEPXHOCTH
Ha gpyryoo. CrbgoBaTensHO, NPH Pa3BEPTHIBAHIM TOBEPXHOCTH HA TLIOCKOCTH
reoje3nueckis AuHin 06pamiaoTcd Bb NPAMbiA. Bb uwacTHocTH, BCAKag KpHBas
ofpauiaetcs B NPAMYH JHHIM Npd HaloxeHin eq cnpsamasiouiefl passep-
TeiBawwelica moBepxHocri (§ 679, ¢) Ha mnNIAOCKOCTb, HHbBIMM CIOBaMH,
yepe3b BCAKYI0 KPUBYIO MOXKHO MPOBECTH TaKYK DAa3BePThIBAKILYIOCH MOBEPX-
HOCTb, MPH HAJOXEHid KOTOPOH Ha IJOCKOCTh KpHBas 0oOpaTHTCA BB npaMyio.
Hao6opors, aBoaioThl kpuso# (§ 679, b) obpaluaTcs Bb NpAMbIA TIPH HAJIOKEHIK
NOAAPHOH DA3BEPTHIBAIOIEAC TOBEPXHOCTH HA IUIOCKOCTh. 3aMbTuMb 31bChH
elle, 4TO TOAAPHAA NMOBEPXHOCTb MAOCKON KPHBOH Bcersa OyleThb UHAMHADPD
M, C1510BaTelbHO, 3BOJAKTE MJIOCKOH KPHUBOH CyThb KPyroBbiSl BHH-
TOBBIA NUHIH.

693. YupaxHeRis. a) Jl1g NoBePXHOCTH BTOPOTO NMOPAAKA Cb LEHTPOMB,
OTHECEHHOHK Kb €4 OCAMbB, MOXHO BBIUUCIHUTH MOJHYIO KDHBH3HY Cb MOMOIIbIG
dopMyasl (22), N0J0KUBD

1 /a2 2 2
f_2<6l2+b2+62 1)

1y ,Natiirliche Geometrie“, crp. 229.
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. X
Cnepsa 3aMBTHMB, YTO ypaBHeHie KacaTelbHOH MIOCKOCTH 6yrerd E == =1,
a

a pascTosHie / 3Tofi TJIOCKOCTH OTBH [EHTpA NMOBEPXHOCTH onpenbisgercd M3b
ypaBHeHis

1 a2 g2 g2
=

$opmyana (22) nmacts Ttoraa

0 =« y s
K—_ )z i x a? 0 o
abict |y 0 B 0 22
!. & 0 0 & |

Hrtaks, uMbemd crbpyrouyo teopemy (cpas. § 895, h): Bb moBepXHOCTAX®D
BTOPOrO NMOpPAAKAa Ch HEHTPOMD NMOJHAA KpHBHU3HA U3MbHAeTcs npo-
NOPLHiOHANbPHO 4YeTBEepTOH CTeNMeHH PAa3CTOAHiA OTH KacaTelbHOH
NIOCKOCTH 10 LeHTpa.

b) [Npeanoxumb ce6b Tenepp BBIYMCAUTH TJIABHbIA KPHBH3HB! BB /10GOH
Touks M wua passepThiBalOIleHCH NMOBEPXHOCTH. KOOPAHHATBH TOUKM M MOXHO
H300pasuTh GOpMYyIaMu

X=x+av, Y=y+bv, Z=z+cv,

Bb KOTOPHIXB @, b, ¢ H306paxaoTh Hanpasidllie KOCHHYCH 06pasyiolleH,
a x, ¥, & KoopiuMHatel TOoYkH (), BB KOTOpPoH o6pasymoowas kacaerca pelpa
BO3BpaTa. JTH lIECTh BENHYHHB 3aBUCATH HCKJIIOYHTENbHO OTDH NMHHB AYTH #
pebpa Bo3BpaTa, a v 0603HauaeTh mauny orpbska QM. Kakw msskcrHo (§ 669),
HaNpasJsollie KOCHHYCh HOPMaJH Kb MOBEPXHOCTH COBMAJATh Ch KOCHHYCAMH

a, B, y 6uHopmam kpuBo# ((J), MO3TOMY TOTYaCh HAXOAUMB, 4TO p = — —:—’
g =— —;‘i— , OTKyja cabayers
dp_dq__o 0_17__7[1 dqg _ a
dv odv ' du 2 w2
T. €
0b ¢
rat+sb=sa+t+1b=0, ri+su=— s SA 4 tu = 5
zUy? 7
a c1baoBaTebHO,
_ 02 5= gab _ea®
- _M/*/3 _M/"/?’/ o zvyg

dopmyna (21) naers K =0. 3roro u crbgoBaso OxuaaTh, TdKb KaKb MBI YXe
Bupbau (§ 675), uTo BB Kawa0#t Toukh pazseprTeBalOILelics NOBEPXHOCTH 7f—52=0.
Kb toMy ke 3aknoueHilo MPHBOAHTH Takke 3ambuamie, yto coBnasenie 00buXDB
CHCTeMD ACHMNTOTHYECKUXD JAUHIA BB OJHY CHCTEMY 06pa3ylOLINXDb NMOKA3bIBAETD,
YTO OJHO H3Db TNABHHIXD ChueHiid, NPOXOAAIMXD yepeddb 0Oy Touky M ecTh
ofpa3yolas, NpOBeleHHass Yepe3b 3Ty TOYKY, NOTOMy 4TO KACATENbHBISA Kb
3TUMDB cbyeHiAMB noMxHBl Bbab nbauTe nononaMb yriael MeXAY CONMpHKAcawo-
wamhca npsmveiMd. CrbroBartenbHo, OfHA HM3DB NABHBIXD KPHBH3HD paBHA HYIIO.
Hpyras naerca nepsoio u3b dopmynadp (19) n umbers 3navenie

1 0

- [(1=3)a+2caBab+4 (1—a?)b?

o oy 0 ¢
e (l—) ¢
rv vyyR v v
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Ortcloaa BugHO, 4T0 R = — vig @, rab ¢ ecTb yroab, Ha KOTOPHH KacaTelbHas
kb pe6py Bo3Bpara AOMKHA NOBEPHYTbCA BB OnpexbJeHHOMD yXe paHbllle Ha-
npasieHin (§ 679), yTo6b coBnacTb cb o6pasylolielo pa3BepThIBAWOLIEHCH NOBEPX-
HOCTH, orubaolieli cnpaMadiouiis miockocTd. Takbs kakb HHA R OTKJAapbiBaercs
U0 MOJOXHTEIBHOMY HamnpasieHilo OHHODMAJH, TO Mbl BHIMMb, YTO HEHTPHI
HODMalbHON KPDHUBH3HB BChXb OPTOTOHaAbHH Xb TpPaeKTOpi#h o6pa-
3YWIUIHXDb pa3BepThiBAWOLUICHCA NOBEPDXHOCTH JE€XKATDH HA NOBEPXHO-
cTH, orubapued cnpaMaswiia naockoctd pe6pa BosBpara. Kb tomy
He 3aKjIIoyeHilo MpUBOAKTDL U 3ambuanie, yTo obpasylolas orubawouielt crnpam-
A0 MJIOCKOCTH pe6pa Bo3Bpata ecTb Bb TO xe BpeMma (§§ 673, a; 679, b, ¢)
OCb COMpHKacawLiuXcs KPYroBb BCBXb OpTOroHaabHBIXD Tpaektopift. Orcloaa,
NpHHHMAs BO BHHMaHie TeopeMy MeHbe, Mbl BHAWM®D, YTO YNOMsHyTas oOpa3sy-
jolias BeTphbyaerTs MIOCKOCTH, MePRNEeHAHKYJIAPHbI KB 0OpasyloleMs nepBok
MOBEPXHOCTH, Bb UEHTPAaXb KPHBH3HB COOTBETCTBYIOLIMXD ChHyeHil BRoab 3THXD
06pasyIoLIHXb.

694. B1b 3awmouenie Mbi 0606imiuMb Gopmyas (19) Takumb
o6pa3omb, uTo6bl cabaaTh HXDb HENOCPEACTBEHHO NPUMEBHHUMBIMH Kb
TOMY C/yuyalw, Koria x, ¥y, g AaHsl Bb BHUAb QyHKUiK OTH ABYXD Hesa-
BHCHMBIXD mnepeMbHHbXD 2 W v. Hanomuumsb, uro BB KoHuk § 660
6blIH faHbl (HOPMYJIbI

1 o(x. &) 1 o(z, 1:) . 1 o(x, 1)

Vab—:

(2 £= 50 (u, ) TVab—aowv) T YVab—com v)

Bb KI3TODBLIXDB

/\

Q/‘Q/
*

AV A W
-/—/(0-11 T duodv

Takb Kak®b

ULQON) _ 90 dlwy) _ 1 1a@en,
0w.y) o) 0#3) Vab—a@ O oz N

TO N0 BTOpO#t 3B dopmyas (20) mosyuumsb

Vab-& K _19(9%. 97 1 I(N, g, L) _ 1 0§99

N o(m,v) = oM d(,v) O o, v)

YMHOXad 3TH TPH BLIpaweHid cooTBbBTCTBeHHO Ha £2, IR2 DU? (cymma
KOTOpLIX® paBHa 1) M ckjaabiBas, MOJAYYHMB

g SN () (450/4) (9, L) d(£.9)
(24) Vab—c - K=2¢ J (1, %) + 9o 3 (1, ) + 9T 0, 7).
WIH
By 0L |
! £ on dv
|
oM 0O
Sab—c2 = habidd .
Vat—c K=| on T 5o |
or 92 9N

ou ov |



§ 694 KPHBH3HA, 215

dopmyny (24) MOKHO TpeoGpasoBaTh elle TakMMb 00pasoMb, 4TO Bb
Boipaxenie A BOHAYTH §BHO TEPBbIl H BTOPbiA TPOH3BOLHEIA OTH
x, ¥, 2 10 u W no v. Hanucasb sty ¢opmyny Bb BuIb

(3, 2) 9 (AT, OT) |

o(n, v) O(u, v)

(ab—c) K =

TOT4ach yBHUAMMD (§ 29), yTO mpaBas uYacTh paBHA TPOHM3BeNeHilo
MaTpHCCh

ox iy S)fj" \ I 902 99N 99T ’
ou du ou | ou  ou  ou

ox oy oz ! | ae som aex ‘
Jv dv OJv | | dv ov ov |

Cb Ipyro#t CTOpOHbI, BHINOJHSISE YMHOXeHie M TDHHMMAs BO BHHMaHie
ypaBHeHisi, nonyyaembis IhddepeHnHpoBaHieMb TO # MW TO ¥ YCIOBi

OpTOTOHaﬂbHOCTH
dx Jx
Sef¥ o0, M eott-o,
i £ ou ! Jv

HAXONHMb, YTO JIEMEHTH ONpesbiHTeNs, PaBHATO TIPOM3BeNeHil0 yro-
MSHYTHIXD MaTPHCCh, OYyOYTH

VoxdL | wodx 4
i Quon <~ Tgu? Vab—¢
ﬁdﬁ'iﬁ___)’#sz 02x _ @

L duov & Touov YVab—&
dxdL N ®x €
—dvou = Tovon Vab—g
0808y ox P
dv 0v = Toi? —.—Taib——?

[Ipd 3TOMB, I COKpAlIEHil, HOMOKEHO

l ox ox o*y ! dx odx OZx

’ du Av oud | | o ov ov?

Loy oy Py ‘ dy oy 0%y
a"iaﬁ? 0w gt |0 BT G0 9w r)zﬁ"
g ‘ ‘

“ 0z ds5 d%s . 2 0z s

du o0v oJud | du ov dv2

I ox dx dx
du Ov duodv

\
o] o

oy or  Fv |
di dv Oudv |
dz ds5 0%z

|
| 42

du 00 O0udv
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CnbpoBarenbHo,
(25) g=98—c

@h=ep

695. TlonoGHeiMb ke 06pasoMb NOCTYNHMDb [Js BbIYHC/IEHIS /7,
ucxoas u3b nepsoét gopmyanl (20), npu yeMb U3MBHUMD 3HAaKK NpPaBLIXD
yactel Ha NPOTHBOMOJOXHLIE LIS TOro, YTOGBI KOCHHYCHl £, 9T B3grht
6buiH cb ThMM 3HAKAMHM, Kakie LT HHX'B NOJY4al0TCs U3b GopMynsl (23)
npu 4 =x, v =y. OuesnaHo, umbemsb

asz agrz _0(Ly) 0@y _ 1 1[0(52.y) d(%.x)] .

+ T o(x,y) O y) Vab——c— ‘o o(u.v) 0, )

Crbposarenvho, V ab —¢* H MoxeTh GbTh NPENCTABNEHO KAWIOK
M3Db TpPEeXb pPasHOCTeH

O(Dy) _9@OR,e)  9(£,2) 9(OLa) I(OR,x) 0K, »)
o(u,v)  d(u,v) ’ o(u,v)  0(u,7) o(u, v) o(n, v)

abneHHblxb cootebrTcTBeHHO Ha £, O, OU; ymHowas uxb cooTsbT-
cTBeHHO HA £2, 92 91?2 u cknanuiBasi, NOAYYHMD

o(9, 1) 0(9NT, 2)
Varme. 1= 3|’ 000

) (on 5z —or 5%y

HJTH
e (L)
]/ab—c2.H—z_/ [(%dv 976

ov/)ou oun

Mexny TbMb, Npd NOMOLIM Jlerkaro BLIYMC/AEHI HaHAeMD elle

0z 1 ox ox

e -V(ﬁ(cﬁ'bﬁ>'

0z oy 1 ox ox

Mouw =N su~yar= —2( 57—”57>
CntnosarenbHo,

o ox 0% ox 0% (dxd)} dxd_f_
@b— H = [*bﬁn““ﬁ:};“ Ju o +?>37,>u>

H, HaKOHELlb,
Qb+ e —28c,
(adb— c—)-

(26) H =

Jlerko nposbputh, uto ¢opmyas (25) u (26) npusoaTca Kb GHopMmy-
namb (19), Korma mnOJNOXHMD % =x, U =2}, MNOTOMY UTO NPH 3THXB
npennonoxeHiaxs Gyukuin a, b, ¢, &, $, € obpamawrcs Bb 1473,
14 g% pg, v, £ u s.
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OnpeabneHis u cBoiicTBa 3ambyaTeNbHLIXD
KPUBBLIX'> HAa MOBEPXHOCTH.
696. JIuHin KpUBM3HBI M TOYKH 3axkpyrieHis. [lna onpenb-
aenin auuil kpusuaHbl (§ 665) Ha naHHOH noBepxHOCTH, Mbl WMbemb

crbayloliee ypasHenie, nodyyaemoe uepesb HCKJAlOYeHie £ H3B ypas-
Heniit (17) § 686, cb 3ambHow a u b Ha dx u dy

(149 ds+pgdy _pgdx—+(1+q)dy

@n rdx + sdy B sda + tdy
T. €.
[( ¥ _s)»g’ﬁx‘z_ < ¢ r )dxdv
©8) L+p* pg/l+g I+q ) L+2% pa
] +<i~~’-~(> Ay,
Pq 1+¢4 1+

noToMy uTO BB ypasHeHiaxb (17) @ W b 0603Ha4aOTDL KOCHHYCHI
yIIOBb OCEH HMHAMKATPHCH Cb KOODAMHATHLIMH OCAMH x H ¥, 4 OCH
HHAHKATPHCH Bb KaXAOH Toukb kacatorca aunin kpusHusubl. [lpencrasiss
ce6b, ut0 P, g, ¥, S, { BbIpAWEHHl BB HE3ABUCHMBIXD nepeMbHHBIX D
X Wy, noiydaeMb H3Db ypasHeHid (28) nBa ypasHeHin

d d
(29) egwo) Gr=wo)

Msb 3Tvxh ypaBHEHii, pa3cMaTpHBAEMbIXD ONHO OTABILHO OTBH ApYroro,
P MOMOWIM npieMa, KOTOPbIH GydeTs pasbfcHeHb Bb KOHUB 3Toro
y4e6HHKA, TPHXOAWMDB Kb YDaBHeHIAMB 1BYXb CHCTEMDb LHIHHApHYE-
CKHXb MOBEPXHOCTEH, NApPal/eNbHBIXb OCH £-0Bb, nepechkaolUX®s no-
BEPXHOCTb MO JHHiAMb KPHBH3HbL. 3aMbTHMB, 4TO ypaBHeHin (28)
yAOBAETBOPAIOTCA TOXKIECTBEHHO TOrAa H TOJAbKO TOrAd, KOrAa KOOpAH-
HaThl x, ¥, # Toukd [ Ha TIOBEPXHOCTH YLOBJIETBOPAKTD elle ABYMDb
HHxeCAbAyIOIUHMD YPaBHEHIAMD

¥ N t
(80) 1+ pg 1+
Yepeab Takyw Touky M npoxoanTh, crbnosarenbHo, 6He3uucieHHOE
MHOXeCTBO JHHIH KpHBH3HB. Takil TOUKH HAa3bIBAIOTCA TOYKaMH 3a-
kpyraenia (Nabelpunkte, ombilics). UYucao wuxb, BooGule rosops,
koHeuHo. Ho BO3MOXHbI ciayuyau, korna onb sanoansaiord whbayw JanHi0
HA TOBEPXHOCTH; 3TO OyaeTb TOraa, KOraa 1Ba ypaBHeHis (30) npu-
BOIATCA Kb onHOoMy. HeonpentnemnocTb HarpasaeHit KacaTe/lbHbIXb Kb
JHHIAMD KPHBH3HLI Bb TOYKE 3aKpyr/ieHin MOXeT® TPOHCTEKATb TONbKO
u3b HeonpenhleHHOCTH HanpabieHid oced HHAWKaTpHChl [lfomeHa, T. e.
W3 TOrO, YTO 3Ta WHAHKaTpuca 6yners kpyrb. Orciona crbayers



218 VI, 4. MPHJOXKEHIA Kb TEOPIH HOBEPXHOCTEH. §§ 696—697

(§ 664), uTo MOBEPXHOCTb Bb CMEXHOCTH Cb TOYKOW 3aKpyrJeHis ymo-
no6aseTcs wiapy, TMOTOMY 4TO, €C/H MNepeiBHHEMDb OGE3KOHEYHO Mano
KacaTelbHYI0 TJIOCKOCTh BB Takoi Toukbh TakuMb 06pa3oMb, 4TOGHI
9Ta TJIOCKOCTb OCTaNach TNEPNeHIHKY/SIPHOK Kb HOPMajld, TO Ha NO-
BepXHOCTH onpenbanTcs 6e3koHedHO Manoe Kpyriaoe chuenie, ITo 06cTO-
SITEILCTBO 103BOJETDH TOTYACH 3aKMIOYHTb, YTO Ha 3dncouab, HanpH-
MbEpDb, HaxonATcs 4YeThblpe BEUIECTBEHHHIXb TOUYKH 3aKpyrjieHia. OTu
TOuKH OYyAyTb UMEHHO TOYKH nepechueHis MoBepxXHOCTH Cb AiaMeTpamH,
COMPAXEHHBIMH Cb HBYMS CHCTEMaMH KpyroBbixb chueHift sanuncouza.
Bnpouemb, MOXHO HenocpeicTBeHHO mpoBbputh, uto ycnosis (30)
PaBHOCH/bHH yCJ0Bil0 @, = Q,. JlbiicTBUTENRHO, 3D YypasHeHit (19),
Cb MOMOIIBIO NPOCTOr0 BHIYHCJEHIA, MOJAyYaeMb

=(_1M)[1 2 2(" LA oY S ._f,*?,f)g,
A+ rgp | O 5 1+q2>+”<1+p2+1+q2 qu

OTKYIa M BULMMD, YTO [JIH CyLIECTBOBAHIA paBeHCTBA g, =0, ycaosis (30)
Heo6XO0IMMbl H NOCTAaTOYHHI.

697. Hopmanu kb NMOBEPXHOCTH, MPOBEICHHbIS1 Yepesb PasNHuHHS
TOukH HbKOTOpO#t KpHBOH#, newauieft Ha STOH MOBEPXHOCTH, WIH, KaKb
roBOPATH, HOPMalW BLOAb HEKOTOPOH KpHBOH, BooGIie, 06pasyoTsb
KOCYI0 /HHEHYaTy0 MOBEPXHOCTb, HOCALIYI0 Ha3BaHie HOpMaJbHOH
MOBEPXHOCTH HAM HopMmanaiu (normalie). Cnpaiuusaercd, HbTB 2H
Mexny 6e3udcieHHbIMb MHOXECTBOMD HOpMaiift, MpOXOASUIMXDb uYepesddb
LaHHYI TOYKYy Ha TMOBEPXHOCTH, Da3BepTHIBAIOUINXCH I[10OBEPXHOCTEH?
Ycnosie, Heo6xonMMOe H [OCTaTOUYHOE A/ TOro, 4Tro6bl HOpMalb Bb
touks A oGpasoBana pasBepTHIBAKOILYIOCS NOBEPXHOCTL MPH ABHIKEHiH
touku M Ha nosepxHoctd (§ 667) ectn

p dp dx ‘
g dq dy ‘ = 0.
-1 0 dz

JT1oTb ompenbnUTEns paBeHD

pdp detpde | de+pds  dp |
dy & = ’ .

9 dg dy+aqd .‘ i dyv+qdz  dg 1,
—1 0 0 | ‘ '

CnbnoosatenbHO, HOMKHO CYLIECTBOBaTk ypaBHEHie

dx Fpdz _dy+tqds.
dp o dq

(81
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HO 3TO ypaBHeHie cOBmajaeTh Cb ypaBHeHieM® (27), BB yeMb TOTYaCH
y6tbxnaemcs, sambuada, uyto

dz =pdx 4 qdy, dp =rdx—+sdy, dq=sdx+ tdy.

HUrakb, uyepe3d KaXLyl0 TOUYKY MOBEPXHOCTH MPOXOLATH NBL pa3BepThi-
BAIOLIisICA HOPMaJid, cabAbl KOTOPHIXD HAa NAHHOH MOBEPXHOCTH OYLYTDH
He YTO HHOE, KaKb ed JWUHiM KpHUBH3HbIL. PebGpa Bo3BpaTa BchXb 3THXDB
HopManiit 06pasyloTb MOBEPXHOCTb Cb IABYMsA MOJAMHM, KOTOPYIO MOXHO
pa3cMaTpHBaTh, Kakb o6uwee MbEcTo BchX® r1aBHBIXD LEHTPOBDB
KPHBH3HBI. JTa BTODAas MOBEPXHOCTb NMPENCTAaBIfETH OTHOCHTENBHO Mep-
BoH 1o wbkoTOpo# cTeneHH aHanorito ¢b ThMDL, 4TO MpeNCTaB/AETH
3BOJIOTA KPHBOH OTHOCHTeNbHO caMoi kpuBo# '). O6iee mbero ryas-
HbIX'b LIEHTPOBD KPHUBH3HbI Ha3bIBAETCH SBOJNIOTOIO NaHHOH MOBEPXHOCTH
M COCTOMTH M3Db IBYXb MOJb: ONHA 06pasyercd ONHWMB, Opyras Lpy-
THMB [J1aBHBIMB LEHTPOMDB KPHBH3HBL, JlaHHAs TMOBEPXHOCTb, MO OTHO-
weHilo kb cBoe#t 3BOJIOTH, HA3bIBAETCA 3BOJILBEHTOIO, MO aHAJIOrIH Cb
KDHUBBIMH JIHHIIMH, YKa3aHHOE Bblllleé XapaKTEPHUCTHYECKOe CBOHUCTBO JIMHIM
KpHBH3HBI MOXHO ¢opMyaupoBath cabnoywowmumMs o6pasoms: Bedkasn
JUHiS KDHUBHU3HBI €CTb OPTOrOHaJbHAs TpaeKkTopia ob6pasylo-
LIHXD pa3BepThHiBAalOLWEeHCHd MOBEDXHOCTH, COCTOALLEH U3DB HOD-
Mane#d Kb MOBEPXHOCTH, H STHMDb CBOHCTBOMB He O6/nanaeTd HHKaKas
opyras KpuBas Ha mosepxHocTH. Ortciola He TDPYIHO BBIBECTH, €C/IH
NPHNOMHUMD OHY DaHblue 1OKa3aHHYIo TeopeMy (§ 673, b), cnbnyioulee
npennoxxerie: Eciu HbkoTOpast JMHisS ecThb JHHIT KpUBM3HH Ha HBKO-
TOPO# MOBEPXHOCTH, TO OHA COXPAHHTDH TOTDH ke XapakTepb Ha Bchxb
NMOBEPXHOCTAXb, MepechKaloWUXb NeEpBY0 MOBEPXHOCTb MOLb MOCTOSAH-
HHIMB YIVIOMB BHOJb Bcefl naHHOH aubiu. Ortcioma BB 4acTHOCTH cik-
oyeThb, 4TO ecJH HbkoTOpad mnaockocTh nepechbkaeTsb LaHHYIWO
NMOBEPXHOCTb NOAB MOCTOSHHBIMB YIJAOMb, TO NHHi mepech-
yeuia HenpembHHO 6GyneTb JAMHIel KPHBH3HB, H 06paTHO,
€C/H JNHHi9 KPHUBH3HBI-—JHHiA NJOCKAas, TO €5 NJAOCKOCTb Ne-
pectkaeTh NMOBEPXHOCTbL MOAB MOCTOSHHHMb Yyra1oMb. To xe
camoe MOXHO o6iunHbe yTBepknaTh O cdepHyecKHXd KDPHBBIXb, TMOTOMY
yTo Ha cdept Bcskasd NHHIA €CTb JIMHIA KPHBH3HBL

698. dopmynsl Poapura. Yciosie, Heo6X0nHMMOE H 10CTaTOYHOE
ans Toro, uyrtobbt nikoTopas Touka (x, y, z), NAaHHOH NOBEPXHOCTH
OMHUCHIBaNa J/MHIIO KPHBH3HBI, MOXHO OpAMO HamNMcaTb, BbIpa¥ad, uTO
HOpMa/bHas TJIOCKOCTh Da3cMaTPHBaeMOH KpDHBOM COBMamaeTs CO CRPAM-
JSIOUIEI0 TUIOCKOCTBIO 3BOMIOTH 3TOH KpuBo# (§ 673, a), kacaTe/nbHbIs
KOTOPOH 6ynyTh HOPMAIH Kb NoBepxHocTH. CabnoBaTenbHO, Mbl LOMKHBI
uMbETh
(32) de oy 22

dg  daT  dIOT

1) O cBoHcTBaXbL 3BOJKOTH TNoBepxHocTedt oM. ,Natiirliche Geometrie,
cTp. 217.
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Atu dopmyasl HazwiBawTcs dopmynamu Poapura. [lBa ypaBHeHis, uMu
BLIDAAEMbIl, NpPUBOAATCH Kb OAHOMY, eclu TpPUMEMb BO BHUMAaHie
yc/I0Bie OpPTOTOHAILHOCTU

Qdx 4+ O dy + 9Uds = 0.
O6patHo, ecau ycnosis (32) BbINOJHEHB, TO
ag dx
M dOR dy | =0,
i 9T dOT ds

Lo’

1. e. (§ 667) HOopManb Kb NOBEPXHOCTH O6pasyeTdh Pa3BepPTHIBAOULYIOCH
MOBEPXHOCTb, M TOYKAa (X, ¥, &) ONUCHBAETD, CATBIORATENHHO, JHMHIK
KpuBH3Hbl. MOXHO, Bnpouem®b, BuiBecTH Takxe dopmysasl (32) u3b no-
crbaHATO ycnOBis, MMOTOMY YTO BHI3BBIILASA TMpPeAbIAyliee ypaBHeHie BB
KBaApaTh, JETKO NpPHBENeMDb ero Kb BHUAY

(@O dy —dOM dsP+ (dSds — AN dap+ (@M dx—dL dy)2=0,

a nocrbavee paBeHCTBO, OUeBMAHO, pasGuBaeTcs Ha npa paseHcTea (32).
Hanbke, nerxo Bunbrb, 4ro o6was BeauunHa oTHoWeHIH (32) pasHa,
HE3aBUCUMO OTDb 3Haka, ajaunb cootsbTcTBYHOWAro rnasHaro paniyca
KpuBu3Hbl. Hakoneus, orb ¢opMy1b Poapura MOXHO NpHATH H Kb
dopmyrb (31), auddepenunpys pasercrsa £=—Np, M =Ny,
u 3ambuad, uto dL 4 pdO, dON 4 gdOT, a cobnosatenrHo, u
dx +pdz n dy -+ gdz nponopuioHansusl dp u dg.

699. MpumBpel. a) Ha nosepxHOCTAXb BpalleHis JMHIIMA KPHUBH3HbI
6yayTs MepHiaiaubt ¥ napaJjaneau. JbAcTBuTe bHO, HODMaAH Kb NMOBEPXHOCTH
BIOJb Mepy{aiaHa JexaTh Bb IMOCKOCTH MepuiiaHa, a HOPMaau BAOJAb Napajsieny
nepechbkaiorca Bch Ha ocH BpalleHis M 06pasyloTh KOHHYECKYIO MOBEPXHOCTH'
Eute npoute y6banMcs BB CKa3aHHOMB, 3ambuasi, 4TO TMIOCKOCTH KaXIaro MepH-
AiaHa W KawAOH Tnapanienn TmepechkawTs MNMOBEPXHOCTh TNOABL TOCTOSHHLIMB
yrioMb. Bnpouem®, HaHaf OAHY M3b CHCTeMb JHHI# KDHBH3HBI, MOXHO onpent-
JUTh APYTYyI0 H3B YCJAOBiA opTOroHaabHocTH 06buXb cucTeMb. [Bb cucTeMBl
JAWHI# KPUBU3HBI COOTBBTCTBYIOTH ABYMB MOJAMB 3BOMOTHl noBepxHocTH. OnHa
3B HUXB ofpa3yercs BpalleHieMb 3BOJIOTHl MEPHIiaHa OKOJMO OCH TIOBEPXHOCTH,
apyras csoautes (§ 681, b) kb camoit ocu. Hanpumkpb, kateHouab BB COBO-
KYTMHOCTH CB OChIO BpalieHis o6pasyers 3BOJIOTY nceBiocdepsl.

b) Ha passepreiBalomefics NMOBEPXHOCTH Kawaas ofpasylomas ecTh
JVHIA KPUBH3HBI, TIOTOMY 4TO HOPMaiH Kb NOBEPXHOCTH BLOAb 06pasylomied
JeXaTh Bb OAHOM maockocTd. Ecau noBepHeMb ofpasyiomiss Ha NpsaMo# yroas
OKOJIO OQHOW M3B MXB OPTOrOHAa/AbHLIXB TPaekTOpid, To owb cabaatorcs Hop-
MaNsAMH Kb TOBEPXHOCTH, a Cb ADYro# CTOPOHBI OCTAlOTCS O0ODasyIOLIMMH pas-
BepThIBalouleficss nopepxHocTn (§ 673, b). TakuMb 06pasoMbB NPAMO NOJyYaeMsb,
4TO OPTOroHaNbHBIA TPAEKTOPin 06PasyIoNMXb NMPEACTABAAIOTE BTOPYIO CHCTEMY
JVHIA KPHBH3HBI. IJBOJIOTA NMOBEPXHOCTH MMbeTh OOHY TMoOJy Ha Ge3KOHedHOCTH,
a apyras (§ 693, b) ectp cnpsmasionias pasBepThiBaoLuasics MOBEPXHOCTh pebpa
BO3Bpara.

c) Ha orunbaiomeit cemefictBa mapoBb (T. €. CHCTeMbl 11apoBb, Bb ypas-

HeHifXb KOTOPBIXB KO3dduuieHTs — QYHKIIM OJHOTO He3aBHCHMAaro Inapamerpa)
JAMHIAMHM KPHUBH3HB! OyAyTh XapaKTePHCTHKH, noToMmy uto (§ 674) Bioas
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KaXAOH H3b HUXD HODMAIH Kb NOBEPXHOCTH O6yayTh paaiychl orubaeMbixb
waposs, nepechkawouiiecs Bb uentps C;. Orciopa crbayers, 4To OAHHB H3B
[MABHBIXD LEHTPOBBH KPHBH3HbI ecTb Touka
(pHc. 87). Bropo#t riaBHblf LEHTPDH KPHBH3HbBI, AIA
TOro cayyas, koraa uMbems abiao ¢b noBepxXHOCTLIO
kaHana (§ 678, b), onpenbautca H3b TOro 3amb-
4aHif, 4TO OHD HAXOAHTCA Ha pebpb BO3BpaTa pas-
BepTHIBAIOLIEHCS MNOBEPXHOCTH, 06pa3yeMoli HOp-
Malbl0 Kb JHHIH LUEHIPOBB, H c1bloBaTe/bHO,
Aomkeds naxoputea (§ 679, b) Ha ocH conpHka-
calomarocs Kpyra stofi kpuso#. [1osToMy riaBHbie
paaiycbl KpMBH3HBI OYAYTB

(o]
0;=R, pp=R—-——>
- cos @

Y70, BOPOYEMB, JETKO MNOAYYHTb H MPH MOMOLIH
BbIUHC/EHIA, NOAb3yach GopMyaamu (19) u nonaras
SAi(X—x)=cosq@, WIH elle npolle, NOJOKHUBD Puc. 87.

u=s, v=q, 1 npuMbHaa dopMyasl (25) u (26).

3aMbTUMB, HAKOHELh, YTO 3IBOJIOTA KAHAJA4 COCTOMTH H3b MOJAPHON MOBEPX-
HOCTH JHHIH LIEHTPOBB M caMoW 3TOH KpHBOH.

700. Teopge3udeckoe xpy4eHnie. HaineHnoe Bb § 697 Xapax-
TEPUCTHYECKOE CBOUCTBO JHMHIH KDHBH3HH HaXONMTCA BB ThCHOH CBA3H
Cb NOHATIEMD O re0Ne3HYECKOMD KpyueHiu. IDTO noHarie BBENEHO
6ui10 BeprpaHoMt ¢b whabio maTe Mbpy BpamareabHOH cOcCTaBasOLIEH

, n
n
N’
N
e
7| T
REw+ g
-5uua/.ma./tb M
Puc. 88.

BDb [BHMEHIH KacaTelbHOH MJOCKOCTH, NMpH mnepembilleHid TOYKM KacaHis
0 HampaBieHilo kKacateabHo#l. EcTecrBeHHO npuHATs 3a mbpy srtoro
BpallleHis OTHOIIEHie yria, Ha KOTOPHIA MOBEPHETCA MpPOEKLis HOpMaau
Kb MOBepXHOCTH Ha HOPMaJbHYI0 [IOCKOCTh, Kb d0 (nuddepenuiany
ayrd kpuBo#). Mbl yme Buaban (Bb § 672), uTo 3TOTH yroab paBeHD
n — dg. BblllleynoMsiHyTOE OTHOIIEH]E
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M Ha3blBaeTCH Te0fle3HYeCKUMDb KpyuyeHieMb, FICHO, YTO XapaKTepHCTHYe-
CKOe CBOHCTBO JIMHIHl KPHBHU3HBL, O KOTOPOMb HOETL pbub, MOXeTb
6bITb BblpaXkeHO TEMb, YTO AN JHHIM KPHUBU3HBI re0fe3HYeCKoe KpydeHie
BO Bcako# e Toukt paBHO Hymo (cM. § 672). CrbaosartenbHo, reose-
3HYeckoe KpyueHie uMbeTb Aas JHHIR KPHBHU3HBI TO Xe 3HaueHie, Kakoe
HOpMa/ibHas KpuBu3Ha (§ 683) wumberp AN acUMNTOTHYECKHXD JHHIH,
NpH 3TOMb, KaKb HOPMaJbHan KPUBU3HA, TAKb U reoJe3udyeckoe KpyueHie
6y1yTb uMbETH 0AMHAKOBOE 3HAYeHie Bb AaHHOH TOUKb Ha BCEXD KPUBBIXD,
uMEIOLNXD O6LLYI0 KacaTelbHY0, Mexay TEMDb Kakb reone3dyeckas Kpu-
BU3HA A1 TaKHXDb KPHBLIXDL MbHseTcs npu u3MbHeHiM conpukacarouleics
MAOCKOCTH. Mbl yBHAHMD Takie ganbe, yTo cyulecTByOTH H3BHCTHBIA
aHaJIoriM MeXAy 3aKOHaMH U3MbHEHiS HOpDMalbHOH KpHBU3HB U reose-
3vYyecKaro KpydeHia npu nepexodk OTb OAHOH H3BL Ge3uyuciIeHHAro
MHOXECTBA KPHBbIXb, [IPOBOAMMBIXD 1O MOBEPXHOCTH 4Yepe3b [aHHYIO
TOYKY Bbh PA3/HYHbIXD HANPaBIEHiAXb, Kb APYrod. A HMeHHO, U TO H
Apyroe BbIpaXalOTCHd OAHOPOAHBIMH KBaADAaTHYHBIMH (QYHKUIAMH OTb
KOCHHYCOBDB, onpenb/soWuxb 3TH HanpaeJeHis.

701. Tlonoxumb, uro (@, b, ¢) 0603HayalwTbL HanpaeoLie
KOCHHYCbl NaHHOH KacaTeqbHO# Kb MOBEPXHOCTH Bb JaHHOH Toukbt N,
(@, &', ¢’) — nanpasnsontie KOCHHyChl ApYro#f, NeprieHAHKYJSAPHOH Kb
nepsoft. Hopmane (£, 9, 9) kb nosepxHoctd Bb Toukb A u npamas
(a’, &', ¢’), oueBnnHo, GyayThb JexaTb Bb HOPMalbHOH IUIOCKOCTH Kb
KpuBOH, umbloweH kacatenbHyo (@, b, ¢), TaKb Kakb BB 3Tof mIO-
CKOCTH JexaTb Bch nepneHaukyaspol kb (@, b, ¢). Tlostomy, pascma-
TPHBAs MNPAMOYTO/bHBIA TPEYroJAbHHKL, Yy KOTOPAaro THNOTEHY3a paBHa
enMHMUb M HanpaeieHa NO HOPMald Kb TMOBEPXHOCTH Bb Toukb M,
a KateTbl no raaBuoit wopmanu Mn (A, @, v) u GuuopManu (a, B, ¥)
Kb AaHHOH KDHBOH, H NPOEKTHDYH CTODOHBI 3ITOrO TpPeyrolbHUKA Ha
KOODAUHATHBIA OCH, MOJAYYUMD

L=asinp+icosp, DM =48 sinp+ucosqg, DU =rysinp+vcosg

(@ — 0603Ha4aeTb, Kakb H BhilllE, YrOMTb MEWAY HOPMAIbIO Kb TMOBEPX-
HOCTH W [VIaBHOIO HOPMa/bi0 KPHBOH, T. €. yroMb HAWEro TPeyroabHHKA,
npuleraowWi# Kb rJMaBHOH HopMand). TouHo Takke, 3aMbHUBD Hanpa-
Brenie (£, 9, 9U) nanpasneniemv (a’, O, ¢’), oueBuaHO, eMy mNepnen-
AHKYIAPHBIMb, MOJAYYUMDb

‘=acos@p—Asing, &= Bcosp—psing, ¢ = ycosp--vsing.

Hudpdepenunpys st dopmyasl no o6, noabayics Gopmyaamu (11) u
BbIPAXEHIEMD T, TOTYaCbH NOIYyYuMb

pare b ,_ 09 c ,
= — — COS p—b'T, —T— = ——COS¢p—¢'t.
0o 0 o0 o

dg a
BRr . & —
(S)d Ocosar a'r,
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3t10, Takb cKaszate, ¢opMmyns PpeHe 1A% OPTOrOHaNTbHOH CHCTEMb

Tpexdb HanpasneHifl, onpenbiaseMblXb OPTOrOHaNbHEIMD oONpenbianTeneMb
Q=] b ¥ 9

aa’Q'
\
|

Yuuoxasa dopmyaw (33) cnepsa wa a, b, ¢, sarbmb Ha a’, b, C/,
MOJNy4¥MDb MYyTeMDb C/IOXKEHis

cos ¢ adQ dSJ
—— = — » T —= —
0 do do
A TaKkb Kakb £ = — p, MM = — g, TO, nNpuHuMas BO BHHMAHie

ycioBii opToroHaneHoctH pa—+gb—c=0 u pa’+4qb’— =0,
MOJyYHMDB H3DB MPedbAyIHXDb QopMyndb crbaymomis:

Coztp:a(pd—gl—i—@l P) (“D_@r@( )__,d—dg—lw?)t( p+b )

;za(pﬁﬁ+qu+b(dx4@t) A 94 +yw)

[TepBas opmyna ectb He yTO HHOE, KaKb H3BbcTHad yxe dopmyna (13),
onsi KOTOpo#, cnbroBatenbHO, Mbl MOJY4YHIM 31bch HOBOE JOKasaTelb-
dp _dp dx _op dy

CTBO, MOTOMY uTO —* = =% H7+dy To=ar+ bs w T. 0., BTOpas

laeTs

@34 T_raa’+s(ab’+ba’)—(—fbb”

Viert e

3To paBeHCTBO MOXKHO MPHBECTH Kb (opmb, aHanornuHoi dopmynd (13),
3ambuas, 4To Mo cBOMCTBY onpenbantens £, umbeMb

=Me—Db=—9(b+q0)=—9T[pgat(l +7°) 0],
b= 0la— Lc= 9Diatpo= O|(1+p)a+pqb)
Orcrona nojyuyaems

_ et shipgat (L5 g)bl+(sat10)[(+p)atpql]
I+ ¢

M CHOBa HAXOMMMD XapaKTEPHUCTHUHOE [/ NHHIK KpHBH3HBI ycnosie (27),
NPHPaBHUBAs T HYJIO.

702. Ecnu KenaeMb HM3yUHTh CBOWCTBA TeONE3HUECKAro Kpyuewis,
T0 ynoGube Bcero Gynerb M0b30BaThCs BbipaweHiemMd (34).

a) [leppoe cBOHCTBO MOJyyaeTcs TOTYACH MPH MOMOWIH CAbaYHO-
saro sambuanis. 3ambusa wanpasnesnie (a, b, ¢) Hanpasnesiems (@', &', ¢'),
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MH IOJkHbl nocabiHee 3ambuute Ha (—a, — b, —¢) Daa TOrO,
yto6bl £ He H3MBHMAO CBOEro 3HaueHin, a TOrZa v M3MBHHTBL JHwb
cBol 3Hakb. CnbpoBarenbHo, 1Bb KpHBHA, nepechkawolisics MOb
MpAMBIML  YyriIOMb, HMBIOTH reomesuueckis KpyueHis, paBHbs nmo afco-
JIOTHOH BeMYHHB, HO MPOTHBOMOONHEIA MO 3HAKY,

b) Ecm (a,, b{, ¢1) M {ay, by, ¢,) 6yLyTH HanpasieHis JuHIl
KPHBH3HB!, TO, BCIBICTBiE HXD OPTOTOHATBHOCTH, BCETAA MOXHO MOJOXHTD
a=aycosd+aysin, a’=—a;sind+4a,cosé,
b= bycos 8+ bysinf, & =— b, sinb+ bycosi.

3ambuas ete, 4TO
raay+ s(a bo+asb)) + tbyby =0

(M3b dopmyasl (34) npu T=0), H NOACTaBAAT BHILEHAMHCAHHBIA BbIpPA-
WeHig Bb (34), noayuumn dopmyay

(39) T = <i — i) sin 6 cos 0,

(] 01

rob 0, U Q, IJaBHble Pamiycel KPHBH3HbI, SICHO [MOKA3bIBAIOLIYIO;, KaKb
w3mbHAETCA T NpH BpaileHiH KPUBOH OKOJO ITAHHOH TOUKH.
1 1
¢) O60o3HauUMDB Tenepb Hepe3b — H - KPHBH3HH HOPMAIbHBEIXb

chueHill, Kacaloimxcs npsMeixe (a, b, ¢) u (a’, ¢/, ¢), T. e. HOp-
Ma/bHbil KPHBH3HB MEepPBOH K BTOPOH pascMaTpHBAEMbIXb HAMM KPHBBIXb.

1 1
BeanunHel — H —; BbIPasATCd, KaKb u3pbctHo, dopmyamu

=(ra?+2sab 4 1b?) OV

1
0
1 .
— = (ra’?+ 2sa’b’ 4 1b'2) OL2

3ambTUMb ewe, 4To ab’ — a’'h, ouesugno, paBno DU, noTOMy uyTO
ab— a'b ectb KocuHycb yriaa, oOpasyemaro MepHeHIMKYJIIPOMB Kb
(@, b, ¢) u (@', &', ¢’), T. e. HOPMaIBIO Kb MOBEPXHOCTH, Cb OCbIO
Z-0Bb, M, KaKb JIETKO NPOBBPHTH,

(ra2+2sab+ 10 (ra’?+ 2sa’¥’ 4+ tb?) — (raa’+ s(a b’ ba’) + tbb')?

TOKLECTBEHHO paBHO (77 — s%)(ab’— a’b), 1. e. (rf — s?) 9 Torna
HazeMb cabaylowmyo BaxHylo dopmyay

(36)

Aty ¢GopMysy MOXHO BHIBECTH TaKke H3b Bbipawedis (35) aam v
u dopmyasl IMnepa. BHcTBHTENbHO, HANMMCaBb NOCTBIHIONW BB ThXb
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IBYyXb BHAaXb, KOTOpHE YKa3aHb Obui Bb § 685, nytems ymHOXeHis
TOTYach Halaemb

1 1
Takb Kakb [ = -+ e

703. AcmmnrToTmdyeckiss nuHin. Teopema JHHemepa. Pasbic-
KaHie ACHMNTOTHYECKHXB JMHiI# OCHOBBLIBAETCH HA YDaBHEHIH

(37) rdx2 +2sdxdy +tdy? =0

!
OHo BbIpa¥KaeTh, YTO HOPMAJbHas KpHBHB/Ha 3THXDb JIHHIl BB KawaoH
HXb TOYKb paBHa Hym0., YpaeHenie (37) BbIpawaeThb TaKkke MepreHu-
KYJIADHOCTb [7aBHOH HODMald KDHBOH M HODMAIH Kb MOBEPXHOCTH,
notoMy u4to JabBas ero 4YacTh TOXIECTBEHHO pAaBHA BBHIPAXEHIl0
— pd?x —qd?y 4 d%z. Ypasuenie (37) MOXHO MOSTOMY HanHcaTh U
Bb cabaylomems G6onbe obuiems BHAb

Qx4+ M a2y + 9 d2z =0.

Ecmu x, y, 2 sanaHn, Kakb OYHKUiH [ARYXH HE3aBHCHMBIXDB NepeMbH-
HbIXB %, U, U 3aMbTHMB, uTO

02x

2 —
aix ou?

02x 02x
2 . 22 d?
duZ -+ 2 dudvdudv+dvzdv HT I,

TO nocnbaHee ypaBHeHie MpHUMeT®s BHADB
(38) Qduw+2Cdudv+ Hdv2=0

b &, B, €@ umbiorb ycraHoBneHHHS Bb KoHubk § 694 3Hauenis.
Brnocnbacteiu mbl yBHAMMB, uTo ypaBHeHie (37), kakb H (28), umbiouiee
TOTH e BHIb, XapaKTepH3yeTb /Ba ceMelicTBa (Cb OJHHMDB HE3aBHCH-
MbHIMB [apaMeTPOMB) MOBepXHOCTeH, nepechkaloLMXb IaHHYIO MOBEpX-
HOCTb N0 ACHMMNTOTHYECKUMDB JIHHiIAMB. Brnpouemsb, Mns u3yueHis acumn-
TOTHYECKHX'h JIMHIH HAa [1aHHOH MOBEPXHOCTH He HeW3GHEKHO 3HATH HXB
ypaBHeHis. A HWMeHHO, ecid u3BBCTHBH INABHBII KPHBH3HLI, TO MOXHO,
Cb noMoubld HEKOTOPHIXL (OPMYTB HAHTH M KDHBH3HBI aCHMNTOTHYE-
ckuxb auHit. He Bbixoas 3a npenbiel, mMocTaBAeHHBIE 1) HAcTOALIATO
y4eOHHKA, MBI HE MOXeMB AaTb 31bCh 10Ka3aTeNbCTBO OAHOH (OPMYIbI
Bouue 1), Bbipaxatowell nepByl KPHBH3HY aCHMOTOTHYECKHXD JIHHIiH
yepe3db 0, H 0,. OTHOCHTEJbHO K€ KPYuYeHin Jerko nokasarb cibayo-
myw TeopeMy OHHenepa: KpyueHie acHMNTOTHYECKHXDB JHHiH
PaBHO KOPHIO KBaJApaTHOMY H3B MOJHOH KDHBH3HBI, B3ATOMH
¢b 06paTHBHIMB 3HaKoMbB, [IBAcTBHTENbHO, A ACHMTOTHYECKHXB

1) ,Nouvelles Annales de Mathématiques“ 1865, cTp. 268.
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JHHIH, Kakb W BoOOWIe 149 BchXb KPHBBEIXB, IJaBHBIA HOPMaJiH KOTO-
pEIX® Be3lb OAMHAKOBO HAK/JIOHEHBI KB HOPMalH MNOBEPXHOCTH, T. €.
IJsi KOTOpbIXb (p = const. (4To umbeTs MbBCTO M 119 reofe3HYecKHXb
JUHifl) reofe3uyeckoe KpyueHie paBHO abcoMOTHOMY KpydeHiwo. [loaromy,

TaKb KaKb % =7, a %:O, TO dopMyna (36) u naets = = -} — 0,0,.

704. Teopema BenbTpamu. Bb 3axioueHie nokaxemb Teopemy
Beabtpamu, ynomsuytyio Bp § 682, [lombcTUMB Hauyalo KOOpIOMHATH
BB M1060H Toukb A/ Ha nOBePXHOCTH; 3aThMb BB KacaTeJLHOH IIO-
CKOCTH TMpHMEMBb 32 OCb X-OBB KACaTeJbHYI0 Kb aCHMINTOTHYECKOH JHHIH,
332 OCb -OBB € IJIaBHYIO HODMaJb, @ OCb Z-OBb (HOPMaiib Kb NOBepX-
HOCTH) HaNpaBHMBb BB OTPHLATE/bHYIO CTOPOHY no GuHOpMaiH. Boise-
deHHbis Bb § 643 dopmyast (19) npumbHHMBI kO BCKOH KpHBOH,
KOTOpas KacaeTcs ACHMMIITOTHYECKOH JIMHIM WM IS KOTOPOH cOmpHKacaio-
IaAcs MIOCKOCTb BB Toukh /J/ coBnagaers ¢b KacaTelbHOI MIOCKOCThIO
Ha nosepxHocTH. CarbpoBarensHo, ecau (X, y, 2) 6yAyTh KOOPAHHATHI
(v, w, —v) Toukn M’, 6esxoneuHo Gausko#t kb M, Ha pascMatpu-
BaeMOH KpWBOH, TO
1

Y .
602

—.;2:2@

lim

lim =
il 1 _— =
13

BB 4acTHOCTH, 3TH QOPMy/bl CpaBel/IMBB I aCUMITOTHYECKOH JHHIHM,
€M Bb HHXD 3aMBHUMB @ W ¢ COOTBBTCTBYIOLIHMH 3HAYEHIAMH 0, H 7,
Bb Toukb M Ha acumnroruuyecko# suHin. Cb Apyro# CTopoHm, ypas-
HeHie MOBEPXHOCTH BB CMEXHOCTH Cb TOYKOW [N/ MOMKHO Hanucatb Bb
Buib (10 41eHOB®H 3-r0 MOPsAKa BKJIOUYHUTENbHO)

g =4ra%-2sxy + 3%+ kad 4 .. -,
Takb Kakb, MO NPEANOJOKEHII0, OJHA H3B CONPUKACAIOLIUXCA NPAMBIXB
1
ectb ocb x-0Bb, T0 + = 0. Kpomb Toro, dopmyaa (34) nuerp s = —1).
%0
CrbaosarensHo, npu 6esnpenbibHoms npubauxerin A kb M nonyuums

.8 1 ¥ 1 1 1
b= - lms = . .
lim PR lim pe 20( >

Bt uactHoctd, koraa M’ npubauxaetcs kb M no acuMNTOTHYecKOH

. 1 . .
JUHIH, HaXOIuUMD L’:—30—@- W3w cpaBHeHis 1ByX® BbipaweHilt #£
00
HaX0IHMb HHTepecHylo (opmyay Boxne
0 z,
2= o 3.
Q0 + z

KOTOpas 3aK/o4aeTs BB cebb, Kakb 4YacTHHH caydalh (npu = = 0),
Teopemy beabrpamu.

1) 3Tn 3Hadenin » ¥ S NAITH HOBOE NOKA3AaTENLCTBO TeopeMbl JHHenepa,
notoMy 4T0 K =rf—s2==— l/g?.
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705. Teope3uueckis nuHin; Gopmynsl BeitHrapTeHa. Omnpe-
abnedie reomeswyeckuxb JHHIH Ha NOBepXHOCTH (T/1aBHaA HOPMaJb COB-
nagaeTs Cb HOPMAaAbiO Kb NOBEPXHOCTH) (§ 665) BBIPAKAETCA yPaBHEHIAMH

dz
dsd.s dsds

d ds
dsds

(39) (9= DO,
rob s o6o3Hayaervs auMHy Oyrd Kpusoit. Hamo sambruth, uto aTH
ypaBHeHis, Bb CYUHOCTH, MPHBOMATCA Kb ONHOMY, MOTOMY 4TO

dx d dx
dsdsds ZQ——O

ddx ddy dx ddx  dy d dy

dsds dsds ds dsds T ds dsds

OTKyZa

TaKb YTO BTOpPOe ypaBHeHie ecTb cabacTBie mepparo. Brnpouemb, MOXHO
npsaMO NPHATH Kb ONHOMY €IHHCTBEHHOMY YpaBHeHilo, ecan, BMbcTo
TOro, 4To6bl BHIPAXATh, YTO [JIaBHAaA HOPMaab COBNALAeTh Cb HOPMaibio
Kb NOBEPXHOCTH, BHIDA3HMB, YTO OHHOPMalb JexHTb Bb KacaTeJbHOH
{UIOCKOCTH, T. €. NepPNeHIHKyJapHA HOPMATH Kb NOBEPXHOCTH, YTO MPAMO

JaeTs ypaBHeHie
28@ydte—dsd?y)=0

Bt oueHb pbakuxb ciayyasxs yaoaerca nepedtH oThp AHbGdepeHUiaNbHBIX D
ypaBHenill (39) Kb ypaBHeHiaM®b Meway X, y, 2 W IBYMa NPOH3BOJb-
HbIMH MOCTOSHHBIMH (CM. HHTEIpHPOBaHie ZHdepeHUiaIbHHXD YPABHEHIH ),
KoTopbis BMBcTh ¢Bb ypaBHeHieMb NOBEPXHOCTH M306DaXKalOTh NBAXIbI
6e3KOHEeYHYI0 CHCTEMY reoje3nyeckuxb JuHifi. HecMorpsi Ha 3TO, MOXHO
H3yyaTh Treofe3WyecKin JHHiM, He 3Has HXDb YpaBHEHIH Bb KOHEYHOMB
Bunbk. [na npunoxedii 0co6eHHO BaXHO 3HATh XOLb re0e3HYECKHXD
JHHIA BB BecbMa Ma/iol yYacth nosepxHOCTH. [lombcTHMB Hauano koop-
AMHaTL BB TOYKy M M HanpaBHMB OCH x-OBb W V-OBb NQ Kacarelb-
HBIMD Kb JHHIAMB KPHBH3HbI, npoxomsauinMb yepesb M. Ocb z-0Bb
6yners Hanpae/ieHa NO HOPMaiH Kb MOBEPXHOCTH, COBNafamoued ch rap-
HOIO HOPMAJIbIO reofe3nyecKoit AuHiH, a maockocrn zMx n 2 My coena-
AYTH Cb [JaBHbIMH HODMaibHBIMH chyeHiaMH noBepxHOCTH BB Toukbt A/ .
PaacmoTtpums sarbme (puc. 89) anyry MM’ = o reonesuyeckoll JHHiu,
onpegbasemyo  yraomb (), oOpasyeMbiMb KacaTelbHOW Kb HeH BB
Toukbt M cb ocbio M x. Ecau, xpomb TOro, NpoBefeMb HOPMAbHOE
chuenie, npoxonauiee yepesw M u Touky M’, To noayuurtca euie ayra
apyro# kpueo MM'= o 4 8. [nockocth 3TOr0 HopMannHaro chuedia
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Ha NpakTHKbE NMPHHHMAOTBL 32 COTMPHKACAIOUIYIOCT TWIOCKOCTh reomesnye-
CKOH /MHIE BB Toukb M, XOTH, KOHEUHO, A% TOroO, 4YTOGH 3Ta MAO-
CKOCTb AbBHCTBHTENHHO 6bl1a TaKoBOW (T. €. COBMaAa Cb IVIOCKOCTBIO,
npoxonsimielo uepesb A7 M KacaTelbHyl0 Kb re0ne3HYeCKOH JHHiH),
€€ HYXHO MOBePHYTb Ha HEKOTOPHIH yroab &. OTCUHTHBAE 3TOTH Yyroab
Bb HAMpPAaBJEHiH OBHxeEHis 4acoBo# cTpbakK I HabmomaTens, CTOALLATO
MO OCH 2-0Bb (I1aBHOH HOPMANH) JIETKO HAHIEMb ero BelTHuHHY, 3aMtb-

v N
THBb, YTO tge = — o ot # n v (§ 643) o6osnavyaioTh pascrosHis

Toukh M’ OTb HOpManbHOM M OTb COMPHKACAIOMWEHCT MIOCKOCTH.
[lpunaras dopmyast (19) § 643, cb sambuoo BB HuXb ds Ha o,
2

TOTYACH HalieMb & — » T. €. YyTrOoa'b BpallleHis & 6e3KOHEUHO

6oz
Manas BTOPOTrO MOPSAKA OTHOCHTEABHO 6. DTO 3aKMOUeHie, CTONb
MPOCTOe, KOTOPOE, BNPOYEMb, MOXHO ObO TpemBHabTh, COCTABASETH

ThMb He MeHBe, O/IHY H3b OCHOBHBIXB TeopeMdb 'eomesin. Bb mpaktuxh

~——— i

R
w & z Hopua,, oy,
e

%,
)
a“&’.

Puc. 89.

TIPHHATO TAKKE, H Cb elle 60AbLINMD MPaBOMb, MpeHeGperats YHCAOMB O,
T. e. cuntats ayry M M’ HopmanbHaro chuenis sa Ayry reomesmueckoi
AHHiM.  DTO ONpPABABIBAETCA [0KA3ATeJbCTBOMDB TOro, 410 0 = 2 0%,
TaKb 4TO PAa3HOCThL Mex1y O6BUMH AyraMu okasniBaeTcs 6es-
KOHEYHO MaJol MNATArO0 MNOPALKA OTHOCHTEABHO @. DTOTh H
Apyrie BawHbie pe3YAbTATHl MOTYTb OLIThb BHBENEHH H3b D OPMyab
Beiinraprena, Bbipaxalowuxh KOOpAHHATE x, ¥, z Toukn M Bb
38BHCHMOCTH 0Tb 6 W §. [lo BmneynoMsHyteiMb dopmyrams (19)
§ 643 Mm nmbemb 11 KoOpAMHATBL 3TOR TOukH /' OTHOCHTENBHO
pebepb OCHOBHOrO Tpisapa BHpaXeHis
o® a® o2 @ d 1

u:g_g.@_f....., 2’2_6-07,—{—“”' iv:ﬂ E,E?_F‘
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a OTCIOlAa TOTYaCh NOJAYy4YaeMb & = W, H
03 fcos®  siné
< )+

x=nucosh —-vsind =0cosb — —

6o\ ¢ z

. . o3 [sin 6 8
y=usme+vcosezasme—f<—lﬂ— COS>+---.

6o 0 z

Cp apyro#t cropoHni, 3ambyas, yTo A1 reogesHyeckod JHHiH @ = 0,
. 1 1
crb0BaTe/IbHO, re0e3HYecKoe KpyUueHie T PaBHO — a —  PaBHO KpH-

BH3HE HopManbHaro chueHid, Kacawu@rocd reonesH4ecKol JIMHIK BB
toukt A, cb nomouibto dopmyanl (35) u Teopembi Ihaepa (§ 685)

cos?f  sin28

0 Q2

TOTYAaCh HAXOJHUMb
cos § sin 8 cos § sin 8 cosf siné
L=, = .
0 2 01 0 z (¢

CnkpoBatenbHO, NOMYYHAMB
o 3 o2
x=(6——-——4+-.-)cosb, =|0— x—+ - .-)sind, 5=
< 600, + > < 2 > 29
— ¢opmyabi BelHrapreHa *).
706. MpunoxueHie K'b MOBEPXHOCTAMD BpameHia. a) Yrobw Hafith

aCHMNITOTHUECKis JHHiH, BoifepeMb OCb BpallleHis 3a OCb 2-0Bb H NyCTb 2 = f(x)
ecTb ypaBHeHie MepujiaHa Bb NIOCKOCTH (x2). YpaBHeHie NOBEPXHOCTH 6yleTdb

torna & =/(R), rak R==) 22+ 3% Orciona HaxonuMb
= Z 7R =9 (R) =%/ (R =y (R):
p=p /B =apR).  ¢="73/"(K)=yeR):
nanbe

r=p®R+ 30 (R, s=2¢ (R, t=gpR+ % (R).

YpaBuenie (37) BB HacTosueMb caydab nacts
(e + dy2) o (R) 4 (wrdx + ydpp T = 0

W14, BBOAS BDb INIOCKOCTH (xy) NMOASPHbIS KOOPAHHATHI,

(dI2+ R2d02) ¢ (R)+ Ry’ (R)dR2 = 0,
a NoToMy
, LAY/ SR

*) Cratbio BeftHrapreHa, Bb KOTOpOH JaHbi 3TH (OPMyJbl U Pa3THYHbIA
crbcTBis, BHIBOMUMBIY H3B® HHXDb, MOKHO HaliTH BB counHenin Jordam’a
Handbuch der Vermessungskunde* II Theil, § 76 (usn. 1878 r.).
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Mpoute eme noAyyuMBb 3TO ypaBHeHie u3b (38), Taks Kaks, monaras # = R,
v =10, Jerko HaHIeMb

a=Rf"(R), ®=Rf(R), €=0.

Bb HHTErpalbHOMb HCUHUCIEHIH y3HaeMb, 4TO M3b ypaeHeHia (40) noayyaercs
ypaBHeHie Bb KOHEYHOMD BUIb

T (0—8) = F(R),

n3obpaxcaloinee 1Ba CeMEHCTBA KPHBHIXDB, 3 HMEHHO MPOEKLH ACHMNTOTHYECKUXD
JUHIH Ha maocKocTb (x¥). Bchk 3T KpHBHIA MOryTh OBITb MOMYYEHH H3D OXHOH
§ = F(R) npu nomoluu 3epKajJbHaro H306paxeHis OTHOCHTENIBHO MOASAPHOH OCH
W BpallleHis OKOJO MoJioca.

b) /b BB COBEPUIEHHO HCKIIOYHTEAbHBIXDB CAYYadXbh BO3MOXHO MOJIHOE
onpenbieHie reoxesuyeckuxs JHHi. ThMmb He Menbe BB camoMDb 061IEMD
cryyal u3b ypaBHerifi (39) MowHO BEIBeCTH 3aMbyaTenbHYI0 TEOpPeMy, 3HauH-
TeNbHO 06JEryalollylo pasbiCKaHie reoje3WYeCKHXD JHHI Ha MOBEPXHOCTH Bpa-
IeHis ¥ no3Boasioiylo npocabiuts HWXB Xonb. JEACTBHTENbHO, NI 3THXD
JUHIA DomxHb UMBTL MbCcTO paBeHCTBa

ddv _ddy . ddy | ddv_
dsds “ " dsds Y "M Yusds Vdsds”
cnbroBaTesbHO,
d dy dx dy dx
E(x'ﬁ“» fz)—‘l ¥ds T ds T o

rib ¢ npousBosbHAR MNOCTOSHHas. [lyctb Temepb ¢ 0603HauYaeTs yroas, obpa-
3yeMuIl reofe3HYecKol0 JHHielw ¢b MepHAiaHOMD, W 3aMbTUMB, yTO — sin b,
cosf, 0 O6ymyTs Hampapasiollie KOCHHYCBI KacaTelbHOW Kb Mapaiatend, a

dx dy dz . .
75 de e HanpasJfollie KOCHHYCHl KacaTeIbHOH reojesHdyecKoll JHHIH.

Torna 6yneMd UMbTb

. 5 dx dy 1 dy dx
sim 4 = — sin § ds J,—cose~a,s— R (xds—y a’s>'

T. &. Rsiny=¢. leonesnyeckis JHHIN Ha NTOBEPXHOCTH BpPalleHia ne-
pechkaloTh MepHIiaHbl MOIB YyrIOMB, CHHYCHh KOTOparo usMmbHusercs
nponopuioHanbHO KPpUBH3Hb napaanenn. 3ta TeopeMa, HahnenHas Kaepo,
BecbMa none3Ha Bb [eode3in. OHA yCTAHABINBAaeTH rpaHHLBl 11s ThXb o6aacTeH,
KOTODLISE MOTYTH ObITE 3aMOJHEHH TreOfe3HYeCKHMH JHHIAMH, COOTBBTCTBYIOIUMH
JaHHOMY (He DaBHOMY HyJI0) 3HaueHilo c. JIbficTBHTeIbHO, K He MOXeTb ObITh
MeHbule ¢ no abconiotHoll Bernuneb. [lostoMy, ecau 6yneMb mepeABHraTbCs MO
reofesnyeckol JHHIM BB TOMB HampaB/ieHiH, Bb KOTOPOMB Napa/ienbHble KPYTH
CTaHOBATCA BCE MeHbille M MeHbIlE, TO reojiesdyeckas JauHis 6ymers Bce Gonbe
U Gomrbe YKIOHATHCS OTb MepUAiaHa M NPHGIHKATbCS Kb MapasiIenH, 4To6bl Bb
KOHI'B KOHLOBB cabMaThcs KacavelhHOK Kb Mapaiesd pailyca ¢ H He HMbBTb
BO3MOXHOCTH 34 Hee MNepenTH. .

707. YnpawHeHisi. a) AcuMnTOTHYecKis JMHIM KOCOro TreJAHKOHIa
(§ 690, b) Hamp ywe u3BBCTHB, HO MBI yKaweMB 30bcb APYro# cnocobs uxb
onpexbieHia, a MMEHHO cnoco6b, OCHOBAaHHLIA Ha mpieMb, nanoxeHHoMs BB § 703.

YpaBHeHie noBepxHOCTH ecTb ¢ = af, rab § = arc tglv CIOXEHHOMY CB Mpo-
x
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H3BOJBHBIMB KPaTHbIMB uHcaa s Otclona cabayers, uto

0z ay oz ax
#n =T T 1Ty T EE

B3gpp ewle pa3m Npou3BopHbis, HalgeMb, 4TO 7, s, { NPONOPUIOHATbHBI COOT-
BbTcTBeHHO uHcaaMb — 2xy, % — 32, 2xy, Takb uyTO ypasHeHie (37) npuBoO-
IUTCA Kb

—xydx®+ (02— dxdy +xydy2=0.
OHo pasbuBaeTca Ha 1Ba CABIYIOUIMXD:
ydx —xdy =0, xdx—+ydy=0.

[epBoe naerds obpasymwiuis (¥ = k), a BTOpoe Haerp x2 + y2 = const. b
CUCTEMbl ACHMNTOTHYECKMXB JHHIH, CAEIOBaTeNbHO, OPTOrOHAJbHBI, U TNOITOMY
pascMaTpuBaeMasi NMOBEPXHOCTb NPUHANLIEKUTD Kb YHCAY MHHHMAaJbHBIXD, KaKb
Mbi e W panbiue Buxban. MoxHo 6bicTpbe npuati b whay, nonoxuss ¥ =K,
v=10, u npumbusaa ypasHeHie (38), kotopoe npusenercd kb d Rd6 =0, notomy
yto & $ =0, @ = - a. CrbrosaTelbHO, aCHMTOTHYECKia JaUHIM OyLyTB
R = const, (BuHTOBHIA JUHIM) M § = const. (06pa3yioluis).

b) Tpemnoxums ce6t HaWTH NAHMHIM KPUBH3HH Ha TOH e NOBEPXHOCTH.
Ous, oueBHIHO, nepectkaloTs obpasyloulis nogp yriaoMs Bh 450. UTobwi onpe-
1bAUTh UXD aHATUTHYECKH, NMOACTaBAfEMDb 3HaueHid (41) uau

a

p=—Rsin6. q=icose

R

Bb ypasHenie (31). OHo npusoauTCA Kb

dR a?\ | dR a?
—--cos@—-(l—l—-}@)smede Tsm&—i—(l—l—F?)cosede

; + =0,
d{\sine——cosede d—R~cose+sin6de
R R
M 12eTsb
db 1 _, dy
T4R"™ VEF & o de—giiiT,)’

ecad mnonoxums R = acotgwy. [lpaas uyacTh ecTh IuddepeHniars oTb
log tg% (§ 292, b). CrbaoBarenbHO, NOAYYHMB

eHO-8) g2 R = f;- (eE0—0, __,F(0-8)),

Bch 9TH KpHUBHIS, NPOEKIiM JWHI# KPUBH3HBI Ha HAaNpaBAsOLLYI0 MJIOCKOCTb,
a _
MOXHO NOJYYHUTb, Bpalllas cuHpanb R = 5 (e% — ¢ 9) okono nomoca. 31a cnu-

panb BBIXOMTH M3B nofioca, Kakp ApXUMeloBa CnuUpalb, U UMEETH CTpeMieHie
oGpaTUThCS Ha GeakoHewHOCTH BB ABH JorapHeMuyeckis cnupai, Bcrpbuaiounis
paniychl BexTOpH MOAbL YraoMb Bb 450

¢) Ilaq onpenbneHis aCHMNTOTHYECKUXD NHHIK KATeHOU 12, BOCNOAb3yeMCs
dopmMyaoto (40) u 3ambtuMb, uTO PyHKIiR 2 = f(R) BB gaHHOMB ciayuyal HedBHO
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B

onpenbasercs ypaBHeHiemMb MepuaiaHa R = —- (e e “). HMab Hero, B3sBb

afm

N

ABa pa3za NMpOW3BOAHBLIA IO R, NnoJy4aeMb

b4 E E-4 E
1 1(; *7) SR 1 (7 *;)_R
-\ —e s a4 e +e =t

TR~ 2 TR T a?
TaKb 410 opmyna (40) nepexomuTdh Bb
o (R
IR S Y, orkyaa + a(b— 8y = f(R).

O1ciona BHIMMD, 4TO MPOEKUiH ACHMITOTHYECKUXD JHHIH HA MIOCKOCTb TOPIOBOTO
kpyra (Kehikreis), BB NoOAAPHBIXB KOOPAHHATAX'b, U30OPAKAIOTCA YPABHEHiEMD,
nojiy4yaembiMb nyTeMdb 3aMbHbH 2 yepeanr + a (0 —0y) BB ypaBHeHIH MepuaiaHa

R =8 (£ @O0 4 ,F-0)).

Beh 3TH KpHBBIA NOJYYAOTCH BpalieHieMb CIHPaiu
R= f; (b +e79),

okoso nomoca. CrbroBarenbHO, AOCTATOYHO 3HATH OHY ACHMOTOTHYECKYIO JHH{IO,
yto6bl 3Hath Bck. YpaBHenis

x:%(ee—i-e_e)cose. y=—%f(ee+p"9)sine, z =abh,

u306paXxaoTsh OAHY H3b ACHMNTOTHYECKHXB JHHIN, U MBI €€ yxe MacabaoBantu Bb
§ 657. CeoficTBo 3TOH KpHBOH, cocrofiliee Bb TOMBb, YTO OHO Bcrphuaers na-
pasjeny KarteHoHMAa NoAb yrioMb Bb 450, CcTaHOBHTCA Temepb OUYEBHAHBIMB
JbiicTBUTENPHO, TAKD KAKD KATEHOWADb MHHUMajabHas nosepxHocte (§ 690, a),
TO €r0 ACHMNTOTHYECKisl JHHIM AOMKHBI BCTpBY4aTh €ro JMHiM KPUBH3HH, T. €.
MEpHIiaHH M Mapanie]d moidb yriomb Bb 480, Jpyroe cBoiic1B0 HalueH KpuBOH,
oTHOcsLleecs Kb ef paaiycy KpyueHis, ecTb HeNmoCpeACTBeHHoe cabiacreie Teo-
pembl JHHenepa. Bb camoMb nbab, ecau o6oaHauuMb yepeab # oTph3okb HOp-
MaaM Kb MOBEPXHOCTH MEX(AY TOUKON Ha MOBEPXHOCTH M nmepechueHieMs HOpManu
Ch OChbI0 BpallleHifl, TO [MaBHble paaiyChl KpHBH3Hbl OYAYTb @y = #, 0y = — 172,
Popmyna, aaHHas Bb koHUB § 703, ToTUach W AACTD 7z = + 7.

d) Cabaoyery sambTuth ewe acuMmnToTHYeckis JHHIM nceBrocdeph
(§ 693, a). O603Ha4MD uYepedb 1 yroib MeXAY KacaTeJbHOI H OChIO Bpa-
IeHiA, Takb 4T0 GydemMb uMbre R = asiny, f'(K) = — cotgy, a noromy

1 dwy
7! S S a9 = ,
(R @ cos o SE T Popmyna (40) pacte + 46 sny OTKy Ad

i(eﬁeo)=logtglg

4, cabroBaresnbHO,
2a

R= e 08 4 700,

Jro ypaBHeHie U306pakaeTsb 6e3uncaeHHOE MHOXECTBO NOJOXEHil, MPHHHMAaeMbIXDb

cnupaasio [Iyanco (Poinsot) R == 2 a/(e® + ¢—9) npu spauenin okono nomoca.
M apbeb, ana uaydenina BehbXb aCHMNTOTHYECKHXb JHHIH NCeBRocdepbl A0CTATOUHO
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u3cabIOBaTh ONHY H3D HHXDb. Pa3cMOTPHMB Ty, KoTopas coOTBBTCTBYeTH ypas-

HeHilo — ¢ = logtg % » U 3aMbTHMB, uTO

dz a dx €OS 1 a costy + asi
—— = A - ) = — - = — = my.
dvy aRi v simy sim v
" )
Orcwona, s =—a (log tg —12'- -+ cos w) . ACHMNTOTHYECKAas JHHifA, KOTOPYIO Mbl

KeJaeMb Pa3cMOTp’hbThb, H306pPA3KUTCA YPABHEHIEMD

2acosb 2asin® < b efo)
=" y= — z=q |0 ——}.
PLNRP ee+ Pt PL I

[loctynas Ttaxkb, kakb Bb § 657, nerko HalineMb s = a8. Wrakb, BesAkas (e
cauiikoMd Gonmbuias) Ayra AacHMNTOTHYeCKOH JuHIM paBHa ayrb, orchbkaemoi
MepHIiaHAMH Bb KPalHHXb TOYKAXb HAa HauGosabuled napamtend. OG6Go3HAYHMDB
Tenepb 4epe3db /, s, ® HaANpaBlAlIlie KOCHHYCH OCH BpAIIEHis OTHOCHTEJIBLHO
¢ynnamentanbHaro Tpisapa kpueoil. Jduddepenunpys &, noaydumsb

% _ _sinyds .
T ds a dy ’.

Crp apyro#t ctoponnl (§ 638), umbems
dl _ n dm _ u

(42) ds 0, ds 2

a 3HaueHif m H ¢ HaMDb Yyxe H3BBCcTHb. [IblicTBuTeNbHO, 71 = — simy ecTb
KOCHHYCDB yrjaa, obpasyeMaro OHHOpMaijbld (HOPMajibio Kb [OBEPXHOCTH) Cb
ocbl0 2-0Bb. Kpomb TOro, Hsb Teopemsl JHHenepa HMbeMb TOTUACD 2= % a.
[Tonoxums ¢=a (BAbBO 3aBHTas acHMNTOTHYecKas JHHIA) H 3aMbBTHMB, 4TO
H3b BTOpoit dopMynbl (42) BhITekaeTdb

_gdm _dm
T T ds  ds

Ortciona, noxcrasass BbL NepBylo ¢opmyay (42), HAXOLUMB

n = cos ¢ siny.

a
2 sin

8
g = e =
3ambTUMD, YTO BB TOUKH KaCaHiA ACHMINTOTHYECKOH JMHIM cb Haubo/ibllew mna-
pasiesbl0  Pajiych KPHBH3HBI PaBeHb 4 a, Mekay TbMb, Kakb no TeopeMb
BenbTpaMH, oHb n0MkeHD Oblab 6l OHITH PaBHBIMBL % @. OTo Hecornacie obwsic-
HAETCA TBMB, YTO BhllleynoMsAHYTas napaatend (obiiee MBCTO TOoueKb BO3BpaTa
MepHiiaHa) ecTb 0co6eHHAaa JHHIA TMOBEPXHOCTH *).

*} Has 6onbe moxnpo6Haro H3yueHiss TeOpin NMOBEPXHOCTEH MOMHO yKasaTb
Ha pycckoMb A3bikh nepeBonb duddepenuianbnaro ucunucnenis 2K. Beprt-
paua, kuura I, a na wbmeukoms nepeBoxb counHenis Bianchi. Differential.
Geometrie. 1911 roas.
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KHUIR CEAbMAA.

MuterpanbHoe Mcuucnetie,

UHTETPHPOBRHIE.

OCHOBHELIA MOHATIA.

708. Beakaa dynxuis, anddepenuiars kotopol pasend f(x)dx,
HAa3LIBAETCA HHTerpanoMd OTb f(x)dx M 06O3HayaeTcs CHMBOJIOMB
ff(x) dx. ViHbiMA cnoBaMu, Koraa l’leyT'bff(x)dx:F(_xf), TO 3THMB

yTBepkaanTdb, uto @[ (x) = f(x¥) dx. Takb Kakb H3D 3THXD LBYXD
DaBeHCTBDb, HCKIIOYad TOTh HIAH IPYyrok u3b CHMBONOBL [ Han F,
NoJy4aeMb

floydx =d | flx)dx, /.dF(x) = F(x),

TO BHIHMB, YTO 3HAKH d H f B3aHMHO YyHHUTOXKawoTcd, [loatomy,

Has3blBagd HHTErpHpOBaHieMd oOnepauioo, H306paxkaeMyi0 3HAKOMb f
W naouyo F no NaHHOMY f, MOXeMb CKa3aTb, YTO HHTErpHpOBaHie
ecTh onepauia, o6paTHas AuddepeHunpoBaHnio, Hambp yxke
uzsberno (§ 307, b), uro ecnn F'(x) ectb wbkoTopaa dyHKuis, uMbolIas
nuddepenwians, pasHbil f(x) dx, To Bch apyria dyHkuin, uMbowis ToTh
e nuddepeHtians uzobpassares dopmynow F(x)+ C, rab C npous-
BOJbHAas MOCTOAHHAA. Ecau e cOCTaBUMb Pa3HOCTb 3HaueHil, mnpu-
HMMaeMbIXh Ha TpaHHLAxb HbKOTOparo HHTepBana (@, b) HHTErpaIoOMb
ff(x) dx, cOOTBETCTBYIOLIMMD KaKOMY YromHo NaHHOMY 3Hauenilo
TO MOJy4YHMB BrnoaHb onpexbneHHoe uHClIO, MOTOMY 4YTO NpH cocTa-

Bnedin 3TOH pasHoctd coKkpaliaeTcs. 3Ty pasHOCTb (Bb KOTOpO#
yMeHbiiaeMoe cOOTBBTCTRyeTDh BepxHel rpaHdaubt b, a BbIYHTaeMOE HHXK-
b

Hell a) 0603HAYaIOTh CHMBOJOMB jf(x) dx wu HasbiBawoTb onpenb-

«
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JeHHBMDb HHTEerpaioM’d (B3aThiMb BB mnpeibraxes a u b), BB
oTJMuie OTb HeonpedbleHHAro HHTerpana ff(x) dx. HWrake, umbems

b
[rwaz=Fo+c,  [r@dz-ro-rFa.

Ortu onpexnbieHis, 0NHAKO, HeylLOB/IETBOPHTE/bHbI, MOTOMY YTO HHYEro
HE TrOBOPATH HH O CYLIECTBOBAHIH HHTErpaia, HH O Crnocob6ax®s ero
BhluMC/eHis, MXb MOXHO pascMaTpuBaTh JHllb, KAKL OGBACHEHi CHMBO-
JOBb, 4 NMOTOMY Mbl MOCTapaeMcs npeo6pa3oBaTh HXb Bb APYTrif, CIy-
wauiis onpexbieHieMs caMo#l omnepailid, H306paxaeMofi ITHMH CHMBOJIAMH.

7082, Yro6bl u36bmaTe BB AanbHbBAIMXD pa3CyxAeHiAXb pas/ivy-
HBIXD OTCTYIUIEHIH, cabiraemb cnepBa Hbkotopbin 3ambuaHina o Tak®
Ha3bIBAEMOMb pasioxeHid uHTepBana (a, b) Ha Ge3KOHeuyHO 60Jb-
moe yucao OGe3KOHEYHO MaiblXb YacTel, Cb KOTODHIMH HaMb
npuaerca umbte abno. [lonowums, aas onpexbieHHocTH, uto @ < b,
M PasfoXHMDb HHTEPBANb (@, D) Ha yacTHble MHTEpBAbI

1) (a, x1), (215 x9), (%, 23), . ... (¥,_q, 0)
rabk uMcna x;, Xy, ..., Xp—1 NOAYHHEHbl €LHHCTBEHHOMY YC/IOBIilO
A< a < X< Xg ... <K&, ;<b.
UYuena hy=x,—a, ho=2x3—%, + -+ Bu=>0- %, 1, NONOKHTENbHbIA

npu cabaaHHOMD YCIOBiM, Ha3BIBAIOTCA ANHHAMHM HHTepBanoBb (1). Cymma
HXb, KAKOBO OBl HH ObINO 4MCIO #, Bceraa paBHa b —a, T. e, amuHb
aaHHaro uHtepana (@, b). Mbl Gydemb TOBODHTb, YTO HaMb [AaHO
pasioxeHie

o (@, x4y X9y -« ., ¥ by v (By, by, . . ., h,)

n—1°

uutepBana (4, ) Ha vacTHele uHTepBaIbl A, Ay, ..., A,. Sambuas
PALD YHCEND X, Xy, « » -, Xn—1 KAKHMB HUGYAL OPYTHMB PALOMB YHMCETH
%/, %, ..., &'w_1, TAKKe PACTIOJOKEHHLIXD 10 MOPSAKY HXb BEJH-
YHHDB, MOJYYHMB [APYroe pasiowmeHie TOro e wuHTepBana (a, b)

14
1)) (@, x/y o/, ..., &’y . b)) wm 1/1, h;,, ey
Ha YaCTHble HHTepBabl /11’,' Sy ey ', tab A =x{—x,," npn
i=1,2,...,n (xy=a, x,=2>5). Ilpogonxas TakuM®> 0GPa3oMD, Ml

nonyuums HEkoTopyio mocabzoBaTenbHOCTD

@, U, am, ...

pasfioweHitt uHTepBana (@, b). Mu GyneMb pascMaTpuBaTh JHMLIb
Takin nocabaoBaTeNbHOCTH paznoweHif, BB KOTOPHIXB MIHHBI BCHEXD
YaCTHHIXD HMHTEDBAJOBB, WIH, Kakb OyneMb T[OBODHTb A COKpalleHid
pbun, Bch wuacTHble uHTepBanbl OesnpeababHO yOHIBAIOTH, T. €. CTpe-
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MATCS Kb HY/K0, NPH 4YeMb, OYEBHIHO, YHCAO HXDb HOMKHO BO3pacTaTh
GesnpenbnbHO, MOTOMY 4TO CyMMa HXDb Bceria OCTaeTci PaBHOKW b—a.
[lepexonts oTb OnHOro pasjomeHis TakoH NocabIOBaTENbHOCTH Kb APY-
roMy, OTb Hero Kb TpeTbeMy H T. H. H HasblBalOTh DPAasnoxeHieMb
warepBana (@, b) Ha 6Ge3koHe4yHO GoablIoe YHCIO Ge3KOHEUYHO
MaabiXb 4dacTefh. SlcHO, 4TO cyluecTByeThb Ge3uHCIEHHOE MHOXECTBO
pasiuuHbixb nocabaoBaTenbHOCTeH, YIOBAETBOPAWUIHXD MOCTABACHHOMY
YC/OBi0; 3TO H BHIPAWAIOTH, KOTIa rOBOPATD, 4YTO HHTEpBarb (a, b)
MOXHO DasjOXHTb Ha 6e3KOHeuHO 60/blIoe YHCIO Ge3KOHEYHO MalbiXb
yacTel Ge3uHClIeHHBIMBD MHOMECTBOMDb crnoco60Bb. PascmaTpuBas uucia
a v b, kakp abcuucchl Hayana ¥ KoHuUA HbKOTOparo mpAMoJHHeHHAro
otpbaka A B, Mb BHIMMDB, YTO X, Xy ..., Xp—1 OYLYTH abClH-
caMH TOYeK®b, Jewauxd Mexny A n B. Kaxnomy pasincwkeniio uxTep-
Bana (@, b) Ha 4yacTHble HHTepBaibl cOOTBBTCTBYeTD pasnbiaenie oTphska
AB ua yactubie otpbsku. Yucaa xy, x,, ..., Xp_1 M GyleMb Hasbl-
BaTh, [Jil KPAaTKOCTH, Touykamu nNbaenis wuuTepsana uaM oTpb3ka.
Pa3scmaTpuBas 1Ba nocnbroBaTelbHbIXD pasnodeHis, Mbl 6yneMdb roso-
pUTb, YTO BTOpOe DPasjOXeHie ecTb MpPOLOJXKeHie nepsaro, eciu BCh
ToukH N'bieHis nepBaro pasnoMeHif BXOIATH BB COCTaBb BTOPOro, HHbIMH
C/IOBaMH, €C/IH BTOpOE pasaioxeHie nosydaerca depe3bs noapasnbaenie
HHTepBaioBb (oTph3koBb) mnepBaro Ha OGonbe Menkia vactu. Korna
IaHbl Kakis HHGYIb IBa Da3/oXeHid

. 7 /,
(@, x/, 2/ o ooy &y, b)) M (a, %", % ..., & D)

n'—
TO HM3b HHUXD BCerga MOXHO COCTaBHTb TAaKO€ TPEThE
(@, %, X9y« o0 %, 4, b),

KoTopoe O6yleThb MpOLOMKEeHieMb KaKb NepBaro, Takb H BTOPOro, mnoui-
pasmbauss unTepsans (oTph3ku) mnepsaro Toukamu Abaenia BTOpOrO,
WIM HHTepBajbl BTOPOro ToO4YkaMH Jbiedia nepsaro, npH uyemb, oue-
BUMJIHO, MOJyuyaeTca OOHO M TO Ke pasjoxenie. Uucna

Xiy Xy o w0y X, 4

6ynyTb He, UTO HHOe, KaKb 4HCJIA
2, xy o X, T w2 ey

pacno/iOMEHHbI1 MO MOPSIKY HXb BEIHYHHD, NMPH 4eMb, KOHEUHO, €C/H
X/ =a4", TO 3TH 1BA YHCAa JALYTH TOJABKO ONHO YHCIO x,. SICHO, 4TO
BCAKi# MATepBaIDb MNepBaro pasioxedis /;/ paBeHb JH60 ONHOMY H3D
HHTEpBa/IOBD J,, AM60 cymMmb HBCKOMbKHXD HHTEPBAIOBDL TPETHATO
_PA3NOKEHiA, U TO Ke CcaMoe MOMXHO CKasaThb H O KawIOMb HHTepBanb
BTOPOro pasJoxkeHis.

709. Tlepeiinemb Tenmepb Kb BbiSICHEH{IO MOHATIA 06b onpenbneH-
b

HOMDb uHTerpanb jf(x) da, xoTophiff, mo onpexbneniio, DaHHOMY BB
a
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§ 708, ecrb pasuwocts F(b) — F(a), ecin F'(x) = f(x). Bosbmemn
Kaxkoe HHOYIb pasnoweHie HHTepBada (@, b) HAa # YaCTHBIXb HHTepBa-
A0Bb Ay, gy ooy gy Tab Bi=xi—xi, i=1,2, ..., B, xy=a,
Xn=0>0, NpHMBHHMD Kb KawaoMy H3b HMXD TeopeMy Jlarpamxa (§ 306).
O6o03Hnauan uepeadb «; HbkoTOpOe omnpeabieHHOE UYHCI0, Jexallee
Bb uuTepBard (x,.;, x;), NOAyuHMDB ([IPHHHMas BO BHHMaHie, uTO

F' (%) = f(2))
Fla)—F(@)=h f(w), Fl)~F@)=hyf(ay), - FO)=Flx, ) =h,f(e,);

CKJanbiBasg 3TH paBeHCTBA W MoJarasi

o= fla) + /(e + B, fla)= D I fley,
1

MOJY4YHMD
Fb)y— F(a)=a.

dopMy1a 3Ta eile He NaeThb, caMa no cebb, cnocoba aaa BbIUMCIIEHIA
passoctu F(bH)— F(a), noromy uro uucia &; HaMb HeussbctHel. Ho cb
e TMOMOIILIO, Mbl [OJYYHMD BecbMa BawHBI# pe3yabTarTb. CpaBHHMB
CYMMy G Cb ADYrol CyMMOIWO

=y )+ IS+ -+ b 8 = Y By,
1

rat 3, 0603nauaers J1060e 4HCIO Bb HHTepBalh (x; i, x;), H MOXETD
6biTh BbHIGMPaEMO HAMHM MO MpOH3BOAY. [Ipenmo/oxHMDB Tenepn, 4TO
dyuxuin f(x) nenpepeisna Bb nutepsanb (@, 6). Ha ocHosauiu Teopemb!
Kantopa (§ 279) wu3BbcTHO, UTO BCAKOMY, CKOMBKO YrOAHO MAajOMY,
[OJIOXHTENLHOMY UHCAY & COOTBETCTBYeTh Apyroe MOJOXKHTENbHOE
uMcno 1, Taxoe, 4ro xoraa B¢k Ay, Ay, ..., h, GyayTb Menbme 71, TO
| f(B:) — f(e;)| Gynerb menblte & am i=1,"2, ..., #n. [Tostomy

n

lt—0] gzl’hi | F(B) —f(e)} <& ;h,,:(b—a)g.

3ambuas, uto 4HCIO &(H—a) MOkHO cabiaTe MeHLIIMMB JO6Oro Mo-
’

&
JIOXKHTENbHATO uHcaa &, B3ABBb &< 5 TPHXONHMD Kb crbnytomemy

saxmodenito: [TocatooBaTebHOCTb 3HAYEHI CyMMBl T

Ty, Tgy ee s T

my ot e

cooTBBTCTBYWIMWHXD A1060# NocA510BaTENbHOCTH Pa3/OMKeHiH
vuTepBana (@, ) Ha yacTHble HHTepPBaJb, CTPeMAlliecHs O0AHO-
BPEMEHHO Kb HYJ/, CTPeMHTcHd Kb npentay, paBiomy o, T. e.
onpentienHoMy uuterpany

./:f(x)dx.
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3T0TDB pesy.ibTaTh MOXHO (oOpMyaHpoBaTh Goabe KpaTKO, He oOmacasch
HeIlOpaBYMtHlﬂ nocab Bcero cKasaHHaro Bblle, 4 UMEHHO Tam: cyMMa

’U—th(ﬂi) CTpeMuTCcs Kb npeatnay, paBHOMY ff(x)dx,

KOl‘Ila Bchb MHTepBanbl A; cTpeMATcs Kb HYJIO, H aanucaTb 3TOTD
pesyabTarb Bb ciabayoieMs Burh

»n b
hll.ir:nozlvhlf(ﬂi) =;/f(x) dx.

Beb Hawv pascyxenis ocHOBaHbl GbliM Ha TOMB: 1) 4TO CyulecTByeTd
nepBoobpasHas dyukuia F'(x) ot f(x) w 2) uro f(x) HenpepbiBHa
Bb uHTepBanb. Tenepe Mol OTpBIIMMCS OTBH 3THXb NpeANOAONeHIH H
OrpaHuuMMDb OYHKUIO f(x) TOJAbKO yC/IOBieMb KOHEUHOCTH esi Bb MHTEp-
Bant (a, b).

710. Onpepbnenie uuTerpana. PykoBoacTBysich BhlIIEH3NOMEH-
HBIMH COOOpPaXEHiAaMH, Mbl MOXeEMDb Terepb YCTAHOBHTH HUxecabayloulee
onpenbnenie uuterpana: ,Pasnomums HHTepBanb (@, &) KAKHMD YTOAHO

cnoco6omMb Ha uHacTHble WHTepBaAel /,, Ay, ..., h,, CcTpemsutiecs
OLHOBPEMEHHO Kb HYJI0, MPH 4YeMb HHCIO HXDL OeanpeababHo Bo3pa-
CTaeTh; 0603HaYMMDb 4epesd f,, f,, ..., f, Kakis yroawo wuucna,

JeXallis MeXIy HHKHEeIO W BepXHelo rpanuuamu ¢yukuin f(x) BB co-
OTBHTCTBYIOLIMXD MHTEPBanaxdb (MM COBNANAIOLLS Cb 3THMH TPAHHIAMH),
H COCTABUMDB CYMMYy

T=mhfi+hfo + - h,.f,L :thf;

Ecnu s1a cymma Bcerma cTpemutcss Kb ofHOMY M ToMy ke npenkay,
TO 3TOTH Npedbab HasbiBalOTb onpeabieHHBIMb HHTETPAaJdOMDB OTb
PR

f(x)da, B3aThiMb OTH @ 10 b, W 0603HAUAITH 3HAKOMD /f(x) dx”.

YHCno @ HasbiBAIOTL HHXKHHMDB, @ & BeDXHHMb NpeaknoMb HHTerpana.
PascmatpuBas 3arbvb BepxHid npentas b, kakd umcno nepembuHOe, W
0603Hayas ero 6YKBOW x, nMoayuuMb onpexbiedie HeonpenbaeHuaro
uuterpana F(x)*). Kakb B> TOME, Takb M BB ApYroMb cayuab
f(x)dx wHa3biBalOTb 5JeMEHTOM> WHTErpana M TOBOPAThH, YTO HHTe-
rpaib ecTb cymMMa Oe3KoHeyHO 60/bUIOro 4Hcia Ge3KOHeYHO MalblXb
3/1eMeHTOBB.

[ Ipumbyanie. Tounbl#i cMblcAD ycTaHOBReHHaro 3abch onpemh-
b

JeHis ff(x)dx, KaKb BHAHO H3Db DazbscHeHidl, cabaaHHblXb BB

*) Takas TepMuHOJIOTiA He BCHMH NMpHHATA; HeonpeabaeHHbIMD HHTErpa-
J0MB 0Tb f(x) dx Ha3LIBaOTH OOLIKHOBEHHO ofuiee Boipaxenie F'(x)-+ C BChbxb
®yHKLiH, nuddepeHLials KOTOPHIXD ecTh f(a) dx.
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§§ 708a u 709, cocroutrv BB cabaywomemsb: Ecm Bchk nocnbposa-
TeIbHOCTH

() Ty, Tpy Ta,

3HaueHit cyMMbt 7, coOTBBTCTBywIin BCEBO3IMOMHBIMD nocabroBa-

TeAbHOCTAMD DasnoeHi uHTepBana (@, b), aam xortopuixb BCh /;

CTPEMATCs Kb Hym0, UMEIOTH OZWHD H TOTb e npenbnab, Hesa-

BHCHMO OTb BrGOpa YHMCENDd f; BB YKA3aHHBIXD PaHHLAXDb, TO 3TOTH
b

nperkas u Gyrers, no onpeaknenio, j](x) dx. Ecnmu  CyuiecTByerdb

YUOMAHYTH# npentib, T0 roBOPATD, uTo dyHKUia f(x) MHTerpupyema
Bb uHtepsant (a, b). Tlpu BeBont ycnosilt uuterpupyemoctu (§ 714)
M Hy}HO UMbTh BD BMAY BhlllenpHBeaeHHOE TOJKOBaHie onpenbnenia
HHTerpana. |

711. [lpexne ubmb nepelineMb Kb BHIBOLY YCNOBil HHTErpH-
pyemoctu dynkuin f(x), sambruMb Tenepb e HbKOTOpHA CBOHCTBA
MHTErpasa, BLTEKAawUlis HenocpencTBeHHO H3b ero onpenbiexia, a UMEHHO:

//ef(x)dx =k /f(x) dx npu % NOCTOSHHOM®,
- . ‘

a

b b b
[(u+v+---)dx=[udx+/vdx+---;

nocnbaHee PaBeHCTBO, OYEBMAHO, CNPaBelJMBO NpPH J1IOO60MB, HO KOHed-
HOMB, uucab QyHkuit 2, o, ... . [I1A ROKa3areNbCTBA CTOHUTDH TOJBKO
nepeiTH Kb npenksamMb BBH paBeHCTBaXb

n

Zn’khifi = kf;li,ﬁ’ Zn’hi(”[_}" 7"1‘ + - ) =§7hi“7‘ +Zhﬂ"g+ Tty
1 1 1 1 1

npeanosiaras, KOHEYHO, YTO HMHTerpans otb fdx, udx, vdx, ...
cywectByloth, [anbe, ymbctHo GyneTd u36aBUTHCE OTH HBKOTODHIXD
OrpaHHueHill, 3aK/TIYAOIIUXCY Bb YCTAHOBJEHHOMD Bhlille NOHATIH 00D
uHterpank.

a) Y1o6bl u36aBHUTLCY OTH HEOGXOIHMOCTH cuutatk a < b, ycno-
BUMCA MOJATaTh

o /’: . /‘i‘
2 b

310 ycnomie BOOJAHB ecTeCTBEHHO, MOTOMY 4YTO, €CIH CYMTAThb HHTEP-
BaNb b —a YACIOMD OTPHUUATENbHLIMD, TO H BCh MHTEPBANML 2, Ay, ..., My
Hal0 CUHTaTh OTPHLATENbHBLIMH, MEXAY ThMb Kakb UHCHA f, fy, ..., fu
octaoTcst 6e3b u3mbHeHis. MHBIMH c0BamMu, KaxIbH 37eMEHTH f(x) dx
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uMbeTh 3HAaKD, ONMHAKOBHIA Cb f(X), WIM MPOTHBOMOMOMKHBIA, CMOTPS
N0 TOMY, OYIeTb /M dx MONOKHUTENbHHIMD WM OTPHLATEALHBIMD [PH
usMmbHeHiM x oTb HWwkuAro npenbna g no Bepxusro H. Tenepn Jerxo
noKasaTb, 4To Bceraa 6ynemd uMbTb

[~/

3T0 CBOKCTBO, OYEBMAHO, KOTAd ¢ JEKHTL Mexay a u b ¥); Bb mnpo-
TUBHOMD Xe cayyab, ecau, Hanpumbpb, @< b< ¢, TOTYaCH HalneMd,
no/Mb3ysich paBeHCTBOMB (1),

fz?/e‘i)/::&/{*—f.

b
b) Onmnpenbaenie ff(x)dx Tpebyers, uTOGHI f(x) ocTaBanach

a
KOHeuHO Bb HHTepBant (@, H). Ho >3To orpanuuenie ormazaers BB
cnydab, ecan f(x)=oc npu x =, Cb MOMOUILIO COMNALIEHIA

TR

41

¢) YHacTo MPHUXOAMTCA TaKKe pa3cMaTPUBAaTb MHTErpaibl, pacnpo
CTpaHeHHble Ha Ge3KOHeYHble MHTEPBAJbl; HO MXDb Halo pascma-
TpHBaTb, Kakb npenbiabl Apyruxb, pacrnpoOCTPAHEHHbIXb HA KOHEYHbIE
uHTepBaibl, A MMeHHO, BB BUab ompenbaeHit monarawts

+

S [ )
IS

Jlerko y6bauTbes, UTO BHILIEH3NOXKEHHbI CBOHCTBA HMHTErpajgoBb MpH
KOHEYHOMD HHTepBalh pacrmpocTpaHAOTCA M HAa cayyadh Ge3KOHEYHaro
HHTepBaja.

#, kpomb TOrO,

*) Bw camomb gbab, ecnM  HHTerpand CyuecTByerbh, TO Ml MO-
XeMb BbIOHpATh TOYKH AbiaeHis HHTepBada (@, b) Mo Hawemy mpousBoiy, a
Mo3TOMy MOXeMb CHepBa pPAas3JoOWUTb €ro Ha ABa MHTepBana (@, ¢) u (c, g; H
3aTbMb pasaarath Aante KawAblA U3D HHXD.
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d) Ha ocHoBaHin npenslaylwuxs onpenbaeHifl, Heansst, BooOlue
rOBOpsl, Pa3CcMATPHBATb MHTErpasb, PACrPOCTPAHEHHbI HA Ge3KOHEUHHIH
WHTepBaTh, Kakb npenbasb, Kb KOTODOMy cTpeMHTC cymMa GesKOHeu-
Haro psaa

mA+ hefot by fs+ e,

korna Bch /; ctpemarca kb Hyaio. Ho Ml ykawemb 3abcs we omuHb
BechMa OOMK cayyait, koraa Takoe pascMoTpbhie 3akonHo. Tlomoxums,
YyTO HHTepBand (a, 00) pasbuTb, Ha 06e3KOlEYHOE YHCNO YaCTHBIXD
HHTEpPBaNOBD Ay, hy, Ay, ..., CTPEMSILMXCA OLHOBPEMEHHO K% HYJIIO,
M A8 KaXIaro HMHTepBana /i, BplGpaHO 3HauyeHie f;, Jexatlee Mex1y
HIKHEIO M BepXHelo rpaHuuaMu ¢yHkuin f(x) BB 3TOMb HHTepBanh.
[Tonoxnmn, uro psab
Ifithfothafs+ -

CXOmfIUificA M CcyMMa ero CTpeMHTCA Kb onpenbaendomy npenbny,
korna Beh A; cTpeMsaTes Kb Hynw; 0603HaYMMB 3TOTH npenbas ue-
pe3b @o{(a), TaKb 4TO

ol@)y=lm { I fi+ o fo+ hgfys+ --- 3.

Ecin o(x), cocramleHHas no TOMYy e 3aKOHy, CTPEMHTCS Kb HYJIO
npy BO3pacTaHin x 00 o, TO MOXHO YTBED¥IaTk, 4TO

f Fx)dx = o(a).

NticTBuTenbHO, Nonaras 4, =x,—da, l,=x,—x,. - . ., li=%— X
H T. J., Mbl MOXE€Mb H4NHUcaTb, 4Yro
ola) =lim{(¥ —a)fi + & —2)fo+ - +(x—x,_1)/}
+ lim {(xH—I - “)jz_rl + (xH,g - x5+1)f,'+g + -3

&£

T. e, pla)= /‘f(x) dx + o (x).
b

Yeennyusag x 10 «wo, n 3ambuan, yro limg(x) =0 no ycaosio, Haxo-

INMDB F=®

o(a)= /‘f(x) dx.
(cm. npumbps ) BB § 721). ’

712. Hsb GesuHcieHHaro MHOXKECTBA criocOBOBD  PasnoxeHist
uuTepsana (@, b) Ha GeskoHeuHo Maible HHTepBanbl Ay, Ay, hgy, .. .,
CaMbiMb NpOCTIMDb, 6e3b comHbHiA, OyneTh pasiaomenie Ha pasHbis
Mex 1y o000 YacTH; Bb Takom'b ciyyah Gyaemb nMbTh

htlt. 4/

n

= kit St A S) = (b a)
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=0,

. . b—a
H, c1bI0BaTeNbHO, TaKb Kakb lim A, = lim ~

b
lim 1 £ /2 P +jr”zl)ia»l/f(x) dx.

n—an
a

Ha a1oMb ocHOBaHiH npaByl0 4acTb DaBEHCTBA HA3LIBATHL CPEHHMD
3HavyeHieM®b dyuxkuin f(x) Bb uurepparb (a, 6). Taxwb kakwp Bch
YHCAA f; MewaTh MKy HHKHEI TPaHHIel A H BeDXHElO IDaHHUEI (U
oynxuin f(x) Bb wuHTepBanb (a, ), T0 BB THX®b ke TrpaHHUAXD Jle-
KHTD CpejHee apHOMETHYECKOe 3THX'b YHCElTb, 4 MOTOMY ¥ cpelHee
sHaveHie f(x) Bb unreppanb (a, b) newutv Mexay A n u. Pascmor-

pHMb Tenepb ¢yHKUiO
)= [reds.

1aauMb BepxHeMy npeabny x npupauleHie /W, TpPHMOMHHAA CBOH-
¢TBO (2), nonyuyums
z-+-1

Fx+h)— Fx) = [f(x)dx= hfy,

rak f, ecTh cpeaHee 3Havedie f(x) BB (¥, x /), ocraoureecs Ko-
HeYHbIMb NPH NpHGMKeHin /2 kb Hymo. OTCIOa BHIAMB, 4TO

lim F(x + /) = F(x),
h=0

T. e. goynxuin F(x) nenpepviena.

713. Ecan uuTerpupyemas ¢yHKuia f(x) HenpepbiBHa, TO MOXKHO
CKkasaTb emwe O6oJblle, MOTOMY YTO TOrAa A H 4 OyAYTb YaCTHBIMH
aHaveHiamMu dyuxuin f(x) Bb uuteppant (a, b) (§ 278), u dyHkuin f(x)
NpH 1epexodd OTH OAHOrO Kb ApyroMmy, no KpaiiHed mbpb, oauHdb
pasb cabnaetcs paBHOlO CBOeMy cCpelHeMy 3HaueHio Bb (@, b) (§ 276).
[osromy, ans wbkoToparo, HaanexaulMMb 06pasoMb BbLIOPAHHArO,
yucaa § Mexny @ u b, Synemb umbTh

b
® [reras=6-arse.

Tenepb nerko noHstb, yto AaHHoe BB § 710 onpeabnenie uHrerpasa
COBMalaeTh C'b 1€DBOHAYA/LHO BbICKA3aHHbIMBL Bh § 708, a WMeHHO, 4TO
npousBoaHas oTv F (x) ecTsb f(x) JbiicTBUTENbHO, MpUMbHSS (pop-
myny (3) xb unrepsany (x, x - A4), nonyunmv F(x4-h) — F(x) = hf(§),
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rob § nexutns Meway x H x4 &, a noatoMy ctpemutca xb npeabay x,
Koraa / ctpemutcs kb Hymo. OTciola BhiTeKaeTh

F'(x) = lim f(ii_’%iF—(x) = lim /(&) = /().

H3b BHIUEHRIOKEHHArO fcHO, yTo ¢opmyna (3) ecTb HE UTO HHOe,
kakb ¢opmyna Jlarpanwxa, npumbHenHas Kb onpeabiaeHHomMy uHTerpany.
Toabko Bb ToMB cnyuab, korna f(x) paspbiBHAa, TNpexHee W HOBOe
onpexbnenie wuHTerpana MorytTh ObITh He PaBHOCWIBHBIMH, M NbicTBH-
TENbHO, MOXHO [10Ka3aTh '), 4TO CyIUECTBYIOTH Cilyuad, Korma f(x)
umberb nepsooGpasnyio ¢yHkuio, a HHTerpaza oTb f(x)dx, Kakb
npeabna cymMMmBl, He CyleCTBYyeTD, T. €, QYHKIiA HE HHTErpupyeMa Bb
cmbicnt § 710. U nao6opots, nerko noctpoutb dynkiiio, umbomyio
HHTerpalhb MO HOBOMy onpenbieHio, U He umbiomyo neppoobpasHofh
¢dyHKuiu (a8 3TOro AOCTATOYHO, HanpuMbpb, W3MbBHHTL 3HaueHis He-
npepuBHOH (GYHKUIM Bb KOHeYHOMD 4Hcrb Toueks). Bo BeakoM® ciyuab,
u3b § 709 sAcHO, YTO ecaM CYIIeCTBYIOTb HHTErpajsl, COrlacHo o6OUMBb
onpenbaeniaMb, TO OHH COBMAjalOTh, TaKb 4TO onpedbneHis He npo-
THBOpP BYHBHI.

HUHTerpupyemocTs.

714. VYcaosie uHTerprpyemoctH (¢yHkuin aaercs cabaywowero
TEOPEMOIO
b

Teopema. [ns cywmecTsoBahis ff(x)a’x Heob6X0AHMO . H

[¢2

AOCTaTOYHO, YTOOH CyllecTBOBala Takas nocabnoBaTelbHOCTh
pasnoxeHih uuTepBana (@, b)) Ha Ge3KOHEYHO MaJjble HHTep-
Baaw f,, by, ..., h., 379 KOTODOH cyMMa

@, = 2O+ hy Oy + - - - +hnon’

rat O; o6o3nayaers konaebaHie®) dyHnkuin f(x) BB uHTep-
Bant /4, cTpeMuTCca kb HY N0, KOraa BCh /; CTpeMATCS Kb HYTIO,
a ydcao HXBb BoO3pacTaeTd 6esnpeababHo,

JlokazatenbctBo, a) Ecin uHTerpanhs cyuecTByerb, TO 3TO
n

3HAYHTH, YTO CyMMa T = E hy fi CTPEMHTCS Kb OIHOMY H TOMY e
1

npeabny, He3aBuCHMO OTb BHIGOpA uHcenb f; Bb COOTBBTCTBYIOUIMXTh,

1) Volterra (Giornale di Mathematiche, 1881, crp. 334).

*) HanoMHnMB, uTo KojeGanieM® GYHKUiM BB HbKoTOpOM® HHTepBanb
Ha3bIBAETCA DPA3HOCTL MeXAY BEPXHEI0 H HHIKHEI0 rPaHHUaMH QyHKUIH BB 3TOMB
unTepsants. Yucno b MowHO cuntath GoablinMb @, T. €. Bch A, > 0.
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uHrepsanaxb. llonaras oauHb pasb f; paBHbIMM BePXHHUMD, a APYro#
pash HIAKHAMD rpaHULEMDB DyHKLIH f/m: COOTBBTCTBYOILMXD HHTEPBA-
Jaxb, ¥ BblYMTA BTOPOE M3b MOJYyYEHHBIXb BbIpaweHIl T M3bL nepsaro,
noayuumb (nepexoad kb npeabaamsb) limew =0, kakoBa 6bl HM 6biAa
nocaba0BaTeIbHOCTb pasnoxeHil uHTepBana (@, b) Ha GE3KOHEUHO Manble
anementTrl, CabaoBaTenbHo, ycioBie, BbiCKasaHHOe Bb Teopemb, Heo6X0-
AumMO. JloCTaTOYHOCTL ero 6yneTb BHITEKaTb U3b CIbAyWIMXD TPeXb
BCMIOMOTaTe/bHbBIXh TEOPEMD.

b) Ecm limw =0 ana nw06oit nocrb 10BaTebHOCTH pasnokeHin
(a, b) Ha GeskoHeuHO Majible SMeMEHTHl (2 He I ONHOM TOMLKO, KaKb
TOro TpebyerTb TeopeMma), TO CyMMbl

7’/, nl/
’_ ! " "__ )(/ N
= Eh[ji not'= iy fy s
1 1

COOTBBTCTBYIOILIA ABYMb pasiMUHEIMB NOCAEIOBATEIbHOCTAMD  Pasfo-
eHill uHTepBana (@, ), He MOTYTDH CTPEMUTHCA Kb Pa3JUUHBIMB
npeabnamb.  JIBHCTBUTeIBHO, BO3bMEMb Kakoe HHOYAb pasioweHie

(&', hy'y ..., hw) usb nepBoit mocrbaoBaTeNbHOCTH M KaKoe HHGYAb
pasnoxesie (4,", h,", ..., hy") u3b BTOPOH, U COCTAaBUMD U3B HHXDB
tpetbe (4y, Ay, ..., Kn), YKa3aHHbIML BB § 708a ‘myTemb, Takb 4TO

TpeTbe pasioieHie 6yneTs NPOAOJMKEHieMb KaKb MepBaro, Takb W
BTOpPOro. Beskit uHTepBans /; GyserTh COCTOATb M3B OAHOrO MAM Hb-
CKOMBKMX'D MHTEPBAIOBD /;; TO e CaMOe MOMHO CKa3aTb O KaXAOMD
uutepeanh 4,". [lonowums, Hanpumbps, uto 4" =h. i+ A, o+ b
BeiGepeMb i kawuaro HOBaro HHTEpBa’za /; nw6oe 3Hauewie f
MEXIy HHXHEK M BepXHEW rpaHuuer ¢yHkuiu f(x) Bb 3TOMb MHTEp-
Bank. Mol MOxeMb Torna Hanucath Belpaxenie /;f/ BB Bunb

h; -/l, = hr—|—l -/;'—f-l + 1ll'—+—2 f;—|—2 + e + hs f;
Tl LS gd) + s U] = frg) -+ B = 1)

Bropaa uacTb 3TOH cyMMBl (HanucaHHas BO BTOpO#H ctpokt) He npe-
B3oAneTb npoussenenia O wWa Jy1+Ays+ ...+ A, T. e uncna
£79/. CknagmiBas Bch Takis paBeHCTBa, cOOTBBTCTBYyOLIiA 3HaYeHIAMD

n

i=1, 2, ..., #n, obosnauas E Ay f, yepe3n T, u 3zambuad, 4TO BCe
1

CKa3aHHOe Bblile NPUMBHUMO M Kb MHTepBanaMb /", noayuumb

/= + Q/, g + Q”,
rab

! i
‘Qil = o, ‘9// ]é w”,

a @ M @ 3sHauyeHin @ a9 nepBOR M BTOPOH MOCTbIOBATENLHOCTH.
Ortciona cabayers, uro

tf—1'=9o"— o”, ’z’— =0 + o
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Mo ycnosilo @ u @' cTpemaTca kb Hymwo, koraa schk 47 u A/ crpe-
MSTCS Kb HYII0, MO3TOMYy TorAa W |7'— 7" | cTpeMuTcs Kb Hyo, a
noToMy 7' He MOXETH CTPEMHThCS Kb KakoMy HWUGyab npenbay, ecnu
©" He CTpeMHTcs Kb TOMy e mpenbiy.

c) PazcmoTpuM® Tenepb kakyio HuOyab onpeabnaenHyio nocabro-
BaTeNbHOCTb pa3noxeHit W cooTBbTcTBYyOULN €l nocibroBarensHOCTH
3HayeHit v

(1) Tys Tas o o oy Tm’
W 3HayeHilh
(o) : D1, Dyy -+ vy Op,

Mu nokaxemb, yTo, ecnu mocnbaoBarenpHocTb () uMbeTs npesbaomb

Hylb, T. €. limw,, = 0, T0 nocnrbaoearensHocTe (7) uWmbers onpenb-
WMz

NeHHbIH ¥ KoHeyHuit npeabab. [lng storo Hamb nocratoyno (§ 139)

noKazaThb, YTO, KAKOBO Obl HHU GbUIO Hamepelddb 3aLaHHOE MOJOKHTEIbHOE

YUCIO €, CYLIECTBYETH TAKOE UHCIO £, UTO

l Tyt = Tt | <&,

€U Ty W T, —M06ble OBa uyieHa mnocabnosarensHocTd (T), A
KOTOPLIXD yKazaTenu s’ u m’’ 06a Goawwie k. [Ipeanonaras, 4to &
JaHO, Mbl BO3bMEMDB TAKOE UYHUCIO £, 4TOOGbl A8 BCAKaro m > A

BLIMTOJIHANOCE HEPABEHCTBO
£ .
0, < 7 !

310 cabnaTe MOXHO BB BUAY AomyuieHis, yto lim @, == 0. Bo3bMeM®

M=x
TEnepL [Ba MPOU3BOJbHLXD UbAbiXb uucna s’ u m’’, GoabwiMxD 4.
SICHO, YTO Kb CYMMaMb Tp H T MOXKHO NPUMBHHTH BCE CKa3aHHOE
Bb NMyHkTh b) 0 cymmaxb ¢ ¥ t', Takb 4TO Mbl MOJyYaeMD

Tt = s

20+ o, <s [m, nw">k],
4YTQO W Hafo O6bIIO [N0Ka3aTh,

d) Jlns poxasartenscTBA OCHOBHOH TeopeMbl 3TOro maparpada
OCTAeTCs eue [0KasaTb, 4TO, €CJAd (0 CTPEMHUTCS Kb HY/IK0 MNpH
KaKoO# HUOYAb OOHOMU MOCABAOBATENbHOCTH pa3noxeHil HHTED-
Bana (a, &) Ha Ge3KOHEYHO MaJbis YacTW, TO OHO Oy 1eTd
CTPEMHUTLCHE Kb HYJKO W MpH BCAKOH aApyro# nocnbaosartens-
HocTH. [lonoxumsb, yTo naHa whbkoropas nocabaoBaTeNbHOCTL pasno-
KeHilt, ms koropod limw =0, u nycte hy, hs, ..., h,, cucTema
WHTEPBAJOBD Bb OLHOMD H3D DasioxeHit 3to#t nocrbrosaTensHOCTH.
KakoBo 6bl HH 6bl10 4HCIO &> 0, MOXKHO CYMTaTh, 4TO @', T. €. 3Ha-
yeHie ®, coorsbrcTByOIlee 3To# cucTeMb, yxke MeHbwe g. [lanbe,
OTHOCHTENIBHO WHTEPBAIOBb Ay, /15, ..., Anr Kakoro HHGYAb pasno-
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eHis, MpHHallexamaro Apyro#f nocabaoBaTeNbHOCTH, MOXHO TNpenno-
N

JIOWHTE, uTO BCh /2" yxe MeHblue 7),, rob n—auapyroe, ckoab yroaHo
Manoe, TNOJNOXUTENbHOE 4YHCI0, moToMy uTto lim/; Takke paBeHd
Hyno. 3aMbBTHBB 3TO, Pa3CMOTPUMB OMNATh, Kakb BB MyHKTH b), pasio-
KeHie cb MHTEpBanaMu A, Ay, ..., /iy, cOCTaBiAONIeE MPOAOMKEH]E
KaKb TepBaro, TAKb M BTOPOro pasioxedis. [lono6Ho ToMy, uTo ObIIO
noayueHo Bb MyHkTh b), 3abch 6ynems umbTh

h; @z’ = hr—|—1 @r—|—1 + hr—|—‘_’ @r{—Z + hr+3 @r+3 +-F ]ls @x
I (8, =0, ) g0 (O] = O )+ + 10, 9)
um, sambuas, uto O,4,, ©,1,, ..., O, He NpeBOCXOATD O}, HaxXoLMMB

Iz;@;z /zr+1@74+1+117+2@,.+2+~--+hs@_\.,

APYro# CTOPOHBI, UMCI0 ", COOTBBTCTByIOLIEE pABNOMKEHIIO HA MHTEP-
Banwl /iy, hs, ..., Ay, Bb Boipaxedie sToro " BXoaATh Bch Th uneHbi
cymMbl @ (COOTBETCTBYIOILEH pasnoxeHilo Ha /iy, /i, .. ., /), KOTOpHIE
OTHOCATCS Kb TaKUMDb MHTEpPBanaMb /;, BHYTPH KOTOPHIXb HETBH TOUEK®H
nbaenia nepsaro pasnowewis wa A, Ay, ..., /. (MOTOMY uTO Takie
HHTepBaAl /i 6ylyTh BB TO € BPeMsl HHTepBalaMu /;); kpowh 3THXB
Y/IeHOBD, Bb " BXOISTH M ApYrie, YUC/IO KOTOPHIXB HABBPHO MeHbule 72,
MOTOMy UTO OHM OTHOCATCA Kb THBMDB H3b HMHTEPBAIOBD /1, BHYTDH
KOTOPbIXD HaxomuTcsi, Mo KkpaliHe# mEpH, oaHa u3B TOueks mepBaro
pasioweHia, a uyucno BChxb TakMXDb Touekd paBHo #'— 1. 3ambuas,
YTO KaAbl# HM3Bb 3THXDb MOCABIHUXD UNEHOBDH MeHbile, ybMb npon3Be-
neHie % Ha KoseGauie ¢yHkuiM, HaRbpHO He MpeBbIIAKOLIEE [OTHATO
konebania © Bb uhkiomb wuutepsark (a, H), MBl BHIMM®B, UTO cyMmma
BChXDb 3THXD uieHosb Meubwe 9O . CabrosaTennHo,

a CyMMHpyd 10 3HAUKy #, MOAYyuYHMDb, 4TO © = . PascMorpumb, ¢b

o< mn4+ 70, aTaKb KaKb @' = 0, 10 07< o'+ 90 < e+ 30O.

[Ipn nanbubhuleMd yMmeHblueHin uHTepBanosdb /; nocnbaHee HepaBeHCTBO
COXpaHseTH CBOKW CHAY, M ()" OCTaeTca MeHblle 4ucia &-+179O, KOTOpoe
MOXHO cabaaTh CKOJIb YroAHO MajlbiMb, Dacropskadch uMCIaMH & U 7.
Huaue rosops, lim 0" = 0, 1 Teopema 10KasaHa.

715. M3b 10kasaHHaro kpurepiyma HHTErpUPYyEMOCTH Mbl BbIBE-
neMb HbkoTopbia nosesubiss cabacTgia.

a) Ecam cyuwecryers uuterpand otb f(x)dw, TO cymecTsyeTdb
W uuterpans orb | f(x)|dx. Bb camomn abab, ecam dyukuis f(x)
He MbHAeTh 3HaKa BB HMHTepBanb, To konebauie O; dyuxuin |f(x)],
OueBHIHO, paBHO KoneGanio ©; dyukuin f(x) BB TOMb Xe HHTEpBanb,
a ecn f(x) mbusers 3Hakb, 1o 9 < O;. Orciona seerna 9; = 0,
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cnbooBarenbHo, @' =@, u ecan limw =0, To u lim w'= 0. 3amb-
THMBb, KpoMb Toro, uro BcabacTBie HepaBeHCTBa

| Sunl= s
1 i 1

Bb npeabkab nonydaems

i b ! b
‘ f Fle) dx 1 = f | f(x) ] dx.

b) CymMa gByXb M BoOGlLle KOHEYHAro YHCNa HHTErDH-
pyeMnxb GYyHKUiI# HHTerpupyema. ITa Teopema, KOTOPYH Mbl
Buile ykasand (§ 711), kakp HenocpencrBeHHoe cabacreie onpeabnenia
HHTErpala, MOXeTb ObiThb TaK¥e BbiBeleHa H3b YC/IOBif HHTErpHUPYEMOCTH.
HymxHo Tonbko 3ambrHTh, uto konebaHie CymMMbl HBCKONBKHXD (yHKUIH
Bb NaHHOMDb HHTepBank He Gosblue cyMMbl KoJeGaHili c/laraeMbixb Bb
TOMb e uHTepBant. OblictBuTensHo, ecnin A’ U w'— rpanuub QyHKIM #,
A" u u"— rpanuus dyHkuin v, 0 A'+ AM'=u + v =u'+ u". Cnbao-
BaTeNbHO, HIKHAS TpaHdua A ¢yHkmu # 4+ 2 He MeHpwe A+ A",
a BepxHss W He Gosbie '+ w”, Takb uTo Konebanie O dyukuin (v 4 v)
yaoBneTsopsieTh HepaseHcTBY O =g — A =04+ O", [lpumkunaa 3T0 He-
PABEHCTBO K'b KAXKIOMY HHTEPBANy /; W CKNAAbIBAL, NOAYUYHMD @ =0+ ©",
orkyaa limew = 0, ecan lim o' = lim 0" = 0.

¢) [lpousBenenie ABYyXDb HAH HbBCKOABKHXBH HHTErpHpy-
eMblxb GyHKLIA (npH KoHeuHOMB uHcaAh cOMHOMHUTeneH) HHTerpH-
pyeMmo. Bv camomt abak*), o6o3Havas uepesdb ¢ uyuCi0, He MéHbluee,
ytMb HauGoabwee u3b udcenv 0, —A', —A", umbemd

A+ +oy=sw+ o)+ o= W+ o+ ),
OTKY 14,
AMAV"— c(O'+ Oy ue < W/ n/+ ¢ (O + O,
a noTomy

o= .lt/.U”— /?-,/2-”4‘ 26(@/+ o) = “/@//+ ;!.”@/-*- QC(O’+ O”),

U HakoHeub, © < £(9'4+ O"), rab k oGosHauaerv uucno, GOabluee
W+2c u A"+ 2¢. 3ro 3akaioyeHie pacrpoCTpaHseTcs Ha  BCAKIH
MHTEPBANTb /;, TNpH uYeMb 3HaudeHia ¢ M A OcTaloTca Heu3MBHHBIMH,
Takb kakb A'=A;, A"=1]; w=ui, u"=u’. Orciona BuBOLUTCH
O, < k(O + 9, nanbe, w < £(e'+ "), 1 notomy limo =0, ecau
limow'=0 u limo"= 0,

*} Unrateab nofiMeTs, 6e3b 1aipHbHIMNXD 06BACHEHIH, CMBICAD BBOIHMBIXD
3xbce W paablle 06o3HaueHil.
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d) Ecam f(x) HHTETpHpyeMa, TO H HHTerpupyema,

f()

npH ycaoBiu, 4TO OCTaeTCcsd KOHEYHOKW BB pascMaTpHBa-

f()

emoMtb uuTeppanb. Ecau, nanpumbpw, f(X) ocTaerca nocrosHHO
66nble0, ybMb DaHHOE MONOXHMTENbHOE YHCI0, TO e HHXHsAA TpaHWua

1 1 1
A >0, u rpanuusl @) 6ynyTs A'= o W= Orciona cabny-
eT'h, 4TO
ol 1 _90 9.
o 2 iw = A
)

i
Utaks, BB Kamaomsb uxtepBant /; Gynems umbts O = ~3 » IO3TOMY H

@ . .
@'= =5 H, HAKOHeL®, limow'= 0, ecmu limw = 0.

e) YactHoe orb nbnenis onHo#t HHTEerpupyeMo# ¢GpyHkiliu
Ha HOpyryl TaKyl ke ecTbh HHTerpupyemas OyHKIifA, npH
YCIOBiM, YTO OHAa OCTaeTcd KOHeuHO# BB HHTepBanh HHTerpupoBaHis.
JttcrBuTenbHo, eci QyHKIUH # H T, N0 TNPeaNOJOMKeHil0 KOHEUHBbId,

HHTETPHPYeMbl, TO H-—., TO Xe KOHedHas, MO YCIOBilO, MHTerpHpyeMa.

. u . 1
CntnooBatenbHo W yHKUis — » Kakb npouspeneHie ¢ Ha -—, HHTe-
rpupyema.

f) Ykawem®n 3nbchb eie omHO HenocpedcTBeHHOe cabacTBie yclI0Bis
HHTETPHPYEMOCTH, UTOGL UMETL BO3MOXHOCTL BCKODE Ha Hero cocnatees,
a UMEHHO, YTO BCAKas KOHeYHas MOHOTOHHad, T. e. uambusiowtasics nocro-
SHHO BB ONHOMB HamlpaBleHid QyHKLiA — HHTerpHpyema. [Ipu aToM® He
MCK/I0YaloTcd H (QyHKLIM Cbh paspeiBaMH HenpepuiBHOCTH (N0 HeoGXOmH-
MOCTH OGBIKHOBEHHBIMH) BB nperbnaxs uHTerpupoBaHis. s Takuxsb
obyukuit konebania O,, ©,, ..., O, paBHB a6COMIOTHHIMDb BeTHYHHAMB
pasHocTtent

S =S, fle) =7, oo [ —Sx, ),

kKoTopele Bch MMBIOTH OODHMHD M TOTE e 3HaKb. CyMMa HXBb MO3TOMY
paBHa mnonHoMy KoneGauiio 'O ¢yukuin f(x) b unrepsart (a, b),
T. e. aGcomoTHo#t Bennunnt paswoctu f(b) — f(a). Tlostomy, ecau
Xyy X9y + .., Xn—y ObAATH MHTEpBan® (@, b) Ha paBHLIA YaCTH, TO

n
o) =2hi ©,=r9, limow=0.
1

Otciona crboyerds Takie HHTErPHPYEMOCTb BCAKOH KOHeYHOH YHKLIH
Ch KOHEUHBIMB YHMCIOMB MAaKCHMYMOB® H MHHHMyMOB®L BB HHTepBanb
HHTErPHPOBaHif; CTOMTH TOMLKO Pa3OHTh MHTEpBaNb Ha TaKid 4acTH, Bb
KOTODBIXD (PYHKIiA MOHOTOHHa, uyTo6B yObouTLCA BB CKA3aHHOM®.
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716, OcranoBumca 31bck Ha MUHYTy, uTOOBI 10Ka3aTh NBE Te-
opeMnl, BecbMa nonesHbis npu u3cnbaosaHin onpenbneHHeixb  HHTe-
rpanosb.

a) [lonsatie o cpeaHemb 3Hauenin (§ 712) unrerpupyemoit QyHkK-
WiH MOXHO 0606WHTL, cHabas uHTepBanb (@, b) Bb KawnoH ero
Toukb ¥ MAOTHOCTHLIO @ (x), KOTOpas Mo ycioBilo OyneTn Bceraa
MONOXUTENbHEIMD UHCAOMDB, HAH 3aMbHan dx uepess ¢ (x)dx, T. e.
CUMTad, YTO BeHUHHA KAWIIATO U4CTHATO HHTEpBana paBHa He /iy, a A, q;.
Takb kakb A = f; = u, 10 Oynemb umbth

n n n
-
2 2 hig, = 2 R S = 1(02/ kg,
1 1 1

notomy uro ¢, > 0. TlostomMy, npennonaras, 4To @ (X) HHTerpupyema,
oTkyna (§ 715, ¢) cnbayers u uHterpupyemocts f(x) ¢ (x), Oynemb

umMbTh
3

;f () dx = f/(x)w(x)da <u[¢(x)dx

b b
j F@ g wdx =5 [ 1@,

HIH

rab f, uucno, cpennee Mexay A u . [lomyueHHbldl pesyJibTaTb H3Bb-
CTeHb NOLb HMeHeMb NepBOH TeopeMH O CpelHeME 3HAYEHiH.

b) JHanke, nonoxumb, uro f(x) MOHOTOHNas, a @ (x) — Kakas
YyroaHO HHTerpupyemas dyHkuis. Mpl MOXeMb HanucaTh, UYTO

thfi @ == Iugy + (=S Uy + ha o) - -
1
F Sfd =Sl + o+ b e, VS B+ -+ By

Takb kakb pasHoctd f, — fy, f,—fs, ... BCb omHOTO 3Haka, TO
MOXHO Nanbe Hamucath

j‘hifi g =i =)+ 10 D e,
1 1

rak % YHCHO, CpelHee MeX1y CyMMaMH
gy, eyt howey ooy gy et -+ b, g, .

3ambuaa (§ 715, { ¢), uro q)yHKum [ (%) @ (x) uHTerpupyema, BUIHMD,
YTO, NpH 6e3npeu’snbuom, onHOBpeMeHHOMDb  yObiBaHii BChxb /1,
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%X LO/KHO CTPeMHTbC Kb HbkoTopoMy npenbay £, Takb 4TO mnpefbl-
Ayuiee paBeHCTBO obpaluaercs Bb ciabayioluee:

b b
ff(x) 0@ dx =@ = f @170 [ ax.

Yucio £, ouesnnno, umberb 3uaueuie, /exalllee MeXAy 3HaueHiaMu,

x
NPHHHMAEMBIMH HHTErpajioMb fgp (x) dx 1pn uambHeHin x o1b @ 1o b.
«

A TaKb Kakb 3TOTH HHTErpanh HenpephiBHas GyHKuis oTbh a (§ 712),
R .
TO BL uuTepBanbh (a, b) walnercs Takoe uucao &, uto £ :ftp(x) dx.

@

Cb npyro#t cTOpOHbl, BB CHAY CBOMCTBA {2) MOMXHO HaNMCaTh
5

b
f(p (v)ydaw = £ +fq; () dx.

[42

CnbooBarenbHo,

b 5 b
f @) (%) dx = £ (@) f ¥ (@) d +/(b) f o (@) dx.

[ Hpumbuanie. To 06cTOATENBCTBO, YTO YHCAO £ COMEPKHTCA
MEXIY HHXHed TpanHLeR / M BepxHeH rpaHuuel s 3uaueHilt WHTerpana
x

fgo (x) dx, Hywnaetcs eule BL nokasaTedbcTBb. Fcam 0603HauUMMD

@
uepesb A;, (; COOTBHTCTBEHHO HMKHYIO M BEPXHIOK FpaHHIbL 3HaueHii
@ (x) BB HHTepBanb (X;..1, 4;) Cb AMMHOI /iy, To—mpH v=1, 2, ..., n —

) Z h A, ylz ¢, =

Bb cuny ke § 712
X,
13
h; /T,(,;f([ (x)dx = hy oy,

Tr—1

wt\ﬂe

OTKyNd, CyMMHPYs NO 3Hayky ¢ OTb 1 10 ¥, MoayuyaeMmb

v T v
4
(1) D= fowde = b,
1 @ 1
Wb cooTnowenint (I) u () 3akmouaemdb, uto —npu v=1,2, ..., n —

A

©,

N . v 3
‘ Dl — f¢ @ dx | = X b, - 1) = X'19,
1 “ 1 1
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n
rok o = 2 h:9;. Orciona
1

/%‘;(x)dx“méjhi% éj;(x)dx—l—o)
a 1 a

u a fortiori
l—w gZhi(pi =m+to [v=1,2,.... 4]
1

OTH Ke COOTHOWIEHi [OOMKHE ObITb CNpaBeiiuBH H 119 CPENHHAro
3HauYeHis #:
l—w=Ex=m+t+o;

nepexoas kb npeabay v umba BB BHAy, uTo limw = 0, nonyyaems
OKOHYATe/bHO

D10 BTOpas TeopeMa O cpelHeMb 3HauyeHiu, AanHas bouné.
3ambTHMDB, 4TO ecian f(x) 6bila Obi PAa3PHLIBHOK HA FPAHHLAXD @ H b,
To Hamo O6biio 6b BMbcTo. f(@) u f(b) nucate coorsbrcTsenHo
f(a+0) n f(b—0), notomy uto nocrbanis asa yucia u 6yayTsh npe-
aAbnamu f, H f,.

717. Mpunoxenifa. a) Ytobri ysHath, CymieCTByeTb AH HHTErPandb OTb.
f(x) dx, pacnpocTpaHeHHH? HA HHTEpPBaTb (a, b), koria f(x) o6palliaeTca Bb
6e3KOHEYHOCTh B HBKOTOPOU Toukb ¢, nemaumie#t Mexay a u O, Hano Hacabio-
Bath (§ 711, b), cTpeMsiTCA AM HHTErpanbt
b

f;zx) dx, /}’(x)dx
@ &

Kb onpexbreHHHIMD OpenbaaMs cb npubamkedieMd ¢ 0 # Kb Hyao. das ompe-
ABAEHHOCTH Pa3CMOTPHMDB NepBbiff H3b 3THXD HHTErpanoBsb *). Yrobni aTOTH
HHTErparb CTpeMHiAca Kb onpenbaennoMy npeabny, Heo6XoIMMO H HOCTATOYHO
(§ 264), utobnl

c—a c—p —a
[ s - f Feyds = [ fin)d
a a =3

CTPEMHJICA Kb HYJIO, KOTda ¢ H 3, ONHO HE3aBHCHMO OTbH APYTOro, CTPEMATCH
Kb HyA0. UTo6bl y3HATh, BHINOJHEHO JH 3T0 YCAOBie, MOMHO BGCHOJB30BATHCA
NepBOI0 TEOPEMOI0 O cpeliHeMb 3HaueHid. [lonoxuMBb, HanpuMbpb, 4TO [ (X)
ofpaiaercs Bb oo TAKHMB O00PasoMb, uTo g(x) = (¢ — )" f(x) cTpeMHTCa Kb
koHeuHOMY npeabay 2 = 0, cb npubianweHieMb X Kb ¢, T. €., KAKb TOBOPATh,
ato f(x) obpamaerca Bb co nopsaka » npu x =c¢. Toraa

c—a o—a o—a
/f(x)dx = / (c—x) " g@)dx = g, /(c* " dx
=8 8 —8

*) 3aknioueHie, Kb KOTOPOMY NpHAeMb, He U3MBHMTCA M npH pascMoT-
pbuin BTOpOroO.
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notoMy uto (c—x)~ cabBa oTb ¢ 3Haka He MbHsAeTb, M PyHKUis g (x), cTpems-
masca Kb npegbay %2, 1 MHTErpUpyemas (Kakb mpou3BejeHie JABYXb HHTerpu-
pyembixb OGyHKui#), naBbpHo uMbeTs cpenHee 3Hauenie g, cTpemsileecs Kb
Tomy we npeabay %, korza a u § crpemstes kb 0. 3ambuaemb Temnepb, 4TO
(C _ x)l—r
r—1

npu »= 1 dyuxuis (c — x)"" umbers nepBoobpasHyio pynxuito F(x)= ,

anpu » =1 neppoobpasHas pyHkuis orb (c—x)—1 6yners — log (c— x). 1Toatomy
£—@
1—r gl—2
(¢c—x)rdx = « 1:—';)— npu ¥ =1
B—p‘

3
= log->, npu »=1.
g (I, 3 p
Bonpoch CBOMMTCS Kb TOMY, 4ToGBl Y3HATB, IPH Kakomb » a' " — 317 crpemures
kb 0, korga a W S5 crpemarcs kb () 3TO, OueBHAHO, Oyaers npu » < 1;
npu » = 1, log = HH Kb Kakomy npegbay ue crpemutcs. MTaks, pazcmarpu-
«

BaeMblit MHTerpals uMbers CMBICAD JAHWBL TOrja, koraa f(x) obpa-
HlaeTcs Bb oc NOPAAKA, MEHbLIIATO €IMHHUILBI.

b) [locTasumb aHATOTHYHBIA BONpPOCH, KOTAa HHTErpamrs oTb f(x)dx,
pacnpocTpaHeHHbH Ha OGe3koHeuHbil HHTepBann (§ 711, c), umbern cMbicaAB?
b

Yr1o6bl CynIeCTBOBATH npen'bm/f(x) dx npu b Ge3KkoHEeUHOMDb, HEOOXOAUMO H
a

@ 3 «
ff(x)dx—— /f(x‘)dx= S(x)dx
17 @ 3

CTPpEMHUJICA Kb HYJIO, KOraga a " ﬂ, OJHO Ee3aBUCHMO OTDb [ApPYyroro, CTpeMArCs

Kb oo, Jlonycrums, uTo npu GesnpenbibHOMD Bo3pacTaHin x, lim x” /(&) =k =0.
Torna r=n
42

[ [
S(x)dx = [x_rg' @ dy = g [a‘"" dx,
¥ .

2

JAOCTATOHHO, YTOOBI

rat g, umbers npeabaoms k. Crbrosatensno, al™ " — 317 1omKHO CTpeMHTBCS
kb O mpu Ge3npeqbibHOMD BO3pacTaHid g W 3, a a8 3TOr0 NOMKHO GBITb # > 1.

=]
[Tostomy HHTerpanLjf(x)dx TOJAbKO TOrAa uUMbern CMBICADB, KOraa

a
S(x) npu x Oe3xOHeuHOMD OyleTn O6e3KOHEYHO MaabiMb NOPANKA,
60abIIATO €AHHHUIBL

[ Npumbuanie. Hano 3ambTuth, 4T0 B NyHKTax®s a) U b) pascmoTpbHb
TOJIbKO TaKie Clyuau, KOrfa CymecTByioTs lim (c—x)” f(x) u lim &” f(x), a notomy
xr=c =

H 3aKI110YeHis OTHOCATCS TOABKO Kb TAKUMD Cﬂy'—laﬂML,]

¢) Uurerpand ors f(x)dx, pacnpocTpaHeHHblHt Ha Ge3KOHEYHbIt UHTEp-
Baab He uMbeTsb cMmpicaa, ecin pyHkUis g(x) = x f(x) crpemuTcs Kb npenbay,
OTIMYHOMY OTDB HYJH, NpH X Ge3KOHEYHOMDB, HO UHTErpadh 3TOTh MOXETH Cylle-
CTBOBaTb Bb MHBIXb CIy4YasxXb, KOrla g(x) HH Kb kakoMmMy npeabay He
CTPEMHTCS, B jawe HABBPHO CYILLECTBYeTb, €CAH HHTErpatlb OTb 3TOH (PYHKIIH
&(x), pacnpocTpaHeHHBIH Ha JI0GOH UWHTepBanb (T. e. B3ATHIH OTH HUNKHEH [0
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BepXHeH TpaHHLbl A060T0 KOHeyHaro WHreppajia) 6yleTh Ne ab6COMOTHOU BeaH-
uneb MeHblie HbkoToparo uucaa £. [bHcTBHTENbHO, TpUMEBHAA BTOPYIO TEOPEMY
0 CcpeiHeMb 3HaueHin, HMbeMb

s : J
//‘(x) de= o f gl da+ / & @) dz,
r&i a &

a cabaoBarenbyo,

‘ g 2

|
/j'(x) dx l < k (% + > , lim /qj'(x) dx =0,

upu 6esupexbkibHOMB BO3pacTaHin a U 3.

.CL»‘ —

718. Kpurepiyms PumaHHa. PuManHb yka3anb BecbMa NpocToe
CPEACTBO L5 MCMBITAHIA MHTErpHpyeMmocTH (yHKUix f(x), Ha OCHOBaHiM
TeOpeMbl, NOKa3aHHOH Bb § 714, noka3asb, 4TO ,0Jf HHTErpupye-
MOCTH PpyHKUin HEeOOBXOAHMO M NOCTATOYHO, 4TOOB 1A9 Kax-
OOW mapel CKOAb YyrOQHO MaJbiXbh MNOJOKHTENAbHBIXD YHCEAD
€ ¥ 1 MOWHO O6bINO yKasaTh Takoe pa3noxeHie MHTepBana
HHTErpHpPOBAHid Ha YacTHLIEe HHTEpPBaJhbl, Bb KOTOPHXb CyMMa
Tbxb uHTepBanosb, rabk kone6anie PyHkuin 6Goabwe HIAH
paBHO &, 6nJa 66 MeHnbme 7“ ¥). [lpewnse Bcero sambrums, YTO
ycloBie, ycTaHOB/MeHHOe BB § 714, oueBHIHO, PaBHOCHIBHO cabaytolemy:
KakoBo 66 HM 6bl10 NLaHHOE, CKOJb YrOQHO MaJjo€ MNOJOXH-
TeJbHOE YHCJAO ¢, BCerga HahgeTcs Takoe pa3joxeHie HHTep-
Bana (@, b) Ha yYacTHble MHTEpBaabl, N5l KOTOparo o 6yneT®s
MeHbIiue ¢. IlbHicTBHTENBHO, B39Bs POH3BO/NBHYIO MOCTEI0BaTENBHOCTD
6e3npenbabHO yGHBAOIIMXD NMOJOKHUTENbHBIXD YHCETD

ay, (ty, Qg,

u onpenkass coorsbrerByomyo e nocaboosarenbHocTs pasnoweniit
wHTepBaia (@, b) Ha yacTHBlE HHTEPBA/bl, MBI M MOJMYYHMDb TaKyl MO-
cbIOBaTE/MLHOCTD Pa3fioweHidl, a1 kotopo#t lim w = 0. 3ambTHBDL 3TO,
0603HayuMb yepesb / cymMy ThXb HHTEPBal0BbL Bb HEKOTOPOMDB pas-
noweHin (4y, Ay, ..., #s), nna kotopeixs O; = ¢e. Torza, ouesuaHo,
sl 3TOro pasnoxeHis 6ynemb uMbrhb

(1) 0=0 01+ heOy+- - - + 2,0, = le.

Orciona mnpiMO BHITEKaeTb HEOGXONHMOCTb [0OKa3blBAEMaro yc/IoBis.
Bt camomb nbab, eciu uHTerpanns cyuiectByerTb, TO Mbl MOXEMD B3STb
® < M, KakoBbl G HM ObIM 4HkcAa & M 1), a Toraa u3b (1) Hali-
ngeMb [ < %. JlocTaTOYHOCTH 3TOro YC/IOBiA MOMyuHTCs H3Db OPYrorc

*) Cp. Tannery, Introduction a la théorie des fonctions d'une variable
(2-me édition (1910), t. 2, p. 10).
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HEPABEHCTBA, KOTOPOE BHITEKAETH M3b CabAylomaro pascymieHis:
Takb Kakb HH OfHO H3Db yucendb ©; He npesocxoants © (mosHaro
koneGauis ¢ynkuin f BB untepsant (a, b)), a cyMMa HHTepBaJIOB®E, Bb
KOTOpbIXb KoJeOaHie MeHblle &, paBHa & —a—/, TO

(2) O=0l+b—a—DNe=<=Ol+(b—a)c.

INosToMy, ecnu 448 pascMaTpuBaeMaro pasinoweHis /<1, To 41s TOro
we pasnomeHis w=On-+ (6 —a)e, rat BTOpas yacrts, BcakacTeie npo-
M3BOJLHOCTH 4HCeIDb 1) M & MoxeTd ObiTh cabnana meHbme J060ro
nosoxuTenbHaro yucaa «. CobloBaTenbHO, CylMeCTByeTh TaKOe DPasfio-
KeHie HHTepBana (@, b), 419 KoToparo @ < @&, a 3TOFO M JOCTATOYHO
L1 CyllecTBOBAHIA MHTerpana.

719. Ecnn, nanpumbps, f(x) HenpepoiBHa, To mo Teopemb Kan-
topa (§ 279), npu NaHHOMB € MOMHO B3ATb WHTEPBANH Ay, /iy, ..., An
MOCTATOYHO Ma/biMH, 4TOGHI Kosebanie ¢yHkuiM f(x) BB KaxaoMdD
H3b HHXD Obio MeHbie &. CnbposaTensHo, 3abcs /=0, a moromy
BCAKas HenpepbiBHas ¢yHKuUis HHTerpupyema. OfHAKo, BB TO
We BpeMs fCHO, U Hamb yxe H3BbctHO (§ 715, f), 4To M paspbiBHbIA
(YHKIH MOTYyTH 6bITb WMHTerpHpyembl. TakoBbi, HanpUMbEpD, KOHEUYHbIA
$yHKLIIiH, Cb KOHEYHBIMD YHCJAOMD Pa3phuiBoBb (§ 272, a), notomy
4YTO MXD TOYKH DaspbiBa, ARAIOILIACA b KOHEYHOMB 4ucnb, MOryTs 6biTh
3aKJII04EHbl BB CKOJb YrOAHO Majbie NPOMeXyTKH. MIHTerpupyems! Takme
KOHeyHbli QYHKUiH c¢b 6€3KOHEYHbIMB YHCIOMD TOYEKD pas-
pbIBA, €CIH TOJBKO HYHCJIO TOYEKB, Bb CMEKHOCTH Cb KOTODHIMH Haxo-
IMTC  6e3KOHeyHoe MHOMECTBO pa3pbiBOBb, Oy1eTb KOHEUYHHIMb.
Maonupyss cneppa 3TH TOYKM CKOJb YTOAHO MaAblMH HHTEDBAIAMH, Mbl
MOJy4YdMDb BB OCTaAbHOH 4YacTH [AaHHATO MHTepBaAa JHIlb KOHEYHOe
YUCAO TOYeKD pa3pbiBa, KOTOPbis Bb CBOK OdYepelb MOTYTh GbiTh 3a-
KJII0YeHbl Bb CKO/Mb YrOAHO Majble HHTepBaibi, U CyMMa [ BChbXb 3THXD
MHTEPBAJIOBD, MEPBLIXD H BTOPbIXDL (€AHHCTBEHHbIXB, KOTOpble MOTYTH
BOHTH BB cOCTaBb /), 6yleTh CKOJAb YIroAHO Mana. Bo MHoruxb 1py-
THXD Cay4asxb ') ¢yHKUIH MOryTb GbiTb HHTETPHDYEMbl, HECMOTPS Ha
6e3unc/IeHHOE MHOXECTBO Da3puBOBDL Bb HHTepBanb HMHTerpupoBaHis;
M JerKo [JoKasaTb '), 4TO TONbKO BMOAHB pas3pbiBHbHS QYyHKUIH
(§ 272, ¢) Huxorga He 6LiBalOTH HHTerpupyeMsl. Bo BcsikoMb
caydab, MH BHAHMDB, 4TO HenpepbLIBHOCTL PyHKUiH pocTaTodHOE,
HO He Heob6xoauMMoOe ycnosie ed HHTerpupyeMocTd, HampoTuss
TOT 0, KaKb Mbl yKe 3HaeMdb (§ 282, e, f), HenpepeiBHOCTL QYyHKUIiH
ecTb Heo6X0AMMOe, HO He [0CTaTOYHOe ycnoBie ana cyuie-
CTBOBaHisa ed NPOU3BOLHOH. COBOKYNHOCTh HHTETPHPYEMBIXD (PYHKILIH
sak/ao4aets BB ce6b mostomy Bchk dyHkuin, umbnouis npon3sBoaHbis,
HO ropasno obumupHbe coBokymHocTH nocnbauuxs., TiMb He Menbe
NPAaKTHYECKH oOmepauis HHTerpupoBaHis ropasgo TpyaHbe auddepeHuu-

1) Dini. ,Fondamenti etc., crp. 245—249.
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poBaHii, H Bb TO BpeMa Kakb Mbl HMbeMb OGwis npasuna auddepen-
UMPOBAHiA, A/ MHTerpHpoBaHis Mbl uMbeTh JHIIbL HBCKOABKO BCIOMO-
raTe/bHbBIXb  CPEACTBB. OTH CPeACTBA, BNPOYEMb, AOCTATOYHBI LIS
BbINOJ/IHEHIs HHTErPUPOBaHii, Cb KOTOpbLIMH BcTphuaeMcs Ha npakTuih,
Aa v Bb Boiced MatemaTHkb ucKycHOe WXDB npumbHeHie BegeTb Kb
BECbMAa BaXHLIMb Pe3yJ/bTaTAMb.

[IpaBuna uHTErpUpOBaHis.

720. TIpsaimoe uHTerpupoBaHie (cymmuposauie). Ilepsoe npasuio,
KOTOpOe NpeaCTaB/ISETCH IS BBbIYHC/IAEHIH UHTETPanoOBb, BHITEKAETD He-
- TOCPEACTBEHHO H3b onpenbienin wuHTerpana, kakb npenbaa CcyMmmbi;
CaMblff ecTeCTBeHHbI ¢nocolb ero npumbHeHis cocTOMTH BB TOMB, 4TO
WHTEPBAI> HHTErPHPOBAHIA pas/naraeTcs Ha 7 uyacTel, paBHbIXb % (Takb
4T0 #h="b — a), n Bb KOKAOMDb unTepBarh GepeTcs 3HaueHie byHkuin
HAa OOHOH H3DB ero rpaHuIb

b
) ff(x) dx =1 1o {f(@ +B) + f@+2 ) + - - - + fla + 1)},

Ho BosmoxHo npuGhrate M kb Apyrumb cnocobamb paspbieia b — a
Ha 44aCTH, HHOH pasb Gonbe BhromHeMb. Ecau, vanpumbps, a > 0, ToO
MOXHO MNONOXKUTL b =aq"*), rab ¢>1 u cTpemuTcs Kb npeabay 1
npu Ge3KOHeYHOMB #; Toraa Gynemb uMbTh

b
(s)ff(x) = ;I,h:nl“ (@D {AD+qf(@q)+¢>(@ag®) +- - -+ ¢ flag"™H}.

[lo Tomy we 3akoHy MoXHO ABAHTL WHTEpBaAL WHTErpHPOBaHIA M Bb
TOMD ciydah, KOria OlHA W3 rpaHHLb HHTEPBANA JNEXUTH Bb TOYKE O;
TOrfla Hago HayuHaTh Cb APYTOH rPAHHLBI, HO HA40 MOMHHTH, YTO 3TOTH
npiemb (cpas. ¢b § 711, d) ne cTporb. O6o03Hauas uepess g 4HucIo,
cTpemsillieecss Kb 1, NOCTOAHHO BO3pacTas, HAXOAHMD

(6) ff(x)dx =;i_mla (A—q){f@) 4+ gf(aq) + ¢*f(aq?) + g3 f(agd) + - - - }.
; —

1

* U Boobwe i,=ag'—ag l=aqg"YWg—1), i=1,2 ..., u.
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721. NpumEpbl. a) Ecan f(x) =¢%, To no popmyrs (4) nonyunms

x
/ Cdx =limh("+ & + -+ " = (®—1)lim Ih =" — 1.
. =0 =0 ¢" —1

Heonpenbsaenawit unrerpans [ ¢“dx = ¢ 4 C.
p

b) Tenepsr Bo3bMeMB mpuMbpb, rab nosesnte Gyrers dopmyna (5)

n

x —_—
‘dx Vx x
./:{_hm"(q_l)_,fl_nl”< o 1>*10g7

a

AHanornuHo 3TOMy HaHzeMb

/logxdr— 11mZ(aq —ag™Ylog (aq’)

g=1

1
=xlogx—~aloga — (x— a)llm 087

7 1:x(longl)—a(loga*1).
g

Bt HeonpenbaeHHoMd BHIDB
dx
=logx +C, logvdx =x(logx—1)+ C.

HyxHo, ogHako, 3aMbBTHTh, 4TO BO BCHXB 3THXDB pe3yabTaTaxdb nonpasymbBaercs
ycaosie @”> 0, notoMy uTo BB 00MacTH BEUIECTBEHHHIX'D UHCEND (YHKIIA log a

s x =<0 He cyuwecTByers. Takb, Hanpumbps, meproobpasHas pyHKUIA OTH -
apu x <0 6yzers log (— «x), a He log x.

c) BeluenpuBegenHoe BbiuMciaeHie He npumbHumo, korxa ¢ =0. Ho u3®w
TONy4YeHHAro pe3ynabTara, IPHNOMHHAS, YTO HHTErpasbs HeoOGXOINMO HenpepuiBHAS
QyHKUiA, TOTYaCch HalleMb

x
/Iogxdx =x(logx—1) — llma(loga—l) =x(Iogx— 1).
. a=0
Kb ToMy ke pesynbrary JAerko MPHITH Cb NMOMOWbI dopMyan (6)
1‘

glo g") = x(logx—1)

logx dx=x 11m (log,x +

uiu 6oabe CTPOrHMB MyTEMB, npnnaraﬂ OIHYy H3Db BbIBeJIEHHbIXDb panbiue (§ 335, c)
dopMynn
xz
/ log x dx =lim hlog (n! I")
. h=0
0

=lim ¥ <nlogn—n+ - +n10gi:~) =ax(logx—1).

n=—=m ¥
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7T

2
d) OueHb snerko BBIYHCIHTb / log sin x dx, ecan (§ 459) uspbcrHa dopMyaa
]
w ., 2n 3n (n—l) V17

sin — sm sm —
2n 2n 2n gn—1

T ;
Bt camomb abab, nonowuss #h = 5 TOTYaCh HAHAEMB

d 1
. . n2n
/logs1nxdx:11mhlogl/—n~= 5

. h=0 n—=x 1__

T
=35 log 2.

e) lis BbluHcnenin HHTerpana [lyaccoHa®) / ¢~ % dx, pasioMUMD HHTED-

BaAb (¥, o) HA PaBHblE MHTEPBAILI, BETHYHHY KOTOPBIXH OG0O3HAYHMD uepest /i,
¥ CTaHeMB HCKaTb mpelbanb o(x) CyMMbl

L (e—(z+h)1+ g—(x+2h)z+ e—(z+3h)2+ . )

npu y6uiBanin 2 no myas. [loaaras e“"z:q, nerko Hafinemd @(0), Cb NOMOIUBIG
dopMyanl (§ 342, c) B

lim (g + ¢*+ ¢*+ - - )V1=g =4V .

[/

JBHAcTBUTENBHO, MBI WMbeMB

1 h 1 =
—1 4 9 L ..y =—V =l —— =V
QO =limi(g 4 gt @)= gV mlim e = 5 VR

2 o 2
Takb Kaxb ¢ T < ¢ % 10, oueBnmHO,

0<o(@)<e@e ™, limo(x)=0
T=0

H Ha ocHoBaHim 3ambuanin, cxbnanmaro B® § 711, d, MOXHO yTBepX1aTb, TG

=]

>
/ e dy =1V a.
L

®

. ssinx
f) TouHo Tak®b Ke, uTOOH BBLIMHCIHTbL HHTELPAab Jlupuxne/ Y dx,

IOCTATCYHO 3HATh, UTO

sin 2 4 4sin2k + {sin3h + - - - =% (n—h),

*) [lyaccoHy NPHHaJJIeXHTH OAMHD H3b BHIBOJOBH 3HAUEHIA 3TOrO HHTe-
rpana, HO IPYrdMBb NyTeMb OHB ye Gblib HaileHb DHAepOMb.
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npu ycaosid 0 < 2 < 2. Otciona Totyach cabayers

@

sin x . a—h =
.[ x dx:,l,i% 2 2

0

Kb ToMy xe pesyabtary npuuwens ®ypoel) noro6HbIMDB ke npieMoM®, 0ZHAKO,
COBEPIIEHHO He CTPOTHMDB, HCXOAA H3B PopMybl

h
sinh—}-%sin3h+%sin5h+~-~— —1)[ ]

BLITEKAIOUIE! HENOCPeACTBEHHO H3D BbllUENPUBELEHHOW. Pasnbiass MHTepBans
{0, =) Ha 6e3koHeyHOe YMCIO HHTEPBAOBDb, H3b KOTOPHIXH NEPBHI paBeHdD /,
a Bch apyrie BABoe 6Goablle, HakieMb, YTO pa3cMaTpuBaeMblil MHTErpanb pPaBeHD

lim (sinh—l—zsin 34+ —2-sin Sh+ .- ) =2 _limsinh = 1
h=—0 3 5 2 h=0 2

3aMBTHMD, YTO TAKMMDB Ke 06pasoMb

/sm- dx = llm " (51r1~ b+ 4sin22h + Lsin23k 4 - . )
- x ‘0
0

=lim (sin2Ah 4+ {sindh 4 Lsin6k + - . ),
h=0
a crbaoBaTeNbHO,

sin? x . a—2h =
/ a2 d"i@}) 2 7

TaKb yTo 06a HHTErpaia
@

sin x sinZx
/—d H /. v dx
0

7T
uMBIOTE OAHYy U Ty XK€ BE€IHYHHY -'2", XOTA  3JIEeMEHTh! BTOpPOIO UHTErpanaa

MeHblUIe COOTBBTCTBYIOINHXD 3JE€MEHTOBD NepBaro. JT0 O6BACHAETCH ThMB, YTO
Bch 3/MeMEHTH BTOPOro H:Terpajia NOAOXKHTeNbHbl, MeXAY ThMb, KaKDb 3JAeMEHTh
flepBaro Mo O4EPEAM NOJOKHUTEAbHBI H OTPHIATEJbHB BB MHTepBasaxb (0, ),
(i, 2m), 27, 31) U T. A

1
g) BbquC.’lﬂﬂleg (—log x)dx no dopmyat (6), NpUXOZMMB KB pasbic-
0

KaHito npexbiaa
(1—¢){log (—log g) + g log (—2log ¢) + ¢?log(—3logq) + - - -)

. n+1 logg % n(L__ n+1)
_1og(._1ogq)+2q log = = Tog 8 Zlq — —log -

1) ,Oecuvres“. T. 1, ctp. 402.
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¢b npubamxenieMb ¢ < 1 kb eaunnnb. Ha ocHosanin Teopembl AGens (§ 340)
6yaeMd HMbTh

. \QBW,,I n+1y wi_ il—!—l_, -
qiin—oélq ( log 4‘217 log n = lim (77, — log ).

n 1 n n—w»

Mp 3naems (§ 183), uTo nmpeabadb 3TOTH CYLIECTBYETh M PaBeHb JUAepOBOH
noctoaHHOR. TakuMb NyTeMb HaXOAMMDB noayyeHHoe MackepOHM 3HaueHie

1
v / log (— log &) da — — 0.577215664. . ..
b

h) [pemnoxumb ce6b Tenepp HaliTH 3HaueHie BecbMa BaXHAro MHTErpa’ia

@

/ e, (> 0)

HOCAINArO HasBaHie JHJepoBa KHTErpasa BTOPOro BHAA. Ero 3Hayenie paBHO
npeabay cyMmmel

Az (l,u—l o + op—1 ,—2h + gu—1 3k + .. )

npy 6e3KOHEYHO MaJOMDb /1; fojaras e‘h=q K TIDHNOMMHAsA OJHHD H3b panbe
HalJeHHbIXD pe3yabTaToBD (§ 342, f), HaxomuMBb, uTO HCKOMBH npelhat paBeHD

1"
tim ' (1 g+ 2T 43T ) = () lim (ff' ’C,.) = I'(w).
g=

=5\l —e

CnbposaTtefbHo,

@®

/ e dy = I(u).

i) Ha ocnoBanin mssbctHaro csoiictBa (§ 464, e) I'(x) I'(1—x)= sinﬁ;rx’
NpHIIOMHHAA elle BhIBEAEHHYIO BB § 459 dopmyiay, noayuuMs
n—l
o 2 e —1
) e (F) () - et TR
I/ sin % sin —; .+ . sin (=l Vo

n

4TO, BIIPOYEMD, JErKO NONYYMTbL M H3Db caMaro onpexbaenia ¢yuxuin [T 3amb-
THBD BhlllleCKa3aHHOe, 6yaieMb uMbTh

lim klog () 2k . .. Th) = lim % {(r=D)1log V2m—logV'n}
h—0 n—wm 7

H 0TCl01a
1

/.log I'(x)dx =logV 2.
0

Teneps MoxHo eiue, cabays Jlepiny (Lerch), nalith obipbe 3Hauenie Toro xe
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uHTerpana BB npenbnaxe oTe u A0 p+ 1, nmpd BeskoMb p > 0. O6o3nauas
HCKOMoe 3HayeHie uepesdb f(u) n 3ambuas, uto

s = [~ f L F7 ) =log I+ 1) — log ') = log 1,
b} b

HaflleMb Cb NOMOUIBIO BbiBEIEHHATO paHblle pe3ynabTara
S) = p(og u—1) +£0),
W npHreMb Kb opmyat Paabe
ut-1
/ logI'x)dx =plogu — p +log V2 .

722. HenocpefcTBeHHOe MHTerpupoBaHie. ManoweHHass u pas-
BUTas Bb NpebllylHxb naparpagaxt MeToaa Bb 60aLIHHCTBE cayyaeBs
NPaKTHYECKH He BHLIOJHHMA, TAKb KakKb Mbl HAaTanKHBaeMcsi NPH 3TOMB
H4 TPYAHOCTH (BbluHcaeHie npenbnoBb Cymmb), A npeononabHis Koro-
pbixb HyxHO (§ 357) 3HaTh nepBoobpasHylo (yHKWilo /7 OTb HHTErpH-
pyemo#t ¢yHkuin f. Bwronst, xakb GyATO NpeACTaBASEMbls NBOHHBIMD
([pOH3BOJNOMD BB BbiGOPH 3akoHa pasmbieHin HMHTepBana MHTErpHPOBaHis
11a 4acTH H BB BuiGopt 3HaueHit PyHKIlM BB KawAOMB HHTepBanb —
BDL CYWHOCTH HHYero He HalThb. KakoBb 6bl HH Obl1b 3aKOHDB MOApas-
m;nenm AdaHHAro HHTepBana Ha YacTH, Hauay4wi# BLIGOPD 3HayeHid f
OYEBHAHO, COCTOSL Gbl Bh TOMB, qToﬁbl Bb KaXIOMDb HHTepBant 6niio
B3ATO TaKoe 3HaueHie f, MPOM3BeleHie KOTOParo Ha BEeAHUMHY HHTEDBana
paBHsnock Obl npupaleHiio @yHkuin F npu nepexoabt orTb 0mHOTO
KOHIIA MHTepBana kb Apyromy *), JIbficTBuTenbHO, BB Takomb ciyuah
cymma, npenbab KOTOpO#t Mbl MWieMb, Oblla Gbl  HEMOCPEACTBEHHO
paBda (§ 709) sHauenito uuTerpana. OTCl0Na M BHAHO, YTO H3NONEHHas
MEeTOA4, MPH BCeH cBoOeH OrpoMHOH OGUIHOCTH, He NaeTh HaMb BbpHaro
cpeicTBa A5 npeononbHis TPYAHOCTH, Mpoucxonduie# oTs Heu3BbeTHOCTH
nepsoobpastoll PyHkuin. [losromy npennourutensibe Gynernb usbparb
APYTOH MyTb, a HMEHHO BOCMONBL3OBAThCSI TEMH pesynbTaTaMH, KOTO-
pble HaMb 1ano0 pa3bickaHie MPOM3BOAHBIXBL HM3BBCTHBIXD PyHKLUIN
(§§ 288 —291) u, Ha ocHOBaHin nokasaHHOH BB § 713 TeopeMbl, Hemo-
CPEeNCTBEHHO HAamucaThb HHWechbayowis OCHOBHbI (HopMyJkl

" P . dx " e,
.[.x dx = ”+1+C . —x——loglxli—C, ./adx_m+C,

® . . q, i dx
/cosxdx7:81nx+C, /sxnxdxw~cosx+C, fcos2x—tgx+c’

dx dx

*) las 31oro Tpe6GoBatoch Obl 3HATL YHCIO &, CPeliHee MEXRy 3HAUeHiMH X
Ha TpaHHIAXDb HHTepBana, BXoaawee Bb (Qopmyny Jlarpawxa, a onperxbauts
3TO 4HCIO0 HUKAKHXD CPEACTBD Mbl He HMbBeMb.

=arcsinx 4 C.
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OTH (GopMyabl HALO yAep¥aTh Bb MAMATH H CTAPAThCA NPHIHYHO BhiGHpa-
€MBIMH HCKYCCTBEHHBIMH [IpieMaMH CBOAHTb Kb HHMB 110 BO3MOXHOCTH BCh
ApyTie HMHTerpanbl, b KOTOPbIMH MPHXOAMTCH BCTpbuaThcad Ha mpakTukh.

723. MlpamBpel. a) Yacto BetpbualoTes uuTerpadnl Buia
du =log|u|+ C.

Hanpumbps, umbems

dcos x .
/tgxdx——. Es—x———log\cosxj—l—C,

e %dx dtg = .
sinx x x x =log tg7‘+C,
. . sm7cos? N tg7 i
A dx & x
,v/?e’—l—l 1[(1 e”—l—l)dx—‘x log (¢* + 1) + C,
ad _z z _x
el R X e Mi)
et 41 z .z z _z
. . e2—|—e 2 o e2+e 2
z _z
=210g(e2+e 2) = log(¢"+ ¢+ 2)+ C,

dx cosxdx — osa—l—cmx cosx*sma
J o tgxd1 sinx—l—cosx_ sinx + cosx dvto smx—l—cosa
=%~-{x—|—log[smx—|—cosxl)—|—

dx

b) Briuucaenie unrerpana —
) p asinx 4+ bcosx

TION0XKHUMD

JETKO MpOU3BOANTCH, €CIH

a _ b V_a-‘ + [)9

cosa  sin CL

Torga unrerpans obpauiaercs Bb

1 dx 1 .
VT h /§in(x+a): 1/az_l_bzlog!tg%(x—l—a)l—l-c.

- b
3ambHuBD ¢ ero 3HayeHiemd arctg o HaltleMb

7 . /B A2
. dx _ l*log bsmx—‘acosa—l—]a—l—[) 1.
asing +bcosx Y g2 T asinx + bcos x

c) BecbMa uacto Takwe BcTpbualoTcs MHTErpanbl BHAA

du

H

— =2V u+C.
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Hanpumbps —
xrdx

Vi—a?

j—xdx~ J-~x d ?dx _ xdx
Ty yvice T ) viee

—arcsinxy + VY 1-a2+ C.

= —V1-az4C.

. 2
"
TakuMpb e o6pa3oMb noayuyumsb, 3ambuas, 4To /udu =5 + C, Henocpen-

CTBEHHO cabaylollie WHTErpannt

arc sin x 1 .
S —y rcsinap + C, f —“ﬁi@‘ dx = § (arc tg #)2+ C.

d) Euwe npumbpsl 115 ynpaxHenis

1 — cos?x
2 = = —
./tg xdx / ot x /coszx /dx tgx — x4+ C,
dx sin2x+cos2x ¥ Yy
‘[sinzx cos? x __/ sin?x con? x /cos- . sin2x tgr—cotat(,

/cos%cdx:%/ (I14cos2x)dx =4+ 4 /cos?x dx =14 (x+sinxcosx)+ C.

O6uiabe, MOXHO BHIYHCINTb BCSKIH HHTErPAND BUAA [ COS (X .COSJx.COSYX . ..d %,
OCHOBBIBAsICh HAa u3BbcTHOW Gopmynd TpuroHomerpiun

cos mx cos nx =14 [cos (m — 1) x 4 cos (m +#) x].

Ecnu, Hanpumbpb, npeasoXeHo HAUTH UHTErPatTh OTh COSX - COS 2.x - cos 3x - d x,
TO NulieMb crnepsa

€08 x cos 2x = 4 (cosx + cos 3x),
nasibe
cos x oS 2x oS 3x = 1 (14 cos 2a 4 cos x4+ cos 6.x)

¥, HAKOHELD,
/‘cosxcos2xc053x~ dx = x4+ +sin2x + Lsindx + Lsinba) + C.

e) Ipyrie uHTerpans! NpUBOIATCA Kb BHLY

[onoxumb, Hanpumbps, 4TO TpebyeTcss HAWTH HMHTErpan®b, NpelokeHHHN

3pmuroms 1)
a?dx
(x cos x — sin x)2

1) C. Hermite ,Cours d’Analyse de I'Ecole polytechnique“, ctp. 260.
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Cabays BechbMa npocToMy nyTH, ykasannomy W. W, Beman'oms, 3ambuaemsb
crepBa, 4To

. . 1
xcosx —sinx = xsinx (cotx - = c0s ¥ (x — tg x)

M pasiaraeM’d NONBUHTErPAALHYI0 (QYHKIi Ha claraembis

1 1 1
sintx a2 cos?x
— - + -
2 — 3
(cotx — 1~) (x—tg v
x
Takp kakbs uMbeMb
1 1 1\ _ 1_)
d(cotx—j)_<~m+15)dx, d(x——tgx)—(l—coszx dx,

10 neppooGpasHasd Pynxuis 6ynern

1
to 1 —
1 I 1 _xsinx+c(_)$7.x:~ gr+x
cot:c—i ¥ —tgx xcosx —sinx I#Egic
x x
H OKOHYaTelbHO
xtdx 1
o eer L N
‘f(xcosx—sinx)z tg(x+arctg x)+

724. NnTerpnpoBaHie NyTeM’b NOJACTAHOBKH. [Lisi BbluMcietis
WHTErpaia u :/f(x) dx 4acto GblBaeTh NO/E3HO BBECTH HOBYIO TIepe-

mbudyo f=@(x). Ecan u3b 3Toro ypasHeHis noayuaercs BblpaweHie
x = (8), Takp 4yt0 dx = Y(f)df, TO, oueBHnHO Oyiemb HUMbTL

_ du = f(v) dx = [ (p(t)) v (9 d1,
TaKb 4YTO

w= [ s = [roomvar

M MOXeTb CAyYuTbcs, YTO BB HOBOH dopmMb BuuMcieHie wHuTerpana
Jierye MPOM3BECTH; a TOTAA CTOMTH JMLb TNOACTaBUTL BMhcTO 7 hyHk-
uilo @ (&), 4ToGbl MOAYYHTH BbIDaXeHie HCKOMAro WHTErpaia # yYepesb
nepembunyo x. EciM nepBoe WHTerpuposaHie TNpPOUSBOAMTC MEXLY
npenbraMu @ U b, TO BTOPOE, OYEBMIHO, HANO TPOM3BECTH Bb TNpesh-
Aaxb oTb @ (@) no ¢ (b), npennosaras, 4yT0 Bb 3THXb npenknaxs nepe-
mbHuas / uamvbHsieTcs MoOCTOSHHO Bb OAHOMTB HamnpasieHin *) W npuToM®
HenpepbiBHA. Bb 3TOMDB ciyuat Moxemb NUCaTh

@ (8)

(7 ‘/6.]'(1‘) dx = fg(t) dt,

Pl

#) Wnaue nepembHHas x He Gbila 6bi ONHO3HAYHOW QYHKUiel OTb f.
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rab g(#) ana kpaTkocTH 0GosHauaerd dyHkuil f(y(£))y'(f). Ecau xe,
HaNpOTHBD TOro, Npu M3MbHEHIH ¥ BB OLHOMB M TOMD e HANpaBJeHiH
otb @ 0o b, nepembHHas { cnepBa u3MbHAeTcd Bb ONHOMDB HampaB/eHin
00 X =¢,, NMOTOMb BB APYrOMb IO X =(C, U T. 4., TO BTOPOH HHTe-
rpans Hano pas6uTh HA ABa MMM HA HBCKOABKO OpPYrHXb, yIOBIETBODA-
IOUWHXD YCI0Bilo, uTo Mexay npeabnamu kawaaro usb HUXB f usMbHaeTcq
MOCTOSIHHO BB ONHOMB HamnpaBlieHid; BB 3ToMB ciyuab O6yneMb umbrh

@ (&) . @ (e}
fftx) d = /gl(f>dt+ [go(f>dt+
'P(aJ ‘P(”n)

axbes gy (9) 0603HaqaeT1J BhipaxeHie o’ (#), BBIUMCIEHHOE HA OCHOBAHIiK
BolpaceHis v,(f) nepembHHoA x BB uHTeppanb (a, ¢,), g,(f) BuIpa-
weHie g (f), BoluMCIeHHOe M x =1, (f) BB MHTepBanul (¢;, ¢y) U T. L.
(Bb pasHbIXb UHTepBanax®b BhpaxeHie x = 1p(f) MOXeTD ObITb Pas3jH4HO).
Ecau, Hanpumbpb, npu usmbeeniu x orb a mo b, nepembHHas f,
ucxons M3b 3HAueHis @ == ¢(4), CHOBAa BO3BpAlllaeTcsd Kb TOMY XK€ 3Ha-
uenito a= @ (b), nepexons uepesb MAKCUMyMb WIH MUHUMYyMD =@ (¢),
TO SICHO, YTO 3HaueHis x BB MHTepBanb (a, ¢) usobpaxatorcs HbkoTOpOH
dyukuiewo 1, (¢), a Bb uurepBanb (¢, b)-— apyrowo ¥, (#), TaKb KaKb
K&XIOMy 3HadeHilo 7, nexauwemy Mexay a ¥ 3 nomkHo cooTBhTCTBO-
B4aTh IBA DaslMYHbIXB 3HaueHids x. OTcroopa cnbaoyers, yuTO
B

! 4 & :
[reyax = / Gi(hdr 4 / go(dt = / () — ()} dt.
@ a 7? @

Ecnu 6b1 Mbl He MpHHSAM BO BHUMaHie 3Toro 3ambuanid, To Bmanu Gbi
Bb py6ylo omubKy, 3aK/MIOYHBB, YTO HAIL HHTErpanrh paBeHD Hylo,

a
NoTOMY l{TOf= 0. Bce 3To nmokasniBaeTh, 4TO NPH YCTAHOB/EHiM mpe-

a
1’bnoBB MHTerpHpoBaHias no HOBOH nepeMbHHOM, HeoGxomumo obpawmars
BHUMaHie Ha TO, KakuMBb 06pasoMb usMbuserca sta nepembunad. Ecnu
nanbe, ata nepembHHas paspwiBHAa U uMberd, HanpuMbpb, O6LIKHOBEHHLIA
paspuiBb MpUH ¥ = ¢, TO, OYEBUAHO, HaLO Obo Obl nHcaTh

5 qg(cfor P1b) qg(b) @ (c4-0)
/f(x)dx= /g(t) ar+ [gwdr - [styar— [ewar.
a (@ P40y @ P—0) -

To ke camoe cnyuutes, ecnin @(x) npu x =c¢ obpawmaercds Bb Ge3KO-
HeYHOCTb U MBHAeTH 3HaKB; BB 3TOMB cnyuabl umbems

) Fo P(b)
/f(x)dx = /‘ Hhdt + /‘g(t) di.
@ wa) +w :

Takumb 06pasoMb monyudaercss, BOOGIue, 3HA4YeHie MHTErpana, OTIAMYHOE
OTBH TOro, KOTOpPOe mnoayuunoch 6 npu rpybomb mnpunoxeniu ¢op-
myasl (7), a4 UMEHHO 3HaueHie, OTAMYAlOIIEECs OTb HEro Ha BeJUYMHY
G(+ o0) — G(F o), rat G(¢) ects neppoobpasHas pyHkuis otb g(f)d?.
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725. Mpumbpsl. a) MNoactasass no ovepenn x=at, x=i;-. x=a(l—¥),

HanaemMb
dx 1 dat 1 1 x
f&?‘+x2 = ?z'_/ﬁfe =g acigitC=parctg o+ C,

4yl fod 1 [ C— 2ic
] xVa}?iF?— = Vl____f_)*_aarccos ! :ia arccosx—i— .

dx + L = t+C=+
e = = arc cos = 4 arc cos
V2ax—x2 Vi—eg Iz

e

B® nocatanems npumbph Hato B3fTh BepxHifl 3FakbL npu a > 0, a HIKHIA
npu a < 0. ToyHo Tak® e Bb npeanocabidems npumbpb Hago B3ATH BEpXHil
WK HWDKHIA 3HAKb, CMOTPA M0 TOMY, HA NOMOKHUTEAbHbIA HJAM OTPHUATEALHBIA
3HAYEHiS X KEAATb DPACNPOCTPAHMTL HHTEIPHPOBAHiE; OTH OAHOrO CAyuas Kb
ApYyromy, BNpoyeMb, MOKHO nepeittd, 3ambuas, uto

arccos (—x) =7 —arccos x.
JBOWHOR 3HAKD NOJY4deTcs OThb TOTO, YTO MOAD 3HAKOMB MHTErpana HAXOAUTCH
KOpeHb KBaJpaTHHIA, KOTOPLIH MO MNpeanosoxeHio Bceraa Geperca co 3Ha-
KOMB +, TaKb 4T0 UMbEeMb

Vea® = ‘xl Ve, aue Veaz=xVec.

b) Cb noMObIO NMOACTAHOBKM X = €0S § BHIYACAAIOTH CabAylowie apyrie
MHTEr pabl

f]fl—x2dx—— [sm~9d9_ﬁ%(e—smecose)—l—(;

d.x——-

sm2 db=—(8--sin0) 4+ C=arcsinx +V 1—a2+ (.

=3 (arcsinx + 2V 1—a2) + 7,
x2dx

Vl—x~

dx =—

cos2tdf =—4(0+sinbcosf)y 4+ C
= {;(arc sinxy —x YV 1T—a2) + ("

Ecau e XOTUMD BBIYMCAHUTH

=, TO Jyulie OyneTs NOMOKUTb & = cotgh,
%2

npu ycaoBin siné > 0, ybMb He orpaHuyuBaetcd UaMbHeMocTs x. JlaHHBIA
UHTErpans 06pamaercs Bb

ds e 1
wfsme logcot——l—C log € —~in +C

floatomy

Vl =log(x+ V14424 C.
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¢) Ipeanoxums cebb BHUHCINTD

dx .
J Ve s vice

YMHOKAS YHCAUTENA W 3HAMEHATels Ha ]/1+x2 — Vl—xg, NpHBOAHMD MdaH-
HBIl HHTErpalp Kb carbaylouemy

e - Vi-2) %%

L[ ds L/"L@ dv 1 [ dx__
2] 1—}—:62 Joe2vi—e 2] yViga: 2, Yi—a

3B 3THXb YeThIpeXs HHTErpaloBD NePBbIH U BTOPOH NpeobpasyloTcs NOMOLLbIO-

IIOACTAHOBKH & = — BB cabayoutie

Tperitl BhiuHCIeHs ywe paHblie, a 4eTBepTHidl paBeHb arcsiny 4 ¢”. Hraxe

ax
J Vize s vi—a
X

1 S
= - ]/1:}7!_—;71?*& + 5 log (x + V1+4®) + o arcsinx + C.

d) Has Beiuxcaenisa /‘J_x__ CrepBa MNpeanojoXHMb > E u
Sfpatq PEATP R
MOTOXHUMD & + - p = t]//q*——‘, Taxb 4TO dx=Vq— %:dt H

@Lprtg = (PP g — 1) = @ — 1) (L4 P)

Toruacks noayuyaeMb

Podw 1 KRS
- t C.
/ A =y M v

[

Ecau, HanpoTuB®s TOTS, ¢ < %—, TO MoJaraeMb x—l— V — —q. laHBEbI}

HHTErpalh npeolpasyercs Bb

at 1 [Tar 1 a1
.[?A1:2a tfl_jft+1=71° t—|—1'+c

xbaennmi wa V'L p2—q. [ostomy 6y11eM1) UMbTh
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dx 1 lx+4p — VitP—g|
- = log =1 4 C.
fxz“’xﬂ DViF—q lxtir+ViEe-q|

Bnpouems, 065 dopMysbl 5KBHBAJEHTHbI, Bb CHIy COOTHOLUEHiH

1 1+ 1x oy 1 —x
5710;;;l —% logx~21arctg<1l+ >,

JIErKO MoayyaeMbixb H3b H3BbcTHOH dopmyant Dunepa (§§ 406, 411).

arctg x =

e} DBesws Bcakaro, Takb CKa3aTh, BBIYHC/IEHIA HAXONHM®D 3HaueHie HHTe-
TPaioBb

k14 T
2 2

fsin2 xdx, fcoszxd,r
0

0

7
€cqu 3aMbBTHMB, YTO OguHB npecGpasyercd Bb ApYro#f noACTAHOBKOKO 5 =

* 7T
Ha MbCTO X, H YTO CyMMa HXb PaBHA ja’x =5 O6111as BeMHYKHHA TAHHBIXb
9
1
HHTErpanoBdb paBHa, crbaoBarenbHo, X TouHo Takb we, 3ambHAA X Ha w—x,
Ha#neMsb

24 T

13
xsin x (t—xrsinx k41 sinx
fl_—{— cos2xdx— f—“l + cos? x dz = >2_./1l + coszxdx
0 0 [

a2

i .

I

% (arc tg cos x)?l =

] Q

f) CoBeplueHHO AHATOTHYHBIMB NYTEMB, Haﬁnth]log sin x dx, BbYH-
Y

creHHLIN yxe paHblie uHade (§ 721, d). Mm umbemsn

MR

2
jlog sinxdx = | logcosvdx = 3/ log (sin x cos x) d «,
i [}

v

Suia

T, e.. 3aMbHfin BB nocabaHeMd HHTerparb x yepess {x,

Yoy

T

T
nxde— 1 [ log (L sinx)dr = — T log2 + v) log sin x di
log sin x x—.:}_ og(-Q~ x) x=— log T g .
2
")

0 0
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Ecau, nanbe, 3aMmtHHMB x uepe3b & — & H 3aMbTHMB, uTO

[E]

ki3

flog siny dx =

U

\w

log sin x dx,

ISR

TO MOXKEMDB TAKXKe HANHCAThH

g
2

inxdr =" log 2 + A
./‘Iogsmxdx 3 log 2 4 5

log sin x dx,
0

\Nlﬁ

0
OTKYJAa Y nojiydaeMsb

2
flog sinx dx =— i;Iog 2.
G

g) (logo6HuMB we oOpa3oMb, 3aMbHOIO x Ha | — v, HallaeMb
1

1

1
flogl’(x)dx: /logl’(l-x)dx=_;_/ M1
o 5 3

log ———
g sin T x

1
= 4log w— 1}/Iog singx dx.
0

Tlocabanit MHTErpad®s TMOACTAHOBKOW 7Tx = § oBpalulaercs Bb

7T
2

1 . 2 .
= /10gsm9d9:-ﬁ- /logsmede=—-log2.
0

h

T

CabroeateanHo (cpae. ¢b § 721, i),

/ log I'(¥)dx=logV 2.
0

@ a’
+3)
h) IMonowuMb, 4TO NpeanoNKeHO BHYHCIHTE e ¥/ dx. Npua=0

0

3TOTH MHTErPalb MPUBOAHTCA KB WHTerpaly Ilyaccona (§ 721, e). Ilosoxums
a .

Teneps @ =0 u 3ambuuMb x¥ HA —> [JaHHBI MHTerpans mpeobpasyerca BB
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X

_i_ /1e_(x2+;!)d<x—%>= —; o / ¢ (x_;) d<x — %)
: ,

[s]

—-(xz—l——(-f) a
— /e * d<" > u 6yzers, cibIOBaTENbHO, PABEHD

a .
MNMonaras & — — == £, 3aMbuaeMd, uTo nmpu usMbHeHiw x oTp O 10 =0, f NoOCTO-

AHHO BO3pacTaeTs OTh — oo 10 +-cc, KOCAAa X Bo3pacraers orb 0 10 co, 3amb-
HAs 6ykBy £ onaTbh 6ykBoi0 x, HalueMb

[+~) {L, o

L (o4 S YE
/(3 ( x dx:l—e—Z(z/ ewx‘d.‘c:l—mf.
: .

— >
111

v
. sin2 x dx 3
i) UroOn! BBIUKMCIUTD / ——~“—,rab | £| =1, pasobbemMb WHTEPBAND
0

1 — Acosx
MHTErPUPOBAHiA Ha ABb paBHLIA YacTH H BB NpasBoit noioBuHb 3ambHUMD x Ha
v — x. VHTerpans npeobpasyercd Bb

sin2x dx T sinfxdx 5 sinfx dx
1T —kcosx ' I+ kcosx 7 | 1—kcos?x
0 0 )

0

wia
(SIS
Jrely

Vsl

[Monaras, tg x =1¢, npeobpasyemd NOJYyYEHHbl UHTErpaildb BB

@ @

C__ear o ‘(_L_ﬁ_)d,
J U=+ 2 ] M+2 1-kB+P
: b

0

= kl-_, (arc tgt — V' 1— Farctg

t T -—
Vs, ~ar( V1=,

TaKDd 4TO
T

) P
sinx abc_~ _ T .
/ I—kcosv 14y i_/m

0

j) Uro6n nokasath Ha npumbpb, Kakb OCTOPOXHO HYMHO 10CTYNaTb NPH
onpexbnedin npenbioBs HoBoM nepeMbHHOH, BBOAMMOK B3amMBHB npexHet,
sambruMp cnbaywowee. Ecan 6ydemt o6painaTh BHHMAaHie TOALKO HA HAuajibHOE
W kpaliHee 3HayeHist HOBO! nepeMbHEOH, TO MOXeMDb MNOABEPraThcsi OMACHOCTH
noAyuuTh Hembnble pe3yabTaThi, BB podb cabayioiuaro

+1
+1 1 +1

Ve d-- Cax L
. 1+ 2 1=—’ 14242 7

—1 22 -1
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Mexny ThM®B scHO, 4TO HHTerpairm paseHb arctg (+1)— arctg(—1) = % .

Ounbka npousomna oTh TOTO, YTO WHTEpBaAb (—1, 4 1) npu sambub x Ha —l-

npeo6pa3oBbIBAETCA He CAMB BB ce6s, 4 B CYMMY HHTEPBAIOBE (—1, —o0)+-(e0, 1),
a 1notoMy umbemsn

1 —cw 1
1

d— d—

dy x x

1442 1

—1

1
f dx
1+ a2
b}

k) Ecan BcTpbTiTCA nMHTerpan®d BHIA

b
o’ (x) dx
® _, / NI,

'ro €CTECTBEHHO NPHUXOANMB KB TOMY, u4ToOH B3fThb 332 HOBYI0 mnepeMbHHYIO
@ (x). Takumb 06pasoMb, NPy yCIOBiH, 4TO @ (¥) OCTaeTC KOHEYHOIO ¥ Hempe-
prBHOKJ BB HHTepBarb (@, b), TOTYaCh NoJayuaeMb 3HauéHie MHTerpana

@(b)
dt
TrE ™ arc tg @ () — arc tg ¢ (a).
g(a)

Ho ecan @(x) nperepmbBaers paspuiBbl Bb MHTepBandb (@, &), To Hago NpHIOM-
HHTb 3ambuaHin, cabaaHHbIA BB KoHub npenbaywaro naparpada. Ecam, Hanpu-
MBpb @(x) Toabko BB omHolt Toukb ¢ Mexny a M b mbHAeT® 3HAaK®, o6pamasce
BB 6€3KOHEUHOCTh, TO NpeLIOKEHHBIH HATerpanrs pasbusaercs Ha ABa M OyleTs
paBeHD

Lo P ()

j darctgt+ fdarctgt_ (i g— —arctg (p((l)) + (arctg o(®) + %)
o (a) .:Fm
= arctg @ (b) — arctg @ (a) £+ .

O6wnbe, ecan 1pu HenpepuiBHOMB H3MbHeHin x oTb a 1o & dyHkuis @ (x)
% pasb ofpamaercs BBH OGE€3KOHEUHOCTb, Mépexoas OTb —+ Kb —, H A’-pa3s,
nepexois oOTb — Kb -+, TO MOAYYHMB

b

f 4 (x)9 = e tg ¢ (0) — arctg pla) + (£ —F#) .
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L
J FGE—mp
0

notoMy 4to $yHkiuia x—[x] uMbers npomssoguyio 1, A1a Hewbabixb 3HAYeHiH x
H cropasa oTh I'babixb 3HayeHilt x, cabBa ke orb HHXDB nperepnbBaeTs paspbiBhL.
Beabacrsie 3THXB pa3pbiBOBB M OKasbiBaeTCd, YTO AAA x =1 3HAueHie HMHTerpa’ia
He pasHo arctg (x — [x]). Bb 3ToMB JMerko yGbanThes, Hanucassb

1) Kb 1qMy xe Tany (8) MOXHO NMPHUYHCAMTL HHTErpanrh f

f v=[z] -1 w»+1 »
dx dx dx
0 =0 v ]
v={z]—1 1 a—[z|
d 1
“Z/.huxz f‘r;%=arctg(x—[xl)+—4—n[x1.
»=0 0 0

O6wntbe umbemn

:c 1 -
S —[x)dx=[x] | flx)dx+ [ f(x)dx.
/ Jroe)

. xdx
m) HMuterpans /T/—mj?) HENoCpeACTBEHHO BHIYHCAAETCSH, Ch

[OMOIBI0 NOACTaHOBKH &2 = a?cos? 0 4 b2sin26, koropas mnpeo6pas’oBHIBAETD
ero m;fde. TaKb YTO

xdx 2 a2 .
/V — =" wetg)/ 5G4 C.

Toyuno Tak®b Xe, 4TOOBI Bbl'-[HCJIHTb/’//

a
X dx, TONOXHMb

]
x=acos~4 —|—bsm~7

oTKyJa crbayers

9 9
—a = — in2—» —X= — 2 2
x—a = (b— a) sin 3 b—x= (b —a)cos 3

[TpennoxenHbill HHTErpans obpaliaerca BB

dx=—;—(l)—a)sin0de.

bgaf(a+3b—4bcos9—|—(b—a)c0526)de

b—a
8

46 sin 6 + (b — a) sin 8 cos 8) 4 C,

cabaoBarenabHo,

be Zxa’x~ 7—(b—a)(a—|—3b)arctg]/b;x

+ 1@ —-36—2x)V (x—a) (b—a) + C
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Bvb vactHOCTH,

/ l/'i—_——axdx = g(b—a)(a+311)-

n) Ty ®e MOACTAHOBKY MOMHO NPHIOWMTb Kb BHIUMCIEHIIO MHTErpaita
b \ : ]
b o N
= [[(xa) (b—x)] 2 e_(1='7a+1775 dz,
a

&oTopbldl BerpbTuiaca BeasTpamMu BB ofHOMD Bompoch 0 pacnpocTpaHeHid tenna l)
Ho sgbece Mbl u3bepems Apyroil NyTb, YKa3aBHBIH CaMHMDB DeabTpamu, B3sBD

3a HOBYI0 nepeMbHHYIO
PRI (4*;")
I W7

TIpH MOJOXKHTENbHHXD ¢ H 3. Takp Kakb

x—a_ b—x  b—a
aet Bt ~ae’+g)’e A
TO TOTYACh HAXOIUMDb
o3,
B (LT“;(Z—aT) ‘
OTKy1a
T el e
J= 2 & 2 / e e (we! e )dt
Vap . ’

—x%

CrouTh TOMBKO 3aMbBHHUTB / HA — { M B3fTb apUeMeTHYecKoe cpeaHee 060OHXDB
BbBIpaweHill, 4TOOBl HANTH

_ Mat3r 4 ajl e
g==~ td /'T/ﬁewm(bt_e ) d{d—¢").
Va3 .

—»

ad i
Tenepb ecTeCTBEHHO B3fTh 32 HOBYI mepeMbHHylO 6 =] - (¢! —¢?), koto-

pas usambHSeTCs OTBH — oo 40 —+ co, MOCTOSIHEO BO3pacras; TOCAA, NPHNOMUHASA
3HaueHie uHTerpana [lyaccona (§ 721, e), MH M HaiigeM®b

3 (a4-p)

| B (s
3=a(j;)ﬁ(b—(l) 28 b—a f_e dO——V (l+r3(b_) 28 /]

—%

1y Memorie dell’ Academia di Bologna (4¢ serie, t. VIII.
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o) Becbma aerxko npencraButbh KpoHekkepoBy dyHkuilo sgn (§ 254, e)
Bbp Bupb onpexbneHHaro wuHTerpana. Ecam BB uHTerpanb dupuxae (§ 721, f)
saMbuuMB & Ha + 2x, cMOTps NO ToMY, 6y1eTs Ju 2 >0 uan < 0, TO NOAYUHMD

T =/751r1xa,x= if51nkx dx,
2 . x . x
0 0

a Takb Kakb npu 2=0 BTOpOH HHTerpash paBeHd Hyi0, TO Mbl H BHIHMb, 4TO

)
2 sin kx
9 sgnk—;.[—rdx
0

AHajoruuHbiMb 00pPa3oMb MOMHO JOKA34aTb, UTO

@®

i 2 sin? kx
(10) lkl—R—f—zz—dx
0

M3b 3TuXb pesyibTaTOBDb JIerko MNOJMYy4YaoTcs APyTie, Hbckoabko Goabe obiiie.
TTpeatoxumd ce6B, HanpuMbpb, BHIUUCAHTL HHTETPaIbI

® @©

, dx . . dx
(1 /51nax~cosﬂx- . ,[smax~smﬂx-72~,
0 0

Kotopele cootBbrcTBeHHO npu S=0 u npu f=c npusoparcs kb (9) u (10).
Tlepsoift TOTuach pasbuBaeTca Ha ABa

1 sin (¢ 4 3) x o1 sin(a—B) x
z*f—? Wty | A
0 0

u no dopmyrb (9) momyuaercs

@

fsin ax-cosfx- dTr = wZ—{sgn (¢+3) -+- sgn (¢« —3)).

3
o sgna.
T

4 sgna, 0, cMotpa no Tomy, 6yaers nu | B | MeHble, paBHo, Hau Goablue | a .
Taks xe BrOpo#t MHTerpans (11) pasbusaercs Ha

WubiMu cioBaMmy, pa3cMaTpuBaeMbll HHTErpans» paBeHb COOTBBTCTBEHHO.

@ @
a—@

x sin2 x

—xg—dx—- —x_——dx
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v no ¢opmyat (10) umbers 3sHauenie %(\ a+0|— | a—@|). Nusimyu cioBamy,

€ciM o ecTb HauMeHbllee no abCcoAlOTHOH BeaWuMHb U3B udcens a, ,3, TO

x

. . dx 1 ‘
sinax - sin fx - — = 5 wasgnj.
x2 2
0

Cpb nomoulplo ¢opMyas TpHronomerpin H3b HaHZeHHbIXb 31BCb HHTErpaloB®
MOXHO BBIBeCTH (e34HCAeHHOe MHOXKECTBO npyruxn Hanpumtps, ecin Bo3BbI-

cumb (§ 407) BB #-yio cremenb 27sinx = ¢ — €% 19 Opd HEYeTHOMDB #
foAyYUMD
n—1
. _ n(n—1 .
sm”x—( 2,’37 {smnv—Tsm(n 2)x-+ ( *)sm(nf4)x~---4_r---smx}‘

dx
YMRokaa o6 4acTH paBeHCTBa Ha Sill x —— 2 » MHTerpUpys B npeabaaxs ors 0

,uo c0, W M0Ab3YACH M[PU 3TOMb BblBelIeHHblM'b Bb kOHUb § 332 TokmecTBOMB

n(n—l) n(n—1) - n7v~|—1) (n—~l)(n 2) .- (nfv)_
1_~+ .“i 1-2...» * <23

noAy+uMb, 3aMbHUBD elle # Ha 27—1 U x Ha =

“(2n—-3) 7 |
S@2n=2)" 2

.
\.\
T
w
=
8|~
NS
oo
2
2
=
Il
DO
-PCAJ
O‘Cﬂ

HpH BOBpaCTaHiH 71 00 oo WHTErpajdb CTPEMHUTCH Kb 0, W IpUTOMB aCUMITOTHYECKH
po 1 \l/?
2 n

726, UnTerpnposanie no vactAM®. [lycth # u v 1Bt dyHkuiun
oty x. Wsv dopmynn d(uv) = udv + vdu unTerpuposaHieMdb
BLIBOOHMD

12) /un"u=uu— /vdz/.

3ta Qopmyna nossondgers HaHTHjudv, ecnin  u3BhECTEHD fvdu ).
Takoe BbIUMC/IEHie HA3LIBAIOTL HHTErpHPOBaHieMb MO YacCTAMb.
Korna npennoxeto HaitH HBKOTOpHIH HHTErpanrb, TO MOABHHTErPANLHYIO
dyukuio f(x) MOXHO Ge3uucleHHBIMB MHONKECTBOMb CNOCOGOBDL TNpel-

*) [lpumbuuTesbHO Kb olpefbneHHBIMD MHTerpaiambp sTa Qopmyia
fIpUHHMaeTs BUIDB
5

b
judv = (u'u)l(’t —/fudu‘
a

a
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craeuts Bb Buab f(x) = @(x) ¢ (x), U TNPHTOMBL TaKb, uTo Y (%) dx
6yners nuidepenuianomsb usbbcTHo# QyHkuin v, Ho npH Be6Ops DyHK-
uin v (x) HaLO PYKOBOLMTbCA THMB, uT06bl MHTerpupoBanie v¢'(x) dx
610 npotte, ubMb uurerpuposanie f(x)dx. Mer BunuMb, crbrosa-
TeNbHO, UTO MHTErPHPOBAaHie NO YacTAMb, TAKDb e KaKb H Cb NOMOLIbI>
NOACTaHOBKH, ecTb He Gonbe, kakb npiemb, umbiowid ubavio ob6aeruuTh
MHTErpHpOBaHie, TMOArOTOBMAR e€ro Kb HenocpeicTeeHHoMy. Hepbako
BcTpbuaercs M TakOH cayuyalf, KOrfa HHTerpanhb, NPEVIOMEHHBIH 1/s
BLIYMCIEHIS, caMb ModBIsSeTcd Bb NpaBoi uacth dopmyas (12) cb
K03 dHuLieHTOMD, He paBHBIMDb €IMHHUB; BB 3THXDB Clyyadxb HHTErpH-
poBaHie no uacTAMDb Obaaercs HacTOAILEK METONOH MHTerpHpOBaHis,
noromy uto ¢opmyna (12) nacts Toraa 6e31) HOBBIX'b BbIUMC/EHiH 3Ha-
yeHie MCKOMAarQ HHrerpana.

727. Mpumtpel. a) 3Hauenie /‘Vl—x‘lwz’x TOTYACD NOAYYHMD, HANUCABD

]
V1i-atdv=xV1— 22+ x:l':x;;
[y Ly ]/-l —

BTOpPO! HHTerpars paséuBaercs Ha

4 in’x—qrcsinx— q]/l—_——%idx
J Vi . Vi a? . R

Cnbaosatenbho (cpaB. ¢b § 725, b),

/ V1i—xtdx =4 (xV1—=a2+ arcsinx) + C.

b) Uro6bl HalTH MHTerpanbl oTb sinlog x dx u coslog x dx, aambuaems,
YTO HHTErpupoBaHie NMo yacTAMb, NPUMBHEHHOE Kb 060MMB, AaeTh

/)sin logx - dx = xsinlogx — /.cos logx - dx,

/cos log x - dx = x cos log x + /.sin loga-dx.
O1ci0fa BLIXOIUTDH, YTO

[sinlogx dx = %(sin log x — coslog x) + C,

/cos logx-dx = —:;- (sinlog x + cos log x) + C.

TakuMb ke o6pasomb, NpUMbBHAS MHTErpPHpOBaHie M0 YACTAMB Kb ¢ sinxdx o
¢ cos x d x, HAXOAHUMD

/‘e”’sinxdx=-— e’”cosx—}—/ e*cosx dx,
]

/ezcosxa’x= e’tsinx——/.e‘” sinx dx,

. .
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OTKyZa
.
/ ¢’ sinx dy =} ¥ (sinx —cosx) + C,
/ efcosx dx =L ¢® (sinx 4 cosx) + C.

BﬂpO'—leM'b 3TH HHTErpajbl HE OTIHYAKTCH CYUIECTBEHHO OTb npeablaylIHXb,
Kb KOTOPbIMb OHH H NPHUBOAATCH MOACTAHOBKOKW X = logt

c) Ananoruyso Gyaemb uMb1b
.
fcos2xdx= fcosxdsinx:sinxcosx»{-x— /coszxdx=%(x—l-sinxcosx)-l-C.
/‘xcosxdxz [xa’sinx:xsinx*fsinxdx:xsinx—l—cosx—l—C,

/x2sinxdx = [xzd(—cosx) :—x9cosx—|—2fxcusxdx

=2xsinx + (2—x2)cosx + C,
/x"cosxa’r=v”sinx—n/ 2 Lsinx dx
= x"sinx + nx"T cosx—n(;z—])f Zeosxdx
= ("= Isina+ " (= 1) (n— 2" 24 Yeosx+C,
' ‘xdx
/arctgxdx:xarctgx* /14—_—@=xarctgx—logy 1+x24 C,
/10g(x+]/1+ ) dx=xlog(x+V 1422 —V1+22 + C,
f10g(V1~x—l—VH—x)dx:xlog(Vl—x+V1—|—x)—|—%(arcsinx~x)—|— C,

*dx _2[ e”d]/éii_‘l:22x]/ex~1—2f EVeE—1dx
Ve —1 .

2
oy E— T [ L4E g [ ddx f(e+2n/e41+c
Ve —1 Ve

(e CEe

L.lxi
4 ) ea:_l_e—a

_xdx L go.
(e 4
0

—log (e°+ ™) }+C

Orcroda, Bb 4aCTHOCTH,
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1
Hakouneus, nogacranoBkoro arctg - = 6, oTKyma « = cotg®, W WHTerpupoBa-

HieMb MO 4aCTAMB MNOJYYUMB
T

© 2

2
f[arc tg <xl)} dx =1im 62 cotg 6 + 2/6 cotg 0 d0,
- =0 .
6 0

a cabmosarensHo (§ 725, f),

7T T
@ 2 2

2
f[arctg(%)] dx:2[edlogsine=—2[logsinede=nlog2
B [ [

(Mocrbauie nBa npumbpa B3ATe W3B HTanbsAHCKaro usmasis 1905 roga).

1+ sinx
d) Uro6nl B3ATH MHIErpasdb OTHb I+
1+ cosa

¢"d x ')y npumbHsieMd HHTErpH-

poBaHie mo 4acTAMb

14sinx , _ 1 +singx z l+cosx+_sirr>17x .
fl—{—cosxe dx = l+cosxe f (1 + cos x)2 ¢dx,

‘M nuweMd nocabariit muodepenuians b BHAb

Fdx “sinxy dx  de” L Fd 1 &’
T4 cosx ' (I+cosxp  14cosw

1Tcosx  “T+xcosa

Ortciona crbayers, uto

I'+siny , ., 5, &
fme dx=e1g 5

MoxHo 66110 66! u36bwarh WHTErpUPOBaHiA MO YacTAMB, YMHOXKAs YUCAUTENS
H 3HaMeHaTensa Ha 1 —cosx ¥ pa3buBas monyyeHHe# AuddepeHlians cabry-
IOLMME 06pa3oMs

+C.

ex

sim &

1 cos x 1 cos x
- - = et dx e &Fdx =—d(eFcotx d
(31n2x sin x) + sim x  sin? x) ( )+

e) Ecin tpeGyercsa HadTH uHTerpanrbp orb & log”x dwx, npu m > — 1
H 7 — UbJAOMB MOJNONKHTENLHOMD, TO Cb MOMOIBI0 HHTETPUPOBAHIA MO YacTAM®,
H NOBTOPHArO MPHUJIOKEHiA NepBaro NoayYaeMaro pesy.ibTaTa, Halgemb

oz dr = Ftogix P [ alogt - dx
. % BT it A B B

xm+-1 ( n 7 n—1 1 (n—1) n—2 n! )
m T\ 08 G leg" T e e e e )+ €

1) Jrorp npumbpp 3aumcTBOBaHB H3b ,Glasgow University Calendar®
(1901—02), rob yuratens HafijeTb MHOrO APYrHXb MOJE3HBIXH MPUMbPOBD.
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Takb Kakb NpH BCakoMb v >0 u m > — 1, dynkuis ™1 log” x, pasHas uymo
npu x = 1, cTpeMuTcss Kb Hyawo crnpasa otb 0 (§ 312, a), T0 BB YaCTHOCTH

6yaeMdp UMBTDL
1

_ n . 1
(13) & log" & - dax :( D" -mn!

. an-:l: 1 )"J'_1 .
0

Ananoruyno 3TOMY HaxXOAUMB

/‘x" e Tdyx =—a" e T4 n /‘x"‘-L e Tdx

=— (@t Tk —DA ne "+ C,
H BB yacTHocTH, 3aMmbuyas, yro, npu BcAkoMD ¥ > 0, (x“’e—x)ff =0,
x
(14) /‘x" e dy =nl (e D% = n!
.

)

Ecmu ators Pe3y/bTaTh U3BbBCTEHDB, TO MOXKHO JErKO UMD BOCNO/Mb30BATHCHA
t

uT06bl U3b Hero BhiBecTH (13): CTOHTHL TOMbKO CABIATH MOACTAHOBKY X¥=¢ mL,
Hb#cTBUTEAbHO, TOTAA
1 e
. _ — 1" . !
Mlog"xdx = (=1 l—i e dr = (=Dt i
) (m-+ )"+, (m + 1"+
0

BrnpoueMms, dopMyna (14) ecrs yacTHbi#l cayyati apyro#t paHblle HOKa3aHHOU
(§ 721, h), notomy uto »n! ects 3Hauewie I'(# +1) aas ubnaaro #.

f) UuterpupoBanie no yacTAMb, NpUMbBHEHHOE Kb UHTETPAanaMb

@®

o2
*
a, = /‘x” ¢ Tcosxdx, b, = / & e Tsinxdax,
b 9

b
1aeTb
o
a, = (&" ¢ sin x)y — /1(nx"wl —x™") ¢ Tsinxdyx,
by
[s 3
b, = (¥ e Tcos x)0 + /‘(nx”‘1 — 2" e Tcosxdx,
o
T. e

a,=b,—nb, ,, b =—a,+na, |

OTH COOTHOUIEHI MOWHO COAHHHTb BB OAHO: ¢, =% (1+47) ¢, ,, NOMOKUBE

*) Cumsonb (f(x))fl o6o3HayaeTs pasHocTs f(6) — f(a).
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cp=a,+ b, upn 2 = — 1. 3ambuad, uto ¢y = £ (14 ). BEROAUME OTCKIA
a . Bl
i— $x0
1 gt et nl pmi) i
¢, =n!-—5— =ull —— ) = i
2 ) nH1
1 &
(2 1
CoknosaTeapno,
n! Fi1 n! T
= s{n 1)~ — 5 .
= g cos L+ 1) i f, af Si0 (r+1) 7
g 2 g 2

Ofwnte, npH cos a > 0, »MbeMt
ral

[..1':" e TTH % ops (xsin @) dy = nlcos (w4 D e,

/ & e T gin (ysin ) da = 1! sin(z4- 1) a.
i

- T
M3n sTUX® dopMYNh MOAYUAIOTCA DPEALIAYWR OPK a - s sambub x wa

X VE .

Trof i

g) Buuncanms f sin® x da npu » ublowe nosoxurersHoms. HaTerpupo-

0
BaHiC M0 YACTHMB JAeTh

b2

@l
[ L]

2

(] £ £l
- _ . . —9
/ sin" o dx — / sin® 'x . (—cos¥) = (n—1) / sin* “xcostx dx
- a -
3

e fra
2 2
L] .
- -7 .y
= (- I)J it P x o dy — (2 — 1) /sm” xdyx,
i} by
OTKYIa
2 JT M3
E ] E)
-2 s
. o —1 | p_d wt—1y{n -3 .
sin"y dx = —— sin" P ady = { ) . ) sin*txdr=. .,
" n(n—2)
+ - -
0

TaKb TG, BB KOHUB KOHLOBD. MPUXOIHMD Kb DIHOMY H3D OBYXT HHTerpaldBt

i
r

]

/ d.];:%—; ./ sinx da ~= 1,

0 0

oren
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CMOTPA Mo TOMY, OYIeT® 4H # YETHOE WIH HeyeTHoe. HTakb,

‘g [ 1-3-3- {?l 1)) L HpH # UETHOM®T
| poe 5 D ;
{13) fsin" xdy=
X 2-4-6- (”"1) NPH # HEYRTHOME
3.5-7- P .

Otclona nerxo BeiBectd GopMyny Baanuca (§ 464, a), HCX0A HAD HEDABEHLTBE

/ sin” " My o j sin®® x . dx < /sin“ v dx,
] I 9

U]

h:‘;‘q

o =
PRSI
o

KOTOPHIA Tenepb o6pallaroTed BE: cabayouis

2:4:.6...2n '1 @1y oz 2-4.6---(In-2)
T e 4,

2. -3:5- .
35.7. {Zr.s—l-]) 2.56---2a 2 " 3-5-
Ortcwona cabayers

2 2 4 4 2n 2n = 27.2 4 4 2n

18 35 2u-12uf1%2°

FAY
—
o
[ 4}
[}
(v
=
—

2n
[Toatomy, aamibuas, 970 oTHOWERIC Tuti CTpeMuTCA Kb mpegbay 1 npn #

6C3KOHC‘IHOM'I:, Mhl M HAXOIHMB

w2 2 4 4 6 6 8

2133 5 5 7 7

Orcoaa we aerxo saxaouuts (§ 337, ¢), 9T0, NpH Bo3pacTadid #, o4 BuLpase-

Hid (15) cTpeMATcst NpHHATL QOPMY V%, TAKB YTO

T

2
limyu | sin®x. dx = V T
H—m 2

-

Ll

h) HMarerpass J, = fx"'e._"d dx upn # =10 uams ywe wus3sbcreds
0 .
(§ 721, €), a npu n=1 Jerxo BHIYHCATETCH, NOTOMY 4TO

9 =14 / e T d (xY) =4 (e*"dz)‘,’., =4,
il

Bripouems, aambua x Ha } & 438Thb, IPW BEAKOMB #, J.= 5 P(” -2|-1 Ho mo-

NOXHMB, YTO 3TO COOTHOILIEH(e HenaskeTHO, TOraA NpH BOSIKOMB whnoms nono-
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MHTENBHOMD # HHTETPant &, BRIMHCASETCA Cb TIOMOIULIO HHTErPHPOBARIA MO
yacTaMtb CALAYIOLMMD 06pasoMb:

. >
o
. N w—1 ‘ » —1
Bo= & f ey =ty g 2] / W de = T,
¢ o
' 1:3:-5.- (1) Jy, TP # YETHOMB
i
E
(16) Ty = 2.4-6- . (u—1)
———,.f3 -  TNDR 7 HeYETHOMD
s

YToGE BHYHCHHTR Teneph H J,, 3aMbTuMB 1), uTo BbIpaxeHie

o

3&—{»1 +2 agw + o gn—l = [‘xn—l (- G)E 3‘:”2 dax

n

1A BehXb BELCCTREHAMXE 3HAUERIH 1 NONOKHTEABHO, H 4YTO LA 3TOCO HEOD-
xoaumo J, 43, >IN Tl

3”—1 g]ﬂ. g[n— 1 “"e'[u -1 é]n 2
p ; MeWAY ThEMb, KAKD - ey g —
I g]n-‘rl &ys T JN-I—L "
CabaoeaTenbHo,
RN VA
an i glu+1
a mosToMy nocrkaosatensHo
2 a'n 2 : g"n -V—; e . g‘ln }/—;
— > i =, lim - — =2, lim—mk——=1.
o,y #+10 ne w=n Janiy

Ocraerca nonctasuTs Boipaxetin (16) »b nocrbasec pasenciso, 4T06bH MOAY-
unth (§ 337, <)

Vg 274062 11

IR B B Y v Py ATl S L

%o (-3

Janbe merra yCTAHOBHTS, YTa Bbipaxerin (16) npu HesnperbabHOMD BO3pacTaHin #
CTPEMATCA MPHUHATH ACHMITOTHMECKYH) (OpMY

=V G

1} 'Stieltjes. »Nouvelles Annales de Mathématliques® (1890, ctp. 479).
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iy Tlpeanokums ccOB GRIYHCANTD

3

il
J= / arc tg ;— are tg »% dux

npH @ #H & nonomutensubixs, cabiys nyTH, yxasaHomy Jlepwemn (Lerch,
Giornale di Mathematiche, mapts 1903 r). 3Hademie 3Toro HHTETpana nph
a=>=1 yme usphcro (cm. § 727, ¢} W Mbi Bcxoph cHOBa HaRmeMD, uTO 3TO
spauenie Z=glog 2. 3arbumb, OpH a=06, HHTErpand papedH® A, UTO OPAMO
moayuaerce aambHOIO & Ha ax. Otclona crl’snyem 4TO

o
a2

9
LI+ R+ by~ / (arc tg rf_—-—f— arc tg f)—a’x
3ambuag tenepn, uto (§ 254, d}

( +f;)x mnpn x<Val

—ab " ‘0mpn x>Valb

atc tg -+ arctg L = arctg

neaynuMb

1"frﬁ @

QEI—'—k(a'i-b):._f( alctg(a~l bi:)dxi—!f(

9 Vab

r?ﬁ @

=1Vab—2x /arc tg(-—+—~1 +](ﬂfc tg( b;;) dx.
5 0

. ab
Oan pbluicnenia uocabmaAro wHTErpata, 3aMbHEMB & HA — W 3aMbBTHMD, YTO
x

—ab

(a+b) }dx

T (atdyare (@8 %\2  ab
J(arctg .x—’-ab) dx = .f(arc tgﬁ) d;—
0 a

| (a+6}x abd
= 2'f(arc fg - a'b) [(x-»--T),
0

a 3ambuaa TENEephb wa yepears X, HahaeMd, uTo HCKOMBIH HHTErpane TpUd-
BOJUTCA KB



286 VII, 1. HHTETPHPOBAHIE. § 727

CabacsaTeibuo,
Vag

g = %nz Vab — = /arc tg i@l dx.

A
i

Teneph MOXHG OBIAO OB npAaMo [IPHM'BHHTI: HHTBFP}{DOBEHiE [I0 YacTaM®, HO
mponre paafi}i'rb HHTErpan® BO BTOpOﬂ Y4CTH Ha AB&

V ab Vab

z]
] arctg da. + farc tg lz dx
g §

H HHTEFPHPOBaHiEM'b TO HacTAMb NOAVYHME

& — b a a4+ &
farc tg ’e dx =V abarc tg]/—T —- "
-
OTKY A3
Vab
Cl
f; 11+b
arctg(a—i_b)q!x— :n]rab—— g("—i_'}h
—&= a’h

]

H OKOHYATEMHIIO
g o T g O
@ '2 0g a bb B

[BroTt MpHMbpE BIATH W3B HMTAABSHCKACO H3Zania 1905 r.].

i) Br saxmiodyenie moxaxewms, YTO BTOPOH HHTErpass Bb QopMysaxs (11)
fOXYY2eTCA H3L EPBAra HHTET PHPOBAHIEME M0 HACTAMB. TaKb Kakb

sin ax - sin g sin &
(—--—-- e ) = lim ——=-3in 3& — alim sin 32 = 0,
& w r=0 x r—ao

TO

o Ll

Ll
. ) adx . . 1
sinax . sindx |, = sin gx -sin o o |[— —
x? x

0 ]
»

. ) . dx
== /‘{p’ sin nnx cos fa + asin dx cos ax) —
X

:
= tadisgnlat+d+sgnic—ai+1aa{sgn(d+a)+sgn(3—a)

=ja{at-Nsgn (w3 —tala—Msgn{a—A) =1 af{latd | — ja—d1}.
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728. UnterpupoBanie npn nomown pagoes. Ecnw B1 Hb-
KoTOopoMd wuTepranth (a, ) paas
Six) = (%) 4 ua(®) + wgla) + - - -,

YNeHB KOTOpPAro HempephBHHA (QYHKIiH, pasHOMBDPHO ¢xonn-
wifics, To 6ydeMb HMbTh

B b b B
[f{x]dx s‘/zai(x)dx+/u2(.x')u’x+ /yg(x)dx | - -

Bb camomd ahib, Mer 3HaeMB, 9T0 (§ 322) npu AGHHHXD yoIoBIAXE f{(x),
TaKDb We, Kakb M u;(x), HenpepblsHas, a NOTOMY M HHTETpHpYyeMas
{§ 719) ¢ynuuin. CabnosaTensHo, ecan ,(x) 0603HaAYaETL OCTATOK®
JAHHATO paja, TO MOXHO HallHCATh

& b [ ] b
/f(x] dx = ] wy(2) dy + fzf._,‘(.r) dr 4 - -|-fnn {xyda — / gl da.

Ecan Telepn £ NO [(pOM3BOAY 3alaHHOE CKOAb YrO/IHO Maioe nojo-
HHTEALHOe '-IHC-’[O, TQ, KdKb Mbl 3HaeéMb, MOXHO _}"KaSaTb Takoe ‘l}iC.ﬂO,
yro ans echxp 3uadeniif s GOABUMXL 3ITOro 4McAa, H axn JAKO0rO
snavenis a Bb wurepsant (2, 5), Oyneme wwbrn | @ (x) ' < €.

[TozToMy
A b
/{F‘u (&) da | = / L, () | e < (b—a) e,

13 | “

a rnoToMy

b b

] &
lim / g, (xrdy = 0,‘[/'(.15) d.x:fﬂl (x)dv — / g (Y da 4+ - - -
n—m, -

il

3ambTuMb, 410, Bh HACTHOCTH, RCAKIA cTeneHHOR pAgD NONYCKaeTdb
NoYJeHHOE HWHTErpHpoOBaHie.

729. NpumEpni. a) Hurerpuposanie Npu NOMOWM DSIDRE MOMETL CIy-
WHUTH AN pasnoWeHis hyHKOi BL CTeneHmO# panb, ecnu M3BBLTHO pasiokeHie
npouanognol. Taks, HanpEMBpe (§ 233, e).

_ x 1 4 13 w135 7
MCS‘“—_/Tﬁj*“*z F Ty s toee T

1 1.3 « iy
log (x+) 14+ j}1+m Y—gyteg s a7
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PH ¥CyopiW, urto BB npasolt wact a2 me > 1. Ha ochoBanln u3pheTHHIZ®

‘bOPMY*“b.‘ npHBeleHHLXs eoiwe (§ 725, d) ofa pasaoweHis SKBHBANEHTRH,
MOTOMY yq
AMCSin jy = arcty e = dog Vel T T L ilog e+ VIT D).
YT ers P

Wb by MuterpHposanic npH NOMOLIE PAAOBD YACTO NGAGIHO AR BbIYHCAEHis
. KOTORp xh onpeXBARHHBIXT HHTErpatoBb. TakhL HanpuMbph, BechMa OHCTpo
BUACTYerea RETErpaT®s oTh X7 d v BE nperbnaxh 0 u | upd noMomy pa3romenis

xlogx  aflog?xy aflogha
2% — glogr _ 4 F gx | ATlog A 4

i R
1 12 1.2

'IHSHCTBHTEJILHO, RHTCIPUPYA N NPWIoMBHAA dopMyay (13), TOTIACH HAXOAHMI-

1 1
Efj Ll * _ln
fx.‘ndx= ‘}’ 1|_4/ x”nguxdx’—' /’._(_ Zm,
. ! s’ (3 - 1Y
[¢] Q
T. i

1
. - 1 I 1 ,
jx dx =1 o +g— g+ = 0783, ..

0

Qbuhe pubens

ul B S L S

1
(i /axw_l_,.; log™x dax — 1 ) (_n:+1)a‘ (1) 42)y
5 @ @ stT (et 3yt

Bx H3QrHocTH, 3aMbBTHME, YTO

! :
— f.-\f” loga dx — [.r"' da.
i )

14+ x\? dx .
¢) ToyHo Taw® e N4 BelyMcachls pETErpaza ors log| ——) - B

1—xf &

Mpeabraxy ) g oo MONHO BOCTOAB3OBATHCS PAIOKCHIEMD NIONBHHTETPAHHOM
GYHRY i g1, crenenmoft paab. Ho neobxogumo 3ambinTh, 4t0 BB WHTepBalh.
OTe U 1o 1 ¢e HAZo pasIoNNTE MO BOCKOMALHMY® CTENERAMD X, 4 Bb HHTepRash

1
ors | 0 oo JI0 BOCXOAAMIHME CTENEHAMD o Oxnaxo, MoxkHo u3GHEKaTe 3TOrO

E"DPOT\O Tra3nomerid, OrpaHHYHBh HHTETPUpORARIe HHTEpeasoM: oTe 0 mo 1.
OCTaReoumo paA3GUTE NAHEMHE WHTErpaiTh HA /ABa

1 @

* 14+ x Jdx x
Q/Itjgltx- _T."'?/‘longF_
p i

n

—

Ldx
X

—
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1
1 3aMBTHTH, 4TO BTOPON HHTEMpAN®s Npu noAcTaHoRkd . ra Mhere x, obpa-

THTCH Ob
{1 1
" 1*-1 1 S s d
Cvd 2 — gt T E
10gl: xd < ]oglwx 5
x

1 o

IToatoMy mamnbilt HeTerpasbs umbert anauenie, pasuoe (§ 219)

1

) i
) I+ du , o xt -
4,/ g - ; x'—s/ (lT 3 Lo boofdw
i

n

-

T. €. paBeHT cyMqb pana (§ 365, a)
1+3]u P R

YMHO}KEHHOH Ha 8§, TaKd uTO

d) OGparHo, MOKHO GOCMOALIOBATHCH HHTCIPHPOEAHIEMD Ch NOMOUILK
PANOBD OAS CYMMHPOBAHIA HWLKOTOPLIXT PioBb, w3odpamad YAeHbl 3TAXB Psi-
N0BB onpexbieHHbIMH Hmerpanam{ Taks, Hanpumbps, 4TOfB RHafdTH CymMMmy
paaa 1 —3—4 L34 ... gocTarouue 3aMbTHTh, 4TO €A 3Hauedie pagHQ
onpc;dsnmnowy unterpany (§ 725, d)

1 1
: - . : PSR ) I
(I-bor—ad— il afio ) dy = /-‘i'—‘—.)= % are tg1 ?_x L:-_-g-%?:-
X STyt ¥E L33
0 0

CrbjloratennHo,

} 1 1 1 H 1 1 1 2a
SR T Sl TR S S (S VI R TV
Toudo Tak® ®e cyMMa paga y—+ -+ — L4+ b —4 4 pasmna MHTErpaisy
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a notomy umMbemb

1t 1.1 1.1 1 1 1 T
To3TETE TR 0T om ot TV — s
e) TlepBbll H3®L MOAYYEHHMXb B MYHKTH d) peayqLTaTOBD 3aknMMACTCH,
KaKL YACTHHA CAYuYaH, OpH o = li , Bb uaskerHod dopmyab (§ 363)
17 o4 sin2a 4 sinde o =200 |2,
(17} sin g 4 5 sin2a 4 o o =g ol

KOTapad <aMa MOXeTh ObITh NGIYYEHA TAKHMT: WE NYTCMB, T. € ODH TOMOLUH
HHTETPHpOBallA pAaja

sinee - wsin2a—asinda |-a¥sinde - -

mexay npexhaamu 0 u 1. Takb kaxn sin(#—1) e d-sin(#41) @ =2sinx ¢ cosn,
T0 HMbeMDB TOWAECTBCHHO

w o
2 1 : ‘ . \T 1
(14 x% v:x" sinsa — sinu + 2 cos N sing @,
1 1
OTHYJ4 BHITEKAeTh

2'.7‘—1 i _ .. _ sima
(18) X Sin# ¢ = i

- —2xcosa |a?

(losTomy cymma pana (17), opu ycaoBid, uTo MckIKuamTes TH JHauenid, TIH
KOTOPEIXD sin e = 0, MOwCTE OBITE BBIPUKEHA TAKD

1

sine da x—cos a\!l )
-] T 9xcosa [ (arc tg EG—)O— arctg (tg "2') + arc tg (cot «)-
it

CabnoparenbHo, HekaMan cymma (§ 254, d) papna arc ty (cotg ';_>, MOTOMY 4TO

cotgatg % < 1. Tloayuernoe supaxeuie pabEo Bupaweniwo (17) u Haodpaxaers

CYyMMy DAR4 H [PH ¢, PABHOME HEYETHOMY K[ATHOMY OTHb 7. FHO OHO TCPHCTH
CMECID NPH @, DABHOMD YeTHOMY KPaTHOMY OTBH it, KOTJA, KaKb Mbl 3HAEMb, U
dopmyra (17) He umbers mbera

f} Kb apyrumn 3ambuaTenpHEIMEL Pe3yARTATAMB GPHBOJHMB HHTETPHPO-
Banie BHpawenia (18) no a e npegbraxe otk b wo kakoro HEOyaw «, npn
UEMB X OCTACTCH MOCTOAHHBIMT W AemauuMb Mewny 0 u 1. Ilpu atomb npei-
nofaowedin, kaks wspbeTHo {§ 320, b), pamwe (18) papwomBpHo cxomsmiftcs.
Cp noMOUBKY HHTETPHPOBAHIA TOTHACT HAXOIHMD

1z

a0 n .
x d (—x cosi) 1 1 —2x cosa -+ a2
l—cosma) = | — EORL g s EF 08 ,
Z " (1= coswa) fl —2xcospntr® 2 log (1—a)?
0
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T. e., 3ambHAs ¢ Ha 2a,

. 1 . . — L
x sin? 4 = x?sin? 2 + —}3— 8sin? 3+ - - =4i— log — -2 Elcfi)f‘x
a--3% L fu—@
3ambuast janbe, 910 Sin a sin ) = sm-f 3 J— siny —). noayyaeMs eure
csinasind = ga%sin 2asin23 + L ¥ sin3asindg 4 -
1 1—2xcos (e 4 8) —a?
- 1 et el N S
3 & | —2x cas (i — 3) — x2

Or1coaa, va ocHoBanin Teopembt Abens (§ 340), cabayers

a3
1 1 1T
sin ¢ sin 3 -+ —Z—SinQ(asin‘Zﬁ - Esiulﬁasin 33+ =§[og w3
51N — -
2

Jta QopMyid AaeTE HAMbL BOAMOWHOCTR BBYMCANTL €lC APYTOH WATerpadb.
AHAnoTHYHLIR WeTerpany (11 Co mosmowsw e BuoNE cTporaro npieMa, yike
npuMbHengaro panbwe (§ 721, € i, h), nerko naiinems

xn

-2

”’__”,

; o i 1
i era sin p‘_rT =7 log

g) BuiuMcanMbL, Hakodeus, eme wHTerpass Jdepnxae (§ 721, ), cofupan
Beh 2eMeHTH, cOOTBRTCTOYIOWIe oaHoH 1 Tod xe abcoanTHOH BeauuuHbh sina.
\’fT o
e AYTHE, -,
242, 3m—x, 4xto u T, A OyayTh umbTh ONHO M TO ke 3sHauenie Cumyca,
a ayrn o+x, 2a—x, 3w, 47—& W T. 1 — TO Ke 3HadeHie €b OOPATHHIM®B
o
sin ¥
3HakoMb. OTciia crbayers, YTo
U

ITpr 3TOM®B, KOrAd & uMbCT sHavetle, Mewaes MekEy O w

x MomeTp OLITh DpelcTasaeHb cib-

AYWWHMD 00pa3umb

111 1 i o da
(x Tw -x atx 2a—x 2ata + 3g—x C)EOEEN
Mexay thvb (§ 464, ¢) pasL kh ckodkaXb nmbers sHanenie
_1)?3
x—aa _Zanrﬂ

271— !»——f-l——,l—,v A—--—:—-l (cot e o ) —1

- fx — 12 e (F—x) -T2 in

m
w |
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CabroBarennio,

210 BwuMcaeHie Jerko cnhaaTh COREPIUEHHO CTPOrHMB ).

KpaTHble MHTerpainbi.

730. Heanpepbnennoe HHTerpuposanie. Haw npeiwiaywmuxs
nacnbaoBanil ACHO, YTO 342a4a UPOCTOID HHTETPHPOBAHIA BDL CYIMHOCTH
COCTOHTE Bb paswckaniu Qyakuia v, xorna uswbcTaa ex nponssoanan
@y "
—a,;=f(x_j. He 6ynert CyLECTREHHO HOROW 3a/a4Yeld BONPOChH O pa-
3pickatiy weuspbeTHOM (yHKUIH OTH WHCKOMLKHMXb NepemBHHLXB nO:
Ranuno# vactHOH es OPOH3BOANGH, B3ATOH NO OAHOM H3Db nepeMbHHBIXD.
Hanpumtpy, ecnn Tpebyerca waliTv §ynxiin 2 07h & v ¥, Korna nawa
d =z
NMOCTOAHHAA, TO TaKb € HA HEe HANO cMOTPhETL NDH HHTErpHpOBaRiH,
TAKL 4TO & =ff(x| Yydx. Ho Takb KaknL BPU ITOMB ¥ CYUTAETCH
MOCTOAHHEIME, TO [OAT NPOM3BOALBHON MOCTONHHMOW, sBAmOwedca npu
3TOM'b WHTETPHPOBAUIH, HANO NOKKHMATh HE3ABHCALLY K OTh 4 BCAHYHHY.
Oua MoweT® 3aBHChTE OTH ¥ ¢ GyaeTh mb CYIMHOCTH MPOU3ROALHOR
dynknied ore y. Touno Takb e He HOBHMH, MO cyuiecTry akaa,

=f(x, v), opu COCTABJACHIM KOTOpO#H ¥ DasCMATPHRAe1Cd, Kakb

P . . a2y
OynyTh BOMPOCH O HaXomAeHin ¢yuxnid y no pauioH T = f{x),
2
HAH £ [0 JaHHOH %{% = f(x, ¥}, 1 BoOGLIe MO AAHHON NPOH3ROAHOH
KaKoro YroNHO MOPAAKA, HO B3FTOH N0 OXHOH Juile Depembrnofi.
Hickoneko nocabaoparenhBex’s WHTerpHpopadift 1o 3To#i nepembunod,
NpH YeMb Pyras pascMATPHBACTCH, KaKb MOCTOAHHAN, BCRTA NPHBERYTD
Kb bay, ne Tpedys Kakuxb AHO0 N00aBAeHIR Kb CKAZAHHOMY DaHbIIE,
Hosn#t BoupocH wBafgeTcH JHWB TOrja, xoraa Tpelyerca HalTH Py~
Uil =, YAOBTETRODRIOWYW YPaBHEHIK
2z

(19 Sxow =flx, »),

rit f nannas  diyskuia  oTb HE3ABMCHMBIXD MepeMbHHBXT X H 4.
Honyckaa a priorl cyulectrosavie tako#t ¢yHkuin 2, sambuaems, uro

1) Cm. ,Calcolo integrale Arcais (crp. 198).
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0z
Jobgad yacTe pascHcTsa (19) ecTh 4acTHadm NPOM3BOAKAS OTh ——, B3IATAA

dy
10 x, NPH COCTaBAeHIN KOTOpPOH § PpasacMaTPHBAETCH, Kakh

NOCTOSTHHAA, OO3TOMY
vz, .
0_‘;. = fj (.X'_, _'}') dx.

Huterpupys Temeps no v, BH TNPEANOJOKLHIH, YTO a OcCTaeTcs
TOCTOAHHBIMD, N0AYYHMD

g = / '{ [ ‘f(x, )i x} dy,

/1M, KaKb HHAYE THIIYTD,

F =.[‘d_y.[if(x, Ndx.

¢lcHo, 4TO MOWHO pascMaTpumare absylo uacTo paBenctsa (19), Haobo-

dz
POTb, KaK'b NPOMSBOAHYID OTE —, BSATYI0 MO ¥, A TOrA4d AHANOFHY-

z =.fa' x/}(x y)ydy.

Qbwin peaymutats UByXHL n0cnbiA08aTEIBILIX'h HHTEIPHPOBRARIN  (ecan
OHb CyNleCTOYeTh), MO PAIJHYHBIMB, OAHA OTb APYrofi HEe3aBHCHMBIMD
nepemEHHLIMD HASKBALTCH LHOAHBIMT MHTErpafnoMb M naobpamaerca
cABAYIOUIHM B 05DA30ML

(20 o= / " [ Flx, 3y da dy.

Hauo sambruth, 4to ectM cywecrsyers oana diyukuin g = £ (x, y),
yA0BACTBOPAOWAS ypasHeniwo (19), To cywecTayeT™s u Oeaydcienioe
MHOXECTBO (hyHKLUIH, eMy y/AOBNeTBODAIGIINXEL, H ofMee HXB Bhipamedie -
Oynets

HbiMD NYTEMD HAHAEMD

= Fle, )+ g le) + ()

rat @ (x) npoussonbHas dywkuiy ognoro x, a 1 (y) npouspoibua
(hyHeuit omxoro ¥y, Kb 3TOMY pesyaeTaty MOMHO TIPHATH, BBITHCLIBAS
npu 10cABIORATENLHBIX S HHTETPHPOBANISXE NPOHIROIBLHEIY NOCTOSHHbIA
{KOTODPHS Rh LAHHOMDL ciyuah OVAYTH NPOM3BOALHHEME QYHKUIIMH OTH
TOH nepeMbHROH, KOTOpas PA3TMATPHBAETCA, KAKb TMOCTONHHAN [PH
HHTETPHPOBAHiIK), HO euwe npomte <iAbaate oBbpKy npensidyuiaro
paBeNcTea, KOTOPas [acTb

ds _aFr , 0%z 2
——= - rE) U == o
dx  ox dxoy dxoy

Fog
dxdy

= /(x, ), Mo yCADEW.



294 VII, 1. HHTECPHPOBAHIE. § 741

731. Onpepbknennulii ppoliHoff WHTerpasd. Koraa mul uuesms
npoctoit onpenkieHswit uuterpans ote f{x) dx Bb murepsaat (a, b),
rak @< 6, TO orpanuuenie, HanargeMoe HAMH HAa HePeMBHHYIO X,
MOMHO BbIPA3HTL HePaBeHCTEOMB (x—a)(x— )= 0, TaKb Kakb 3TOMY
HEDABEHCTBY YAOBAETROPAKITE BCh 3Mauenis ¥, newawis BB wureprant
{a, §) u ToabKo 3TH snauenin, Ofwnhe, Beaxoe Hepasenctao L (x)==0
H306GPaXaeTs OAHHD WIH HBCKOMBKO HHIEPBANONTL, COBOKYTHOCTh KOTO-
pLIXT cocTamasieTh 06aacTL HHTerpHposaHis. OOpawascs Kb OBO#H-
Homy wunterpany (20), nonoxumb, uTO MepeMbHHbLIE X M Y, OCTaBaACH
OlHa OTb ADYTOH HE3ABMCHMBIMH, NOMKHH YAOBACTBOPATE HEKOTOpOMY
HEPABEHCTBY
(21) Lix, v} =0.

Honycrumtn  ente, utofu uMbTh nbno b onpenbieHHbMb cnydaems,
YTO M3b FTOTO 1I£PABEHCTBA, OPH JIAHHOMDL 3HAYEHIM &, BEITEKAIOTH
HepaBeHCTBa

(21a) a(x) =y = b(a),

rnk a(x) ¥ H(x) wheotope yukuin ore x, u 4ro 3navewin y,
TakuM'b OGPAIOMBL OrPAHHYCHHBIA, CYLIECTBYIOTE Aad BCBXB 3HAueHid x,
OrPAHHYBHHEIXD 11€PABEHCTBAMH

(21b) v x =g,

rot ¢ 0 F— NMOCTOAHHBIA; OOLIKHOREHHO BTH uHCNa GYAYTH KODHAME
ypasuenia a(x) = b{x). urerpupys dymuxuin f(x, p) mo ¥ BhL npe-
aknaxh oTh y=a(x) 10 y=>5(x), pascMaTpHBan, KOHEYHO, IPH FTOMb X,
KAKb TIOCTORHHYE), MOAYUAMYL Dely.inTaTh, 3aBUCALIf, ROOadLLe rOBOPA,
0Tb X
b{x)
w = [ fle. )y,
alx)
Tenept: po3eMeM® HMHTErpas b 0TH ¢(¥) dx Bb npenbiaxs oth a 10 J.
fTonyueHHoe mpH 3TOM'b 4HCNO
.3 b{a)
{22} &= /rfx [f(x,_v} dx,

:T. 'f!-(ft)

Ha3biBALTCA ONpesBACHHBIMT ALBOAHBIM®DL HHTErPainoMb, PAcnpo-
CTpaHEHHEMB Ha o00.1acTb, onpenbuiseMylo HepasencrsoM® (21), min
PAaBHOCHABHLIMH ¢MY Hepasexcrsamu (21a) n (21b). Ecm F(x, ), npu
X TOCTORHHOMB, €cTh Mepsoofpasnas QyHkuin oTs f(x, p), To dop-
myaa (22) macte anm g 3HadeHie

z = [ 1P, b)) — Fle., ala)) da.
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[ Mpumbuanie. Eciu uab Toro me Hepasencrsa (21) BHITEKAIOTH
HepaBeHCTBa
(210) clyy=x 5 (),

OTPaHHYHBAKILIA 3HAYENT & (PM LANHOMB ¥ 1A BebXm 3HadveHilt y,
Y 4O0BACTBOPRIOUHXT, HEPABEHCTBAM D

(21d) ¥
TO ABOHHOA HHTErpamTb

[A

11

¥ =4,

v
(22 bis) 5= /d)' /_f[.v,'}') dx,

. .
v wiy)

oTmMyaiomifcs ore {22) nopaaAKoM® HHTeTpppoBanit u npenbramu ang
nepemMbuHBYXb, TAKWKE Ha3LRAeTcs ABOHHBIML HATErpaioOMb, PACIpOCTPa-
HeHHBIMD Ha Ty me ofnacrs (21). HManowewwwst 10 CHYB® TOpPH coof-
pamenid HE Na0Th ROIMOWHOCTH TOXA3aTh, 4T0 (opMynst (22) n {22 bis)
DAWThL A9 & OMHO H TO KE YHCIO, T. €. 4YTO 3HA4enie RBOUHOTO
unterpana o1e f(x, ¥) dxdy snoawh onpenbanercs, Koraa 1aHa 06.1aCTh
MHTETPHPOBAHIA; pPe3yIbTaTh 3TOTH BWTEKACTD HENOCPENCTBEHHO H3L
noBaro onpenknenis onpenhaeHHaro HuTerpana, koropoe GyARTh Ao
nume (§ 735). Ecaw fBynesmv pascuatpusaTh x M v, Kakh [lekaproses
KOODAHHATH TOYKHM HA NIOCKOCTH, To ofaacte, onpernbaseMylo Hepa-
BEHCTBOMD (21), WOMKHO pa3cMATpHRATL, KAKh YACTL NAOCKoCcrH, EBCh
TOUKH KOTOPOH YiIOBICTBOPRIOTYL HEPABEHCTEY

L (v, J-') = 0.

- Hame npeanonomenie, cocTofiee Bn TOMB, HTO HepaseHcTso (21)
PAaEHOCHILHO HEPABCHCTRAMTL @{t} = y == H{x) u n = =3, oboana-
4aeTh, YTO MACTH NMIOCKOCTH OFPAHMUEHA IBYMS KPHBELIMH

yo=a{x), »-=4hxv),

M JBYMS NDPAMBIMH, NAPalJeTLHbIMA OCH 1-OBb: X =, ¥ =, NPH uemb
a{x) < b(x), o < 3. Tipeanonoxenie, uTo wepanenctso /L (¥, v} =0
PABHOCHJILHO TAKIKE HEPABEHCTHEAMD

cl=xv=dy), y=y=4d
OGOSHB.‘!ECT'L, HTO Ty e YaCTb MAOCKOCTH MOIMKHO pa3CManHBaTb, KAXKD
OFPAHHYEHHYIO [BYMH KPHBBIMH
x=c{y, x=d()

W ABYMA TIDAMBIMM, HAPANTEJBHBIMH OCH X-OBB: Y=y, y=0, MPH 4eMh
c(¥)<d(s), y<<96. Ecin Ta 4acTh nioCKOCTH, Ha KOTOPYE PACMpO-
CTPAHIETCA HHTEIPUPOBAHie, OTPAHHYEHA COMKHYTMIO KDHBOIO JIHHiE,
L (x, ¥) = 0, kotopasn nepechbraerca NPAMbIMA [HHIIMY, MApaLiensHbIME
ouAMb, He OGombe, Kakh Bb UBYXB TOYKAX®, TO phas ypaBHeHie
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L(x, ¥) = 0 ordocuTeasHo v, Hafllemb ABa 3nayeHiy OPU AAHHOMDL !
y=alax), »=~06(x); o u F—npenbas s 4 -— 6yayTs abcumccs
‘TOYeKb KacaHin KPHBON Cb NPAMBIMH, NAPAANEABHBIMH OCH )-OBL, TaKb
Kakb 3TH abcncesl W OYAYTH HAHMEHBLUMMD W HARGOMLINIMMEL 3HAYe-
HisMe X Bb MawHO# o0GaacTH, Phuras 1o e ypasHeHie OTHOCHTEALHO &7,
noayuaMs X = ¢(y), ¥ =d{(y), a uncna y w 6 —npeabasl g y —
OyAyTh OpAHHATHLI TOYEKT KACAHISE KPHBOH CL MPAMBIMA, 11apanielbHBIMU
OcH x-0BE. BB pascMatprpaemomt cayualk, wakb BMAMMD, HepaReHCTBO
L(x, ) =0 pasdockanho kaxkb HepaBeHcTsams (21a) m (21b), Taxe
u wvepasedcTBams (21c¢) w (21d), ¥ nBoiiHo# HHTerpann, pacnpocrtpa-
HEeHHEIB H4 Jlanuylo  oGaacTb, MOMHO NPEACTABAATL BB dopwmb (22)
wid rt dopmb (22 bis). Haxonens, zambTHMB, YTO ecax pascMarpu-
BaeMas 06]acTk HHTErPHPOBallis, sbipamaeMas Hepaselcteomb L(x, y)=0,
He MOWeTt OHBTb BhIpaweHa HepaseHcTsaMM Buiaa {21a) u (21b), T0 mul
pasfuBaeMs €€ HA YacTH, A KawiaoH H3D KOTOPLIXB 3TO TpeBomanie
BBITIOAHAETCH, H TIOAH HHTErPaloMb, PpacnpOCTPAHEHHEIMEL HA  BCLO
06MaCcTE, NOHMMAEMD CYMMY HHTErpaloRt, pacnpOCTPANEHHBIXL  Ha
KaXiyl yacTh oTabiabeo, |

732. (pumbpbl. Lean ofnacte BHTErpupoRaHig 3alaHA HEPAREHCTBOMb
x4+ 12 = 2%, TO M3L HEro BHITEKAELTh

— 'l," Iy — 2 = - ]_-”2 X — '.‘,:2|

u ¥ 6YdeTd BEIIECTBEHHHIMEL Teabko Npu 0 = v < 2. CabgosaTersuo, ABORHOA
MHTeTPadh, PAaClIpPOCTPAREHHEIN HA 3TY OBAACTh, BRIPASHTCA (HOPMYIOI0

41 Tt

fdt /}’(:\ My

S

Ho #3n mamwaro HEDPABCHCTRA, TAKME BBITCKACTh, 4TO

1-¥F1T R=a=l4+V1
=+ 1,

&

—
A
]
4

f03TOMY MHTCTPAND, PACHPOCTPAHCHHBH Ha GaHAYIO 004acTh, MOXKHO APLIACTa-
BHTE H TAKE:
il +lU -y
aﬁja’a' /f(v ryday,

111 171,'

tepemkllZBE NOPAMOKD WHTErpHPOBaHIH. Orcioa BMTEKACTH, UTO ecad ¢ (&, ¥)
ecTh mnepsoofpaszuan ByHxuid oTe f(x, ») DPH & TNOCTOAHHOMDB, a s {r.v)
nepsoobpazHas GyHKiis oTH F (¥, ¥) MpH ¥ [OOCTORHHOM®, TO IBOWHOH UHTe-

rpais jjf(x,y)dxdy, pAcnpoCTpAHEHHKA Ha IaHHYK ob/MacTh, MOXETH
GLITE NPEACTABAEHD BDb OIHOMb H3EL CIBAYIOWMXD ABYXD Bi108b
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F]
fmuvvh@~mu V2i—£)]dr,
H

1
f!‘w(1+1’"1—f5- -l V18, Hldt
=1

| Taks KaKb TOMNECCTBEHHOCTh ITHXbL BhIpwKeHiIR noka soobuie He - NOKA3dHA,
TGO Mbl MD¥EMDB 2abch aHIIE BpovbpHTR ¢e HA uacTHOMb npudbpk, Doaowussb,
Hanpumhpe, f(x, ¥) = x¥, ACrko Hakgemh IIA TOTD W APYTrOro HHTErpasa
anaueHie, paBHOC AYAIO. |

733, JleoHHOR HHTEIPaNh PA3CMATPHRANCH HAMM, K2Kb DEIVALTATL
HATErPHPOBAHIA MPOCTOro HHTerpana. fieiseTcs BONPOCH, KAKD
NIpOH3BOIATCA AXpdepeniHposadie npocToro WHuTerpana no fepe-
MbHHO#, HesaBucamed oTb nepeMBHHOH WHTerpHpORaHid, MM, Kakb
TOBOPATDH, IO LAPAMETPY, OTE KOTOPArO 34BHCHTE NOLBMHTETPATLHAY
dyuxuia, ¥ KOTOpLIH NPHM HHTErpMpOBaHiH pA3CMATPHBAETCH, KAKD [0~
CTofAHHad, Pa3cMOTpaMB QYHKLIK

i
o)~ [ree i ach

W NOJIOMMMB COEpBa, 4To 4 W & oTt & nesasncath, | Jloxawems catb.
nywmy Tteopewy: Fenn dyuuiia f(x, ¥) HenpepupHa OTHoCH-
TEALHO A H _fl,' oan nckxb aHavenid x }’, YHUOBJETBOPHHUIHXD
HepaBeHCTBaM b a=v=0, c=xz=d, To dyHKuis ¢ (x) Gyners
HenpepsBHA Bb HHTCepBadd (r, ). DBoamrMeMT npouasBoiapHOE aHa-
ueHie v = BB HHTepeanb (¢, 4) M nNokawewmd, 4TO ¢ (x) HENpEpHIBHA
AN 3TOTO 3HateHlr. Mbl umbewmn

]
A) wu)wwu[}wmfmem

(cM. § 715, a). Beatacrrie nenpepunuocty dynsuin fx, v), xamnomy
JannoMy MOAOXUTENLIIOMY 4HcAy & cooTBBICTByeTh Takoe uucno 4, uto

flres Haoni<e,

eciH |x —a i <4, a noToMy M3 NPEAMAYIIArO HEPABEHCTBA MOJYHAEMb
-
[
| p(a) — el | < (b—a)s, a nonomuss &= y—t ruk & ckoap yroa-
10 Ma10e IOJMOWHTENBHOE HMCAO, Ml HAXOIMM®B, UTO OPU |x — 0| < 4,
g(x)— @) < &, 4ro u AOKASHIEAETH HENPEPHBHOCTE i (1) NpH
x=ea, a cnbloBaTeILRO, H RO Bcemb HuTepBart (¢, J), motoMy uio
aHaueHie ¥ = @ BuOpaHO GwWAO MO MPOH3BOAY.
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[MNonyueHnu#t pesyJbTaTh MOkHO ©OBOOMMTE HMA TOTh CayuaH,
Korna f{x, ¥), OCTaBafch /MU KOHEHHOW WMBETH KOHeYHOR YHCLIO
paspuiBORb A% HBKOTOPLIXD uaw aawe una Bchxbh snaueHid x BL uHTep-
panh (¢, d) u pasmunbXd y Bb HuTeprant (@, £).]%).

[lepefinzeM® Tenepk BB PA3BICKAHIK 0poH3BOAWOH OTb ¢ (X).

Mer umbems ,

gl =) _ ffi(x T NI
h i ’

o

b
= I ft;(x—{-ﬁfz._ly) dy, tab 0 < &< 1,
&

[To/10MUMS, HTO KDKAOMY, CKOML YLO/HO ManoMy, NOJOMHTEJNLHOMY
anciy £, cOOTBBTCTBYeTh TaKoe DOAOKHTETLHOE UYMCAH O, 9TO, TPh
|4 <0, Beerda Oynem®b nwbTs npu [k < 4,

| fo(@dd ) — fodv, 9| < &,

KakoBo 6i1 Hu Obi10 sHauewle y Bb Wwirepsank (a2, §). Toraa acwo,
yro Gynems uMbBTh
5 |

I
Lo (x—R) - ale
1 q‘ (1_'_\['2__'1& _ j f_-; (x,}‘) d.:y l

| " J
[ A

=T Fatwbd, 3y —fa v, ] dy < {h—ade,
[%
4 OTCHIE]
)3
g (1) =t L L J 1) A,
a3

i

Toae3Ho 3aMETHTL, UTO 1LOCTARIRHHOE BEILC YCAOBie OTHOCHTERLHO f
BCerJa BHOOMIBICTCA, eCAM OPOHIBOAUAN /fi, OTB f, CYlecTRyeTh H
kone'na. [hfcTeuTensHo, ecnn | foy 6yneTs NpH c=x <=0, q=y=0n
Bceria Mesbile HEKOTOparo AauHaro ducaa /, TO AOCTATONHO B3ATh

&
W< 7 4TOOB HUMBTL

. . : e 1
I/_r ("" -~ ’rz’",v) _.}‘,L (.’t‘, _'}') ! < ;_ l.f;m: l.x + 04 !.J') ‘l < ***)'
| !

*) Cm. Poussin, de la Vallée, Cours d’Analyse infinitésimale, = II,
2-¢ u3g. 1912, ctp. 4.

#*) dopMysa sTa BwpAMAeTh TAKL HA3bBAeMde npaphao JedOHmna.

#&%) QueBMAHO, TAKKE, 4TO LA BHINOAHEHIT YOOMSHYTAro YCI0sid 1ocTa-
TGYHO, YTOOLI f; {2, v) GbiIa HENPEpPBIBHAW BB JAHHOH obaactd, xakn Qysxuia
0Tb URYXB NepeMBlHLIX .
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Hrakb, npowssomnas wnrerpana, eaatad no napamertpy, npu npenh-
J1aXb, OTb HEIrC HE3ABUCAIIHXDL, PABRHA HHTerpaiy OTH MPOMS-
BOMHOW NOA'bHHTErpaAbHOH dywkuiu, B3ISTOMR NO 3TOMy napa-
metpy. Ha 3rtoms ocHoeauin dopmyna

g

g (¥ = / Solx 3 dy

HaswmBaeTCH Takwke Gopmynow nuddepennnpopadis noab 3Ha-
KOMDb uHTerpana ™). Ecau @ u & we nocrosHuws, a QyHKIUiH OTH x,
TO NPOH3BOMARYI @' () MOAYUHME, pascMaTpusas ¢ (x), KAKE CAOMHYID
byukuito (§ 369), ¥ npunommHad, UTO NPOH2BOLHAEN HWHTErpaia MO
o/oMy U3L ero npedkiosb pasia 3uaueHilo MOABMHTCrPaAbHOH (yHiin
(§ 713) na stomn npeabns, pautoMy co anakombs + wim — (§ 711, a),
CMOTPS [0 TOMY, OyNeTs JH 3Td MPOM3BOAHAA TO RePXHEMY HiH 1O
Hiktemy npeabny ), [TpuMbuss ckasaHHoe, MOIYYHMD

I,
' () = fla, By — flxe, ;ya’+ / f£ (x, 3) ey,

734. Boseparumen Teneph Kb HHTCTPUPOBAHIID HHTerpala u Gy-
A€M ONATbL CUHTaTE @ K [ noctonHHmMu. [Tpenno#ums cefib HHTerpu-

o
pOBaThL MHTEPATh fp(x) = f]‘(r ¥ dy sn npenbaaxs oty @ a0 5.
13

Ecau nonoxums

y: y

wix, v)= [ Sl yvyde,  Flx) = / wix, ¥)dv,
;S g

TO, O4eBHAHO, Oyidemb umtTh

5

i) = / Wi e, dy = [ fiv, vydy =g (),

a cakaonarentHo,

i

; h & g
f p(a)dy = Fig) —Flu) = f W (i yydy = f dy j Six, y)ds.
@ 7 13

¥) Llparnan 310 BeIBENEHO TOALKO MMl CAYYAS KOHEUHWXh peabness
HHTErpanoBb. Januiiuc BerpbyaloTes, ONHAKD, IPUIOKENIT ero BT cayyat 6esxoued-
HLIX B Peakaess. O6L yeaoBinXs, Korza Takoe pacnpacTpasiellie 3aKOHHO, MOWHO
mpodyects, Banp., ¥ I'ypca ,Kypew maremarwyeckaro Awazmsa® (1. I, crp. 395).

#%) Mpambaas 510 npanuao § 713, Mbl JOMKHL TPEIOADKHTL HEOPEPLDB-
HOCTE NOATHHTCrpaAbHON $ynxmdu no y, no kpadtuess mbph, npy v=an ¥y —b.
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Wraks, uT06b MHTErpHpOBaTH HMHTECPAIDb 1O napaMerpy (1. e.
no nepemhunofl, HesaBucHWieR OTH nepeMbHHOH KHTErpUPOBAMIN Bb
JIAHHOME HHTerpash), 10CTaTOYHO HHTErDHPOEBATL (IO 3TUMY mapa-
MeTDY DBOJBHHTErpaneiyio gyuxuin. MHuMi ci0BaMH, 1101CTABIRA
smMbeTo @ () en Boipamenie, MONYUUME

3 b b il
*
/dx /f(x,}', ay ﬁ‘/'d_}' ff(-\\,}') dx.
p p M "

{ IppmEaanie. J1a dopMmyna MOKA3bIBAETY:, 4TO 3Hayeuie AsOH-
HOI'0 HHTerpana, korad npeabanl HAaTerpupossnis uo o6kuMmb nepemta-
HHMB [OCTORHHLI, He BAaRMCHTh OTb MOPAAKA MHTerpHposasill. Popmyaa
3Ta BhBeJIEHA npu nomolnd GopMyan axdidepeduHpoBaHin H MONeTD
CYHTATLCH AOHA3AHHOW TOABKO Bh caydah wOHeunwixb npeakaoss H
HENPEPBIBHOCTH MOABHHTErPAARHON QyHKIUH. RHCTBHTEALHO, BT 3TOME
npeanonoxkenin, f(x, ¥) GyneTh wHTerpHpyeMa M Mo X, H 1O ¥
Hanke (cm. § 733), dynxuin @ (x) v ¥ (x, y) GyAyTh HempephiRHbl
(a cnbaoBaTe/bHO, H WUNTErpHPYEMH), fnepBad 110 ¥, ETOpad no v,
Kpowh 7oro, uan enpepoimHoCTH Flx, y)) no x surexaers (§ 713,
uTO Yy (A, y) = f(x, ¥), a wenpepunocTh f(x, ¥) mo obbuub ne-
peMbBHHLIMD JIHET'I: npaso (¢M. npumtyanie ¥5%) pa crp. 298) nprmbauTs

Kb nHTerpa.'lyj-tp (¥, ¥) dy npasuao, usnumenuoe &b § 733. O pac-
npocTpanenin dropmyas Ha Geawoncuanwe apenban oM. Typced, 1 o]

Chyuaii, xorad npeabist @ ¥ b He TOCTOAHHMY HHCAR, a (yHKIIN
OTb &, MOWETH GpITh CBCIEHD KL CAYHAld AOCTOANHLXSL Npesbiossb
noMollLW sBelesin nosof mepevwhinoft.  ocTaTouHo, NPH HHTErpHPO-
BAaHIM TIO 3!, NONOWHTD ¥ == =g~ {b—a){; rorna [ Byners n3MENATHCA
ors 0 10 1, npa wswbHenin ¥ orb @ a0 b,

735. Horos onpeabnenie BodiHoro uuTerpaja. [Ipuseienuoe
souue onpeghienie ArofHoro uHTerpata crpasaere Thyu e wHenocvat-
WAMH, K4ak'b JanHoe Bb Havailh srvof wkadrh onpenkilenie npocroro
uHterpana. [losromy Hy#HD ero nuAOHIMBHMTL Takh, 4TOOB OHO R3BANO
BOIMOMHKOCTL YCTAHOBHTh YCAOBI CYUWECTROBAHIA WHTErpasd M, Kpovb
TOrO, VKa3uiBAAO NYTh AN BLIYACAEHIS €ro sHadenin (ile npeanonaras
H3RECTHRMH, HH L2KE CYLICCTRYIOWMUME NeproobpasHpia hyHKlUiM ¢ B 1,
0 KOTOPLIXb FOBOpHAOCE Bb § 732). Mo npeano/omums, ute 067acTh
MHTRrPUpOBaKil KOHe4YHa, T. €, 4TO MONHO YKa33aTh uba KOHEYHLIXD
unTeprana (n, 3) u (¥, d), BL KOTOPBIX IONWHBL 3dK/0YATHCA COOT-
sbrcreedHo sHaveniy nepeMBHHLXD X @ Y, YAOBNETBOPAIOUMXE HEpa-
pehcrey L {x, ¥) = 0, onpesgkasiomesy 0673cTe  KIITErpApOBAHIs.
dyukuito f(x, ¥) Mb UDEANOAOKHMbL KOHEYHOW Bh 06JACTH HHTE-
TpHpOBAllin K ycaoBuMos, 1TO [ (x, ¥) PaBHO HYAMIO 4n8 BCBXL 3Havenift
x 4y, nexamHxs BHL ofnacTd WnTerpHposania.
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[ MpumEganie. [loas ¢ ¥ 7 NOHHMAIOTCA HAaWMEHbIee W Han-
fofblDee 3HAueHie & Bb OOJACTH WNTErpHPOBaHia, moas ¥ H & —
nanmeHbluee ¥ HauGonbluee 3Hatenie BB TOH me ofnacth, [loawsyscs
rEOMETPUYCCKON HHTEpMpeTaliefl, MOXeMb CKA3aTh, YTO T4 Y4CTh ILIO-
CKOCTH, KoTopas HaofpawaeTs 061aCTb HHTErPHPORAHIR, NEKUTH ECA
EHYTPHM MPAMOYTONBHHKA, OIPAHHYEHHATO TIPAMBIMH & = @, a = [,
y=v y=0.]

PasnomuMb HATEPRATL (&2, ) HA UACTHBIE MHTEPEAIR A, Ay, . . ., fin,
a (y, 9) wna wuntepsamu 2y, &y, ..., Bu. TlONOXuMB, uTO Kak®L TH,
Takh W JPYTie, CTPEMATCs Kb HY/I0 (NPH UeMD, KOHEHHO, MHCAa #1 U #
fomwnnl  Geanpe;ihban0  BO3PACTATH), He GYNyYM CBA3aHB  HHKAKOIO
3aRMCHMOCTRIO. Korma x My HaMBHA0TCA cOOTBETCTBENNO BT HnTepBa-
Aaxb /; M Aj, HE3ABACHMO 04HO OTDH Jpyroro, snadenls dymiadn flx, v)
OCTATICH Mekiy HBKOTOPOW HmmIew W HEKOTOPOW BEPXHEK I'DAHH-
LaMi; BSIGEPEMT MO MPOHBBOAY UMCAD [ij, CONEPMANUILECH MEWIY STHMM
IPAHMIAMH, H DA3CMOTPHML ABOHHYH CyMmy

E}‘i 'b.,l'.fij =Ry by Iy Ry S e e e A

&t
Ecin sra cyMMa EBcerna CTPeMHTCS Kb OMHOMY M TOMy ke npenbny,
koraa mch /i w mch Ay crpemures kb O, npH uemB s Mo ® Geanpe-
mBABHO BOBPACTAMTD, HE3ABHCUMO OT'b 3aKOHA DAas/IOWEHid HHTEpBANORL
{a, 3) ® (7, ) Ha u4acrH, H HE3ABHCHMO OTH BHfOpA wHCENd fij BB
COOTEBTCTEBYIWMEL I'PAHHIAXT, TO 39T0TL npeakab M HasmBaercu
onpesbileHHEMD OBOHHBIMD HHTETPAAOMD OTH f(x, V) Bb AaHHOH
o6aacTH, H 0603HAYALTCH 3HAKOMbD i

/ / }(‘”- Wydydy.

Bmpamenic fix, ¥)dx dy HasHBAaETCH IEMEHTOMbB HHIEIPand, a MHTE-
[paTh CCTh CyMMa HesronedHo GOabLIOLO UHMCAA OE3KOHEUHO MANHXT
MEeMeHTOBS, JT0 onpenbiaenie snoink aHasoruuxo ompenkaeuniio npo-
crorgp HnTerpana, aaduomy vb § 710. Tlomoxueb ero 5% ocHOBanle,
MOMKHO H3h HEr0 BhiBeCTH CTBACTBIA, aHATOTHUMLS ThMb, KOTODLIA Gbiln
BbiBEAEHbl H3b onpeybsieHid NPOCTOrO HHTErpanmd, H Bb YACTHOCTH H3h
HErO MOXHO BBIBECTH HEOfXOAMMOE W AOCTATOMHOE Y(/OBiE CylecTRo-
BaHiA WHTErpaNa MW, HHAYe [OBOPH, YCAOBiE HHTETPHDYEMOCTH hyKuin
f(x, ¥) B1 naunoft o6nactu (snoanb aHANOTHYHOE FCJAOBiD HUTETpH-
pyeMocTH QyHkIiM  O0TH onHofi mepeMmbHHOH B®H manHoM  OGaacTH).
3rhes  Mul orpaHnumMcs  GOPMYAHPOBKOK onpeakiaenit M A%  BCETO
NpoYaro OTCHUIAEMb UHTATEIA Kb MOAPOSHLIXD KypCaMb MHTETPANBHATO
HeuncdeHin *),

#) Cu., nanpumbps, Iy ped. Kypen maTevaTHueckaro aranuaa®. Bonpocs
00b HHTEIPHPYCMOCTH (PYHKLIH OTH OXHOH M3 OTH JMBYXb HCIABHCHMLIXD Me-
peMmbaEBIXE TpaxTyerca vV [yped u 8B SolsIIHHACTED $PAHUY3ICKHXD PYKOBOLCIBD
b HBCKOMBKO WHOH ToukW aphbuid, Chb KOTOPOI MOAE3HO O3IHAKOMHThCA.
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736, Ham® ocTaeTcs TOALKO NOKA33Th, Y4TO €CAM HMTErpant (L0
HoBoMy onupenbaedin) cyllecTsyeTh, TO 3HaueHie ero noayyaercs
HINTOXWEHHBIME Bb § 731 cnocofiomb, 7. €. HOAYYACTCR DPH NOMOMUIM
LBYX'b NMpPOCTWX'B HATerpupoBanifi. [lpeanonowums, xake u 8b § 731,
4TO 0614CTE MHTErPUPORAKiA, onpeabaneman neparencTsoMD L (¥, 1)=:0,
COBNAAeTL ¢b 06AacTLI0, onpenbiseMOrd HepaneHCTRaMH

a(®) =y =8{), aswx=g.

Ecan wHTErpant, kaks npeabiE CyMMbl, CYUIECTEYE€Th, TO Mbl MOMEMB
pacniopsxaTbca nocABJOBATENLHOCTAME Pa3fomeHil NO NMPOH3RONY, HA-
OpuMEpT, Cnepsa BanTe onpeakienaoe paznowedie witeprana (a, §)
Ha vacthme wnrepmanw (A4, Ay, ..., A), T. e cuutate Bk A u
UMCNO 2 TIOCTOAHABMD:, H H3MbHATL pasnowenie wuTepsana (y, ) na
vacrene, Gesnpenbapho ySwpamude uuTepmanbt (£, £,, . .., &), TPH
4eMb # OyderTs GesnperhabHO BOBPACTATH; YHMCAO fi; MEKAY HHMHEWD
H BEDXHEW IPAHKUAMM 3HAUeHil, KOTOPhIA TipHHAMAET® f(x, ¥), Koraa x
OCTAETCA HENOABWXHBIMDB BD lauaneuofl Touxh snementa A;, a 3 H3mh-
HHETCR Bh HATepRaak &;, MOMEMD BHOWDAT Takke N0 TPOMIEOAY.
Toraa pelleHanHCaRMAN ABOHHAR CYMMA DasJOMMHTCA Na 7 TPOCTHYD
CYMMb, H3B KOTOPHIXT OJRHA, COOTBBTCTBYIOILAS JMannomy 7, OyiaeTb

(A] hi'{ klj;'l + kZ.fi‘Z e + }"‘mj.fm }"

Hpaanudo smOWpan uucia fi;, MHl MOXEMDb CKa3aTb, YTO 3T2 CyMMa

paBua
4
fz.g. [vf(x, ydr.

I béicTerTensHO, pasnaran untepsant (7, 4) Ka wnTepranu Ay, Aa, ..., £,
Mbl MOMEMb TPESCTAaBHTH HHTErpans BE sulk

=

6 y .
J
f Flesmdy =X Fie e
= J=1 «
! 1

SJ'J-_

=Xk A =),

rab f; ectn whroTopoe onpenbacHnoe uyncilo, Jewallee MeKAy CPaHu-
uasd @yuxuin f pn untepsant &;. Baasw BB cymmb (A) uncpa £
PABHBIMU 3THMB f;, YTO MB BB npaeh cabnats, el yGbiumca BB cnpa-
BE/UIHBOCTA cxasannaro, [Janke, Tak® Kakb, no ycaosiw, f(x, v) pasua
Hya0 Beh 061acTe MHTErpHpoBanif, TO MOMKEMB HanucaTh, 4TO

b

V]
f Jlx, y)dy = f Sl vpdy,
. .

(]
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noromy 4to uaTepsamH (y, a(x)) u (b(x), d) nemars mut o6aacTH
HHTerpuporanin. Ilonaras
by

Fx) - f Slx, y)dy
F:fiﬂ)

v o6osnadan wepeat F; awavenic F(x) anm 2, nexawarc sb Hauank
HHTEPBANa f;, BAXOLMM'B, YTO HAIIA ABOHHAY CYMMA pPaBHa

MFy+=ho Py -+ 0, F
a opentan ed, korda seh [, crpemwics we 0, a # BoapacTaeTn Gea-
npenkanHo, paBeHb

iy 3 b ()

f}wwx:j}{/hmﬁ@ﬁ

g a{r)

T. e. BHpawcHiw (22) L § 731,

[l'IpHM'E‘laHIe. Ecau ta we camas oGuacTh HHTErpHPOBaHin

L(x, ¥)=0 moweTs 6uTe H300panena HepaBeHCTRAMM
cma=dly), vy,

10 COBEPIIEHHO TaKDb We yGbauMmes, H3MBHHED MOPSAOK® CYMMHPOBRAHia,

UTO ABOMHOA WHTErpans, T. €. npenhlh IBOWHOR cyMMBl, pacupocTpa-

HEHHBIH Ha ofinacte L (4, V)= 0, GyneTs pasedn
4 40z}
a3y [_;"(x. mdr.

¥ e

(22 bis)

OTCona ¥ BMIHO, YTO

3 18! iy
/: fj(\ ¥y =ff!3*fj(1 MNdx,

a e fax} eyl
€CJIM HepasencTsa

[(z(x)g_‘pi;fi(vv)l .y [c(w*_;'x::_d{y)]
l (= a0 o= ] l ¥ oE A fi] J
onpeabasOTH ORHY M Ty ke o061acTb Hurerpuwposadia L (a, V) =0,

TIOTOMY YTO 3TH HHTErpaiel pasHbi ONHOMY H TOMY e onpenbiennomy
YHCNY, 4 HMEHHO ABOUNOMY HHTerpany

[,r’(x Y dy,

.

1%
ii, \

PACNPOCTPaHEHHOMY Ha 3Ty o6aacte. Ecan 0013CTb @HTerpHpoBaHis
onpenbieHa HepaseHCTAaMU

43 X

[
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A
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=
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ek ¢, 4, 7, § 9ncnoa wOCTORHHWA (1. e. H30BPAWAETCA NPAMOYLONE-

HHKOME b BepundaMi (a, y), (¢, 6), (3, ¥) u (3, &), To nafinems,
4TO0 ff‘f'(x, ¥y)dxdy, pacnpocTpanenHslii Ha 3Ty 00AacTb, MOWETH
5LITH TIPEACTABAEHD BB CAHIYOUIMXE ABYX® BHMAXD

3 a b} 4
j [_/‘(x.y)n’xdy = la’x [f(x,.y) dy = fd_y [f(x,_y)rix._
" E ¥ 7 a

TAKB YTO CHOBa noayvuaerca dropMmyna § 734, pupamawiuas Teopemy
06b usMbuedid nopaxka unterpuponaniil. HeobxoauMo ToNbKo 3ambTHTE,
4TO BblBOAL ea, caklantmié 30kch, HEMLaw CUMTATL CTPOTHMT, NOTOMY
4YTO OHL OCHOBAHD® HA [(IPEANOJACIKERIM O CyUuiecT80oBaHiW ABOHHOrO

WHTErpaaa
[ [ s

a ycnosia 3TOro cyulecTeopaHin He Owan pascmorpbuni. Ha ocHomanin
§ 734, M= Bbp Dppaeb M yTREpWNATH, 4TO TeopeMa srta Bhpua,
xoraa f{v, ¥) HempepLieHa |.

[lepembna nopsuuka HHTErpHPOBAHIN, KAKB MBI YBHAHMD HalLIIE,
ecTh BechMa IhHHOE cpelcTeo as pasanixk uscahnoranid,  He aywvo
TONLKO 3a0wBaTh, uTo npambiledie €ro MoOXel» HWHOrAA BeCTH Kb He-
phpHBIME pesyabTaTaMb, BcabacTsie Hecobmoucnis pyuxuiew f(x, v}
OrpaHHuBAIoIHYE ee yoIoRld, Hanpumbkps, korza sta  (yHuuis pas-
pulBHa Bb 063CTH HHTEUPHPOBARIM, MM KOrLA 3Ta 0OadcTL GeakoHeuna.

736a. Ilonb ABOWHMMEL MHTErpanomb, PAcOpPOCTPAHEIHLHIMEL Ha
G2SKOHEUHYH) 00/1acTh, HAUPHMERD, HE BCIO NOAY-IIOCKOCTE, JLWAMYI0
€O CTOPOHLI DOJIOKUTCILHBIX T, OPANHATS, Oanﬂ”h.ﬂﬂt:M}’[U HEpABEHCTBOM b.
0=y +w, —w<r<tow, NOHHMAIOTS Tpenbab, Kb KOTOPOMY
CTPEMHTCH WHTCrpadb, PACNPOCTDAHCHILIA Ha KOHEUHY:d ODJACTh, Korla
e TPAHWLA VAAAETCH BB OE3KOHEUHOCTH, ecad Takof npeibmrb cyute-
cTByeTh. Hanpumbpe, mt BRIDeYOMSHYTOH 006/aCTH  BHIMHCIAKTH
WATErpaids, pacOopocTpadeHHhft HA  (MIOWAds TPAMOYTQIbHMKA, OTPAHH-
HeHHaro paMbimu ¥y =0, _y::(ﬁ, X=—@, x=0a K 3aTEMh HWIYTH €ro
npeakss npu soapactaniy & M @ 5o oo, Pascmarpreas fiynkui oTb
TPeX'h HE3ABACHMLIXB nepembHAHXDL f(¥, ¥, 2), MOMNO YCTAHOBHTE
OHsATiE o TPOHHOMD onpenbleHHOMT HHTerpanh, aHanOrAYHOME HOMATIO-
O RBOHHOM®B, & 3aTEMBb W O 72 — KPaTHOMB HMuTerpadh OGyHKOin oTv »
nepeMbHAMXD He3aBUCHAMbIXL,  OTcras tutaTens aas noapofinocTed
Kb NOIZPOOHLIMB KyPCaMb HWHTErpalplal0 HCYHCACHIA, UHTHPOBAHHHMD
BeitIIE, Mbl OrpaHdundca 3xbcs phexonekvmu sambyaniiMu O TPORHLIXD
HHTerpanaxs. s HarAA[HOCTH ®bi BOCTOJAL3YEMCH TEOMETPMYECKHMH
coolpakeHismn, pascMaTpusas x, ¥, 2, KAKb MPAMOYTOALHBIR KOOPAH-
HaTBl TOWKH BB npoctpadcteh. Mel npennonowums, d4to Touka (¥, ¥, 5)
J0/DKHA BCerldd OCTaBAThCR BHYTPH man Ha rpavuuk wikotoparo obnema,
KOTOpHIH BeCh 3AKIOUAETCA BHYTPH 02paniefenuield, OrpaHHYeHHAro
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Tpems TapaMH TNAOCKOCTEH, COOTBETCTBEHHO NapanelbHEIXT KOODHHAT-
HuIMB NAOCKOCTAMB

Ly a—uay a=Xowy, y—wp y=¥Yoy ==z, z=~L>z3.

IlpeactauMt cefit 3arhkmm, 9To Ml paafiumu 3TOTH napadierenunent
HA 3MEMEHTAPHbBE MAPAMVINLNHNEdb TPEMA CHCTEMAMH [NOCKOCTEH, CO-
OTBBTCTBEHHO fAPA/ANE/IbHbIX' D KOODAHHATHLIM®E TJOCKOCTEMB. Mel npen-
AOAOAHMT 3aTEMDB, YTO PAa3CTOAHIA MEKAY KAKAMMH [BYMH CMEXHLIMH
TJIOCKOCTAMH  KawUIOH H3L TPeXd CHCTEMb CEPEMATCH Kb HYJIO, TaKh
410 Bc'hk TpH pefpa Kaw/aro 3/eMeHTAPHATO NAPa/LIGNENHIena CrPeMATes
kb uymo. Qboznavyan vepess ki, £;, [, pebpa oiHOTO HaB MeMentap-
HEIX'B Tnapanjc/endlieiospr. a Yepeshn ﬁcfﬁ' NPOHIBOJLHO BHGPHHHOE
YHCNO, NEeKALLee MEWY IDAHHUAMH sHavenid diyukuin f, coorsbreTy-
HOILMMH TOUKAMTS BHYTDPH WM HA IPAHHUZXB TOTO Ke Mapanienerivnend,
PA3CMOTPHME TPOHNYIO CYMMY

(D :ffjxr i, A, iy’
14 )

pacupocrpadennyto na schk KoMOunaniv 3naukor® 7, 7, g, coorsbrerny-
Wuwia BCBMb 3MCMEHTAPHBIMb 1APANICICTHIEAaM B, HA KOTOPBIE pPAJIO-
WeHb  JIAHHLIH  DapaanenicnuAelb, OrPaHWueHHBM TmaockocTsmH (1),
Yenosnyen, Hakolels, cunTaTe dywkuilo f(x, ¥, 2) paBHol YA BO
Bckx® TOukax®s BAL aawnol ofaactH. [lpenbaw, kb kKoTOpOMY CTpeMHTC
cymma (2), korna sk Ay, &, [, crpemaTcs kT HYA, NPH YeMD YHCAO
HXb, KOHEYHO, BO3pacraers Gesupenknwitn {ecaw Taxko# npentib Cyue-
CTBYETH) —HA3blBAETCH TPORHBIME MHTEIPA10ME OTh f(xv, ¥, 2), pacupo-
CTPaHEHHBIMY MO JTaHHOMY 08BeMy WM no aadHoll ofsactv, H 0603Ha-

yaeTcHd INMAKOMB
/1/ l[:r.(ﬂ',}’, sydadyds,

Comeoant dx, oy, dz 0603HAYAIOTL AMHHW pebepb SEMEHTApPHLIXT
TnapaileNenynel08b, H, KaKb TAKOBLIA, BCerja OGYAYTh DE3KOHE4YHO Ma-
JEIMM NONOMKHTEIbHBIMH YHCAAMH, 3arhmt Aerko moxasaTs (4HANOCHYHO
TOMY, YTO OHNO NOKa3aHo LA LBOHHOTO HHTerpana), UTO BhIYHCIEHIE
TPOHHOrO HHTErpaia NPUBOAMTCH Kb TPEMb TPOCTHIMB HHTErPHPOBAHIAME,
KakoBa Owi Hu Obima 0674CTH MHTErPHPOBAHIA, MbI MOWEMB ee pPazbHTh
Ha ABCKOIABKO 4acTedl, OrpaNHuYeHHLIXB CABAYIOWHML 06PasOMB: NBYMS
TIIOCKOCTAMH, NapanielbHbIMH NAOCKOCTH 29, & =Xy, ¥=2X >x,; aByms
UHIHHADHUECKHMH  NOBEPXHOCTHMH, ¢b OOpasyiOUIHMME, NMaPaiNelpHuIMH
ocu  z-0Bb, y=@(x), y=1{x)>@(x); W LBYMS TIIOBEPXHOCTAMH
s=F{x, vy v s=P(x, 1) > F(x, y). Tlpn atomb nocnbanin nwh
MOBEPXHOCTH TAKOBBl, 4TO TPAMHA, TNAPATNETLHMA OCH z-OBb, BCTph
YaIOTH KAKAYH H3bL HHXDB TOALKO Bh ONHOM Toukb, a KpHBMs v =¢(x)
H =%} BT IJOCKOCTH Xy TAKOBB, UTO Kawjasd Hib HUXB BCTPb-
YAETCH Cb NPAMOIO, NAPAJNENBLHO OCH ¥-08T, TOAEKO BB OAUIOH TOUK.
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Torza nerko nokasate, 470 TPOHHOM HHTerpamb, PACUPOCTPAHEHHHIH Ha
00beMDb, OrpaHHueHHBH TakHMEL ©06pas3oMb, BHUHCIHTCA 110 dopMynt

wix) Oz )

[/ff(x v, endxdy det _/af.lx‘/'azJ /'f(xy”)dz’

F{z) Foy

rah nocobnosaTenbHLA WHTETPHPOBAHIA HANO BECTH MO MNOPALKY OTE:
npaeoi pykud Kb aBBOM.

737. Beepedie HOBHXD TepeMBHHBIXE. [loaomums, 4To BhL
uHTerpant [ f f(x, ) dx dy nbnaetcs noactaHoska & = ¢ (i, ),

y = (u, v}, 15 % ¥ ¥ HOBuA (HE3ABUCHMLIA) nepeMbHHHA UHTErpu-
poBaHin, HesaencumocTs $ynkuii x v » Tpefyers (§ 579), utobu
onpexhbauTens

dx 0x

@ = 3 (. 1,) o ét‘ |
a(u, oy Oy
|5 0

He Oub pareHb Hy.1o. Ilpeanonaras 3TO ycnoeie BbiIOAHEHHBIMDB, MO-
JCXKHMB, 4TO & (%, v) ecth Ta PYHKIUA OT® ¢ W ¥, KOTOPad MOJYyURTLH,
KOTa BB f(x, y) saMbHuMb & M y WX'b BHIPaMeHiAMA BT HOBHIXD nepe-
MEHHHXB, H HanHWEMb OaHHLIA WHTErPant Bb mm‘kj d_yjf(x Wdx.
Kpomt torg, urofer umbth akro cb onpenknendeiMb chydaeMms, npea-
NONOMHMD, YTO NMpH OTABABHHXD umerpupoaauinn cooTREICTBY 0L AR
nepembHHaR MOCTOAHHGO BO3pacTaeTs, Takh 4To AHddepeHuians nepe-
MEHHBX'D BCEMZ PA3CMATPHBAIOTCA, Kak'b N0M0xHTENbHBY uncad. CHadana
nepefiiemb O0Th NepembrHbXb & H ¥ Kb NEPeMBHHWMDB # W ¥y, NpH
3TOMD MBI NOAb ¢ pasymbemb TY QyHKUiI0 OTH ¥ W #, KOTODad, NpH

yenorin (§ 572) gz = 0, onpeabasercs Wb ypamuenin v = (1, v).

Tpi uHTerpHpoBaHin 1O x, ¥ AOMKHO OCTABATLCA MOCTOAHHBIME, T. €.
AOEKHO BBITh

d)a’ Jr dzf—ﬂ

a chknoBaTensHo,

vy
. 9x da ox dx o D
dx -Hdu+d—v-du_ 51—{—3”--70—;— dus—ﬁdu
v chf

| !
[TostoMy HHTErpants 06pallaeTcs B

L - [
fdy /g(u, v} du—j dufg(u ) civ‘ dy.

[dy
[0w
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{npu 4ems, ecaH nowamobures, npeskanl BETerpHposanis no # nepe-
ctasum® ¥)). Tenepr nepeffaemMt 0Tk nepeMBHHBIXD # M ¥ Kb nepe-
smbEHHbiMb 22 M ¢. [IpH HHTerpHpoBaHin no v, 2 LONKHO OCTABATHCH
MNOCTOAHHbIMDB, [103TOMY

0y

dy = 3)} 11¢+dvr f;jfvdz,-.

[Mocabanili BHTerpants ofipamaercs Bb fdujg(u, V)| D ldo (npu
YeMb OfATh, €C/AH NOHAAOGHTCH, MEPECTABHMEL npeibisl WHTerpHpOBaHis
mo v). HMraks, 6ysemMd uMbTh

(23) fff(x, »dxdy =/f(u o) | D| dudo.

Q6umnke MOMHO O0KA3aTh, HTO

J /f(m vz, dxdyds . / fa-(u v, . dEH'J”;" % dudvdw...

738, Ecim OGyacmb pa3cMaTpHBaTE X H ¥, Kakb JlekapTosH KO-
ODAMHATEl TOYKH HA TIOCKOCTH, TO NEPeX0idb Kb HOBLIME NepeMBHHBIMb
MOMHO T[EOMETPHUECKH MHTEPNPeTHPOBATL, KAKD Nepexof’s Kb KDHBO-
AMHEHHBIME KoopnrnatamMs (§ 413), npu 9emb 061acTh HHTErPUPORAHIA
HHBIML MaHEpPOMTL pasfusaerci HA OCIKOHEUHO Malbleé 3JEMEHTEl KpPH-
BLIMH 3 M KkpuBmMH 7. Bb camoms nbab, dopmyaa (23) noxaseisaers,
4yto BMEcTO TOro, 4ToGhH pa3bHBaTL O6MAACTL HHTEIPHPOBAHIA HA HPAMO-
yrousuurH dxdy, Kakn Toro Ttpefyers onpedbicnie, MOXHO Ty He
06M3cTh  PasfHTh BLUNEYNOMAHYTHIMM KPHERIME Ha JApDYFie ' 3/1eMeHTHL.
Kam el u3h 3THYXB 3aeMeHTosd (eCaM npeHefpexeMs Ge3koHeyHO Ma-
JHMH BHICINACO TOPSLAKA) MOMXHO DPAa3cMaTPHEATH, KAKb NapasiienorpaMMb
CO CTOpOHAMH dﬂ' H lif, COCTABMAOMIHMH MEeX1y cofot yro/sib o,
CHHYCH KoToparo, o uasberhod topmynt (§ 571, d}, paseds 4acTHOMY
do
du
crhnosartentno, a6eontorTHol seanuunk srpaxesia sinw . do de=Ddude.
Hraxs, gopuyaz (23) BHIPaKAETH HHTETPalh, KaKh CyMMy GesKOHEYHO
60ALIIOIO yHela Ge3IKOHEUIl0 MA/IBIXD SIEeMEHTOHD, PaBHBIXb I1POH3BE-
Ll(’.’Hi'HM'h INOMIAAH  KAaxiIaro napaaienorpaMmva  Ha 4Hc/0 g’, cpeanee
MEXAY 3HAYeHIAMH HHTerpHpyemoll GyHkuin And pPAasAWYHBIXD TOYEKD
aToro napassenorpamma. TakiMb ofpasoMt noayuaetca ofobmienie
onpenbaenis, saHHaro Bb § 7385.

.. ar
o1t abnenis P na © 47 TMIOWALe TAKORO NApaIeTorpaMma pasha,

¥} Ch row ubanto, urobul d# Sbiao Soabwe 0.
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739. MpumEpel. a) leomerpuueckoe p3obpawedie ofirdcTd WHTEIPHPO-
BaHifl 3HAUNTENRHO OOIETYAET: pasbckadie npeabioRdb, Bb HKOTOPLIXD HANO NPO-
n3RoaMThs OTABMLIBIS DPOCTHA HATEFPHPOBAHiA, KaKL Iph nepembul nopaika
MHTETPHPORARIA, TAKE W MPH BBEACHIM HOBBIXh llepeMbuAbIxt. Taxs, wh npumbphb
§ 732 Bce CTAHOBHTCS CUEBHIHbIMK, CHH 3awhTAME, 4T0 ObAACTB HHTErPAPOBAHIN
€cTh KPYCb paLiyea, paBHATO epHAuub, kacawomilica ocn 2y BB Havanh KOOPAH-
HaTh. Jiaa Apyroro npumbpa MoaomuMBb, YTO HAAO RHIYHCIHTE HHTETPATE OTh
" fdx dy, pacupoCTpPaHEHWBH HAa TLIOMANL TPEYTOIbHKKA, OPPAHHUEHHATO IPHMBIMA
x=1, y=ax, y={x. ToT4ach ME RUIHMD, YTO

¥
"

: 1
/f{.:r, vide + | dx /_f(.\'. ydx.
wooY

fL

]; gn T
o x ff(x, MNdy = [‘a-’_y
b2 D)

ToYHO TAKDL e HMbews

3

e

” E4 w a
f{!x ff(x. yldy = fd_y /f[x‘ A dx.
a ) i ¥

by Ceomerprueckast mutepnperallis dopMyaw (23] BO MHOCMAT CAyyasxh
A3GABISETD OTh HEOGXOXMMOCTH Oblyicanth onperbmatess ®  Haupumbps, npu
nepexolb 07k JIEKAPTOBBIXD KAODIHRATH WA NJOCKNCTH Kb NOINPHLIMB, HMbeMDb
x=rcosh, v=rsing W

alx, ¥) l'epsd  — #siny

M R = ¥.
dtr 8L gins ¥ coR 8§
MosTomy

(249) fff(_x,j’}dxdy: /1 [.j'{rcosﬁ, rsine)rdrdt.

Kb Tomy me pesyAnTaTy TPHROLEMB [COMETPHYECKH, 3aMbuas, 4TO Aunid # o
AuHIM 0 2BaIS%TDH  (L10CKOCTR Ha DE3KOHEHHO Malbie SJEMEATH, KOTOpble MOMKRO
PAICMATPHBATb KAKDL NPIMOYTOABHHKHM, CTOPOHM STHXD NPAMOYTFOABHHKODD By-
AyTh: oTph3owh v, oTchkaeMuil Kpyramy paflycoEb v M ¥ |-dy Ha BCAKOH
npsaMoll, MpPOXeIAlIeH ucPEId HAYANC KOOPAMHATH, B uyra +di, oTchracMas
apaMbMH, DOpaayIMMMH YIan B u 6 4-40 b N0AIPHOI0 OCRIO, HA OKPYKHOCTH
Kpyra pamiyca » [laowais 3TOro DPEMOYTOABHMKA pasHd, C1b10BATCALHO,
Fdl-dy.

¢) TMopafHo 3TOMY. BB OpocTpanctsh, oOodHayas Yepese ¢ EOATOTY,
a yepesb % IWHPOTY, DYleMb HMbTDb

X=rcosgonsy, y=rsingeosy, 2=rsiny,

a oTcaa
COS i COS i sin ¢ cos y siny !'
afx, y. 3 . ;
I 0 3) #2 — sing cos iy COS 41 €08 97 0 ] =ricosy.
g (roq 4 ‘ »
— cosg Sing  — singsing  cosy |
CabaosaTenkHo,

/ [ ]j'(.x',y,z)d;cri_a'd&f-] l lf{rcosqt-cosr,!,rsin(pcoszp,rsim,.v)f"—’

cos¥! @rdip dip.
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K+ ToMy Ke De3yabTaTy TPHX0AHMDL Cb HOOMOWGK cabaywitaro sambuadis:
FEcau ono + wambHuTcs Geakoneyuo mano, to touka M (x, ¥, 2) onHwerTh Tpa-
MoanHeHnolll 3neMents MM = dv; ecan onHO ¢ BO3PACTETEH GE3KOHEURO MANQ,
10 Touxa M ONHwETT 3AeMeHTApHYI ayry kpyra MM7— »|coso | dq, BB
THIOCKOCTH, NePICHIHKYAAPHOH Kb (J5; HAKOHCIUE, €CIH O/HO 1) BO3PACTAETD HA A,
to Touka M omuuers AyTy wpyra MM"'=rdyp. Bwb nnockoctH, onpenhasemon
YOAOMb (7, 3T TPH 37€MEHTA MOXKHO DA3CMaTPHBATL, KAaKb pebpa mNpAMOYyrolb-
HATO mapamnenemunesa MM M7M', sxsuBangvtaaro TtoMmy ThBAY, koTOpoe
OTPAHHYEHO HOBEPXHOCTHMH WapORh Cb PAmiycaMH ¥ R ¥ + dr, TAOCKOCTAMH
M --de u koHycamn 1 H y+ 1. O6beMnh storo Thna, ecan npenebpe-
weMb GLaKOHEYHO MIABIMH BBICLIATO MOpAAka, 6VIeTsh, cibioBaTtenkHo, paBeH®
riocosyldg. o rdy - dr.

740. Yupaxmuedin, a} Urofn Buakts, xaxump oGpazomd nepembHa

MOPASKA MHTECPHPOBARIA MOMETH BAiATh HA Pe3VJAbTATDL, BEIMUCAHMD cabiayoulie
MHTErpanbl

1 1 1 1 1
N i PN B LS Y g A L
) w T j (ap 2 / v f P T ) T
5 0 0 ¢

a

1 1

1 1
a2y dx G X2 —p2 L dy T
G YT | e~ flifmwﬂﬁwf 32~ 4
- . )
0 0 o

«

3ambTAM®D, YTO BBL 060MXB CAYYARXB TIOLBRHETETpansHan ¢yHKLiy obpainaercd Rb
Geakoneynocte #h touks (0, 0). Hecmorpa ma sto, meonpeabnenHble HHTCIPANB
CYLIECTBYOTH, 3 HMEIIHO

la—y
254y

Lo (@) -+ v (O, arc tg -jT + @ () + v (),

HO BL Toukh (0, U) OHH PA3PL(BHE, NOTOMY 4T0 Bh CMEKHOCTH Ch HEHO MUTYTh
NDHBKMATE TI000€ 3HaueHie.

b} Lcaum oxasupaercs y 06HRMB OpPH  TDRYHCICHIM HHTErpa’a BBECTH
BMbCcTO ¥, Hanpumips, HoByw repembumEym &—xy, To maa npuwbsenis dop-
Myant (23) wano aaMbTuIs, 4TO

ow. 2y _de . 5 _ 1,
i ey T VTR
Hanpumips,
11 1 L 1 1
» (] dx
]f(x_y}‘rydxdy= /z‘dzfx =— J 2%logads = | 2°d==0783....
& § o : 0 0

310 npeobpasopanie cROIMTEA Kb TOMY, 4TO6L pasbutp NAOCKOCTH PABHOCTO-
pOHHHMK runepbonamu, x3 — const., HA NOJOCH BE3KOHEUHO MASOH WIHPHHKL.

C) Momets CIYHNThCd, HTO KPHBENA ¥# W KPHBHA ¥ COCTABATDH OAHO
ceMeHcTBO  KPHRLIXE, [l0A0XHMB, Hanpumbps, YTO pascMATpPHBAeTCA HACTb
ONOCKOCTH, nexawas Mexay oceky Ox W paBHoxbagwerd yrma yOx. s
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naobpamenis TOYeKD TOH 06J1ACTH MOMHO NPHPABHATE X H ¥ APHEMETHYECKOMY
W TEOMETPHYECKOMY CPeIHEMY HOBBIXD NepeMBHOBXD # 4 ©, T €. [(ONONHTE

x=}{u+v) )':]fﬁ. Torna 6ynems HMLTH

H—1
4Vauv

Y106bl 0HA H3B HOGLIXL NepeMbHHBIXD OCTaBAIACH PABHOK HbKOTOPOMY NOCTO-
AHHOMY @, MEXAY X M ¥ HecOXOOMMO JONMHO CYLlecTBOBaTh HbKoTOpoe coOT-
HOWEH{e, KOTOPOL H TIONYYAMDb, UCKIAIOUAs KPYTyi nepeMbHHYI0 H3b BhIpaseHid
X M 3 uepesb % H v, ITO CoOTHOIeHie GylieTd. crbioBaTefbHo: 12=2ax — g2
Ouo ¥ H30OPaMIeTd e AHHCTBEUIIOE CEMERCTBO KPHBLIXL # H KPHBMIXD ¥, H
COCTOHTD, KAK® MH BHAHMB, u3b BChIb napaboas, HMbiommxs ocelo O, a
aupextprcony Oy, 3Waveris ¥ M ¢ PBD Kawgoli Touxd manTcd  dopMyaokl
x + Va?— 3% Fcan ycaoBuMca nonokuth #=x +F a—32 a crboostensio,
v=x—7 "% 3 10 Ha napaGorb cb napaMmeTpoMb @ GVIEMT HMBTh

u=+ix—a,, v=x-'x—adal,

OTKYNA #=a NIpn £=@ U v=a NpA x=>a, [ostomy, ecau pazabluMt 8L ZAHHOMDB
yrab meway Ox # npsMow v =a napafony Ha KOHEUHYI0 AVIY MEMIY BEpuli-
HOI0 H TOMKOK KACaHin C¢b OPAMOK ¥ =&, N HA APYIylo Oe3kOHEuNyln, oThb
nocrbIHed TOUKY 0 HE3KOHEUUOCTH, TGO Ha nephofl AYTE # pasHO NOCTOAHHOMY,
a v=2x-—a usmbHsuercd oTh () )0 @; HA BTOpOH © OCT3ErcAd TOCTOAHKLIMG,
a 1t=2x—a H3MBHAETA OTb a 140 co, ECAn [0N0MHMDB, HAUDHMEPD, uTe 0bnacTs
HHTCTDHDPOBAKIA orpagnueHa ocekd Ox M napabonamu Ch (apaMeTpaMn ¢ H 4,
TO WHTErpant oTh J dx dy MOMETs ObiTh NPEACTABACHH OAHOI0 H3B cAbAYIOUIAXH
ABYX® (HOpMYIb

yi_l_h: 1 1
Vb Y 2 b V3ar —a? £} la-+5) Vige - o
fd)’ Flx pydx = fd-” f.f'(x, »nNdax+ | dx f flxordy
0 st i, T, Voo
2e 2 H

Ecau e NpUMEMT 22 U ¥+ 34 HCDEM'BHHblﬂ PIHTe[‘pHpOBaHiH, TO OHD NMPEACTABHTCA
npoue, 4 MMCHHO Taxb.

1]
f f FE ety Vue) u—n)dVudVu.
z b

d) {Ipu nomowH BechMa OBHKHOBEHHATO MpieMa, He BNoamb CTporaro, Ho
KOTOPbIA MomHO cAknare crporuMtl), MOkHO BBHIUHCAMTE WHTerpailt [lHpuxae
(§ 729, g), sambuag, yro npu x>0

— e Ty d}’,

1) Cwm.,, uanpumbpb, ,Calculo integral* Gomez-Teixeira (1-A uacts,
crp. 94) nan ,Traité d°Analyser E. Picard (r. I, crp. 34).
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a crbnoeatenLHo,

=

js_m_xdr_f/ e ¥sinxdrdy = /(iyf M sinxdx.
0

Tak® Kak®L NpH y - O
¥
{FPeosx)y—=~1, (e *Fsina)y =0,

TO uﬂ'rel‘pnposanie 110 Y4CTAMD AAETh

o w oo
L] 3
j eV sinady =1 ﬁ.}'/ e Weosvdr =1 jﬁf ¢ sinxvdx,
0 b
oTKyla

{1+ % “sinx dx =1

/‘i’
/ﬂsma, f dy *(arc g ) — é

0

[Toatomy

¢) Nonobupivt #e oGpa3omb ANA BHIMACAEHIA HUTETpANA

114

El

d= fsin x-logsiny dx

MOWHO HATHUCATL

e
2

J=— fsin.ra‘x

H k4 i

\)Lci'.d
\\.zc,;.l

colvdy = —

¥
ook y d_,vj siny dx
bt

T
—_ T

A ) 2

= / (tg % — sin_y) ay = (cos.y — log cos‘i%) =—1+1log2
. 0
)

BﬂpO‘lEM’b, MPeRNONENHBA HHTECPANT JErK0 BBIUHCAHTL M Bb HEOﬂp(ﬂI‘b.’]CHHOM’b
sk Cbh NOMOLLID HHTEFpHpOB&HiH 110 3alraM®

/ sin x - log sin x dx = — cos ¥ log sin x —l-logtg * 4 cosx+ C.
Orewna cabayers (§ 312, b)

J=—1-1im (cosx-logsinx—logtg %)=— 1+ log 2.

=)
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i) Yrobn BHUHCANTE HHTCrpanhL [lyaccoma & (§ 721, e), pascMorpHM™®
JABOfiHO! HHTErpanh

{25) [[‘p""—"’fyz}dx dv = [‘3 A =32,
i) ‘

0

B NOCTApAECMCHA BbIYHCAUTL e€ra KHage. Hanuwems

m @
g2 = [ Pl dxf ey,
i) b

H 3aMBHMMD [PH MepBOMTE MHTEIpHposavin (1o ¥} ¥ HoBow nepembHuow /,
onpeabaaemo paBeHCTEOMT v —=/x Tornd noaydsmb

T fr 3 o o€
a’lzgfeﬁ’lxdx/ P fﬁ”J eI e
5 5 5

Tenepe roTuachs Hapemsb

] (14-i2)c? Z
—ea g T SO gy o L
j ‘ xdx oA T fg RREICTy
n

3ambuas, o § AonmHO GHTh Goaplue (, OKOHYATEALHO MOAYHHEME

| dl 7 1. -—
92 - = g =—7 .
g ‘Z‘f]—}!? 3 I=glha
n

g) Kb Tomy ke peayanTaTy MOMHO OpHaTH, UDPeoBPA3ORART CHepBa
HHTErpase (25) no gopmyat (24), a notoMs yme seiducaAs ero. [IpuHuMan ro

. =
BHHManie, uto » wambuacTes orb 0 o o5, a § o1 O MO 5, Koraa x My

HE3dBHCUMO 01BO OTB OpyrorQ npHHEMAnTL BCH MOJOKHTEABHKIA 3HAYEHIHA, TAT-
Hach HAXOIMMB

M
. 3 .
2 _ S z..:l’-_ _ 2 :ﬂ_ T :.1_11 ‘_;[ -
| /‘/e rdyrdd 2fe rdr 4( ¢ )0_4,5 NES
[ 0

Brpodems, 3T0Th He CTPOridl npieMb '} He OTAHYAETCH CYNIECTREHHO OTH IPETbi-

AYWAro, 4Yr1¢ CefY4ach yBUAMMD, 3aMbTHB®, uTo /= tg 4. M BB TOMB U ApyroMs»

HeoGXOnMMO eIle [1oKA3aTh CYLIECTBOBAHie I, A 970 NOAYYaeTcs TATHACH
4 N —t

(§ 717, by nab Toro oOcTosTesbCTBA, uT0 GYHKUIA A" ¢ " CTpeMHTCS Kb 0

1pH x Ge3KOHEYHOMD, KAKOBO Onl H# HHAO .

1) Brors upieMb gaHb 6uxb {lyacconomM s d nenpasnens Ketan (Cayley)
»Quatterly Journal of Mathematics® (1872, crp. 120). CM. ,Mélanges mathéma-
tiques* Mansion (crp. 15) # ,Traité d'Analyse* Picard (1. {, cIp. 103).
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h) Auddepenunpopatie {§ 733) no nepembHHOR, He saBucamelt OTb Nepe-
MbBHHOA HHTRrpupoBadid (N0 MapaMeTpPy, KaKk TOBOPSTE), HacTo OhBAETD
MONE3HO TMPH BBIYACACHIW onpesbicHHbLIXT HHTErpaIoEL. Tawb, HanpuMbps, HIB
Broporo HaTerpaia (l1) Toryack noAywAeTcsas MepBHH uepedd EHbdepenuHpo-
BaHie no 3, €cin NpUHNThL BO BHHMAHIe, YTO MPOHM3BOAHAA OTH || paBua Sgm A.
TouHO TAKD e MID onpesbiennaro wnterpara I'(a) mnddepenuuposadieMs no a
TOTIACH DOAyuuMb {314, |)

. 1 1 1 [
a—1 c— | R . S 1
x e Tlogxrdx = ( C+1 a + R (),
]
- Bb uacrHocTH, 6ygeMd HMBTE
/ ¢ Tlogxdy =—0, f e log xdx =— LV 30+ log 4.
] b

Ecad 8B nepsoMt uprerpart samBHHME X Ha — logx, TO CHOBa HafileMb
uHTerpans Mackeponu (§ 721, g). Tuddepenunpya enle pass ¥ noaarad 3aThun
a=1 a=4 ¥ T. 1., Halinemb

[ e Tlog?ada=02 Lo e loglxdae =13V o (6 —log 9P+ 1) u T I

i) Huterpass

k]

BETY

d x T
(26) aZsinzx + fleosiy  Z2ab
0
b
BECEMA JIEFKO BBIYHCASETCH Chb [OMOULLK) NOACTaHOBKH 1g x = £, ecnH ycao-

BHMCH 0JUb @ H & TOHWHMATh NOJOKHTENbHbIE KBALPATHLIE KOpPHM H3b af u 2
Ui depeHuMpys OfHED pass no 4, ApYrofl 1o &, TONYYHMT UHTErPaNL!

pla o
3 )
F ¢ 5
sini?x dx T cos? x dx )
= i uy T . = '
{a?sin?x + &cosx)  4adh (w?sin? x + bRcos?a)? dald
8 ?
€YMMa KOTOPHIX® PaBHA
13
2
cl . 3
dx a— b2

T . B 5 = W —a3a '
{a¥sin® x + 0% cos? x)% - gt b
]

[Tpononwan TAXHME He 00pazoMb H 0603HAYasA JJA COKpALlERid

p 1035 @Dy
nT 3.4 .6--.2n
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HafineMb Bb KOHUbE KOHUOB®

b1
.
?
dx
] (#?sin?x - BEcos? o)
a

hoa™ bk @B Rk, sa T L R, 6
2 (ab)*" Tt

= T

OB6paTHEIMD IYTEMDB (T. €. WHTECPHPOBAHiEM:) MOXKHO BBIECCTH H3b HHTErpafa
{(26) Geauncienyoe MHMOMECTRO EpYrWxn. Cnepsa 3aMbTaML, YTO TOXACCTBO
(at — b2) sin® x = (e®sin x + B2cos?x) -- 02 g2e1s

T

2

(a‘ 5) sin?x du T by
= 0 R R : LTS = 7 5.
a?sin®x 4 b2 cos?x 2 2n
.
[}]

OTKY#A MOAYYAETCH

=

k11
2
2asinfrdx T
asinfx -+ blcosixy a &
»
0

Orcioaa wHTerpEpoBayieM® NMo a4 ®L mpedhaaxs & n a, H sambuow @ Ha
bF 1 — 72 noayyacws

T
n

fk)g V1 #sinfrdxy = %'V 7 log Tyl .

\

Adns nposhpun sambremb, wTo uocrbmMid wRTCcrpaa® npy k=10 ofpamaerca

Bb 0. a npu £=1 pasedt — §10g 2, WTO Yike pannuie Gue HAHLeno IPYriMd
nytems (§ 725, f).

J) UurcrpupoBanieMb MO 4ACTAMD MHTETDAJAbI

oo

®
j ¢ cosbhx-dx. [ e “sinbx-dx (a0
3 h

APHBOAATCA OAMAL Kb Apyromy. Bwb camoms abrb, nMheMb

L=zl xn

m

L]
b f ¢ coshx - da = (e sin b)) —}-aj e sinbx - dx=a fe*"“’ sinky - dx.
g i b
X

f ¢ “eosbx dx=1—a

a

ke w
A s
b / e Psinbx - dx=(¢""cosbx), -a [ ¢ “eosbx - dx,
. .
5

0
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OTKYJA

@

—2 ; _ 14 —ar _- ; _ 7@7 i
20 & Tooshx dxﬁ—-—ﬁag_*_bz, fe sinbx d!xﬁaz_l_bz-

Hurerpapys nepBui o & Bb nperbaaxs 0 B A, win BTOpofl Mo @ BL npentk-
A4Xh OTH @@ A0 <2, JNIOAYHUHMD

o
0 sin bx

b
" dx = arctg -

4]

Ct npubmikenieMt @ Ks Hyaw, Bb npenbnbs noayuyaesmh onaTe Gopmysy {9,
TaKB KAKb NpeTbas MPABOH YaCTH PaBend § 7T 8gn .

k) Cto whaelo npoebpxkn HBKOTOPLIXD TOAYYEHHHXD PaHhINE DEIYILTA-
TOFB, YKAKEMb €lle HHOW NyTh M HaXowaenism wuterpana [upuxie. Cnepsa,
OAHAKO, HYMXHO [IOK43ATh HEMOCPEACTRENHO CYLIECTBOBAHIiC aTOro HNTErpana.
FTOro MB BeCbMd OHICTPO AOCTATHEMb, OMHPAACh HA ONHHh H3DL Mpesnc noOni-
THXD pesyarTaToBs (§ 717, c) ¥ 3ambuas, uro

‘ /sinxdm =|cosa —cos ] = 2,
Pe
a

Ho. 4a9 ynpammenis. M noiétneMs 3xbce APYTHMD nyTems. Ouerm/HO, cyule-
CTHYETH HHTErpalhb

JE

HT
51 i 0 x
g _ f lsioxy . [ sinxdx
T f x dx r+(mr—1m

(m—1)a n
E
, IOTOMY -noj sinxdx = 2.
[H

- 2
W 3HaueHie ero AEKNTh MERIY —— H ;———
o (n—Dm=

Orcwna cabayers
2. .
Sn > ;’_T -~ 31»4»1 ’ llinwg-n =0,
a motomy {§ 195) paxe & — Jy+ Jy-— - - - cxomamifica. Bw To ke Bpemd,
a
ecnn # HanGoAbIee ITEI0E YMCIO, HE NPEBHIIAKIULEE — , TO Gyrems HMbTb

23

sin & . e
f’” de =0~ S+ JH— -+, + ¥,

1]

ok 8 aewutd Memay U m 1. Hraks, ecanm OGynemp YBeNIHUHBATE &, 4 cAbnoea-
TensHO, W # GesnpenbabHo, To OYNETH CYILECTBOBAThL

3=f¥dx—31—32+53~—---->0.
0
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Yerauos«RE BoliUecka3aHHOE, Haxoaums (§ 729, i, )

o o
fsmr " smydy=/4sm:¢djr fsmz‘xdt
>0, x . {
qa 0
di smxsmtx-— — l 1o N W _,1_73
= g 1 ;=T

H, Takb Kakb J >0, =14z,

n [

Qo
1) MoenoxnMs, uTo TPebyeTea BRIUMCAHTL HHTEIPAlb §l=j ¢ cos2ax - dx,
0

nprBoxdwibes npy =0 kb nHTerpany [lyaccona SO‘L-}]’P;L‘. Inbdepennu-
PYEMD NG ¢ W HHTErpHpYeMb [0 9YaCTAMDb [MOAYHEHHHHA De3yanTars, ToTaad
Halinemb

pd 3
3’=fsin?ax~d(e““1)= -- 20[('”’cos?(zx.dx= —-20d.
0 o

Orewonz crbayers log = —a-4log J,, orxyna §=Jy¢~ %, 1. e

o

_[‘e“"’gcos‘.?axdx:{rﬁ e

o

19 Bruxcanmn ewte, cabaya De la Valleé-Poussain, arterpadts, mpet-
JowennHi Mesangeroms Bp Intermédiaire des malhématmem 1903, crp.

207, 293:
=fV1—3c“'310g
-1

‘ 1
npu | £| = 1. ToaoknMs aaa ya05CTBA OHCbMa % = s 3aMbBHHUBE IO HHTE-

1—i;dx
X

TpanoMt: x Ha Ax, YBHAMMB, UTC HHTErpans npuBejaeTes b 42f (). rob
+a %
S i -
f{a}z/'}’raQ—leog,l—l? dxzf]/a?—xzkogh;;?‘dx.

—1

3ambyaeMn Temeps, yro
[ i
bodx B dx
lay=a [ o 1—7—,,—*———=a log|1l—— | -7—
0 0
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§ 740 KPATHAIE HWHTELPAJDL.
HIH
Fle)y=ulgif) — ¢ @},
ik 1
: adx
s (B = fog laf— B2 —— T .
i ( ) “/ g VI oan
3]

Hodoxusb & =sinb. &=sins, HAXOCIHME
s

2

k) = / log ! sin? & — sin? o | 3

v,
]

:‘/wg Pgin (b 4 m)jds + [ log | sin (§—w), 49
0 b
” R w+:¥ :,u—g

‘Td —

{log‘sine!de—k/]aggsiné‘a’ﬁ = /}ogl_siuBEdD —jlog’sinﬂ'dﬁ
» !(‘J . -+

vl

o 0y o
o

g ik = flog'sinﬂj.r’i,

)y —

o

HIA

(S

[Tpouseoanag sroi ¢yRkuia oTe m {§ 733) pasna

og sinfus | )| togsin o+ 3]
oglmrn \m—[ —J) —ug‘sm(m— ‘2-).‘
=0

i
=logicosm|—log| —cosam, .
Otryaa nocrbA0BaTEIbHE TIOAYYHM L
¢ =0 @) =q¢0), [flag=20, fl=7s1).
Ho, nmotaras x —siné g x=cos i, noayuams aaa (1) 1o wig Apyroe Mzh

Bhipamenil
“h

3 2

chosfﬂ]ngcotgﬁdi, Q[Sinﬂﬁlogtgifﬂc,
b )

2
HpPH NOMOTIH CIOKCHIA M BHATECPHDOBANIA 110 4acTAMb, HaHlerb

R

H3% ROTODLIXE,

ey

Fy = /coszﬁ}ogcngtaa’e

= — 1 fsin20dlogcotg = 1.

=0
\l\'f oz
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CnbrosarensHo,
d=14fakl
= <

»
cosax

14-%2

m) BLYACAHMD eLig HHTEI‘paJI'bJ dx 1), pazcMATpHEAA €ro, Kaxh

8
NpoM3BOINTI0 BYHKIEN

=]

sinax
f((l) =fx(1 —{—7.1325 dx,

0
¥ 3adbuas, uro
Sl — 7" (a) = fsm;z_x dx = % asgna.
&

Takb kawn —e¢ *(f—/7) ecrb npoussonnas Qynxnin e “(f+ /), npyrondiles-

canpn c=0xp f/ () = arctgee = ; , 0 ByneMs nMbTh

@
T I

, - o,
5 =—Tfe sgnada=—2—(e . sgna,

.
i

e—a(-f_)l_j‘f) —

OTKY LA NeAYHAETCH
Sa) + f (i) — i;— 2% 4 % (1- e%sgna,
a sambuax a HEA —a
—f@ S @ = e D (1= s
CKJIaﬂ,bIBaS] 3TH PABEHCTBA, HAXOIHWME
JHA@) = L —sgueye® (1 +sgnape ),

Bopamenie B cxoSkaxb npusogures npr a >0 kb 26 %, npu o< 0 kb 265,
n kb 2 npu =0, raks 4T0 OHO BCerfga pasHe 2¢ 1ol Wraks,

co8 ax 1 ~la
'f | dx = e

ny Tlocabamit pesyneTaTs BMberh ©b  DesudCieHHBIMB  MHOOKMECTBOMB
ZPYTHXD, 3AKMOYALTCA, KaKD 4YACTHEIH cAyYal, vb OJHOH BamuHOA dopMyrk

1) 10Tk OpMMBPE 3aUMCTBOBAHDb H3b ,Irattato di Calcolo* Todhuntera,
KOTODBI UHTHpPYeTs , Transactions of the Royal lrish Academy* (1. XIX, crp. 227).
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bypoel), nossoanmuler BCIKYo Auddepenunpyemyw %) (1. e. umbomyo npo-
#3BOIAYIO) QYHKUIW0 f(a), CIPEMAMYIOCY KB HYJIW TNPH o = = 5, H30GPA3UTL
8L Buab onpexbAenHaro wurerpana. Crepea sambTHMBD, UTO

f// (6) sgn (o — ) 40 :ff’ (G)dﬁ;[.f’ (5) 5 = 2/(a).

Otciona, no dopmyak (9

f(a)=?lr-‘/f’(6) dﬂ[ii“—(“fﬂ’fdx=?l_j [{Txff’(e)sin(a—e)xvd&
—m - El 0 —_—

HnTerpuposadie no 4acTaMb AAeTh

Jij"’ sin(a—6) x-dd = /‘j‘(a) cos (—9)x - dx.

f(r;)‘——%fdx /f(ﬁ)cos{a—&)x-da.
3 e

Ecau Tenepb NONOKAMD

CatroBaTenbHO,

(28) i (x) = [T_/'[B) cosfx-d8, wix)= /.f(ﬁ) sinlx . d4,

TO TOAYYHMD

(29) ) = é j Te(@cosar+yx)sinax} dx.
h

D10 u ecTh hopuyaa Pypee. Bb roMmb cayuak, xerna f(—«) = f(a). ¢dop-
My (28) mamyts

*«
rp(x)-—-?]f{ﬁ) coslix . A0, W) =0,
a
W noToMy opuyna (29) aacre

, 1
fla) = - /qt(x)cosax-dx.
- ST
o
B% usacrroctd, nan f(a):e_m", IpUMOMHHAA Nepsuit naTCrpars {27), nvbeMs
@x)= JRipe A TPHXOAMMb Kb DE3yIbTATY Npemu/(ylaro yNpawHeHid 3).

1y  Théoric analytigue de la chaleur®, T. 1, crp. 408.

%) Dro ycnoBie canmEoMb yako. Cwm., manpumbpw, Poincaré »héorie
analytigue de Ja propagatiln de l1a chaleur* {crp. 102}

3) Fourier, L. ¢. e1p, 395
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3aMbBTHMG, HAKOUSD, YTO BHITUENPHBRASMHOE AOK33aTEABRCTBO Hopmyau Pypre
He naMbuHTCH, ecIn b Qopuyaaxt (28) npexbramH MATCrpHpoBaHis SyayTh
aga kopug dyukuia /19), Toraa npasag yacts dopmyin (29) 6ynerh H306GpaxKaTh
Jle) ana sHaueRid ¢, ACKAIMXE MEWAY STHMH KODHAMH, H DPUBEONHTCH Kb 0
BB NpoTHBHOMB ciayuab. Takums o6pazoMt, 1aa f(§) = cos 9, oboauas yepess f
KopeHb 3TOX QYyHKIIH, HARAEMD, YTO HHICCPAND

w

cos ¢x + cos Jx
— - -dx
1— &%
0

(KOTOpPHI#, O4EBHAHO, He MMhKeTD CMLICKA, KOLJA €08 ¢ W COS 7 ofa OTAMUHBL OTh

T . T .
ﬁy:m)‘paﬂem:—‘z cosa|sin 3| dan 5 oS # sing| naw 0, cmotpi To ToMmy,
6vaetb o] <7, == wam Lo [ §1. KbToMy ®e peaydeTaty, BNPOYeMT, MDHIEMD,

NPHROAA 3TOTE KHTETPAN® (MPB MOMOLIH BECHMA {IPOCTArD NpeobpasceBaHid) Kb
TIEpROMY H3B MHTerpadoBs (11).

| MpumBuanie. Tlpeofipasosanic Rurerpana

] —at

o
.
e I
COs % COs
) [,
.

0

KB NCPBOMY @3t wHTErpasced {(11) § 725, ¢ noayvaeTcst CabaywIMyMe MyTEMb.
3awhuag, uro

111 1y
T—at™ 2 w21 x- 1)

UMbeMb

e x
tl ]
1 CO8 v ens Jr Cos o ens S
J = / h ' dx - = AL g

2 x—=1 x—1

A
B

J‘ o
g 1( f(:ﬂs@f:_f—— 1) cas
2
\‘!

Pasbupas muaTepsans {1, oo} Ha (0, =) {0, 1), a (=1, =<) na (=1, M4 (0, ).
TOTYACH YBHAMMD, YTG HHTErpaibl, pacnpocTpaHenfele HA Autepeaibl (0, 1) u
{—1, 0) coxpausTes H NOTOMY

»n

cosalid Deosile+ D, .

"rim

¥
i

g . i
Iy

! f(}fsn.(_f— licos 3(§ - )~ cesafE plycosdiE - ) .

3amtuan, uto no ycaoBin cosF = . umbeMtb

cos F{E— N =sim3&sine, cos3f+ 1) =~ singésing,
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1OTYACD HAHIEMb

o

L sin 3£ cosal
34—c05c:sm--}f RGN ) <

<

¥, TOACTABAAA 3HAyediy WHTerpana, ywazanHeit BL § 725, o (mepemberues
OykBbl a M ), MB H DOAYYHM'E ZaHHbIA Bbille 3Hadenin d. |

741. WwrerpupoBarie noinbix®s augdepenilanoss, 3asaus
KPATHAMO WHTEPHPOBAHIA SBISETCA eCTECTBEHHBIMTE DPACTPOCTPaHEHIEMD
ykasauHod mp Havask (§ 708) =agaud, KOrga NOCTABHMB BOMPOCH
0 pasnicKaHiW byHKIIN oTh nhckonbkuXs NMepeMbHHBIXD Hesa-
BHCUMBIXD DO ZdHHOMY es noiHoMy aAundidepeduiany. Pascmo-
TpUME crepBa npocThiiwiff cnyuafi, worya naHo audgepeHtiantenoe
BLIpAN(EHie BHUua

wix, ¥v)dv +ole, yydy,

1 capawmpaetcs OYAETh JAM OHO, KaKb TOBOPATH, TOMHLMD Audipepen-
WanoMb, T. €. CYWECTEYeTh AH Taxkan QYHKIR Z OTH ABYXb HE3aBHCH-
MbIXbL NepeMbHHBIXD X K ¥, DOAHWH aupdepeHuiant KOTOPOW paseHs
JaHHOMY BHpameRni? Bonpocs CROAMTCA Kb UPYTOMY — CYIUECTEYETD JH
byHKUiM z, AIA KOTOPOH

{30) ;)‘% = ulx, ¥), 2% = z{x, ¥).

Mp! BMOHMDB TOTYACH, 4TO AN CYILECTBOBaHIA Takoii HKIliH 1neo6xo-
)
EHMO ydioBie:
a 7

1 — (X, VY= vy, V).
@ ¥ (%1 dx (e, 5}
(§ 368), no xpalHe#t miph nan Toro caywam, KOTOPSIML Mbl H oOrpa-
HHYUMCST, KOTia QyUKUiM # w ¢ ¥ HXDb (EPRbA TMPOHIEOIHHA Helpe-
poiBHblL [Ipy gbHcTRUTeABIOMD Pa3HCKaRiH QyHKIIH 2 HEOGXOMUMOCTL
ITOTO YCAOBi cama cofoil0 OOHAPDYWHTCR, HO Mbl BB TO Ke BpeMs
YBHAWMTD, 9T0 OHO W OCTATOYHO [AA7 CYWECTROBAHIA z. MuTerpupys

(¢ 730) eropoe H3®B ypaeHedid (30). moayyaemsb = = / vy + ¢ (x).
Bafgb NPOM3BOANYIO MO X M TIPUHHMAA BO BHHMAiie MepBoe ypagHe-
sie (30), wakmems, yro, kpomk TOr0, AOMAAO OHITEH

BRL
g ) =, 13 — s dv.

YroHw mpapas vacTh 3TOrO paseHcTea He 3aBWebaa oTh ¥, Kakb He
3aBHCHTH OTH Hero sbeas, Heo6xoXmMo, 4rofsl NPOH3BOAHAA

. 1 A

ad R du dv
—fu — —dy = — —
oy dx dy  dx
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ar
4

LY d
ofpamanace Eb HyJb, T. €, 4TOGLI a7 T ax H300paMAIUCE OGHOO0 H

Towo we dyuxmie f(x, ¥). Ecam ato ycnosie swmoaxeno, to Gysemd
uMhTh

z=f~ua'y —{—f(u —f%eiy} dxsfudx—{—fz.'n{y— fffd.rd_v,
. = - e e

pe3ynbTaTh, KOTOPuI JeTKO NpusoauTcd Bh Bany (20). Mraks, umbewmt

Teopemy. ns Ttoro, utobm xx -- v Ay GHNO TOUHEML AH(@epenui-
g av

anoMb, HEOOXOJHMO M AOCTATOYHO, 4TOOLI Friairer TouHo TakT e

s cywecTrosania dyekuld @ OTH TPEXD HEIABHCHMLIND TepeMBHHBIXD,

umbinme#t noansift nHddreperiians

dP=udx+vdv -+ wds
HeOOXOAHMEL H OCTATOYHE! YCJIORIR

(32 gm _dv, 9w dw ov du,
gy z .0z dw dx  dy

g .
Bv camoM: 4bak, McXoaR wu¥b paneHcTRA - == w, HHTErPHPOBAHiew

€ro (NP X H ¥ IOCTORHHHIXb) NOAY'THMD

P = [:w/s e LR UR

Bumberk cb TEMb ByneMnt nMbTh

C) x
Jg 0w 3 A
—=py— | ——dz, = =v - --dz
Jdx ox oy oy
) o o g
Taxkp Kaxks gx Wy HE3ABHCHML OTL 5, TO BHLMMB TOTYACH e,

4YTO0 AOAMHO OLITh

9 { J a D
EE(” —fza-"’z)“]’ a;(”*f;;j, ””*)=°:

TAKL 4TO MEepBeid OB yC10RiA (32) moikHu GuiTh mhuionHenbl, Hanbe,
ytoful cyutecTsoBata QYHKIIS ¢ (&, ¥), Ha OCHOBaHIM TOCO, YTO Mbi
Buabad 8B cayyab IBYX® NepeMbHHLIXL, LOMKHO BulnoAHaTbCs ycnosie

a “dw o .
- H— —dy = —{v - S Sde).
dy dx ) ox oy

T. €. KaKh Pa3®k TpeThe ycaosie {31). AHaAOTHMHLIMB RyTeMb LOKASHI-
saercs  crbaywinan  ofwan  Teopema: Ecawn pass u @yuxuid
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Hyy Uy, ., Uy OTb 3 HEBARUCHMMX D MEPEeMBHHBIX D Xy, Xy, + .., Xy
To #{#—1) ycnosi#

CRTE S

— = = (i, =1.2, ...,

o "aw, U/ , )
HeOGXOAMME H TOCTATOMHA AJd8 TOTO, MTONB 42,08+ tyddy— -
ety X, GRI0 TOYHLIME AHBDPEPEHTIATOM D,

MPHUAOMREHIE M3N0MEHRHBIXKD MPIEMOBD Kb HRAXO-
HMAERID HBEKOTOPBHIXL 3AMBURTE/IBHBIXD KIARCCORDL
WRTEMPRZOB .

HNuTerpripoBadie pauioHanbHbIXBL AuddepeHUialoBs..

742, Ecau nozeudrerpamunas  dynwiis  panioHannna, To oua

() .
BCErAA MOMETD GLITE OPHBGICHA Kb BHIY if—‘—: , rab f(x) H g{a) uhbass
dynxiin, He uvhonda ofwaro akanrens. Eow a, 8, 7, ... oboana-
ualdTh Kopuu dynkuin g(x), #, §, 7, ... cOOTBBTCTBEHHO noKasaTenu
KPATHOCTH HX'b, ¢ (a7) whaas dyHuuin, vaaniRaeMas yacTHRMEL OTh Abaenin

f(x) ma g(x), 1o, kake mzsberno (§ 460), apnbe {E:i pasnaraercs
P

LAHAYIOIHMT 00pa30ML HA SIACTHHIA ApPOGH

s . bJ !Jg

(v ﬁ_(,:)z e v —

S )y~ (v — 3y

q.(_q_') ,F"'—ii‘ r_'— e + P

CibkroraTehHo,

]
(x . .
.j Lgitx%“'" :,j elxrda—aylog o —a! b bylog lw—3 4 alog x—y] = -

Ty i, ity by,
Tx—a TeSa T T a3 T=3R
H MEPBBA MHTETPanT®s BL MPABOH HACTH pasfaraeTes TOTYaCh Ha Apyrie,
kKoTopbie yMheMt BLuHCIATL, HTAKh, HHTerpaibl O0lb pauioHdab-
1xb AnddepeHnia oBs BCerja BhpPamawTca BB arrelpan-
YeCKH -norapHeMuyeckomMb BHAB, T. €. Yepeddb KOHEYHOE YHLIO
3HAKOBDL alrefpaduecKuXb U /JOTAPHOMHUECKHY T (PYHKOIMH.

743, Ecau ue Bch KOpPHH BelecTBeHHbI, TO (paBad YacTh Tpei-
CTABAAETCH Wb MHHMOMDB BHAL, XOTY OHA M BeulecTBeHHA, eclH Koaddu-
uienTw pavHaro nudidepentiana  sewectBeHHn. MomwHo Gpvo Ow
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nepeiTH OTH MHAMOH JOpMEl Kb wewlecTBeHHON, npHMTHHAS MawhoTHbg
cooTHomesin (§ 725, d) mewmny arcig u log; HO IpeanoOYKTAOT®H
coBrbMB OBOATHCR Ge3b MHHMEIXD YNEHOEB, NpHNoOMuHas, yro (§ 461)
coorehTcTRYI0MIIE Daph MHMMHXD KOpHeH o(x) 4ieHb A310Th BL pas-

J0WeHiH g(x—) CyMMy cnbaylenaro suAa:

a, x4 b ayx by N %+,

XMipx g @ rpatgr T ia® ip\—f-.y),.

[BN0 cBoaHTCA KD BRHYHMCJAEHIHD MHTErpana

__ax+ b
(a2 pa f'fl)“

lipn » =1 ero anauenie H3BECTHO, NOTOMY 4yro Toraa OWE paaia-

TaeTcA Ha .
Sxsprda (b_iw)[‘ _dx
x4 px g 2 ] ﬂl+(]

Takb yto (§ 725, d) Gymzens umbrs

j"(ax FB) dw g —  b—Yap X4 p

=alog Va?+px+g +—, = = arctg-— =~ 4 (.

dpry Vo=t T y—ip
[lp #>1 mOMHO AHATOrMHHQ HANHCAThH
ax+DBdx - e | 1
_Lm_t‘)_” =—— ; et (/J -5 nzp) T
) Epag) 2w~ a2 pa+ ) \ E

TAKD YTQ OCTACTCA BHYHCAHTE HHTCTPANb

g ’ _dx .
T T (x2+}9.’~.'—l—q;"

[IpunmtHaa vuTerpupoBanie No yacTaMt kb J,_y, TOAYHHME

T A
391 [ ren H—1
o \aitpa-g)

x 3 o, <
- (_;;:T"y:f’x +Z u—1 + 2(72-— 1) r‘ju—l — - 1 Jﬂ } s

[IPUHSIBE BO BHHMAHIE TOMKEECTBO

(x + 5 p) = v-+f>¥+q — g =18
Orciona cnhayers

1 ! X4 {.
J = 3 o vl
Il TP vy s @(2 L b pa gy

Taxuwn ofpasoyt wab J; nonyuaerea J,, oTTysa ¥, u T. R
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da
744, ¥Ynpawnenia., a) Yto6b BbUHCAWTL HHTETPAL: OTh —4

- -, T0Aa-
W17
TaeMb
] € L ax - &
41 a1 x~—'r-+-1

TAKB UTO TOMASCTBCHHO EOMKHO OntTh ¢ (2% - & {— DBtfax + D+ 1 =1
JOCTaToqHO NOAOWHTe = -~ 1, qmﬁ:,[ TONYYHTb ¢ = . 3auBHHED ¢ ero 3Ha-
qeHIeMb, 0AYYUMTE ax b =— }(x —2). CrbropaTesbHo, npeMJIOHEHHbIHA

HHTETPANSL PASTOMUTCA TAKB

i (2x41 1 da_
2+1 6_ — 2‘ AB—x1

H Mbl HAalkgeMD

dx 1 b1 1 2x—1
= - log — - ——arctg - — + C.
!fﬂ+, 3 log i 1 g

ad il x vz
b} Hererpare otw pra— TOTYACH pasznaraerca Ha /.xd_x+/’ 3

Nepebil pagerd 4 4? + ) B0 BTOpOMB Yya06HO modoxuTh x” = ¢, Torma

d. 1 1t 1 1 L :
fxf—xl TIr;Tf'éff(\f'—*—?l‘l)‘“ 1g)r+l' e

CabrosatensHo,

adx 1 o 1 v?
,/711—] 2_ ‘ log( l

¢) BechbMa JeTKO BBIYHCRAETCH HHICIPAID

Coxtl Lo de Y dx (@2x+ 1) da
(*c-’+t+1)" T a1 T f W@raa ) a1y

Tperifi vuTCrpant NpaBod yacTy MPAMO Ocpercs; BTIOPOH NPHBONHTCA Kb MEPHOMY
HHTEFPUPORAKIEMD TOCUBUHATO MO YacTAM™

dx x (x 4 4 )
_fx2+.x'-—1 x-—{—m—|—]+2f(x-i—\ TR

_ovmh a3 1 x|
Coatatl a4l 2 (a2t x-F 1@

OTclofa MOAYYACTCH

o x 2 x4 1 + 3 i x .
(.?f'—{—x—{—])- 3 fxt+ 1) a1

H OpPelNoKEHHmE WRTErpanb nbraercd PABHEIME

2047 I 5__ _dx
3+ 1) At ox 4]
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H OKOHYATEILTO

Bt NN G 0
e 1 T S gy

e noayvenHOMY DpeayabTaTy MoiKHO npuath fnicTphe, npouasons ynoManyrtoe
MHTErPHPOBAHIE NO HACTSMD CABAYIOWMMD 6PAIOMD:

® dx N fv+e)2x+ l}d
2ryTl .x-——x—}-l'. e ra

Tenepy onpentauMs ¢ Takb, WTOOH A1 NPHIHYHO BHSPAHHBED @ H b HMbTb:

r=n2x+D—~a@4+x 1l -b{x"—x =1

(Okaanipae Tcd, 4TQ HANO B3ATh 2=¢=a+ b, 2¢—~1=a—b, T. e, c=2
a=13%,b=—2% [lostomy Byacub umbrs

R w2 i7'_ i 3 - x4l
2rrxFi 24+ 2 A4l _2. = - rr‘r-l}l

OTKYJA H 00AYY4eTCA BbIMICUPUBLACHHOE 3HaueHie HEHTErpand,

dx

. et T+ 12
onperbaHTE MOCTOSHABSA ¢, . b, a’, & raxh, uTOGhH

d) Jas BeludcacHis #HTETpata OTb HY¥HO NPENIe BCCTO

____Yli____ﬁ _ ¢ +czx (/) | (1".",'"—3‘?_{')_"»
AR DGR T a1 a1 a2 40P

Toe (1R larv+ 8L e+ D+ {e’v—8)(xL1)=1.
Mpy x*= — 1 HaxoaMMB

W+ = s p T1)'("'_ L

H PABEHCTRO MEXRY MEPELIMD M MOCHBAHUMb AEH2MH, COPABEAAMBOC MPW MHA-
MOMb ¥, I0JKHO OblTh COPABEATURG 1PH ACAKOMD X, TNOTOMY 410 aff w b —
BeleCTBeHRL., BorbIcTBiC 3TOro BhLIEHAMHCANHOE TOWAECTED OGPAIAETCS B

(@) 4 (a0 e+ 1) = 4,

a npi %f—- | Zaers ox+4h=1L(e’x+ ") TlosTOMy NOAYdYHMB ¢ =1, YTO,
BIPOYEMB, CABLIYETH W HIb NEPBOHAYAALHALG TOKIECTSE, CIH NOJORHMB & = — |.
[Mocath 3TOro TOTYACH BAKHMD, YTG NPEJMOMENHBIA HHTErpAlL HMEETD TO Ke
3nadcHie, 4To H

L[ ax
4_ a4+l

17 [ o1
¢l e
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ByBetk b vhMt aMbeMb

Yy x 252 x . o x dx
/ .T*zl.f".-—vzH*f“g.ruﬁz"-‘—;zﬂ“ w12 ey

OTEYAZ cibayeTDh
dx [/ x dx )
f{x‘-’»{»l)?—T(‘ml +fx7+1',>

dx Ifadl ta-1] A
/7{}_4‘—1)—(; N = (‘___ +log ‘ .1f9+i + 2atetg LL) +C.

Hraxs,

€) HTeObl BHIYHCIHTL WHTETPANB OTH

X
e NPEeWIe BCETO saMbyacMn, uTo

Mo l= 41— (v} 27 =2V 24+ D2 —a V241,

H 00J14T4EME
3 ax + & RN

Al @y e 2Vt

Taxw kakb 3aMBRa x WA — x He mbHaAerv sbood yactd, a BB Tpasofi 3amb-
HHEETR 3HAMEHATCAh o0aHOH Apobp 3HAMeHaTelIeMT APYTOH, To TO ke caMoe
LOAKHO TPOH3OATH H Cbh YHCANTRRAMM, MOTOMY UTO pasioxelie apobH Ha
HACTHHIA eaudcTeeHnoe. OTcwaa caboyers: — ax 4 b= a’x+b’, Take uto
AODKHO GhITL TOMIECTBEHHO

P=fax++ B —xV 2D ~lax -8+ 2V 240 =200 —a) a4 25,

oTKYRA & = ¢ 2 = 3. CabapsateanHo,

f dx _ 1 f Qx+}'r§)‘a’x 1 (x 'l/- 23 x
J A1 9y 2] waxy il 2y 2.) eV el

Monarasa p = + ¥ 2, BRiAUMD, YTO MOCTATOMHO BLIYHCIUTE OAHHL WHTErpANh

(v 4 Mdx - Qx+pydx ]v_ﬁ dx
L pa ppril 2 GTypr T

o 2 ?
=log¥ s2 | px-1 Aty xVe+-L) 1,
¥z ( V2 )

i 3aMBTHTE, uTO (§ 254, d)

ertU(c} 2. kl)—qrctg(x! 1) = arcfg "’1 2 + c,
4TOOL! MOAYYHTL OKOMYATEIBHO '

Ll o

dx Vm V241 xV 2
- A L
.]x“rl 2y 2 (Ug ey MEwote
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1) Ewe nerue BHYKCACHIE RHTErpand

x4 1 dx 1 _dx
T o= f —22 - | =
yfﬁ+1* :Q/luwvv+t+?ufﬂmxvzu

1 19
= — ——arct i‘} 2.,—}-(].
V'3 gxz—l

Ecnu urTerpupopanie nponssoaurces otk O 1o 1, To, TAKD KAKD

. xV 2 1
LAt 1= g

7
A1 3dayenid onperbAeHBAro WHTETPANa MOAYYAETCH 5 Pasnaras noawmn-

Terpaasyy GyHxiiK BB CTeNeHHON PAXD, N101Y9AeMD TAKHMD NYTeMB HopMyay

T g b=t bt dr— =

KOTOPYE MOXHO TAKWKE BBIBECTH H3b (opMyanl (17) npelnnyiied raasn (§ 729, e)

T[H(t—“—:z'
pa @ =

atb 1l
g) Ecan npepnoweRo BLIMHCIHTh HHTETPast OTH x*‘urldx’ TO MOMKHO
HAYATE ©b 3aMbuaHia, yTo
x2L 1 1 2 + x4 1 )
P N I R P |

Ecan aamEuEM®: x Ha 2% o 3aMbTuM®B, UTO

Fowt = (22412 - (2 V3P = (L xV 3+ 1) (a2 —xF 3 1),

TO HAHAEMT
e JUNE S N W WY
41 3Ry 06 e 341 at— w31
Bb To ke BpeMa upa p = — V'3 umbems
dx _ o x s N C
fm-l-_f—(erﬁ)g—LiﬁZarctg(az -+ C.
* 2 4

CrkosaTensio, MPeAToMeHHBH HHTErpait DABEHD
garctgatlarctg (2x -1 3) F3arctg(2x V' 3) + C

HAH OKOHHATENbHO

x4l _ i 3w (43— 1)
!/]x‘-"'-_-ldx 3 arc tg - + C.

al—4 241
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Pasznoxenie noabuHIErpajbHOfl PYHKIUIH BB CTENEHHOH DAL TIOKA3MBAETDH, YTO
onpenkieHHu# HHTErpane Bh npelbiaxs 0 1 pasenn cymmb psana

Lfd- t—vrt

KOTOPY(, ¢b APYroH CTOPOHBL, Mbi MOX¢ML BBIBECTH H3b LMTHDPOBAHHOH BhL
npeabayneMs npumkps hopmyanl. . JIblictsiTennno, ynomsHyran GopMyaa MpH

Eis
it = —, [J4CTh

6
1,1 1 Voo 111 1, 1,1 5
L o A1 Lo RS B B
OTKYAa BHIBOAMME {§ 729, d)
1 1 1,1t .1 57 V3 2o 2 & 1
HyTron i E T T e 2 sy 8 4 4

Mezcgy 1hMb Kawercs, xakb 6YATO, BullicHaHIeNnoe BRIPAKCHIE onpebeHHATO
HHTErpana JACTDh OAf onpenisnenﬂam MHTErNAIA MeNILY 0 v 1 awayenie, pasHoe U
(Henbrwti peaym,ra'rb) HO Ha.cm NPHHATL BO BHHMamie (§ 725, k), uTo Bhn HHTEp-

=1

saxt (U, 1) pywxuia 1" 4 +_T 00paiuaeTca Rb oo LPH x:c:l"‘-i’— /3, n
cibra ore ¢ OGymets < 0, a cnpasa > 0. IosToMy
1
Al L 3a(—1yy ¢ 1 ( mu-—u)
_/‘ 621 dx = T (arc lgxl -4.-1‘3+1)o ) aretg da? = 10
i
1 Sr(‘x -1y 1
= t g s
(arc g, )‘_U g

Cu

—4x20 1

Touno Tak® ke, ecaIH WHTErpalk Bagay 6w Bb npenbaaxs otb 0 no ==, TO Halo
ObL10 BH oﬁpamﬂ. ARAMAHIE Ha APYroi NOOKHUTEIbHbIE KOpEeHs ¢ = ]/2+], 3

GYEKIE &t — 4 17+ 1. 0 3HaqeHis BHTerpana Hawdid 6ol
1 3r{~c—-1] =+ 1 3,{:{1'—— =-- etn 2
3 (arc tg — 442 J—l)e_«)_'_? (‘.arg tg EN VI U T g

Cp ubaslo nporbpkd 3amMBTaMe cabaymiee: ecliH pasiomdMb HETEPRAIE (U, oo}
HA (0, 1) 4+ (1, o), 1 3avbHEMD B HHTErpank, pacHpPOCTPAHSHHOMD® Ha HHTep-

1
gand (1, =), & Ha 0 TO NPAMO DOAYYHMD
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HurerpupoBaHdie uppauioHanbHbIX'b AUd@epeH-
uiajioBd.

745. Ecnu wppauiowalpHocThs RoaLRHTErpanbharo auddepenuiana
TIPOHCXOIHTD HCKAKHYKTEILHO OTDb fIPHCYTCTBIS Bb HEMT CTemeHed nepe-
mBHHON adHTerpupoBadis x ct NpoGHBIMH NOKA3aTeAMH, TO 3TY Hppa-
uioHaILHOCTE MOMMHO TOTYACH YCTPAHHUTL MOACTANIOBKOK x == ribh
HAHMEHhLLEe KPATRHOC 3HAMEHATEIEH fOKA3aTelel, H HHTErDANT BHYUCHA-
ercs 3aTEMb BB HOBOMB BUAL Takb, kaKb ObNO mMokadano. Bw cayuat
uppauionansHoctefl Goabe cnNOKHATO XapakTepa Bb GONLUWIMHCTBR CAy-
43€BL HHTEUDHpPOBAHie APaKTHYECKH HE BRINOJHHMO Bb TOMb CMBICIE,
YTO He CYUIeCTBYeTD TAKOH KOMOGHHALIH KOHEYHAro 4Mcaa ajredpaude-
CKHX® H JIOTADHOMHYECKHXD (PyHKUil, xOTOpas n3oOpamana 6 saHHLIH
nurerpant, Ho cyllecTBYwTh AHKOTOpBE KAACCH HHTEIPAJOB®, COCTA-
BIAIOIHIE HCKAIOYER]e, M BHYMCAREMble NPH NOMONIM ITPOCTHIXL HCKYC-
CTBeHHHIXE TIpieMoBd, PazcmoTpums 3ubeh Bawubitinie ciyyau store poaa.

o X

a) Jlaa BRUHCIERIS WATEIPAT OTh - —=- —— == NPUPIBHACMT PAIHKALE
VoA -l-p xLgq
BHpaWeRilo {—.x, Torda GyseMs nMbTh
.. Py St L B+ ptt+yg
(h x == s - x = EiTT’ dx = 2 — (?I—ka df.
VEBrerpans npuBOAdICH Kb
; {
f‘ﬂ;“’g”*%l“»
—_— ! !
J 1+ )
4 C.’I’BJLOBETCJH:HO,
dx ‘
- —=log x 5 Vit patg,+~1C.
/ Vrupxw g + +- £ 7

———, 3avbyaems, 4vo

b) UToful BHYHCANTE MHTRTPAAD — =
!

f XX g
s ‘ / 32 1,
X py = {\x._ {;—} 4 g - T ]

L,
(rat g -+ i £° noMwNo OLITD NMOAOHMTETEHNIMD, £CAH WCNAEMb OCTABATHCA Bh
0OMACTY BEilleCTBEHHLIX'L UHCENh), H [0JATAEMD

1

2 T, N [ 2 o
T = il/q -+ -4-~p-, TaKDL uto - - aF L prv 4+ q:{\(] -+ -a—p-) - M.

x -

qt
Hpennowennul! NETerpans NPHBOANICH Kb ff_l——‘—’ no3TgMy HmbeMn
J VIi-e
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J_ r_\_-_:—arc:,m ——=+
Vo2 pxo- Vag+ 1

¢) Huterpuposamie mo yacTAMD 1aeTh (cpass. § 727, a)

[‘]; ‘I_m—i— qax = (x 1 ".)-/7} .l’_l:m} +q -

l'[paaas{ YacTb, Bb CHAY TOXAECTBA

npeodpajosbBACTCH KD

i e a1 da _
( +—f )1 tx +px+t] j] — 3 p qrirT(([-FIPZ,)i/i],[———+,z~9+p,u|A(]

Cn'};nc)BaTe.rJhHG,

2 [ Vi rdv={r= PN T sl L) [ - S
-fv SRR P ds— (v = 2V TR g + (g 4f’)fyg.-rz'_‘m

a TnoToMy
"

o 1
J'l/.vr—px qu—ﬁ——zr\z

/ [ ! L o .
+%kq— P logya b i Ve Tl C

m!w

[1’ r~+pt—rr1d~t~flr( %\JV'--@—?T» q
e
+-§~(q+%,‘;3.arcsin ;_, _2 + L.
20 Va+ip

746, Tloaoxmms, nepexofs kb Sorke obmemy cayuao, uto f{x,y)
ecTe panionannnay yHENiA OTBE x M ¥, B Pa3CMOTPUME HHIETDPaTh

OTDh f(x, V + 4 pa q) da, Kaks 6 CNOWIO HE GBI0 NOLBHH-
TErPanbHOE BbIPAXEHie, AerKO MOXHO NOKA3aTb, YTO OHO MOMWCETH GHTH
NpUBENeHO KD pPalioHaAbHOMY BHLY NPHIHUHO BBIGPAHHOK MNOA-
CTAHOBKGIO, B NO3TOMY TAKOH HHTErpanb BCerja BbLIDAKAETCH Bb
ajdrebparvecku-norapieMuyeckoms suak. JElcrrurento, crouts

TR A
TO/BKO EBECTH HOBYH MepembHuyw /=x-F) x*+ py | g, yro6e Ha ocko-
BaHIH cbopmynm (1) YHHITQKHTE MPPAUIOHANBHOCTE b )‘(1, y) dx, xoraa

y=Var+pr+ 910 He copasentHRO npH v — | —at L pai-q,
HO R'b 3TOMb cnyqa‘h MOXHO IIPUMEHHTE ADYTYIO LIOACTAHOBKY, MPHIOAHY KD
¥ Bb NEPROME cayuak, ecaw Kopuw QyHkLin 1% px 4 ¢ BellecTBEHAB;
BEO BTOPOMT ciyuat 3TH KOPHA nanhprO BCMECTREHHN, wHade 3 Ghh
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GBI MHUMBIMbL ITpH BCAKOMD 3Hauewin x. OOo3Havas vepesv e u § 3t
KOPHH, TOJNOMHM©b

@ T

H TOrMa Hafijiemb (BWOpaEb f Cb NMPWIHYHBIMT 3HAKOM®)

y=Vik o P ”1_1%{"_ dx:tQ_‘_—rz)fq’f

OTKya # BHAHO, 4TO [ (x, ¥) dx npunnmaers Buab ¢ (/)di, rab @(7)
pauioHanbHa W BelllecTBEHHA.

747. Bopouewmb, BHLEYNOMAHYTBIA NOACTAHOBKH CIyXaTh T[Nas-
HEME OGPA3OML IR TOrO, 4TODH 110KA33aTh BO3MOXKHOCTL MPHBECTH,
Bh PA3CMATPHBAEMOM b HCKIKUHTENBHOMD Cayuab, HppauioHanbHeH Aud-
depenuiant kb pauioHansHomy Baay. Ha npaxtuxb scerna nyume 6yners
fnpensapuTensHo M3BheTHHIMB 06pasoMb yMpoCcTHTh Bepawkewle f(x, ¥).
PauionaneRyto oTb x B y $yHKUI0 f Bcerna MOMHO NPeACTaBHThL Bb
BHAk oTHolueHia Asyxe whiaelXs dyHkuif. Pacnomowuss 3ty qum(uiu
No CTENeHAMT § M 3aMBuuB® ¥ uepeds (4 ¥*4 px + g, a pml
nepess (£ 1‘2+pa -+ ¢)"y, npuseseMb NAHHOE BWPaMEHiE Kb BHAY

- Fr{x) + 5 1 oy ()
j(x._f\l) = Q)(T) +J' ”.1{1’)
b @, @, Yy, ¥, — whabg GyHKEIM OTh x. YMHONAR YHCAHTENA M

3vameHaTend na ¢, — ¥ Y, W CHOBA NOLCTABAAA

At pr+ g

4

W= rattprtg, y=

HAXO0JAHMD

S 3) =g {2+ Ll‘) ‘

rab @ H 9 —panionanshns Gyukuin ote x. Pasnaras satbmb 4 (x)
Ha uacTHbls fpodm {cpasn. § 742), YBHAMMB, YTO TOMHMO KHTE:
fpajioBs OTH palioHanbHbiXb AdpdepeHUiakoRs, BLIMHCAEHiE HanHHAIO
MUTErPaia MPHBOJHICA Kb BBIYHCAERIIO OAHOIG HWAH HECKDALKMXB HHTC-
rpanosb CABAYIOUMXD THNOBB:

* o x
J o w—ay V= L paty
rat # wkioe nonoKHTEILHOE YHCAO, M 1 BEUIECTBEHHAA MIH MHUMaR

1
poctoaunas, [Toucrasoekowy & = @ + - - HRTErpajkl BTOPOro THNa MPH-

BOAATCH KB MHTErpalamb nepsaro Tuma, a 3TH Tnocabauxie, kakn
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. i x
nerko punkTh, NPHBOLATCH Kb EIAHHCTBEHHOMY f—)—, KOTODBIK Bhl-
¥
ypcieds BB § 745. JThiicTerTensHo,

* L dx *
a" ¢ l~ = / =1 (i RIS (ﬁ ) - —“a—w .l'u'_l dx )
. b4 2 v 2 . ¥

s

;
a TaKb Kake ydy = |
\

a OTOMY, MOACTAaBAdd Be Npelpdylllee YpagHeHie, nosyynMmb

'} al
d.x e d x dx
n | A2 = H - ot i—1) ¢ e
/ g . )P S T =1 )

Map 3toll cdopuy.asl npuseaenid nocaboRaTeIBIO0 HAXOLWMD OpH
=1, 2, 3,

de f* dx_ 1 3173 N Cda

748. AHanOrRuHbIME NpIeMOMB MOMHO YIPOCTHTL HiTErpHpoOBanie
angepenniana  f(x, y)dx, HPPAUIORANLHOCTE KOTOParo  3aBHCHTD
HCICAFOUNTENLHO OTb NPHCYTCTBIS KOPHH KRAAPATHAIO

¥ :1‘,’ a, .'\.'m+ (_llx.w ~lrl_ 2y ¥ w-z_l_ Cof a,

3avMbBTHME CucpBa, YTO UPH #7 — METHOMB MQIKHO CBECTH CTelleéHh NOoJ-
KOPEHHOrO nonuﬂoma Kb s — 1, 9TOfO LOCTHIHCMT b NAMOULGI) NOJ-

CTAHOBKH X == u—£—~ , Tk @ wopenn sToro noawHoMa. Bosspauwasncs,

nanpumbpe, Kb cay4yar v—l 1 a +j>1 + g g " oSosHaqan 1 4epesb ,f?
APYrol KOPeHb MOAKOPEHHOTO LONHNOMA, NOAY UMb 15 =] + (; ~a)z = 1.
[lpuupmas HOBLIL pafHKANL 33 HOBYHO epeMBHHy0 HITETPHPOBAHIS,
Mpl M npmieMh Kb noActanoRkbd (2). TouHo Takn e cayvat m = 4
CBOOMTEN Kb CAYWald # = 3, HO TWETHO OO OB NBLITATLCH CBECTH
nocabudifi kb cayuato wm = 2. A umenno, Sonke rayGokoe HsyueHie
3THXD HHTerpanosbL (MpM #¢ = 4 ¥ # = 3), HASHIBAEMBIXH JJJHNTH-
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4eCKHMH, NAacTh BO3MOMKHOCTb NOKA3AaTh, 4YTO WXL HENb3A, BoOSLIe
TOBOPH, BLIPA3HTL BhL KOHEYHOMD Buit aareSpanuyeckn-jora-
preMuyeckuMu QYHKILAMH, H UTO NONLTKA NPHBECTH HXDB Kb HHTE-
fPaTaMb OTH pauioHanbHbiXxb ARDPepeHuianoss MOWETb BOLTe CPaBHH-
BagMa CB MONHTKOK NPHAaTh NMOBEPXHOCTH KOJbLUA chepHyeckyd QopMmy
flyTeMb HenpepelBHOR pedopmaniy !). 1IpH MOMOIUW BRIUHCTEHis, M010G-
Haro W310KEHHOMY Hb NMPelbldylueMs §, YAAeTCH /JWIe AOKA3ATh, YTO
JMMOTAYECKIe HHTErpansl NPHBROAATCA KT CABAYIOWMMT:

de i dx
g ¥ o la—a)y

KOTOPHE HASBIBAIOTCS HHTErPANAME MEPRACO, BTOPOro M TPETHATO
Bula; 2arbe npH nomow WIBLCTHWXB HOACTAHOEOKD LPHXDAMMD Kb
TOMY, 4TOGH NPHHATL HHTErpansl

’ d ~ ® sin2g dg:
. V11— #sin? g 11T = Rsindy

3a TUMIH HHTETPATOB: TEpBaro H BTOpOro Buja. Ilepseilt u3b 3TUXE
HIITErpaloBh, BaAThH Bb npesbsanrs oTh {0 10 @, 0003BaYaIBTE OOBIK-
HOBEHHO 4epe3sb ﬁ'(/e, tp), & BTOPOH, B3ATHIL BH TEX1b ke npenbnaxs,
MOXHO HAMHCaTh TaKD

i
]

1 I-(l—#&sin? q) | 1, - , ,

Ta = e - ag = -3~f'(!;’, 7y — F{f Y,
k-‘/ V1 Fent g '3 Proal 7] (&, 7)}

o

YCNOBHBIIHCE Of03HavaTh uepesb L (&, @) nurerpant
-
fl,-’ I — pYsintg de.
0

3uauenie ¢ va BepXBeMb npexbat HAa3LIEATD AMNAHTY 1010, 2 4HCIO A
MOAYNEMT WHTRIPATOBE. DBb MeXaHWueckMXbL M T€OMETPHUCCKHX
PHIMKEHIAXs OcOBeHHO BAXMEI 3HAdewuin uHTerpasoet F u £ npu

i
aMl‘[JJHTYll"S f = 5 - MX1 uasbEa0TH nOMHMME WMTUOTHYECKHMY HHTR-
rpanami 1 0G03HAYAMOTD TaKb

dq

f“ )’\’ == To—=
) V1 - 2sintq

. E(y= | Y1 -Esinfqdg,

\-cm
c.\w\?

a

) CM., ama =4, ,Cours d'Annalyse de I'Ecole polytechnigue® par.
C. Hermite {crp. 291—297).
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749. 3aiimemcn Teneph THEMH NOACTAHOBKAMM, O KOTOPHIXDL YHO-
MAHYAH Bb (PeNbAyUieMs §, M NOCTAPAEMCs COCTABMTL HXL TaKb,
uroful Hafbware Bacsexlns MHMMBIXT uMcendb. Crepsa NMpPeanoaoHIMD
BEU{ECTREHHLIMH KOPHH ¢, 5, ¥ dyusnin v=]" = a3 Lax® 4+ by +¢.
[lyetb @ o3nagaert HauMeHbWIA MSbH HAXH, KOMIA NPH 17 CTOMTH
3HaKL +, H HauGoanlil Bh UPOTHBHOM®E cayuab, J— nycTh SyleTsb

, ; Y
cpennift  w3b  gopHell; uepesb 4? ofoanauumd  OrTHOWenie .

-
i
scerna semamee Mexay O u 1. Tloactanosku 2 = a -+ {7 —c)sin®ep
1aCTH

t ot taxd+ by — o= v —a (J—aP (1 - 42sin? ¢)sin® ¢ cos? g,
) } F

(109TOMY, HE3aBHCHMO OTb REWECTEEHHATO MOCTOAHHATD — MHONKHTEIA,
patakans yp upeobpasyeTca Bh  npouaeenchie }7 1 A*sin*g na
sin @ cos ¢ M MoITOMY

o x dq:

6yI1eTt NPONGPUIOHATLHO — ——— :
v V1o Hsing

Kt tomy e pesyanTaTy LPuUXOJHM®B, KOTMA He BLh KODHM HeLIECTREHHE.
Ilpw 9TOMD NpennonomceHin, Cuirran Bcerna xo3MhHIICHTE! BerecTReH-
HbMH, MOXMHO N[eACTABHTH ¢ Bb BHUE — (v a) (W4 pr+g) cb
BELIECTBEHNbMH L, # 1 g. [Tonoxumb

el e S
r=ad Ve poaigte -
=

[TpocToe BHIMHCNEHIE gacTh

g2 ¥
o - 1 e 2
=& @ pr 4 gy — (2 pa b o)t (- AEsiut g —
cost f
2
roh wHca0
WL
s My - 2
2 Vi s pa—q
Bceria nexdTnh mewdy 0 n 1, motomy uro
Cpre A
0L po by = (\C&'i' 7}) + (ﬁ' — 5 ﬁ‘);l I\ff. + ‘2—)

- da -
Hraks, gp 0BoHXh caywasxs f" npeofpasyerca &b £ (&, ¢); urto

rda
e Kacaercd HHTErpadla ﬁl‘f’_’ TO OHT NpUBeIeTCA Kb TOMY HAH
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APYroMy H3b HHTErpajoEb

2 ¥
* sind q i tg 2 dy )
J VT - Esady V 1T-Fsmq ¢

CMOTpA mo TOMY, GysyTh An BCh kopHM ' BenlecTBenHtl WAH Hbib.
Me ywe BuabaM, 4TO' uepBHH BRpakAeTca 4epess uurerpans fon KL
Yr1o8ual noka3zath, 4yTO TO He camoe HMbetTs Mmkcro W ans BTOpOTO,
3aMBTUMB, uTO

d (tg% YT Fsin g ‘]~ (%(l - tg? - * ) — sinﬁq,)

s

d i
V- k2sin?ep

OTKYyUa, HHTETPHPYs, MOJIYHHMB

4

g = dip "
2 CF(h, g)— 2Bk gy 2tgt Y TR sinty .
/41/1 T =F(k, @) E (%, ¢)+ztg2 ¥ 1— Asinty

Hanke, ecan 1% nondHom® 4-off cTemenm, 10, KaKL ye CKa3aHO, NOA-
1
CTAHOBKOW x =@ - —, 1k a OQMHB M3 KOpHEHR 3TOr0 MOAMHOMA,

cBefleMB 3TOTH Ciydall Kb npeamayulemy. Ho, ecin 3701t noJHHOM™®
He uMbeT®s BelEcTBeHHATO KOPHA, TO, HE Wejlad BBOAWTL MHHMHIXb
yneess, npubbraeMms KoL apyroit mnoncranoskk, KoTopylo Me 3ahch
TOJIbKO YKAKEMDb, HE OCTAHABAMBAACL Ha BEAVIIEM® Kb Hefl wu3cabso-
paniv 1). [lonowums, uro v* = (1?4 px + g)(a*+ p'x + ¢) w npen-
MONO¥KHMB, HYTO KAWALIE MHOWUTENL [NpPaBOH 9acTH OCTaeTC BCerna
NOJOWMHTENhHEMB. [lonaran

(p—p1i=n—q9 -Vig—¢ ¥ -Fiee—qp).

(p Ple=q @ +V—gP -0 —ap).
HAXOMMMB HCKOMYHY TNOICTAHOBKY Bh Bub

_A—uwmigy

rat #r HauMenbllee H3b ABYXT udcellb

VE Dk, | EEiEy
W2 put g =P b g’

1) Cu. Schloemilch. ,Compendium det hiheren Analysis® 3-e waa,
1. II, c1p. 290 u cabi.
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750. Bo3MOWHOCTL RHIPa3HTh HMHTerpamh oTt f(x, ¥)dx npu
¥ =k x?4-px |- g BB adreSpanuecky-10rapHamMuteckoM®s BAAL 06wAc-
HAETCA TBMB, YT0 Npelnnyluee ypasHeHie €CTh ypaBHeHie KOHHYECKaro
chuenin, 1. e, YHHKYPcanwno# Kpueodt (§ 611) uin kpHROK HyJaeBOrO
pona. Ecan, pn Gonbe oSuems cayuab, npeanonowums, uto B f(x, v)
nepembubas v cBA3aHa Cb & ypasHeniemb /7 (x, ) = 0 wkakoRt HuGyus
FHHKYDCAIBHOH KpHBOA, 10 f(x, ¥)dx, OUEBHHO, MOMKHO NpPHBECTH
K'b paliOHATLHOMY BHIY, MMDHHABE 3a HOBYIW nepeMbiHHY® TOTH mapa-
METPB £, Bb KOTOPOMB X W ¥ MOTYTh ObiTh Bb JaHHOML cayuak
pauioHaneHo EBhpAMeHs. TakHMb 06pa3oM® H OKaaeBaercs, uto Oesun-
CNeHHOE MHOKeCTeO aH(depeHianoBs, HecpaBHeHHO OGoabe cromHOH
chopMel, ubmb saauNTHYECKie, DPHROAATCH Kb DARIOHAJALHOMY BHIY ©
HHTETPHDY 0TSl B anrelpaHyecKi-10TapHaMHYeckUX D (PyHKulnx L. Topasao
Tpynnte 1okasats ofipateyw Teopemy: Ecam F(x, ¥) =0 we yun-

Kypcanbna,roff(x,_y)d_\: He BLIpaMaeT<d B KOHedHOMb Buah
Bb anrefpavHIeckKuX s H TOTAPUOMHUYECKAXD PYHKIIAK b

{ HpumEyanie. 3To Teopema crnpaselingd JHINE BB TOMB cMuCHE,
1To ecau F =0 He YHUKYPCAnbHAM KPWRAR, TO ff(x, Mdx npn
sCAKOH pamionamtbHOR diyHkIiM f OTH X W ¥ He BHpAdKaeTcH BB yho-
mauyTolt Qoput {(em. M. [lramuuxit ,O6uis npensoxenis 06
WHTErpHPOBAHIM BB KoneTHOMEe BUTh afenesmxe nudwpepeHuianor:,”,
Marem, Coopruxe T. XXI). To Heanan cxaszaTe, yro WHKaKoil uuTe-

rpanb BHIA J_f(_r, vydy vie Bupamacres Bn 3ToR (opuh, ecan F =0

te yrukypcamsua (oM. E. 3onotapess, ,Teopis ubinxt xoMmaeke-
gerxt umeens” (CIIB. 1874), ¢rp. 107.]

3TO BHACHAETE HCTHHHYIO NPHUMHY HEBOSMOMIIOCTH, BoOGLIE TO-
BOPH, BLP23WTh Bh Takol dopmb smmnTHyeckidl urerpants, noToMy uro
KpHBas 3-TO NOpAnKa
P a4 oa at boagx 4oy,

ue uMEBoniag, roafine ropops, IBOHHOH TOUKkH, OyuieTh poaa 1; owa
TOMAA MG YOMKYPCRJAbHE, Kkoraa oud HMbeTs uboliHyio Touky, s
SEr0 HCOBX0ZUMO, YTOOH 0AMHD MOhL TPeX'b KOpHeH QyHKIIH ¥ 6bib
ABOANBIMEL (@ = F), H TOrAa XOCTATOYHO NOJOKUTL x =+ - 7%, uTOGHE
cabnat nonwHHTerpannHait audipepenuian®s pauionanbueb. HEckoarko
Hoake offiift pesyasraTh daxalouaercs Bb cabaywmiemsb: Beukii pass,
KOTAa & W v CBA3aHBEl ypaRlleHieMb Brid

a_}/-n + bx;y"_l + ngyn.—‘.’ ta = a;y:r—l + (r’x.-y"_z + Cfxg_},n -3 4o
CTOHTDE TOABKO OO/OXKHTE .y :tz, 4YTOGR MOAYUYHTE
B a’ 11717‘£tn =12 R o {I"fn 'i" b/In_I _!_ .
ﬁfﬂ+bl‘-‘n"1+u- - (."-fn—{-bfn_l-f—"'

H TakMML obpasomT npeofpasosate f(x, yhdx b () df, rrb
@ (f) — pamionanbhast dyuKnia ore 7.
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751, Bunomianenbie qRPGepennianel. [loxn 3TumMb Hazsaniems
nonumaTh Andrdepenuiane muaa x¥ (2 - dx”Wdx. Mo o8o3HauMsb
HHTErPanDs OTh AaHHAro andrbepenniata uepesv J(p, ¢) H sambrums,
YTO NOACTANORKA @ - Ha™ =/ NMPHBOLAHTDB €r0 Kb BUAY

it
9 'J):;,:—bf(\f—;“:] #di.

1
Hurerpanb empamaercd Bb KOHEYHOMD BMAL, ecaH prl nhbjaoe uncno.
’ wm

Huterpuposatie BHIMOJHAETCH HEMOCPEACTBEHHO, €caH 51O uucao nbaoe
H TIONOXKHTENLHO®; BB MPOTMEHOMT ciaydad 1OCTATOMHO cihaate MOA-
CTAHOBKY ¢ =§" H BwOpaTe uhioe uyucno # Takb, Yredsl M ﬂq 6110
ubnuiMb, Gaarogaps uemy nanbeil  gudupepeHuiant TPHBOAMTCA KT
pauionaneHoMy BHAy. [anke, ecau Hanwwems xF (- &x™)¢ BB BHAL
AP (f 4 aa—"), To, npumMbHAs Kb HOROMY BHpaxeHlio Npeanayuee
yonosle, BMAMMD, 4TO HHTETPHDOBAHie BhHIOJHAETCH TOTYACh e (npw
Ptmg+1
w

NOMOWMH MOACTAHOBKH {4 @x™ = ), ecaIu uMcao — whnoe,

HTak®s, naHHBI HHTErPAADL NPUEOAHTCA Kb HHTETpasy OTh palioHak-
Haro auipdepenuiana Toraa, Korga OAHO H2DL HHCEND
P41 p1

s

i m

+ 4,

ubnoe uaM HyAas, ITH yCHOBIS HAZBIBAIOTCH YCIOBIIMM HHTETpHpYe-
MOCTH OuHOMiannHbixb Huddepeduiaforn.  3avbTHMB euwie, YTO YHCAA
P, #t, g MPELANOAATAKITCH BCEria DPanioWanbHbiMM, Huayve Auddepenliand
Gbilb OB TPAHCULEHAEHTHbMD. Yebwwess !} nokazanhk, 4To yno-
MIHYTHIE CAyUYaH AHHCTBECHHRE, 8'b KOTOPH XD HHUHTEIPAAT OTb
GuHomiannnaro nuddepeHiana BHpPamaeTC® Bb KOHEUHOMD
Bunh (uepesw anrefpandeckn-norapueMuueckia dyuxuin). 3akcs, Ko-
Heuywo, nonpasyvbeaercs, yto aufdepentiass camn no cefit ne panio-
HaaeHb (M, cAbnOBAaTETEHG, f, ¢, s He BCh paslil UBABLIMB UHCIAMD),
¥ €lE, YTO OHDB He NPHBOAMUTCH Kb PauioHANBHOMY BHAY NOIACTAHOBKOK
x=7* uro umbro 6w MBCTO TpH p w a— JPOSHLXD H ¢ LEIOMD.
3a NCeKMOYeHIEMD 3THXE CTydaess, GrbIOBaTeanHO, TIPEAOardeTcs, HTo
f v m—ubnwa, a ¢ — opobuoe; kpomb TOro, MOKKO DPEANOAOKHTY

1
m >0, MOTOMYy YTO MONCTAHOBKOW X = -7 TOTHACH CBeleMB Kb 3TOMY
cnyyawe cayvait mz < 0.
752. [as sviuucaedis wIR yOopolueRist WHTerpana OTb SUHOMIANE-

Haro nuipdepeniliana cTapalOTCH BEIPA3HTHL €ro uepe3dh jpyrie, nonodune
emy, foabe mpocThe WHTerpann. llpu 3TomMb Opewae Bcero 3ambTHMD,

1y ,Journal de Liouville® (1853, crp. 108).
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YTO ¢ BCErja MOMWHO CYHTATh Jewamumb Mexay 0 n 1. Bwn caMoM®
akak, npeanonaras p—- 1= 0, wHTErpHpoBaNie No YacTAML JAdETDH

Pa R EC mgd

_ AT o N g
J(A q) "/‘(aifu )(/p—{—l p+l{a+bx ) oy

Jptm, g—1).

Ct apyroit croponst uMbeMs TOWAECTEO

bF(p+m g—1}=T(p @) —ad(p g1}
Crnbnogarearso,
3 (Ptmg+ 03— (et b2V L mgadip g1

Hab ato¥t dopMyas Sepems I(p, ) wnu J(p, 4—1), cMOTPR 1O TOMY,
Symete mn g >0 umn < 0. TlosropieiMb npembrenieMt 3Toro nupe-
0fipaz0Banis MOKHO OTh § >0 OTHATE, WAH Kb ¢ <0 npUOABHTL CKOJBKO
YroaHo eilMHUND., 3aMBTHME 0pPU 3TGMB, YTO KAKD TOMLKO OHMUIL H3b
kosguprmtieHToEs Npu J(p, g} waw mpu J(p, ¢ — 1) oxameTcn HyAeMb,
Takb GygeMb wMETh 1540 €L OAHHME H3b CNYYAERt HHTEPHPYEMOCTH
(3% woneuHoMb BMAk), H Qopmyna {3) cama nacth awauchie I (p, g —1)
Hau J(p, g). TOUHO TaKD Ke MOWKHO AOCTHIHYTH TOTQ, 4TO H GYLAETD
3akAoTaTECH Meway O u m. JIBHCTBUTe LHO, wHTerpuposanie o
4acTAME, NpoasBelcHHoe mpH g+ 1 =0, macrs

e

. (a+bxm),1.+
: — pimfl g o
3t ) / s g
O N
=x3’_”’+1&?— AL p 13()’*1‘”,QT]).

(g+Nmb " (g+ )b
Ctb apyro#t cropousl, umbems
Ip—m, gr N =ad{p—m. )+ 532 q)
bl 0BATENLHO,
) (prmg+ eI H—x " Mag bWt (pom L) a3(p—m, q).

Wsw storo cootnowesin Gepems I (p, ) mau I (p—m, ¢), cMOTPa nio
Tomy, Oyaersy au p >0 umm < 0. Mrakb, ML BHAHMDB, 4TO Ch NOMOILLID
cdopMyab (3) M (4) BHYHCAEHIC WHTErpaXKa OTDH BCAKATO OHHOMIANBHATO
Audpeperuiang Beerna NPHROAMTCH Kb CAYYaAMb, BT KOTODbIXH

pHom—ubaua, m>0, O<g<I, Q<p<m.

753. Mpembpw. a} dns BbI‘-lHCJ'JeHiH] ]f'_§’2+2..t'~—1-{—1’;—r, noaaracMe
V@ 42x—1=1¢—x, otkyna :

. f2+1 . T O 7 A
@_gil—i—T}A VY2t —1=f—an=

— 24211 L R—2¢-1
By T s O
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Tpennosxennn i HHTETPasT NpeolpasyeTca Bb

1 (21— 12 dt (‘1 o1 1 2 3
2 ] (1R FFIRESD)

fi"fﬂ-"l TESIE z‘ﬁ—l—l)dt'

Jlerkoe BHIYHCNEHiE AACTD OKOHYATEIBHO 108 3HAYUCHIA HHTET]YA]a BBIPaMEHie

Voo —Td log (a1 -V 2L 2x—1) - 2arctg (x4 V222 - 1) 4+ C

Buerpbe mMpl mocTuray b whad, PazIoHRL HUTErpant Ha

wrlydr 1 dx - dx
Vid—ax 1 Vg2 -1 J.vv'x?elix -1

H 3aMmbrHBL, yTO

Tﬁ__—rﬁ * = __ arcsin xii—k(f’,
J o aVat420—1 ]// _(1 ) 1 X a2
x)

rob (cpabi. cv § 725, a) Hamo B3nTh EepxMid WA HMKHIA 31aKE, CMOTPA 1O
ToMy, Byzere auw & > 0 wrn < 0. ITepnonavansio noayyeHsoe pbipaxeHie noTomy
H penaoyTHreILabe, YTe B HeMb HETD IBOHCIREHNIOCTH BHAKA, SKBHBATENTHOCTH
o6bHXD QOopMDL BHITEKAETE HIb TOMIECTBA

x—1 — 5" : it
m*—__» AR Ve _ gy S0
iarcsmx]fj Qarclgla4+V a2 4+2x- D — (149 1

S—dx
—1 et Ho MQXHO 310TH

L
b) AHAJOTHUHEMT TMYTEWH BEUHCIACTCA / Vo

HHTErPATD PAACMATPHEATS, KAKE MHTCIDAID 0T GHHOMiANbHATO Inddepemuiaxa,
j 1
Bb KOTOPOMD = 1, 2 =2, g =4. Crbnonateasho, /lj- - =( 1 nepgoe ycao-
¥t

Bie HHTETPHPYEMOCTH BbulOMHENo (4To BCerZa umbiemL Mbero mpu p=—1,
kaxono Ont MM Gwio we =z 0). Ilostomy uonaraemb x2—1=# u nony4acMs

£
dx edr T e sin L g
Vat-1- " = jfz+i—1~arctgt+C:VA-—lrarCSm?—FC.

dadw
AV a-
3TO BblpaMcHie, KaKb GuUHOMIAIGEHDIH AndepenLianh, 10 3aMbruMe CUCPRI, YTO
—=—3, m=1, g=—}, NepPBo¢ ycAOBie HHTEIPHPYEMOCTU BLUNOJIHEHO {KaKb
a'ro BCeTOA 6bIBaCT'h mpH m—= 41 u p u‘hnolwb], B NOCTATOYHO TIO/OMH ik
— 1 = £, q106n cabaath Inddepenuiasd panioHaILENMS ¥ LT TOMOUILIO BEChMA
Jlerxaro HITETpYpOBAKIA HAlTA

dx 3
J SVa—1 4

¢) Ecau KeracMT BHYHCAHTH WHTEFPAAB OTh

o Pa3CMATPUBAN
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xldx

d) Be nurerpant oth ————— —- uMbeMn p =4, m =12, g=—3%.
@ V11— ;
. 1
BTOPOE YCI0BiE HHTCUPHPYEMOCTH BHIOIHCHO, TAKE KaKB f—j_n— +g=1. Cik-
10RBATeABHO, HAAQ LOIMKHTE &5 1=f 2, 1. &
7
¥ = dx =_.dt__s-
| (1 J,;z)'ir

Ho &1 jlamoMb cayuah ckopbe TpHIeMP kb ubau, ccnd cMepha GPOHUIBEIEMD
HHTErpupoEanie 10 4aCTAMD

ddx //. . R 3/G aZdy
AU B Ut V0 v B BT gy

3x—at

3
- — —aresiny -
2142 2

310 cBOMMTCH KB npumbHeH(d dopMysl (4).

e) Bt unrerpatt ornb - uMbemb. p=—1, m=14, ¢ =—1;

Pt

Mt

—= 2 — npephoe YCJORie MUTErPHDPYEMOCTH  BbINOJHEHO. []o3TOMY MOMHO

1
6T yABPEeHHBMB, UT0 NOICTaHOBKA £ -= ! |- F v ppuBeneTs Kb whaw. Mu
IICIJ'Iy‘«[HMTx

4](1_ W irdi—s@t—Tyt ¢ C,

cabaoearLihHO,
s
77},?\} g dx = ;’ 4¥~x+ ';frx - 3)] I+Fa+ 0.

) Ecau Tpe6yercd BBIYHCIHTH

70, 3ambyas, 4ro
P31 w41 p1l "

i 2 e

MBI BMAMMD, 4TO [pPHBEIEHiC Kb WHTETPaAy oOTH pPAUDBAILHON PyBKIiH BO3-
MOWHO JHIIL OpH # - wbAoMbh  CMOTPA M0 TOMY, GyIeTh AH # HEYETHOE HJIH
ueTHOE, HHTErPATb HPHREALTCH Kb

* 1 fi 1,
— -2t de | ttdr
. L+

SRR
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— £ ;
MojAcTAHOBKOR ¥ = F 1—# uan & = ———=—. Bnpouews, ROTErpHposanie mo
V12
YACTHMB HACTh opMyay

=" dw L —1 —*d
2o Sy (2
] V1. %% # n 1 1_1.

KOTOPAA TIO3BOMAETE CBCCTH JAAHHbIH ARTErpan. Ko

® xdx Y odx .
S = — x4 C, -, = arcsiny + C,
,j V1—x Vi—w f ¥ l—a® t

CMOTPA MO TOMY, 6YEETL TH # HeueTHoe Win ueTHoe. Lean waterpans Beperca
ots O mo 1, T0 OPYXeIdMB kb HIABCTHGIMEL Ve pesyabTatams {§ 727, g),
yTe Jerko BMAbThL, nogowHNh v = sin 0.

gt Ecnu menaemh BLIMHCIHTE HHTErpads )

(3 _— = 3/“ —"t:.l
f (1’ PUJEI T NI . V) x‘*+x5) dx,

TO CTOMTD TOABKO 3aMbTHTL, uTo KOadgwiienTs npu dx. Ha OCHOBAHIH GOPMYILI
Taprania (§ 528), ceth kopedr ypaBuenia 49 4+ 3av — 247 =0, npunoMenas
3an{'15qal-ne cnhaannoe BB koHUb § 790, ToTWACE NIPHMXOAHML Kb AOACTaHOBKE
(14+Mmrde
Z—Bp

v = I
T ap
a nosaras ewe 2 - B =310, kb

— —.28
Qf,udﬁzl 2 - Ce= ", (x-——?y)JrC

KOTOpad MOPHBOIHTL OaHHbIH  HATEFPaTL Kb 18/

43 g2 B

Bt 10 Ke Bpems nmbemb x2—242=2 x4 342y 2 v— (22— 29) (2421 v),
lostoMy npeasoxesdbii HHTETPAA® PaBeHD

a Ll .
BV Vit + Vit - Vafga) — 2.2 c

(Vo Varra 4V ab — Y At a8) 4 22

[lpeavinywmee BHUgCheHie MOWHO HBCKOALKO COXPATHTER, €CAHM 3aMBTHMDL, YTO
Mdf=xdy—ydx, otkyna catoyers

f_ydx= /xdj’— /x‘idt=x_1v~/.ydx— {lx‘éd!
AT B Ao
%(x_y -fxzdt);..?(x),,*_/ ,BH,J

3 __ N
P-4+ C "‘}-+“‘J+C HT L

i

x
2y

1y Hermite. .Cours d'Analyse«, ctp 242.
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HUnTerpupoBadie TpaHCUeHASHTHLIXDL Andde-
pEeHUiAJOBD.

754. Cnyyau HHTerpMpyeMOCTH Bh KOHedHOMT BWak Tpadcuen-
JeHTHHXE AndupepenuialloEs, T. €. cayuyad, KOLAZ 3TH  HHTETpajsl
BLIDAHAIOTCH BB WABECTHHXB BAEMEHTAPHEIXD hYHKNiAXDb, secbMa pBakn,
Bb npocThilnxs Ciyuasxnh, KOraa Takoe BLIpAWERie BO3MGKHO, 00LIK-
HOBEHHO NpumMEHATE Soxbe Wam MeHbe HCKyccTBeHHble npleMu, a He
kaxkie HHOynb obulis mparuaa. HEkoTopws uab 3TnXs OOUIMXEB NPaBHAD
Hamo, oxnako, 3ambtuth. Ecam f ecth cuMBONb pauioHansHoH QyHKUiH,
TO HHTETPaiH

['f(e") dx, [tf(tg xydx, /t/'(sin x, cos x) dx

RCETNA MOTYTH OHTE H&fJeHB b TOMOIIBIO COOTBBTCTHEHHHIXB MOA-
x .

CTaHOBOK® F—=¢%, f=1igx, I=tg 5 rab {— noran nepembrias uHTe-

rpEposanis, Takumt 06pPazoMB 10AYYANTD

[f(er)dx= [.f{f)i:~ ]f(tg-f) dx = J%L:!

P oree 1 e 2ds
/j(slrlx,cosx)d,c= /j(]_l_t'-" m)mz’

1 npeobpa3gBaHHBe MHTErPANbl BBIYHCAAIOTCH, KAaKL WHTErPadsl 0Th
pauionaabHRxt aMbdepenniadoBr. TH e NOACTAHOBKN OhBAIOTH Haclo
NEAE3HH M TOrAa, KOTAA f He pauioHanbHas qyHiwis.

755. ¥npawkuenin., a) Moterpars orn -

dx
= - Gepercds  ¢h NOMOMIbHY
e.l' 2 X

NOACTAHOBKE {— ¢", H MOdyuaercs

dx oy .
e = T4s= arctgl - C=arctge™™ 4 C

d x
b} HroGe maftte HiUTerparh oTb ——————, BO3bMEME 34 HOBYID Nepe-
-+ b cosx -

x
Mbunyr £ = tgj. [Moayyaemr, cxoTps no 10My, 6ylers an a? GoJclie HaW
MEHEIIE A2,

Yodx 2 Va—f) &0
J(;—{-bcosx—:-[/azbear(:tg(‘ a-{-btg_Z-)+C

- 1 log &4 acosx+}ff)9——a9-sinxi+C'

V62— a2 a4 beosx
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rod = osuauaeth sng (@ + 5). OTB 0ZHOTO BLIPAKEHIA Kb APYTOMY Jerko
nepeHTH Ha OCHORAHIM COOTHOLIGRIA Mexry arcig u log.

¢) Tousn TaKD ke aulmcneniej tgnxdx NPUBOAKTCA KD BLIYHCAEHIK

1-+-#
TCABHOMD MOXKII0O HHAUE HOCTY“HTb‘ NQBTOPHO anM'BHHH CJT'B.'I)’H)IH}’}O q)DpMyﬂy

a7 . ._ 1 \ #H—2 ‘7_tg"mlx ’ n—2 .
'ftg xdx __/‘(coszxﬁ 1‘ tg xd.x.— w1 7- g "xda.

Takuwsb 06pazoms BB KOMKE KOHLUORh UPWICMB Kb OAHOMY H3T HWATErPAJOEH

t‘)i» i
f-, OpPH NOMOLIM MOACTaHOBKA f — tg x. Ho nprx # — ohioMt nosomu-

ftgxdx:—log[cos;:‘—{—(j, [ldx=x+C,

CMOTPA N0 TOMY, Gy[IeTh i #-—HEYeTHOE HAM yeTHoe. MoWHOD TAKD ®e MOCTY-
ATk IpH ¥ — OTPHLATETHHOMD, HO BDb 3TOMD cdyuak ynobubke zambraTe, utO

el

" | b
A% = J cotfxdxr = - cot” & _ cot™ Py da
oty -1 .

o &
d) Urolm BBMHCIHTE HETETPASB OTb ——— , NOJGKUMEL tg x — (7

Vige'

di ,
BATETPANL IIPHBEACTC Kb 2 [m—ﬂmerpaﬂy, KOTOPLIH MB YiKe BhIYH-
; o

H T. 1.

LR
couiE (§ 744, ¢ Mol ToAy<IMB OKOHUATENHHO

d: —
Y- 1 Io'!sinx—{—cosx—H/'sin?x‘—,—

1
Vigs V3 V3

arc sin (siny — cosy) — £\

e) [Ipy BHIYHCASHIH BHTCCpaTa Epmajf(sin a, cosa)dx  MACTO  MOMHO

obolttice Geath npuwbAenin ykasanHo# v § 754 mogcTamoskm tg ; — {, npu-

MEHSIST HHTETPHPOBAHIC 1O YACTAME W PALIHUHBIC HCKYCCTBEHHBIE TPieMbl, Kb KO-
TopuMDB (cpasH. ¢b § 723, d) npHHagsewars yMHOMeRie Juddepenmuiaa  Ha
cos? & 4-sin?x = 1. Hanpumkps, cb NoMowso YTIOMAHYTOH MOACTAHOBKH MOMHO

HaHTH
dx cotx 1 3 3 v .
‘[ﬁg}ﬁ_ 47(sin3x+2sinx)+_8_10g‘tg g T

Ho yaoGube csectn asnmnl wnterpaad (cp. cb § 723, a) &b OHOMY H3b
crhIylomnxs

dx dr x
_fsin'z}‘_“““' C, _fsin;r'—mg lg?‘—{—C.




§ 75 WHTETPHPORAHIE TPAHCIEHAEHTHBIXb AHE®GEPEHLIANORDL, 304

4TD RCErjga BOAMOWHO, KOrma nhao maers o6b nmarerpank - npn # k-
J sin"ua
NOMDb NOJOWHTEILHOME. JhACTBHTENhHO, ML HMEEMD
- 2 9 al
dx sinfx + cos’a ax 1 1
_— - = g_;? dx‘» —"ﬂj———" Cosxd-—'li’
JJ osin"x sin” x sty =1 sin* 1 &

a ¢abI0BATEALHO, CL NOMDILBLID HHTEFPHDOBHHB{ 10 HACTAMD

/‘dx n—2 dx 1 cas x

san—2 1

sin"x =1 st e - lgintly

ol
dx
AHALOTHYIIO 3TOMY TPAKTYCTCHA / —
J cos’x
x
i) TNoxacranoska ¢ = tg o AAerh
dx 't
. ¥sinx JOVHIEA

Caknosarennno, Mbl udbems nepelt cofDio 3AIRNTHYECKIH HITEIPANE, KOTODbH
MOMHO DA3CMATPUBATE K KaKb HUTETPAND OTL OmuHOMiassnaro auipdepelniana.
BE KOTOPOME

1 .‘ 1
P:q=_7§-) =2 w4 m o TIT g

losromy (§§ 749, 751) TmeTRO HAABATHEH KAKAML Au00 OYTCMB BLIPA3HTD 3TOTE
UNTETpaR's Bb KOHeUHoMD BuIh.

Haa punincaeHia WHTerpaaobt wb poak [ sinfxdx, | costady u T, A
T

Takme HBrL HAnoBHocTH npubkrats ke noacTaHosks. Tpuronomerpia (cpasH. ¢b
§ 725, 0) HaeTL COOTIOUIEH]A

sinfo = Ssinax —Lsindw, costa={lcosdxd Lcosu 4 %,

OTKYa TOTHACH NONYYaCMb
»
[ sinfrday =-— fcosw +heos3a + O,

[cos-‘xu’x=ﬁsin4x+}[5i112x+5,ix4—C.

Tousto TAKD e, Had BLIUECICHIS fsirﬁ xceostrday MomeMb B3ATH Th Ae ABa
COOTHOLIEHIA H, HCPEMBOWKAS HXDb, DbhiBeeTH {cp, ¢b § 723, d) cobayrwee

32sindx costa = L (3sinx 4+ 3sin3x — sinbx —sin 7 x),

OTKYZa H HTE[‘pHpOBaHf(iM'b QoMY "1HM B

.
[sin'f'xcos"xdx:ﬁ(-— Jeosxy —cos3x L Lcosba+leosTa)—C.
.
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AHAZOrHYHEMD CHOCOB0MB BHIYHCASWOTE BCh HUTErpans! m{nafsin"‘x cosx o x.

Ho moxno Takwe BOCMONB3OBATHCH (IOPMYI0K) MPUBENEHIN, KOTOpan MOAYYAELTCH
HHTEIPHPOBANIeM D IO YACTAMD, 4 HMEHHO

»
() /‘sin’”x cos” x dae—=sin™ My cos"Lat(n 1) / sinxcos® lxdr T

h) Hmorza o1HOTO HHTErpHPOBAHI GO YACTAMB AOCTATOYHO, YTOOH H3ba-
BHTBCA OTE HEKOTOPHIXE TPAHCUEHIPHTHRXDb IYHKLIH NONL 3HAKOMB HHTErpana.
Taxb, Hanpumbps, M08 BeskoR TApH pauioHalbHBIXL QYHKUWH f ¥ & HvbeMb

f ¢ @log (5} ds = g(ytog f 0 — [T gy ax,

H nocrbiaif HHTErpan® BhIpPaxacTcd Bb MasheTRBIXE® Qynkoiaxe. Hanpumips,
(cp- ¢ § 744, b)

1 xdx
4 _ —_ a2 A1) ~-2 J ==
fx log (34— 1y dx R log (&1 — 1) fﬁ :

={?- Diog VA= 14+ (24 Dog V21— &2+ (.

3ambuyarensHuie onpeabieHHble UHTETPAb.

756. dnnunTHdeckie unTerpanel. Ionuuii sanunTuyeckilt wute-
rpant (§ 748) nepraro swaa F (&) NerKO BEMUCASETCT Cb TOMOLUEH
pana, Takh kakb (§ 233, ¢) umbems

T

2

F(k)=[(1-}—%kgsin9¢+;—:%laisinlm—[—%gkﬁsm"’rp-|—--')rirp.
5

Otciona, nomeayace dopmysown (15) § 727, nalinems

/ \

Jlerko npocabauTe, Kak®e aambasercn £ (k) npu nospacranin A oTb

0 ao 1. fleno, wto F (&) moctosuno Boapactaers ore F (0) = g~ Lo
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Cnpasa ore k=10 qynkuis / BO3pacraeTs MeLTEHHO, TaKb KIKDb
n3oGpmkaiowas ee kpupas ynoaodngerca snbes napaond y = —8— X%
Bb CMEWHOCTH (b €A BepLUIHHOKW; a ToOb
KOHel'b OHA RO3pacTaeTh BeCcbMA  HHICTPA,
TAKD H4TO KpPUBAs CTAHOBHTCH dCHMITOTHYE-
ckow Kb upsmofi 2 =1 (puc. 90). Hrobu
VBHOaTb, Kakb uawknsercs @Gynrkiia £ (F)
Bb  CMEWHOLTH ¢b A& =1, savbTums, uTO
woapdunients npn A BB pafmomeﬂin aToOH

PyHKILM 8CHMOTOTHYERD Kb ﬂ (& 337, o). 2 \
oTKyEa cabayers, uto (§ 339) cabea oTh B et B
o= 1 wumbere wmhcTo acuMATOTHUecKoe

paBeHCcTEO
1
G F (5 =log—=
(@) (),gﬁtﬁ
5 k
757. Takemb *e 06pI3OME BEYHCAHA-
eTCH MOAHBIN 3ANHOTHYECKIN HHTErPanb BTO- Puc. 90.
poro rusa E (%), a1a xoroparo ambers
B3
7
oo ( 1.3 |
— e M emte — - Blgint g — Y o Mgindeg — - .- p
E % JI'-I gkbmqp 2_4#‘5111 ¢ g rade )dq,

)

UHTErpuapYs NOYIEHHO, NMOJIYYAMD

R SE ST G RN IE 0 )

- - kg
[Tpu pospactaninn £ ots 0 ao 1, £ (%) nocronnno yGuBaets oTb o A0

-

L= /cos¢d<;p=l.
bt

Cnpasa ots 2=0 KpuBas, nzofpaxarowan hyHKIiw, ynogodiserca napa-
601k v = — tma® u opn & =1 kpueaw xacaerca npamoli & =1
(puec. 90). Lh‘oﬁu Bb 3TOML YOBOHTLCA, CTOHTE TOJABKO BEIMHCIHTH
NPOU3BOAHYIO

+3:3

£ty =— 46

(240 33 S )

H 3aMbrHTE, 4TO
kE' (k)= E{k) — F(k),
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OTKyAa ¥ cabuyers, yto lim E'(2) = — w. Yrobim Gamwe nacabnosath
k=1 -1

xonb OyHkuin cakea orb £ =1, sambTums, yT0 mam A, crpeMswuarocs

Kb npesbay 1, reopema Jlomwraus Jactb

Lof) Ly W Ly, Fw 1
27 gVl SR 2 gy i T 2

(- log V-2

CabaoeaTenbto, uMbeMd ACHMNTOTUYECKOE DABEHCTBO

14 lag —- .
2 -

(8) E(ly=1+

758. Paam (5) u (7) neceMa nosesuul Al BLuxcAenis 3Hauenif
F{k) u £(%) upn Becoma manwxh 3naueninxb &, HO apH A Herocta-
TOYHO MAfMOMB OHH CTAHOBATCH HENPHrOAHLIMH BeahicThie kpadne men-
nedHoll cxoauMocTr. Ecau £ 6amawo kb exuudich, TO acHMOTOTHueCKiA
Bupanenis (6) ¥ (8) zawore nowarie 06Db obulemd xoxh »TuxDL QYHKLIA,
HO €CTH Mbl XOTAMb I BHCTBHTEILID BEIYHCAUTD 3naueHis Py HKNIA, T5 Hag0
3TH GOPMYNL! NONONHNTL, YTOGE NOJYUNTE CKOALKO HUGY b AOCTATOUHOE
. npubsmmenie, Met orpaduummesi 3mtce THMb, YTO HOKOKEMD KAKHML
ofipasoMs Ruductelie uHTerpaiost & u E Mowers 6nTh TPUBELCHO
Kb BHIYHCAHII) NOAOGHRIXD e HHTErDANORL, HO Cb MOAY.JIEMB, CKOII
YUOAHO Ma7bMDb, OITOH UEAM MOKHO KOCTHIIYTb Ch [OMOWLE) Taxh
Ha3npaemaro npeo0pasosanis Jaunena (Landen)

. 1 )} sin %
{9y i g = (__+ '“}__q“'! f
1 4o sin yp
rab nocrosnHan p (aewmamax mMeway O u 1) onpenbadercs vpaeHeHieMs

2V .
b= ‘I‘L‘i Jlergkoe Ruluucnenie naeTw
-u

1% T in2y T 2 sin? g
1 — A2 sin2 W = 1_._‘” Sin ws cos ip = ]—x Rt S‘u COoS ).

1+ sin2 g 14 e sin? p

Nap (9) anddepedunposaniems noayyaeMd Tencphb

dy  _ (gp)dy

Vi—stsintg ¥ 1— @sinty
H, HAKOHEUD,
(10) )= (140 £ G,
ecAd NPUMEML RO BHWMAHie, 4TO NPH (OCTONHHOMT BO3PACTAHIM 1! OTB
0 a0 —g— eproHauaneHas nepemhnnas nhaaers TO me camoe. Awano-
I'MUHOE BeuMCICHie, KOTOPOE Mo, RAA cOKpalleHid, 34bCh OnycKaewm®,
N4€Th BTOPYHY BAXKHYIO (POPMYMy, a HMEHHO

(i) E(Yy= 72,—5 E@)— (1 — ) F(o).
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Hcno, uro 06h Boliwe npueesenHHA QOPMYAE OCTANTCA ClPABEAAHEBIMI
M 423 HeloJ/IHWXb WHTErpaloBh; aMmIHTYie ¢ H 4 HMEOTL TOraa
pasnuqubid 3HAueHia, ceazanums dopmyroo (3}, Ypasuenie (11} pac-
KprBaeTH cabayiomniee saxnoe oficroateanctso: Beakilt saaunTtHue-
CKIfl HHTETrPaAD NepPRIro RHIA MUKETD OBThH BHPAXWEHD YEPedb
ABA HHTETPAna BTOPOro BHIA,

759. Bo3epaTHMcs Kb MOIHEIMTG HUTEDAIAME H IOKAKEMD, KAKHMD
05pa3oMt MOWHO BOCTMONLAORATLCH (hopMyTow (10}, uTOGH BBMHCAHTL
F (&) npu k& Bauzcoms wn 1. Hawusas ob %, cocrasumb TakoH pauh
ancens &, By, by, ..., 4T0GH

2V
REN
Torpa SyneMt HMETE BOOHMmE

k_

Hitcna 4, — NOJOWHTENLHEIT H TIOCTOSHHO YOBIBAOIIIA P BOSPACTAHIM 77,
ACMEHLL CTPEMHTECH Kb Hbkxoropomy npenday ] Store npenbis aoa.
27
]L.!- Ocpofonk®: 3TO  ypas-

nepie oTb koput [ =0 ¥ oTHpocHEbL HenOnNycTHMLEA KopeHs [ = 1,

npuneieMt ero kn 2 -}- 17 /— {7 = 0, Koropoe He uMbert BewecTREH-
HLXE kopHel. [Togrosmy /- 0. [loetopuoe npumienic dopmyas (10)
LAETE

WEHE YAOBIETBODSITE ypaBHeHin [ =

FUy— (1 )01 b o) (kg - - (11 £,) Fik).

rak A, Oylets ckoab yroaHo Mano. [lpw feskonewno 6onb-
WOMB # MOKHO, TAKHMH O0DA3OMT, Cb NOMOMBK (3) BuiuwcanTs f7(4,),
a zarhub n £(£). Tlpun soapacranin 7 10 2 umhems

T

lim Fk) == ">

a cnbaoosaresbio,
Ty =2 a{lFh)(1—d) (L4Fg) - - -

Hocrporws tadanuy suadeniit &, cb momousky opmyan (11) amano-
PHUHBIMB OGDA30OMbE MOMWHO BHIMHCIAWTL W auavenis F. Takix, BecoMa
MOAEIHEA 18 NMPUIOKCHIH, TabiAKubl cocTaBnenid Jlewanapomts (1 i
HETOMHBIXT HHTETPAJIORD) 1 HaSHLIBAKTCA 3JIAMNTHUECKHMH TaGmu-
uamu '), Tlpumenems Wsh HHXB 3nbeh HBCKOJEKO uwcenh

S REN D LN (V3
F (—3-)_1,61/.. ,F(Q)—i.bSS...,F(—iﬁ 1854, .., 7 (\—T)_Q,IBB...,
E(%):I,SQG...,E(%);Mﬁ?..,E(---}E)zl,&SO...,E(%S—)zl,zll....

1y Legendre, ,Trailé dus lonctions clliptiques®, 1. 1L
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760. Yupawsenis. a) [Ips BRUMCICHIM HUTErpasd oTe -

===, KGTOPOC MH
¥ sinx

. 7e= x
npeinpuui 6% § 700, { ¢ MOMOUILK TOACTAHDBKH th« =/, NpeanouTHTe/lb-

gte npumbnuT, Gorhe MpocTyK NOICTAHOBKY Sinx =/ Toraa b MOMOLILK Jalb-
mhmeH MoncTAHOBKM f=cos® g (HAa KOTODPYW HasoNATH coobpamenin § 749),
NPHZ0AHMD KB CIEIyIOLIEMY HODMAZbHOMY BHUILY NAHHATO KHTCTpani

J Vivesy ~ V) Vs

B® vacTiocTH, NOAYyYUHMB

3T

2
9%  _ya3rF (—1 ) —2622....
. ¥sinx VY2
Q

b) Moaobubme me 06DAIOME BUYHCAEMb HHTETDATbI

dx * oatdx
T :1 H YT
IT—a N F1—x

MOAOKHBD & = c0s .. OHu npecBpasylTea COOTELTCTBEHHD B

.]: - i(p — —-{— —_ﬁ — 12 VIi<tsinfgpde.
Ve /S Vi—isi@g  V2,) V1—isinty )

B1 yactrocth, GyneMb nwbth

f %{i% = - ﬁ F (1712) L VIE (i] 2_-) — 0599, .

Y

¢) Heekonbko cnomibe GyaeTh BbiMUCIEHiE MHTErpaloBt

_dx 7 dx

TMpumbasns ks MepBoMy noacTaHoBKYy x = — 14773 tgﬂ% , OOAYHHMD

f dx 1 f o p
T 4 I e
J VI oy, ]/ 1_(1_1},’ 3) sin?
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Ko BTopOMY, Ha OCHOBAHIH cKasaHODaro ®b konubk § 749, magp mpuMbuuTh
N0ICTAHOBKY

lge —(12379)

tge 4+ (1--¥2)
Torna oww npecGpasycics BT

( 24+ 2) dig .
V sint o6 (3 921 2)sin? ¢ cos? p + (3 42 1 2P cost ¢

Bupamenie monk 3Hax0ML KOPHA 1107YYAETCH OTh yMHOMKCHIR

o . SN g . N2 4¥2
sintg +(34+21°2) cosip =321 27 (1 — - — sin? ¢

342V 2
ua sin? ¢ +cos? ¢ = L. [Tostomy
J / (g — ¥V de _
T+ at T4V 3 -
¥l V L 4 sty
3¢ +27172
punnmas, farbe, 80 BHWMaHie, 4T
apu A% = . iy { . . L_jl — & 1; )
54272 1=¥T—# V2

1OAYYHMD, TpuMbHuA popmyay (10),

d) Koraa npeiaoweno HafiTH HIITErpantk

kg

P s de .
J VT icosw
0

KOTOPHIA HAMOMWHAETD APYTOH, e BblUHCAeHHBIH 8B § 725,1, TO MOMWHO HavaThk
¢b HHTETPHPOBANIA [O YacTAMb, KOTOPOE ZAcTh

T m

T
_sintgpdp 2 i VI b eoso 2 T Fcose d
Vizkeosy ) singpdV 1 —Leosg = — 5 VYV 1—&cosp-cosgdyp
i a

0

a o

ot
2 k — cos sin g d e 2 Ak — Cos
_ 2 SE gp — 2 _/'47({'_:'3_}3 Rl Sy
£ ) Vi—lkeose J Vi-tleosgp 9F [ Fl—rFkcosey
g a 0
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[Mecabnonifi warerpas®t npy 3ambnb ¢ Ha = — 2 ¢ OpEMETHs BHADL

2 pes2e g2 ' VIThcos g dy — (1) e ___
Tk cos 2 k. & J Vitkeos2g

0 a 0

nny, coay eme pamMwems 144 - 2 Asin® ¢ eMbero 1 | 2cos 2,

B/ ) 0 orly 25

O s 4

14+ % 1
Crbkporarensiio,
:
:—‘ Sm-_rf_r_i_q'ﬁ 47171 — kl oE 2k )
j Viicosg | 38 1E( 1+F)—(1 ’L)Frl/H-k
g

e) MoryTh BerphrHTeest 3aMUNTHMECKie WNTErpanul b MOEYJEMT 2 2= 1,
HDO HXPB BCETIA MOMHO IIPUBECTH KB APVYTHMDL b MOOYACMD, JeXKAUHMB
meaay 0 u [, PagemorpiMt. nanpeMbpb, HHTErpainl

d¢ ) e R
T]—}ﬂah}:(p, ¥ 1—/2sin? g di,
b

. 4
BE KOTDPhIXT Bepxnm Hpeﬂ.']SJ[‘h i Il ADCTUrAeTE JITa4enis 2 , 4 MOKETH JOo-

CTHCATH  JHIML  MaKCHMaJbHArQ 3HA4YCHIRL «, onpeibasemars ypasHeiieMs

. 1
sing= —-. Korna ¢ wambnsercs ors ¢ no o, o nepesmbuias i, csszannas
4

f . . bia
Ch ¢ ypannerieM® sin o — £sin ¢ uambnserca otn G Ao 5 8 TAKh KAKD

dg _ d

1/’ 1- msintg V& —sin?y

,___id_q;i _ = *1 F(ﬁl)'
Jo¥1 - Esindey Bk

i

’

10 Gyzevt HMBIL

23

./0 ];"’r——}zsir[éE == —3‘ F{jlf) + 4 { E( /l. } B F( %)}

0

H anpmr]spb.

K]

o e

/Vl—?.gl;_i -1,311-.../1--"1—Qsinzrp'uup_-0.599...~
b



§ 760 SAMBYATENLHLE ONPENBJIEHHBIE HHTELPANRI, 353

) Bw Mexannkb 10xa3biBACTCH, YTO BpeMs OOAHAT0 KosjeGanis opocTora
MasTHHKA, €h JAMAOK [ H aMmaAtyaow kogedadis 2 a, uaMbpseTcd BelHUNHOD

KHTRrpala
. Q2
27 a9
I = - e
& Fcosi—cosa

ronl g ofiosHavaeTs yCKOpeHie CHAEL TAKECTH BEH MBeTh wabnoolenis. Jtow
BAXHOK GOPMYION Nodb3YKTCA A9 onpenbiacHis & BL pasnHuHBXD MhCTaxs
3EMHOH TOBEPXHOCTH, ¢b ThMb, 4TOGH M3 PeayAbTATOBD MHOrMXbs HaGMIOXeHiH

. - . 41
coctaBuTh cebt monATic o diopmb atol moBepxmoeTA. Eean monomume £ = sin D)

. .
W 8in w = % 3in ¢, TO NOIyYHMb

2

‘

L - oo
cosfl —cosw = 2 (sm-’ 5~ sin® = 2 ¥ cos? ..

g
2

lMpuaumas gathe BO BHMMaHie, 4o NpH H3MbHeHin 9 oTE O 10 ¢, @ MOCTOAHHO

ot
go3zpacraeTs ore O mo 5 » Haigemsb

T e i o 9 LR 25 N
_ Ry — o S St Dogint o = gips L)
T Ql/’g Fik) .r‘/ ,;’ (1 v sin 5 + 64hm 5 '7565”1 9 4 )

Ecan a OueHn Majdo, TO MONIID OTPAHHYMTLCA Bb DUIPAKCHIE 7 DEpEbMb uie-
HOMb, KOTOPH® OTh @ HE B3ABHCHTh, M TAKHME O6PA3OMD MOJYUHTh H0KA-
3aTCILCTBO H30XPOKHIMA MAABXD KoJdebawif. Ecnn xoTHME gocTnrHyTh GoabILEH
TOYHOCTH, TO YAEPKHBAEMb &I OLHND 4Y1eHbh Bh pasdowenin. Momno Takwe

npuwtHATE qopmyay (10), 3aMbTHBTL, 910 Bb gaHHOMB cayuab u = tg? (.%),
H HATHKCATH

: T
T2 _ V a

g) Jpyro#t sawbuatesvHLM uHTerpass, BeTpbuailifics b Teopi jmu-
KEHIR BOMUKA, H306pAaMACTCH TRKE

LU

T

. ab cosB(lG____i .
D:ﬁ Vat T84 & 2abcosh
0

CaeaeMt cnepBa MHTEPBAXL HiTerpuposadis kb (0, w), aambuan, 4To HATErpanT,
PacnpocTpaneunnd Ha Apyryo 4acTo (v, 2 ), IPHBOAMTCT Kb MeprOMY 3aMbBHOW
82 2w —9. Janhe wmoxwo cuMTate, 4To @b > 0, mOTOMY uTo npn ad < O
3aMBHOIO & Ha ot — 0 cBejeMB STOTE caywa#h ¥k nepsomy. CB Upyrod CTOpOHH,
3aMETHV R, aTo

6 dab (l 2 5]

aZ— D2 ¢ 2abcos — (o= B L2 ‘Labcos2§:Tz— — 4 (.‘GSZ-;E)'
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CCIOH NeIGHKHMD

IEU LI
B Ny Sy
ITosToMy, NpUEHMAST 32 NEPCMBERYO HHTErPUPCBAHIA ¢ = £ (1 —5), NOAYYUVD
N
-
[ A _— LI ’
’ru/) / (“1\-—1*-2” — = — é_ Y al / Elsﬁ’ ([—{f_*
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CKa3aHHOE, NPeodpasyemMb HAIUM HHTETPAdbl Bb IBOBHWE, ¢h NOMOMBR dop-
Myant (15), Toraa NOXYYUMB

& @ x @x
1 » * ua--1 — oy ., . 1 =1 - Eges o "
I’{_Aﬁj [} e Heosadxdy, T W) VT e sina da dy.
¢ o ¢ o

MpunoMuHass 3HA4eHIA HHTETPANOBD

@

®»
e - 1
fe‘”%osxdx:ri*jz, .fﬂ ”fsmxa’x=m'
b o

HaHICHHRXD Bb OJHOMB H3TL NPENLIAYIHMXD ynpawHesiit (§ 740, j), npuEoaHM®
BHIIEHANHCAHHEE IBIMAHBIE HHTETPAdbl KB

o

1 [ ytay 1 e tay
I'e ] 14+ 32 Py |11
0 0



§§ 764—765  3AMBUYATENBHLIE OGPELEJAEHHBIE HHTETPAJHL. 365

Meaxny ThMB, IpHHMMad B0 BHUMaeie dopmyay (20), ¢t moMoulplc MOACTAHOBKH
y = tg §, HAXOAUMB

g
2
2
\'u ay tg* i dt = -’ oty {-~T<n< ).
T4+ 2T . 2cos "
3 2

CnbroRaTenbHD,
< xL
<l C]
Cos X b sin x 7
j i1 (i:n‘:— o . {!.-,'12' f ‘u..dx = . t!.;";‘
. x 2 () cos - . ¥ 2 {0 sint-_ -
I 2 0 2

Bt wacraocTE,
[EEpa VS f LT VS
Vs P J Ve 2
(1]

765. Bmw aaxiwdedie IOKIKEMD OAHY BeChMa BawHYI0 GHODMYIY,
IO3BOASIIGULY 0 BRIUHCAHTE ¢b GOALIIOW TOUHOCTLIO 3Hauedie I'(x) npx
X BechbMa (OJbLNIOML, 33 HCXQAHYW TOYKY BOABMEM: {dopMyny, onpe-
mhasowyno dyseniro I' (§ 2562, a)

e (1 5)
I'ix— 1) = 111—1 ’i—'

M HamWlleMh, JoTapHeMHpys ob6b wacTH paseHcTRa!

log I'(x) = — logx + \u_j falogin— 1) — (x— 1)logsn — log (x4 #) }.

1

Ha6apAMcA OTb JIOTAPHAMOEL Bh TIPABOH YACTH Cb MOMOHILIO (POPMyTHt:

.l-I @ o w®
10gx=jdi=fd..\rfe ‘”’d!:f(e"ﬁ—a_’”};di'
x 4
1 It ) i

Jlerkoe sniyHcieHie MacTh TOTAA

. | et de
(21 bgf(x}:j l(x ~1)e ’gﬁlfg__.z, ‘J =
0



366 VIL 2. HAXOMAEHIE HBKUT. KIACCORD HHTETEANOED. § 763

Huterpupys 3arbvt 1o v 8% nperknraxh ote & 10 x4 1 # upumbHan
dhopmyay PaaGe (§ 721, i) naxoanwms

x
Sug .
o ‘ o= ({ 1 [N B/
xlogw --x -—]()gIZ.n—/l(.&.~§~-~17'€j}a +~t-l—"
5 \
[Tpasyio 4acTe MOWHO pasAowHTL HA
o™ I

CntnoeatennHo,

(x)-;)logx»x-hlog]"'—(z—i:] {(\1 —LIJe"Jr (-L-l %)e“”ld—f

Gopmyaa (21) npusmeTd TOraa BHAT

Iog I'(x) = (x %) logx—x—log V' 2a -;—f(; 1___U_ l) gt 1

T
o

¥) HoxaxeMm® Teueph cibiywulid HepaneHcTBa:

e b ! 1
(22) Vel m T Ty

Pazcmorpumn Qyuicuio

. 1 : 2
J13) = 5= log

xt X

t14_i§_+ 5 s

—

— X
- x

H COCTASHMB MpouRseneHie f2(x) To npasviy yMHOweHin DsIOR®,
OBt wrews Bh 3TOMb NPOM3BEACHIH OyaeTs S a2 et

l 1 1 }

1 1
R rE S S P U S PR

J 1
R T
20—-3  2n -1

S

o

G0
WS =i S,

=Y

') [loweun 3T0ro § H3A0MERw HA OCHOBAHIM ambuanin GLIBWAro yyenuxa
Yeadpo, [ Dcramapa, Bb HTAILRHCKOML W3aanin ,Elementi* 1905, crp. 526.
Bb nbuCuUKOME B WTATLAHCKOM® ODHIMHAJAXD BB HLBOND peayaLTara Ghda
omubKa.
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k]
<J

Jlerko nokasate, uTo S, > SRR IhfleTsurenbro, sambuan, 4to

1 | (177& 1 )
1Zur—1 2nV1  2n-1
l l

] i
3_{'271’5)‘2’3(3 +2u;3}

1 141 !
T vl |

ISR
e DL 2mi2n-—1 l)
[y Temb ChamKeHia NoAYYEMT
. L 1 1! n—1 3
S, =- ;1]-, e+ (,(]f )7> ;

[MostomMy

Ty %’ ,3,2”2: *i_' i
f l‘x}"]l‘%gn_‘_‘lx l 5J’+"; "4'1"

C® aApyrod CTOPOHH,

A 1

[ . 4 el
x IR
CaluoBaTeabHO,
~ 3, .
(23) SEa) g () ).
[ToaowuRT
R (—fr— nod "I.I1'v|'| e e
AEREIIPE A S P
- l; ..
Flx) = N AR
FARY! 9. ; v
¥ nepasenctso (23) swheTh ©b aTRMB MACTD
b &
Pogz <t
OTKy 12
1o Li4et L
72 12
, HAKOHEUD,
1
0« i v,



368 VII. 3. NPHAOKEHIA Kb TEOMETPHYECKHMb N3MBPERIMMD, §§ 765767

yto W TpeGoBanoch DOKa3aTh. [103TOMYy MOMHO HanucaThb

ik 0<§< 1. Cabnoeareabro,

n

1 . g
log I'({x) = (x —?)logx —x+4 log¥2x 4 1%
Tlepexoas oTb JOrapHEMOBB Kb HHCAAMTL, OKOHUATENLHO NOIYyYHME
f

, —.  w—e —ut
Vi) —=V2r.x e 12

Ortciona, ®b 4acTHocTH, noayyaercs dopuyns Crupannra (§ 221),
Korpa x paeHo uknaoMy 4HCny %, Takb kawb n! = nl'(#)

NPHUNOMENIA Kb FTEOMETPHUECKHMMD HU3MBPEHIAMD.,

HAAnHBl AYB.

766. Taxkv xakt Mul ymbemb paldtH ouddepenuians, a cabuosa-
TelbHO, W TPOMIBOAHYY, NTHHBI AYTH § NaHHOH KpHBOH no Hhioropott
nepemhrioi / (§§ 583, 630), To Mpl MOMeMB Terepb BHIYHCIMTE H
LAWHY caMo¥i AyTH, Kakb (yHKUilo OTB I:

Bb 9acTHOCTH, 47 TLIOCKHK® KDUBHIXb, 3a1aHHBIXL BB [lexkapToBbixb.
HIH NOJADHEIXD KOOPIMHATAXB, MOXHO DPHHXTE COOTBHTCTBEHHO X HJH
O 3a nepembHHYI) MHTErDHPOBAHIA, M HAMHCATL

5= /V'ﬁ.?z dx pam & — / ]/}—‘ + 2 ds.

2 2 Y
767. ipumEpnl. a) [af acTPOU AL, 3a0aHHON ypanueriend #°+ y¥=a¥,
1

1
}1 A R T T -
uMbeMs ¥ = - (Tf} N U= (T‘} . Fean navazo Ayrn noMbleHO Bb
toukk (0, -}, To '



§ 707 BAHRLL A¥ B, 369

Bb wacTHOCTH, § @ OyNeTb AAMHA JIYIH, 3AKMWYECHHOR BT YTIE NOI0KHTEARHAIXT

X M ¥ A NOTOMY AAuHA BCEH acTPOMIE ecTh Ba.
e

b) JiorapreMuuecKkyIo KPUBYW = e" MOMHO W300pasnTh ypae-
menismn v —alogte g, y=aligy. Otoosa noayunds {HAETECPHPOBAHIEMD L0
YgeTsMs BIH Cb TOMOIKO yMIGOKeHiH Ha sin? g | cos? ¢ = 1)

dige o dq ‘ 178
- - o = |sec o |log ig -L-) - const):
&in cos g i sin o " ‘ e |logig 2 ) 4 L)

OrCYATLIBAA AYTY S, HANPHEMBPD, OTh BEPIIHHLL BIM TOUKH HanGOALIIEH KPHBU3HbDL
{v=n/T 2}, noayunus

¥ — g \ sec qi — |/

2
¢) Ay wWADULOH ANHIW pasHATO CONPATHHACHIN, HIoOpamacMmoh
. x ) ; x N
ypasuenieMs ¥ = = log cos 0 ambeMs v — tg I carbnnaTeabilo,
] , J .
-

af Y
= log cof {-4-—-2r7)-

Teneph MW MOXCML HAITH B HATYypATLHOE vpasueHie kpusoi {§ 593, m})
CroMTh TO4bKQ CHIKHTE ¥PABHCHIH

X
o TIPHITOMHHTb. Iy i COS = .
¢4

) [rwwa ayru napaboiaw 32— 2ex, pasycbaaevofi Bepwdnoil ronoraMs,
panka (§ 745, c)

L b Vo= V-
gy - > Vvt b alog—-

Hanpambpn, Ayra, Xopaa Ekotopoli ahavrca nonoaam» #1 dokyck, uvbers
nnupy = 1,147 ... gannet Xopawl,

) MauEa memuuckatu (cpaBH. cb §§ H8Y. m; 760, a) - =1'sin 28
paBHa

)=5,244v...

=2V 2 - 1
5 ¥ ‘12




370 VI, 3. rPHAOKERIA Kb 'EOMETPHUECKHMb H3MBPEHIAMD, § 767

Touno Takb e HAXOOHMb [AWHY [OYTH CHHYCOHIM Meiay AByMH nocrbaosa-
TCABHBIMY TOYKAM# neperuba

-7 it
. Tg

S N e S 1
9 f'l-’ 1 costxddy =212 fl/ 1-— % sintxdx =2V Q{E(‘i;-i)=3-820 ST
9 D
f) Bed A7HHA 3UHNCA b nogyocAMU @ wb=a ' 1 — 2 wm eb Goakliow
FI0AYOCHId @ W IKCIEHTPHCHTETOMD 7 BRIPANWAETCA GIOPMYNION

Fl1 T
2 K]

Ll
4fy'fz_27:osﬂ-m T isin?gdg =4a / V1 Bsniqdy —4ak(F).
é

-

il

Ecad obosnauuMd vepesw A paniych KPYra, y KOTOPAro rAqHHA OKPYMHOCThH
panEa Bcell 1anebk snanunca, 1o GyfeMb umbrh

2% Fy=a

or

» (1 B 3 3K 1TB A 56T AW ,
4 f4 ~ 256 16384 65336 ) ‘

MapbeTunl pA3IHYHMA 0puGamweHnbs Rupamedis R; mo npocrbAwia cocTa-

BIAKTCA TIPH TTOMOMIH YHCEAD '

@—=4inb), V=Vab, a’=il@ p¥), ¥=Va'¥

# 1. & Ecnu £ odens Mano, to, npededperas schuur crencaavMy £ sbule BTOPOE,
MOMHO OTPAHHYMTHCH 3HAUCHIEM® /¥ =a’; Ho 5T0 3HAuCHie He aocTaToyno Ganako
Kb HCTMEHOMY., Eong yiepwwMd B pasnowudiv /¢ sch creacHn £ po 6 od, 1o
npHieMb Kb suaveniamh R—=30"—2F wan R=1}[(3a’— b7), xoropbin ywe
WOTOMY TIpeAnodTHTEAbHEE &, 4TO 0AHO W3Db HuXbL SOABWC, 2 APYTOE MCHRLIE
HCTHHHATO. BRpoueMb, NepBoe MONKHC 3AMBHMTL aPHOMCTHHECKUMD CDCAHHMD
O60uX®, T. €. B3aTe K =1 (3¢’ — 50+ 64", paziowenie xotoparo no crene-
wamb A coenagaete no 10-xh crenened ¢» A A T. A Taks, HanmpHMbp®, mpy
a=1, =13}, noayuamsb

|

P B VR b":i]/ 3 L @a—5p i 07709, ...
4 V2 2 ] 4

9 1 d
SaiunTaueckis Tabapusi (§ 759) aawtn R — —:~ E( ‘2-3) =0,7709....

g) Ben aanua (§ 889, k) yauTed r=—acost +& pasua

U=l H

“
2 / Vi T 6~ Tabeostids =4 | Viexd)? dabsiZpdg

1 1

2¥ a b‘] .

adh

=4 {7 -b) E(



§ 767 OMHHL AVIE. 371

Ecan ¢ 0503!1&'-{3&71: HaHbO/MbHIEE, A ¢ HAMMEHbLIEE H3b YACEAD & W 1, TO
gopmyaa (11) § 758 aaers BO3MOMKHOCTh HaNUCATh nocnbaHee BblpanieHie TaKb:

Bel E{) —+(1 —u)y Flu) }.

HanpuMBph, ANAHA yanTKE Cb ABYMA COBNALAWIINAMH TouKamu Harnba (b =24
gadnna oTpbaky, oTchkacMoMy KpaBOIO Ha OCH CHMMETPIH, YMHOXEHHOMY Ha
3,341, ...

%2 32 .
h) TpefyeTca BWUHCAHTL JANMHY IYTH FHNEPOOAL 2 %,_,—:1 MEWAY

BEPIUHHOW (r2, 0} u kakow HHOYIb TOYKOW (A, V) CDB 11ONOIKHTEILHBIMH KOOP-
IBHaTaMH. 3awhuas, utn

&y . aydy (.c_zé}t'b_‘é)}?drﬁ*d.,
T = g = Vierg “ R
Rigg

APHXOAMME Kb TOMY, 4TO0bl TIONQKATL V' = H HAXOAHMTB

Va? [y

a4

{‘2 -— —_—

)
&= = e =
Var+2,) cosgl 1 —Asinty

o

a 1 .
aak & — —_V_:_,ﬁ—_, T. €. 3KCUEHTPUCHTETD PABCH® — . YMHOmas npeablny L
a=-: )
HHTCIPATE HA 2 - (1 - B2sin? @) — #cosig, pasjobwemb e€ro Ha .NBsa
IPYrHXh
(‘; (j‘-
. oy m——— 12
1 & i et e Sl - ksinZgo-—)- - B2 (A ).
{ )_/ cost el 1 —A* : _/ ¥ ¥ cost g (4 ¢)

u
Mexay ThMTL sATerpuponBadie Mo YacTAMD ZaeTd
!,
) / Pl &sinty --C;—i-f}’-— =tgg- V1—tsintg + F(h @) — Ek, ¢).
0

@
CabaoBareabno,
s= B B g VETRER, ) +ige -V alcosiy + I
Voaz4+h°

BiduMcaerie s 0F KIMIOMB YaCTHOMB cayuak Tpebyern ynorpeéscais rabauus

Jiewangpa (€T ABOHHBIND BXOAOMB). RavbTaMb, uTe BozpacTanie s Ko 6esxo-
- T

HEYHOCTH ¢k NPHOIMKEHIEMD ¢ Kb T 3ABACHTE HCKIOUUTENLHD 0T TPETLHTO

«agcHa, KOTOpLI H3o6paKaeTh pa3cTOAHie 0TH ULEHTPA N0 HOPMalHd BB

KoHILE AYCH.

i} PasemorpuMh sorounkanky (§ 602, b) wsodpawaemyi ypanHeniems

] (x4 (2497 = 2axy,



372 VII, 3. OPHAOWKEHISI K'b TEOMETPHYECKHM'b H3MEBPEHIAMT. § 767
. @ cos20

HiAH Bb OOMAPHBIXh KOOPAHHATAXD YDPABHEHIEMb r = ———— = - —i=, €CAM NPUMEMD
'l 2 Cos

oCh CH¥METpPiH 3a MomApny1o ock, Jdauna ambol  uyrd,

CUHTACMON O1'h RED-
IIWHLL, PABHA

B

rl

o= | VeorTr T Tanize. 4L,
Y2 cos2 %

)

a TMOTOMY BCx ANHNA NETAR, obpasyeMof kpanol, 6yners

PO )

LEa]

-

P I L 8 -1
al 2. 1 cosZ2 6 |- Zsin 2 a2 --2a/ 1+qu lel
u l)-l

R T

~=2a f (L —sin «T)l — r_ sin” g n’rp
. cos? g

Memuy vhmu nav (1) nosyiaemn,

- — L -
1 - Damn ™ _eu 1/ L Lo
-/ I/ | 5 SRt s, tgg l 1 3 sinz g + # (r—_—, q) E(]:‘,,Q, q )

a MHTETPHDOEAHIC 110 MACTAMT UAETh

L d T §sin2 1
/qm ql v@“f)\!dpq (L%h,i'ﬂ*'(f)u — _eosy

V2.) ¥1 tcosZy
[+

T— ysin® g LSl V'l +costq

l+y'2
CrbnopatesbHo,

/ (T —sing) ]/ 1 — =sin? r{ ”’(f -1 - | — sin (r"_l//] _ ,é, sinZ i

s&q Cos

+T’{?'(’gCOSG{M+F{ 1

11V 2 [k

113
Ionaras. HAKOHEUB, =7  HAXOAHMT, UYTO BCS ANHMHA METAH JAOTOUHK-

AHKHW paBHA

S}
=
)

——

1+] og (F 2—1)—,&‘(l1,)77£(} 2)



§ 767 LJHHE AVTD. 373

»Ta meavunna Bb 2,489... past Goablie AaMHM OTph3ka, oTcERaeMare KpHBOD
Ha ed ocH cHMMerpid. Cnofictoo MMBTE AYTH., AAMHB KOTOphIX'h BLIPAKAOTCA
SJAAMITHYECKHMH HHTETP2GaMH  NePBHXD iBYXb BANOAD, T. € AYTAMH KOHHYE-
CKMXDb CchucHil, NPHAAANEEUTE OE3UHCACHHOMY MHKECTBY VHHKYPCATBHHID
KpUBHX® 3-To nmopaika. Odb, swberh ©h NoronMeankolo, ofpasymTh Takh Ha-
hIBACMME KTACCH LEPKYANDHG X's KPUBLX® J-ro nopaakal). Beb am
HPUBLIH MOTYTDH ObITh M300pANKeHK ypasHeHiemb (2), Kb upasol wactd xoTopare
HAI0 TPHOABHTE yncAb KHIA (v )1 px-|- oo af ]/'2 KdKE 0 npexie ofoszHa-
43eTh PA3CTURHIC ABOHHOH TOYUKH OTH @CHMUTOTHI.

i) PazcMotpumt ewe kpdRyw Buuiamu (Viviani), 1. c. nepechuenie
UiapA CL UHIBIAPOMDB, DCHOBAHIC KOTOPATO €CTh KPYI'b, NOCTPOEHHLH HA pa-
Aiveh wapa, Kaks Ha aiamerph. Msb ypaBHCHI KpHBOH

al | et =, At =ax
NOSYMAEM T

= x{a—x) 22 —=ala—x),

H 70AaTACMD v = @ c08¥ ¢ . OTpPAHHUMBAACK TOI0 YETBEPThI ~ KPUBUH, KOTODAA
AGKUTE Wh yIAh HOA0NMHTENbHBIXE KOODAHHATE, 6YIeMb RMETh v=a SilE cOSq,
s=asinqg., [locrbaee vpasHedic 1OKAALIBAETH, YTC ¢ ECTh  IHPOTA TOUKH
{x, ¥, £), 2 H3D BHIDAWKEHIA X BHTEKATD, 470 ¢ €CTb W JOMOTA ToH e TOUKH.
CataopaTe bHo, KpuEYHr BHBIAEH MOMKHD oupenbints, KaKL CPEpHUUCCKY W
KPHBY0, Bb KamA0f ToYk: KOTopOH mupora papua aoarorb. Jams-
THBDB 370, Oyacmb aanhe uMETb

dx = —nasin2qdyp, dv=acos2qpdy, dz=acasipdy,

OTIKY/1d, BO3BLILLASL Bb KBAAPATH M CKIAALIBAH, N0Ay4uMh dyf=a(] tcosty) P,
Hltaxs, BCA 11MHd KpHBOR paBHa

R - 1
1a 1T14costgpdp =adal 2. E (]rz)

MineiMa cAoBAME, LMula kpueali Bugiany ma wapt pagiyca a passa audb

317MNCA ¢ OOAyocAMH 4 W A} 2, T. €. paBHa AnMEE OKpYWHOCTH BOABIIOrO
Kpyra, YMHOo#emIoH Ha 1,216.. .. Kb TOMY e DesynhTary MOWHO €lle Mpolle
NpUATH Ha OCHoBaHin cabmywruare savbuapis' ecaw PassepHeM® OHIHNADE
HA IMOCKOCTH. TO KPHBaA TPEBPATHICA Bb ARt [OJIHLA ZYTH CHHYCOHIBL.
O6paTho, urolnl 0CTPONTE KPHBYIQ DBuBiadk, HALO HAYEPTHTL NAPY CHHYCOHLD

.
¥=rasin— u Boph3aTh H3L BYMard TOTh KYCOKh, KOTOPHIE NEWUTE MEHAY

JABYMS A¥TaMH, OFPAHHUCHHLIMK OXHEME H TEME HC TOMKAMu nepernba Ecan
COCHEMB 3TOTH KYyCOWL Takb, uToGel ofwas xopaa obbexs ayre cabnanace
OKPYIKHOCTBID KpyTa, To Kpa# Gymarn IPespaTurcd BL KPUBYW Busiann, npu-
HALIEKANYIO Wapy pagiyca a.

1y Salmon-Fiedler, Analytischc-Geometrie der hdheren chenen Kurven,
crp. 221 u crbn.



374 VIl, 3. PHAOKEHI Kb TEOMETPHYECKAMD H3MBPEHUIM b, § 768

Mnowaay NMIOCKUX'L KPUBLIX'b.

768. U706kl BHYMCANTL MIOLLANL, OIPAHUYEHHY D KPHBOW V=/F(x),
OCbI0 X-OBB H [OBYMA OpHMHaTamu, cooTBhTcTRYIOUIMME afciunccaMb
@ W b, pazakanms (a, b) wa wntepsann Ay, Ay, ..., A, n samkTEMb
crbayouee: noigca, OrPAHHUYEHHAA OPAMHATAMH, COOTBHTCTBYKILIAMH
KOHLIAMb WHTEpBana /;, MOweTs GuiTh 3aMmbHeHa NPAMOYIONLHHKOMD Ob
OCHOBaHIEM® 4, H BLICOTOK ¥;, 3aKNOYAOUIEIOCH MEKLY HAUMEHBIIHMb
H HanGONLIIAME W3BL 3HAYeHiH v R, unTepsank 4. Mckoman nnoinans A,

”
T
cabaoBaTensno, Rceraa OyneTh n306pakatecs cymmow N Ay v, npn
iy’ .

1
yeMb MHTEpBank f; OyIyTh CIPCMHTLES Kb HYJIIO, @ 4YHCIQ /h YBEAHUH-
BaThben OesnpenkAbHO, A TaKp KAKDB LIPH 3THXDB YCIOBISX'b YNOMSIyTas
cyMMa crpeMuTcs Kb npeakny, paBHOMy HHTeTpasy ovb v, BIATOMY

b -

OTb a 1o §, T0 HeodxonuMO A =j_;rrfx. [lonoGHniME we obpasoMs
t

NOKa3LIBARTCH, HTO TVIOLAAb, OTPAaHMUEHHas KPHMBOK + = F(§) W nAByma
b

paniycaMu BeKTODaMM, BHpawaercda dopMyaow = .lz—/r"(.z’fj, nk
"

@ W b -- xpabinin 3pavenis §. Ecam, nanke, aban uzeTs o mhuucaenin
IJIOUTAAH, OrPaHHYEHHON COMKHYTO!O KPUBOK H, BE npocThiinemsb cuay-
yak, mnepeckkawuieocs b NPAMEIMM  [APAMETRHLIMH OCH  -0Bb, HAW
NIPSIMBIMK, BRIXOAAUMMEH H3BL noaigca, He Goate, KaKb Bl ABYXb TOUKAX,
To Oynemd uMmbTh

b 5
(3) o = / (?--ydx. A=14 /("T3 —a%di.
n

3

[Ipu 3roMB @& W J 00031HaYal0Ts HaHMeHbiee ¥ HaUGO/bllee H3b UBYXTh
anauenift y (mm - BO mTOpofl dopmyak), coOTBBTCTBYIMXDL GUHOMY W
ToMy We x {wiH B), a @ u b xpa#Hly 3Wauenin nepembuHOl wHTerpu-
posanin (00bLIKHOBENHO KOpHM ypaswenia - a=0). K1 stums dopmy-
NaMB> Mbl IPHILIM, PA3jaras maowadb Ha Oe3KOHeUHD MafLIC DNEeMEeHThl
nepearo mnopanxa. Ho mul moxeMmn ee pasburaTk » HA Ge3noHeYHO
Manwe aneMenTH BTOpPOTro nopsaka. B caywat [exaproBmxt koop-
NMHATB TaKHMH 3]eMeHTamd OYAYTbh NPAMOYrOAbHHKH, TOCTPOEHHBIE
Ma CTOPOHaX® dx M dy, BB Clyyah NONFPHLIXD KOOPNHHATL NPHMO-
YIOABHHKH CO CTOpUoHamy d# w r ). Torna, Ha ocHOBanin onpembaenis
ABOHHOrO HHTEIPANa, N0JYHAeTCH Ta WIH APYyraa H3hL HopMylb

.4={ [a’.ra’__v i A-———[ /ra’reiﬁ.
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TMocnknuin gopmyasl 3aknwoyawTh BE cedh dopmyas (3), uto whnaercs
OUYEBHAHEIME, €CIH HATHUIEMb

h gl b ALY
A = /r{.r / dy, A~-—/d6 / rdr.
* HIES) " 0§y
Ont ofwnke nNepBHX®, NOTOMY YTO MOIYTH CAYMHTL N8 BhIYUCAEHid
rmaowagedl, OrpaHMUEHHBIXT KAKOK YroAHO KpusoH, Bnpouyemt, uan
CHCTEMbl KAKHXT YrOQHC KPHBOJMMHENHBIXB KoopAnHATh (§ 738) nmbemsn
popmynul

O—A.—-.é’l )
(4) 4 = ] !70 (H ﬂ) ,I o# r!’c

TIPH 4eM® HATErpHpPOBaHie HAAQ pacHpOCTPAHUTE Ha BCW H3mbpHeMy
UACILAAE W ¥CJAOBMTHLCSL BEINOAHNTH OTABiAbHBIA  MHTErpDHMPOBAHIA Bb
TOMT: Haipaeiedid, Bh KOTOpOMBb cooTehroreylomin nepembuHua  BO3-
pacraiors %),

769, Lpyris dopmy/In nuodesHs 0co0eHHO Bb TOMB caydah, koraa
KOOPAHHATLL v K ¥ TOYexh orpanyyusapmedl KPUBONR 3aganel  KaKh

iyHruin oaHoro napametpa f. Mp Gyfemt #3MBHATL 9T0TDH napaMerph
TakpMbL 0BpasoMb, UTOOH 0P 3TOMb COOTELTCTBYIOLIAR TOYKA, ONH-
celBad KPHMBYHK), GCTaBA%4a BAHEO OTh cefi OrpaHH4eHHY© 1AO-
wagbs {puc. 91). 3a 31eMEHTT MOLUANH BO2bMEME HETHIpEXyTONBHHKD
MM L, newamitt smemay AsyMs Be3KOHEURO GAH3KHME  NIPAMBIMH,
EHXOLMAMA H3D Hava/a KOOPAMHATH. 3ambuasn, 4ro

MM L - OMM- OLL = OMM |- OL'L,

#1 T. e. Takh, 470061 drt ¥ 4 Reerla oHL3RAYAIN HOJONKHTEALHDIS YHCAA,



376 VI, 3. HPHAOKEHUI Kb TEOMETPHUYL.CKHMT M3MBPEHIIMDB,  § 769

MBI MOMXEMTL TPHIAThE 334 TOJOKHTEABHBIH HAM OGTPHUATENLHLIH
anevMeHTh rpeyroasHnkh QMM BanThil ¢b NpUHalteaAWHMMD EMY
3HaKoMb (cp. ow § 348, d):

—

‘ 1 1 1 ‘
OMM - 10 & x|dx = é (v dy—yda).
0y ey

[

OTo 3daveHie Mbl LOAY4MMB TalKe, RIFRD IMOJOBHHY TpPOH3BELEHIs
ocrnomania s Ha seicory xsing - ycosg. Iloapasywbsas mons
¥ W ) BCErAa UXD BHIPAXEHIN, kakh byHkuif ore Hesashcumoli iepe-
MEHHOA /, noJyHHMMD

{5) A =] [ (x o v —vdx).

Bambuan emle, yto 3nHauenie mHTerpana ore x dv -+ ydx, pacupoctpa-
HEHHAIO HA K4KYl0 YTOAHO AYrY KPHBOH, DPABHO, OUEBHIHO, PAasHOCTH
3HaweHit XY Hb KOHUEXD AYTH, BHIMMB, HTO f(xc{j-'—f—vvdx):o,
€W WHTEerpUpoOBaHie pacnpocrpaHeHo Ha Bew kpueyw.” Orciona cnh-
ILyeTb, 4T0 A4 MOMHO IpeLcTaBHTL TAKKE Bb 0AHOH H&b CIBAYIOUMXD
thopvb:

{6) 4= /xdy, A :—7/“1'(1'3:.

Bv ToM® me caMoMb, BMpoueMb, MOMHO Tawkie YOBAUTHCHA, MPOH3BOAN

HapIexaniMMhs  06pa3oMt  HHTErPHPORAINA  Bh Bhrpamemujfdxdy.

Harouneus, ecin sp dopmyab (D) za nepemBHHYW HMHTErpHpOBaHis
b

NPHMEMD [ = 7+ TO MOAYUHMT

% A3 / K dl,

Sty dopmyay Hago npeanodecte Qopmyname (6), 10TOMY uTO OHa He
Tpefyers, kaxb Th, audibepennuporanis x n y mo /, u, noaoGuo (§),
npuMEHEMA KO BcTKOM TTOWIANH, OrPAHHYEHHOH NBYMS pajiycamu Bek-
Topamu, YTo me wacaercs popuyat {(f), 1o, uToSm npuMbHHTE HXB Kb
CIydal0 KakoH yroAHo Iyru, nage npufasuth KE 4 HAM OTHATL OTH
HEro PpasHOCTh BHavueHld {xy Bb KoHuaxs zyru, Takuum® ofpazom
ML CHOBA NpHAEMD Kb TOH (opMyal, koTOpyIid yKasaad Bb Havanh
AN NAOIAAM MEWAY AYrol KPHBOH, NHPAMOI (OChIO} W TiepUeHIH-
KyJ/ipaMH, ONYIIEHHLIMH H3b KOHLUOBT JIYIH HAd 3Ty OCbk. Brpouems,
thopumyna (7) ne oTaMuAETCA CYOIECTBEHHO OTH dopmyast (3), Bb KOTO-
PYH OHA M NEPEXOAMTDH, ecrH cablaeMb MOACTAHOBKY f =tgh.
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770. TpumBpsl. a) Bes U0WAAL, OrPABHHMENHAY ACMHHCKATOR
2 — pfcos 25 panua

“

4
A =247 / cos2hd i =

Opa paBna nACILAlNH TPEYTOJLHHEA, COCTABACHPALO KACATCARHOW Bh BEpLUHb
¥ ABYMA KacaTeAbHbMM BT ABoBHo#A Touwh. lloaolno stomy uafiems  pan
yARTKY v —acasdd

kLl Ha

A= I redil = /(%_;113 L84 2abcos T4 Latcos20) d 0 3k a?+ 8.
: .

n

JTOTE PLAVULTATD CHPABELIHED (PH bz @, u, B YacTHOCTH, 408 KapPAiauan
A=tmnat Ilpn &< a gadicHAce BbipaKenie v300pamaeT®s CYMMY [BYXb
IAOIRAEH, OMPAHHYCHHBIXE IBYMSI NeTA4MH, BHEIMIHER ¥ BHYTPEAHEK) ; RCTHUHHbI
KaxAoH u3D 3THXD HA0LLAAeH DBhpaxaloTest QopMyTamu

i Foa

e A RN e S RRA, L . -

1 1, o) {8 055, . {1 | b
2. g2 b 2 2 (2 a2 L 2 acesin 21
) ."Z(‘;(? b’, b | e b ‘('2“ l,»b)au.bm el

by Mast napaboast ¥ = Zax wmbemt

s ¥

3 1 '}’ " 2
N ”l-
4 = N ol S a= Zony
rdx - ./_1 el ia g
a

4]

TlostoMy wnou@azs napadoadicckarn cerdenta OOM P pasda § miowaau Tpe
yroapauka 7 MP {puc. 92). Orcioia JACrko BHBECTH, YTO [LIOMARD, ACKAallas
Mexay Ayrow napaboan M es XOpLoio, PARAA 3
INOWEIH TpeYIDABHEKA, OFPAHHYEHRATO XDPAGK
M KacaTelNsHLIMW BB KOHUAX® Iyrd. Bnpouemn,
KT OTOMY DPe3VIbTATY MOXHO H IIPAMO JIPHATH,
O0BYODAS [OPHREACHHOE BT Havank mLiuucIerie,
NpHHAWK 33 OCL -08B KACATCABNYKI, mapan-
nefLHyw Xxopad, 4 34 HAualo  KOOpPARIATH
TOMEY KACAHif. 32 34eMEHTDH LJIOWAAH MOMIO
TOrA3 NPUHATL [POM3ACACHIE ¥ A HA CHHYCD
YU MEeWAY KOOPAHHATHLIMM OCAMA. T 0

¢} Oax ubnsof aunivw (§ 589, ¢) cn
NapaMeTpoMt @  INIDMALL, 3AKAIOUAKIHANCH
MEMIY AVIOK KPHBOH, AHPEKTPMCOKY ¥ ABVMH
KPARHUMH OpIHHATAMH, PABHA WIOWALH UPAMO- !
YrOABIHKE, CTOPOHL KOTOPAro pasHbl ¢ # mianh ayru. Bi camoms gbak, ccan
Ha4ano AyrH 8b BeplruHk, TO

Pue. 92

] &
A Za el e dx=ady = s
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CnbooBateasno, a4as mobod ayrn MM’

d=ais’—5)=a ayra MM,

dy MonroxuMb, 4TO ABHKYIUAACA TOYKA ONUCHIBAETD JOTapUEOMHNECKY IO
cnupaas (§ 589, €) u RO3BpALIAEICA HA TOTH Me Paaiycd BeKTOPL, Ch KOTOPAro
OBA Hayana ABHIaThCR. JTOTE paalycDh BEKTOPD M OfNCAHHAH TONKAOK 1yra
OrpatMuBBAKTD [MIOMALb, BEIAYHHY KOTOPOH JErko BHIPA3HThR Bb MYHHLIN OTL
paacTosnit @ M & OTB NeAOCA OO KOHUOBD AYTH. ABACTBHTEALHD, ecau moun-

HuMb b= ™ 1o ypasenie cnupann 6ynery r—=ae™t u

4 g
]

. ']

2mj _ T ama . b_

2 i =gm e l i log )
e

Ecild DepneHn#kynspb, BO3CTABIEHHWA Kb x0opab n3b ed cepejuHbl, BCTph-
HAeTh KACATEMbHWA BE KOHLUAXDL AYrH Bb TOYKAXD /7 u ¢} To Daomalb (paBHO-
Geapennaro) Tpeyroaphuka (PO kakd paav pasea . [lonaras, wro m
CTPEMHTCA KB RYMI0, a &, cabnosatenrHo, Kb ¢, HANAEMb BRIHUHHY (OLLANM
Kpyra pagiyca a:

bia b a —
J = |j B - L 1T s [ — o
A = lim 5 5 m a®lim o T

3ambrumb ewe, uro faEHa PO uvberd npeabioms wnMHy OKPYIKHACTH 5TOMD
KPYra.

e} [lpcaroknMs cedd BuMUCANTE naowade. Jekamlylo Mexay whaow
nyro UHKAOHAB (§ 595, n) u cx Roprow {(puc. 93). [lowkcruMb HAYAJO KOOD-

AMHATH Wh DBEPUIHHY H [OPHMEMD KACATENLTIYI0 Wh HeH 33 och x-owb. [lycre
L w H 6yryts upoekuis toukd posepata ff M4 KOOpAMHATHHS ocd, a I n (O
npoekuin Jobei towkn A jmxaonan Ha TH e ocH.  Kpyrb, NOCTPOEHHHH HA
OH. xaxby Wa giamerph, Bctpbrutu oTphaokd M wb mBkotopott Toukh N
Haphetro, 410 KacaTensHas Kb UuiAoHAl 85 Toukbh M napamneanta 0.V, 1aKh
E ¥
dy - ¥ . “ar
a0 S = tg ¥VOx = O Crbaosareasno, mowans OPM = /.y dx :j NQ-dy.
s L
i 0 0
T. C. IIOWAIN NOAORHHLI Kpyromoro cermenta ONVQ. Haw atoro yswe Jerke
BHAETH, UTO NOJOBMHA HCKOMoH (MOILAXM MOJYVUHTCH, €CIN OTHHMeMD } wad? oTh
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NAGIANH npamoyraabHika (MLRH nocatnuan pasna OL . OH =ma - 20-=2ma2
Crataosatenbso,
A=22na®— §mwa?) =3 :1a%

T. € MCKOMAaf 0JA0IMAZL DAaBHAa TPeMD NACWAANAMB 06pa3yrImaro
Kpyra.
i} Bwlitvenum®d 0a0WEkb, OFPAHMYEHHYIO OCLI0 A-0Bb H AYIoI0 KBagpa-

X
TPHCH v =xcotg ,+ JAWMOURIOWIRIOCA MEKLY ABYMA GANNARNTHME Kb HAuANY
fi

ROOD/MHATh ToYKaMH mepeckuemin kpuBofl ch ocklo 0BT (pHC. 94). Mui 6y neMb
AmhTh, OYERKANO,

Jau Lor
¥ i
. ~2/).v cot -~ r{x:Qa.'—’/ tcat 149
; ;
L
P

= 2 a2 (0 log sin El)é it / log sin 6 #10.

i

Ha ocuopanin TeopeMut Jiomataas, ¢k mpréaHiAeHicMs § Kb O,

2

lim (4 Jog sin ¢} = — lim sim 0.

Cataonareatie, ($ 721, d)
is
A=—=2u [ oy sin § ¢/ ¢ = ma?log 2.

i

#) Bcs maouiane 20aM0ca, b NOAYOCAMH a4 M A, pABHA

1 1
] ,—7'--:?: L L
A=4b / V 1 1; dx—=2ab / Vilrde
i 6
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Bhiukcaenie 3Toro MHTErpaga ocdeHn npocto (§ 727, a), HO MLl H era MOmMeMb
u3fitaTh, 3aMbTHEL, UTa APH & =@ IOAMHO OuMTb A = maZ CrbaasaTedbRe,

1
l}/—]—*‘?’ df = _._11_“, Ad=nab.

a
HEckoanko caoxEbe OyAeTt BHYHUCICHIE CL MOARPHBIMH KOODIHHATAMH, KOIad

noMwch NOMBIGEHD Eb OIHOME H3b (OKYCOBB, YPUBHCHIE 3IIHNCA MPH 3TOMh
npeanodoxeniy Gyicrh

Ho wmul BpicTpo moctrsems whad, ecau upHmoMbHM® (§ 764, ¢), 4T0 A% CHAY
COOTHODIERIA MEWAV ¥, § ¥ IKCUSKTPHYecKOR amoManied ¢, umbems rAd0=bd,
=g (1 4+ 4cosq), Orciona

T X
A= /x'?dﬁ =(z:‘:j{1——,—».bcos Frdy —xab,
0 0

h) MNoaeinMb, 4T LAHNCH 33UAlD QONIMMD yYpanHenieME

axt+ by {-e+2 /-

2pxt2hxy =0,

Bb KOTOPOMDB RCECIA MOXHO NPEANQAOAATL, HTU & U 0 DUSOMHTRABHI W,
KpomE Tore,

a h gl
alb—- A0, D=k & f <0
g f el

Ecid HAGHWIGMD NAHHDE YPaBBeHie 0L Uk
byt d(ix+Hrvtax®t+2gx40c=0,

10 3aMBTAMD, 4TO KAWAOMY 3HAYEHI® X COOTBHTCTHYETH ,1RA 3HAWCHIA 419 1V,
KOTOPLIA COBNAAAIOTD BE DAHO TIPM $HAYCHIAXD X == M &= A > a, YIOBJETBO-
PRIOIEXE  ypasHeminy #{rx® |- 2gx 4 0) — {hx - ¥ =10G. 3o ypasHenie
MoxH0 manmcaTh B: bunb o —20°x + a’ — 0, ecod 0G03HAUUME  UYCHEID
a’, b, ¢’ . .07 anrcGpanyeckia LOTOJHEHIA AEMEHTORD &, bye, ... hown DL

PaskocTs MeMay ABYMS YNOMsHYTLIMA 3HAueMiaMH ) Gyaers panea

SV s

CbaonaTeIbHO, ecAt HOAONMME X = « - (3 — ) 7, TO neppas uan dopmyas (3)

1acTh
1

—ap / V(L =1y dt.

-

1}

3paueRic NOCTBINATO WHTErpana TOTYaCh MOAYYMMh, 6e3b BCAKAIG BBIUHCNEHIA,
3aMBTHED. ¥TO OHh W300pANAETD UCROBUEY nagmamn kpyra 32 == & {(l—«);
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D
BENHYHIIA €T0, caboRATEIRKD, pakHa L. O apyroff ctoponsl, §- r.zf-;,]/‘ o2 ale,

2

a a'c'— 2, xaxp wuzskcrwo (§ 38), corh aaredpaudeckoe AOMOAHEHie 3ae-
Menta & Bb onperkantenk, azaaMHOMbL L £, 0 moToMy a'c'— g'?= 6D Wrags
" 1

Jlerko, Bnpogesn, yOhratees {(§ 384, ), wra mHOMHTEAL OPK 7T AL ITOMD Rbl-
pazenin -+ paBeHDB OPOHIBEAEHIIO (IOXYOCEH ANIHMCA.

i) [LI0maas. DUPAHHYCHRAYK AHyporomb (§ 610, e) Toruach HafiacM®
NpEMEHAYS GCPBYI0 B3k DOPMYLE {3):

a2 S T
Sy 1/ at—xdx,
- &

B a It

BRIUHCARAA HHTETRATE

ax l . 2x
— imm—s e e e gresin o B
(Fa? 4+ 29V al— 3 2427173 1 3 52
Hatigexv okonuatessno A = (16--9773) }LH—S_ - Hrakn, nnowans A paswa

NAONTAAN HAHGOALLIATO BMHCABHACG Kpyra, yMHOWCHHoH Ha 2,13843 .. ..

2 2
Hi

i) TlroInain, orpauHEenHas acTPoHI0I0 &% —y' = g%, pasHa

it 1
) k. g ' %
4= /(aﬁ — ) ri.q;:ﬁ(ﬂ/ A atar
it i}

Sambuaag / HA 1 —/, BaXOAHMDB

1 1 1
e

g 4 4 b1 .
-/rf[lf)vdf--/ A —ntdr=- / Vi ndr=

*

4] ] 7]

Cataosarenso, A4 =1 mxa Bnpouemt, Momno ofmpbe HblMHEIUTL TAOWAJLL
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MEMAY KPHBOO &7 + ¢ = 4" H TONOKHTEJIBHBIMH OCHMH KOOPAHHATDH, NpH
noMon ¢ynxuia I':

f: L " 1 1_1 1 a2 ]2 (1_]! }
A= / (a® M dx - n =A% dr=- - ol
= . 2”1'( )
0 a ”n

Beakiil pasb, KOrAa NOAOKATENBHOE YHCAG # PABHO APOGM Ch YETHBIMD YHCIM-
TENEMD H HEYETHhIMb 3IHAMEHATENEMD, KPHBAA GYVIeThb COMKHYTas (aHaloruuHas
acTpornt MAM KPYry, CMOTpA 1o Tomy, 6ydere mu # < 1 waw > 1), Ona orpa-
HAYHBAETD (NOLAAb, BUETBEPO GOMBILYI Tpeawaywiest, Bn gactHocTh, npu #=2
u 7=} noayvaemt A =aa® n A=4§ nad

k) Hrolp BLUACAHTH IMIOMIANB, OFPAHHYEHHY K} GLHOK H3D IETENb KPHBOH
&t — (o% — 9% v (§ 610, b), npambanMD dopmyay (7). Mb romiacs malizems

1
A:&[(t-—rﬁﬁdf:u;—%ﬂ -
]

Toyro Takb e macmwass neran Jekaptosa aucta x4+ 18— 3 axy =0, paBna

1

2di 1 e 3
— 2 R 7 S — 2
A Qa'f(l e da(l:fﬂ)l 5 @

a

Otciona Buaso, 410 JekapToBs AUCTH abaTs Ha Ank pABHOBEAHKis
YACTH TPCYrOARHHKTL, O0pa3zyeMun$l KacaTelbHLIMH BDb BepIUARE n
b AORAON Toukt. OSmube natigevs 118 KPHBOH

Pl +y2”+1 =2n—Dax"y", o 4 =(n3+1)a

1y Has BbuncacHist 02011A4eH, OTPAHHUEHTIHXD OGBHMA MeTAAMH KpHBOI
(412 —ay)? = 2a2xy ynobuke npuaaraerca Bropan dopmyaa {3)0 Oua rtpe-
GyeTh, 4ToO5 ypanHeHie KpHBo# 6bllo lamHcaHo Bb [OARDHHXE KOODIAHATAXD
r—alsing + ] sin 20). Beakomy suavenito 5 meway ¢ u o= arc iy 2=639267. ..
coorsbTeTBY0TH ABbL Toukn, OJga W3bs HUX® OuMCbiBacTh Wbyl [e11l0 Bb
08N4CTH OTPHLATENLHHXD & K ¥ (M NPHTOMDb HAWMEHLINYIO), A APYTAH OfIHCHI-
BAETH TOALX0 HEKOTOPYH AYry HaWGoJLIIER eTAH. JTa AyTa NONOAHAETCHA Lpy-

ot

roto (Koma 6 pambugercs oTb ¢ AC 'T)’ KOTOpAas KacaeTcd OCH Y-0BB Bh
toukt @, ¥ mpaMoH v =24 Bb HauaTh KoopudHaThL. Orcioga cabayers, uTe
naomaak, OTpaHHYCHHAA 3T0K {Bonpmew) NETIEND, paBla

A= a2 /(sinﬂ—.]{""gﬁ? 0y dt —4at [ (siny  )}sin26) 49,
i

L

a oiaas APYro# neTid pasBHa

[43
A= pa? [(Sma 130 ds.

[H
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tTostomy

1-

A— A'=1a / sin L) sin 20 d6=14 nal

)

Hanke,

£

A+ A= at [(sm—9+sm?0)d6 I QaJ/SmDquzBdB
o
Tlepauift wHTErpan®t OepeTcs Geav sarpyaHenia. YUtobn  BLYHCAHTL BTOPOH,
GepeMt 84 HOBYIC nepeMbHEY HHTerpuposadin [ — tg 0. Takums o6pazoMn
HalaEM b
A —=3a2(1 - L log 5 - arc tg 4) =a?. 0,06682 . ...

“ gatbMe A = A+ L ma? = a?. 163762 - - - = 24 A7,

n1) Pascmorpums T u3b kpuswxnh {§ 602, b)
(t:)] (M —2kay Fad)=2{l+Fauxy,

KOTOpPHIA HMBIOTH TOARKO OAHY achMitoTy (42 <0 1), u opcmnowamt cebb Boiun-
CAHTh 1A0LLE16, OIPAHNYEHHYD NeTder Kaxaod d4sb Huxh. [locTynan Takb e,
Kakb BB cayuah [ekaproBa aucra (& — 4}, MOTYYHMB

1

o * 2dt
‘”“*Wm/ FA-TFITA

n
3a HoBY nepembHHYK yA00HO GYICTH OBPHHHTE 2 = i_TI; ¥ 11aIMCaTh

1
_ 1 ) T {1-2%de
A‘?“*”“/h FT AT A

(i

JambHAg = HA L. rok m = Lt/“

V%? ey Haf1emMb
Ym
J a i(m 22 s
1 = — Lt
9 "/.m . 122 )
i
1"; V‘;;z

[ * dz R ]
2} - lVfJJ - 2(m+1)'/ T + (2 - 132 (1_'_’;.._:)2]'
0

3ambyas, HAKCHEND, YTO

— -
Vi L

’ ds — ds 1 ]/m
,/-ITE‘-’ — arctg} m. L/ flq—z-}- T(arctg] mJ_m T l)

0 g
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noaydaeMhb

]

A= {m- gt D3 e tg 1,-"';#} A
¥ m 41

B wacrroct, 8B cayuah Jlexaprosa amera (m —3) H MOTOUHKIMKH (s — 1),
HmbeMn

Ad=dat, Ad=(1-—17)a

n} K1 momyucuWomy peayibTary MOKAG NPHATH W Ch MIMONKIO HCPHGH
{OpMynbl, BHBeleHAOH Bh § 7H8, ceam ciepBA (OBEPUEMD KOO[IMHATHHIA OCH

HA YTOAD - OKOAO HAtAAA KOOPIMHATE. Ypasnenie (8) 1prMeTt NpocTol BHAK:

Terroe BLINHCHEHIC J4cTh {(§ 725, m)

xV 2
om 1y & g fm-_’”'_ﬁf?
a4 l,]r_ ﬁ’l dx = T4 (A‘("” +3) o % } 2} ,/ (a+xy 2)(37571;1 )

e L P
¥ m )

w3

2
CroMTs TOIRKO ODAOKKTL & — ——--, yrTofbl nafTH GLIHIENPHREAEHBOE BLIPA-
|- 2

wenie ann . Ecaw ae moaoweMs v = —a ) 2, To TOAYYHMT BeAMUdHy Nio-
uEaH 47 MelLy KpRoale d e acHMITOTOIo:

(Iﬂ+1) [”1_3) a

A= s At

BY m

Jag o =3, A=A, v, e naonians netan JekapToBd AMCTA DABHA THIO-
UWANH MeWIy KPHUROKW B acuMnToTow ex: nocahiHuy phadtes wa 1pu
PABHbIA YACTH KACATEABLNBIMH 0L OBOAHON Toukk. flpn s — 1 noaydaems
A'=(1 |- +ta)a2 okyaa .1+ .¥— 242 1. e pcg NAOIMAAL. OTPAHRYEHHAS
AOTDUMKNAKOK H €% aCAMATOTOK PABHA YYETBEpenuoH noonlaly Tpe-
Yroabhuuea, o0pasyeMaro acHMITOTON W KACaTeTbHBEIMY BB ABOAHOH
Toukh. Hakowenn, upn OcakonednoMs s umbemds cabaypouee: lim 4 =co,
lint A= § a2 [leTna CTPCMWTCA DPAIBEPHYTRCR Bb HAPADOAHYCCKYH)  (POpPMY,
T. €. CTPEMHTCR PAdMOMHTRCA HA j1Bh GeaxoHcudhid BHRTRH, ACHMINOTRNIECKH PAc-
NONOAEHANA OTHOCHTEABHO napatoan 1% — fa(xV 2 — a) [lsomaze, sena-
48 MEXNY KPHBOIO M ef NPAMOMHHEHHOK ACHMATOTON, HaobOPOTH, DCTARTCA
KOHEUHOK).

D} an,El-']O)KHM'h ceGb BLIYHCANTE HACTE NIOIMAAH 3 IHNCA, 3aKAH4YE-



§ 770 MAOMIALH [IOCKHXD KPHBBIXE. 385

HOLLYHCH MEXCTY ABYMA BETBIME 0aHOPOKYCHON Cb HHMD PABHOCTOPOHHER THMEp-
60akl, YpapoeHie

X2 LA
) oyl Ca

Aaofipamiaers Ge3kolledlloe MEOXECTBO ONHOMOKYCHHXD KOHHUECKHXD chuenifi,
Mewily HHMH COJepIKHTCA W JaHHpi sumdanctn (mpr A=0). [lpn A< 6% ypae-
Hemie () H306pakacTs Oe3YBCACHHOC MIIONECTRO AUTHNCOBb, AEKAIIHXD BHYTPH
wiH Bk NamHAro, cMoTpa no Tomy, 6ymeTd an A >0 wan < 0. {lpn 2> 02
TO e YpaBHeHie m30fpamiacTL Ge3YHCAEHHOE MHOKECTEO FUNCpOoas, CTpesd-
LIMXCS COBNACTH ¢h GChK ¥-0Bb ¢b OpHOmmkeriemsd A Kb a2 Ouna vah 3THXB
runepBboss  PaRHOCTOPORHAS: OMA COOTBBTCTBYeTh sHadcnlw A = §{a? 4+ 6%
Mu pBGOIHAYHMT 4epest p TH SHAYEHIN A. NPH KOTOPHX'h ypaBHehiz (¥) u300-
pamaer. rumepfony. Yepesr kamuymw rouxy (¥, ¥) pascMaTpuBaemod nioWANH
MPOXNIATY, ABAa KOHHYeCKHXDL cbacnin (9), a HMeHHO, OJHHT 3AINNCE W OHA
runepbona. TlepBbiit XapakTepuaycercst HEEOTOPLIME 3iladelliems A memny O um 64
npyrast HEXOTOPBIMb sHAuewiewh g Mexay §(a® 4 8%) n a? Oba sTH amaseHia
BY1yTh KOPHSMA ypagHCHid (9) (MPH DAHHBIXE & H ¥), T. € YPaBHeHin

G @ty (e 82) + (A= 82 2% + (= a2 y?= 0,
[Mostomy mnst 3TUxX® 3HaueHill / W u uMheMD
A=t B a3 Ap=alh?— alyt— bad
orxyaa cabiyers

2 {72 — &) (e — 1) (& - A) (@2 -y

a— b = a? - 2
u nanke
dle o +(n— 2 .
el T YyIETHE Do m

CabaosateanHo, npumbasd bopmyny (4), noayusms,

bz ﬂ.‘.!
DO T S N Y TR
= Va—ne=5) V=e-nen
0 § (a2

YTroOBl BLIMOAHHTH TERBOE HHTePHPOBaHIE, MOMOHHMB [ = a2cos? § 4 #2sinZ 8,
f

T -
npH uyemB § HambaAered o1 — mo 0. Torma ToTyachk HallleMb 3BaueHie 3TOrO

4
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386  VII, 3. UPHIOMEHIA Kb FEOMETPHYECKHMb H3MBEEHIAME. $§ 770—771

¥ HaKoHen® (§ 723, c; § 745, a)

a-+ b

a - h

1 1
A’:—Q-rrab%—-g—-(a-ﬁb}]og

[losepxHocTH W 00BEMEB! TENB BpalleHis.

771. IlonowuME, 4TO B'L TMAOCKOCTH naHa HEKOTOpam Iyra KpHBEOH:
3aCTABHME  3TY AOyry BPpalaTLCT OKOAO lIpHMOH, Jaewanie#t BT TOH ke
nrockocT. 3a aneMedrs o6pasyeMoil NP 3TOMb LIOBEPXHUCTH MOWKINO
NPHHATE NOAOCY, 3AK/OYAILYIOCH MeXKLY HEKOTOPHMb IAPAANEALHRIN
KpyroMb pagiyca K M [ApYrHMbB NapaiieNbHHMT,  KPYTomb  paiiyca
R+ dR. 31y norocy MOMHO PascMATPHBATL, KaKhL TOBEPXHOCTh yCk-
YEHHAIO KOHyca, ofpasyemaro NpAMOJIHHEHHLIMb 3ieMenToMn: d5 (a.1e-
MEHTOMD IYI'H MAHHOH KDHEOH). T2 BneMEHTApHA’ IOREPXHOCTE Hamb-
pAeTcA NpoHsseieHieMb oOpasywuielt ds Ha CpeIHee apHOMETHUECKOe
oxpyHOCTelt ocHOBaHill ycbuennaro xowyca, T. e, va 2 (A + L d M)
uaH Opocro Ha 2 @ K (oTOpackBan GE3KOHEYHO MANOE CAAraeMoe ndh’)
CabnosarensHo, oT6packBas Ge3KOHEUHO Maabit BHICIIATO NMOPHIKA Eb
BHIDDKEHIH 3/IEMEHTA, 4TO He W3MEHACTHL SHauenin MUTErpasa, Mul BHAHMY,
YTO NOREPXHOCTh ThAa epaweHin pasua A = ZﬂffR s, Tak 3HAKD
[? Bcerna Hamo 6paTh ONMHAKOBHMT ¢O 3HAKOMBb #5. TouHO
TaKb e, NMPHHHMARA 33 3/1eMEHTb O0TLeMa cioH, Jewami¥f Meway [mno-.
CKOCTHMH THXB ME JRYXb MOapadietedl U 31EMEHTOMT. TOBEPXHUCTH,
MOXEMb Er0 DascMATPHRAThH, KAKL UHAMHAPL b OCHOBaHiem: it J?
BEICOTOK d z (mpoexuiers 4s Ha och Bpamienin). [lostomy ofibemn Thia
BPAILEHiA, OrDAHHYEHHArO OOPA3YeMOI0 TOREPXHOCTBIC H  IL10CKOCTAMH
ABYXb KpaMHAXDB Mapainench GyileTh PaReHT V::rf]?"rfz. [Tpu onpe-

LbaeHid mpeAbAOBs MHTErPHPOBAHil HANO NpH-

T HUMAaTh BG BHHManie xapaxTeph uaMbiesia
nepeMbHHOH HHTErPUpPOBAHisl BNOAL 0Gpasylo-
med ayra Q) (puc. 95) 1 Ha anaxb uudde-
peruiana. Tlpu suluvcaenin A nepembuHas s
N0 C{yWECTBY CBOEMY TIOCTOAHHO EBQ3PACTAETD
{Morsia Obl, ecad YroaHo, TOCTOAWHO YOl
BdTb) OTH OMHOI'0 KOHUA ayrd P no Opy-
roro (J; HO ecaH notpeByercs nA BHIOA-
HeHin WHTErPHPORAHIA BBECTH HOBYK [epe-
MEHAY 0, TO MOKETD CAYUHTBCA, UTO HHTETPATD
Hano Gyners paafuTi Ha HBCKOABKO APYTHXDb,
coraacHo sambuawiamsb, KOTOpuA Owna cob-

Pue, 95 )

nanbl panebe o06b Hambuenin nepembhHOH

vuTerpupoBanis (§ 724). Tloaowums, vanpumbps, yto F () ectb uacts
wkkoTOpo#t COMKHYTOH KpuBOW, M u4TO nepembBuHad 2 (KOTOPYW BRO-
numb BMECTO §) cnepsa BO3pPACTAaeTb OTHL @ IO ¢, 4 NOTOMB YOLIBASTD

2




§$§ 771772 [OREPXHOCTH H OGTLEMB] Th/I'h BPALUEHIA. 387

OTb 30 H. Ecou npuMemsb 2 3a HOBYw nepeMbHHYIG MITErPHPORaHis,
10 wiuterpand 2 { K ds, ssatu#t BB upeaknaxs or» @ 10 H nepe-

MiHHON = (T. c. 2:7:fﬁ’£-dz}. Aahqt GRl TOALKO YaCTh MOBEpPX-

HOCTH Bpaurenin, coorTsbrerayomyo ayrt PH, gactw ayrm FQ,
A4 MCKOMaA MOBEPXHOCTh paBHa

4
ds ,ds

¢

(rnt /R 1oav svakomb nepsare ¥ /¥ NoNb 3HAKOML BTOPOrsG MHTErpasa
UMBIOTL pasiunea 3Hadenis), [lepsoe caaraeMoe 4deTh BEAMYHHY [IO-
BepXHOCTH, oOpasyemol ayrow F L, sropoe — BelMuuny TOBEPXHOCTH,
oGpazyemolt nyvow [ (J; ofia cnaraembly 1oa0%uTenstbia, TO4HO Tak®
we st oGvema |7 Gynems HMbib

[ 13
V=a [‘thi’s-‘r -:rfR'—’dz,

i3

HO 3nbch BTOpPOe ClarzemOe OTPHUATENLHO, KAKD U NONKHO OuiTh,
noromy uro ofGwemt Thaa, ofipasyemaro BspatiteHiems ayrd L () Haxo
gbluecTh u3b OGbema, odpaayeMmaro gyroiw £JL, utofinl noayuwis
obbemp Thaa, obpasyemaro beew nyrow FPL Q.

772. Mpumbpsr. 2} Mosepxuocts, ofpazyeMan BPaILCHIEMD ACTPOUA N
OKOIO OMHONW H3T €3 KacaTeNuHhixh BB TOYKAXT meperuba, panda

-y o
i 2 12 "
A=1a xds — daad x“‘dx:?n,ﬂ-,
. .
T=0 &

T. € BCH DOBEPXHOCTh DABHA § MOBCPXHOCTH omHcaruaro wapa. O&wkems TOrO
sxe Thaa spamenia (§ 762)

7 1

gl
) 3rat 32 st af
= Doy 2dy — 3 mad A = oLt
I QaJerJ 31aft (| —7pdi = 0,”19753 T0%
0

0

b) TOBCPXHOCTE KaTeHOR L4, MEXIY IOPIOBBIMBL KPYTOMb ¥ IPOM3BOAL-
HOK 11apadienbio paniyca y (HpuuoMuHas paneHcTBe v dx =« o §) paBHa

€

2z
4= Z”r/iyds.ﬁ f;w’dr— rmf( s +e “H—Q)dx=ﬂrr(x+yy’).



388 V1, 3. NPHAQKEHIS Kb IEOMETPHUECKHMD HBMBPEHIAMDB,  § T72

CobnopateapHo, oRA OpouoplioHadTbHa oTpb3ky Ha ocH Bpamiedis MeMAy Hop-
MaNLi R OACCKOCTRR ropdonoro kpyra Otcoga cabayers, 4To HOPMAibHbIE
Kb KATEHOHLY KOHYCh!, BEPUIAHB KOTOPHIXD JEMATD BB KOHIAXDL KAKOTO YronHo
orpk3ka LAHHNW & Ha ©OCH, OTTPAHHUKBAKTL Hl NMOBCPXHOCTH MOAOCY, L/OINALL
koTopoll A = mad, O6bemd THAA, OPPAHHUEHHATD 5TOK MONOCON H ILIOCKOCTAMHE
KPaHHHXL apaiiesnedt, papens

V:ﬂ[.ygdxj__lgalq=inaﬁb.

L

¢) [pn pbwenin BONPOCORT, OTHOCANMXCH Kb UHKIOH 'k, MOAEIHO
npunoMHEATeE cakaywwec (§ 770, e)! ecnd 33 KOOPIMHATHBISL OCH BO3LMEMDB KA-
CaTeihHYK H- IOPMAfk Bb BepwrHE, TO YraoRoH KoagduUicHth KacaTeapHOH

BE janHoi Toukb (¥, ¥) OyaeTh féf == B4 —— , OTKY/Id

dx 'I/:_v (2 a - 'y]

o dx  _dy 45
V2a—y ¥y V2a

Ecaw, vanpumbp®s, ubaas nyra HoKIonas Bpalidercd OXKOAO KacaTelbHo# Bh
Bepninih, To BemHynaa obpasyemMol GUREPXHOCTH DyneTh

da ia

A =4”/.}'d5 =4:5V‘25i[.1t”jd_1: =:§.¢an2,
i b

T. €. DPRGINANTENBHO Bw 11 pasw Goneme mioiwaon ofpasylowmaro (HUMEAOHILY)
kpyra. Q6neMt Thaa, OTPAHUYEHHATO 3TOI TIOBEDXHOCTEHID H IIOCKOCTHMH
KPa#nAXT napasiened, paseEd (cp. ¢bv § 770, i}

FLA 1 1
2

F=2x | v*dx=2x ;vi" (2a —-_y')‘l-’ dy =16 aa? I (1-- f}’lf At = 7% ad.

Ecan we [yra UMKIOHAB BPAL(AETCH OHOAC MUPEKIPUCLI (OCHOBAHIN), TO MOMAY-
uiMt BIBOe GOABIIYI0 [OBEPXHOCTE

4o 40
A=4:z/(2(:—-y)ds=32na‘4— 4nfyds=[f:na2,
] O]

a obbeMd ¥ Oymeres Bb 3 pasws Goaslle npeamayuaro. IEficrrdtennio, npu-
ROMHHASA pCayNBTATH

T

T
fydx:égfur!, /;vzdx=§zrz‘"‘.
i )

TOTYACh HAXOAMMB

T
V=12 ’rf (20 —y2dx =5 at,
o



§ 772 NOBEPXHOCTH H OGDBEME THIE BUALLEHIR, 389

Eenn, nakoneuy, ayra BpalacIcs OKOAO HOPMAaldd Bh: scpwindhk, 10 Opemie
Brero 3aMBTAMB, YTD ATHHA RCAKOH AYTH, ONHHD KOHEWh KOTOPOH HAXQIATCA
81 pepliHab, pasaa

¥

5= ]‘"VQ i Ll', =4 ]»"r2 ay.

J VX
b
Takb kaxs, 1anbe, vn Touxk BO3BpATA §-=4a, X =:TA, TO HHTErPHPOBAHIEMb
M0 Y4CTAME HAXONHMB
de Tk 2t
[:« ds =4 ma’— [sd;r: 4 a2 - 2]/2;; [ V2a—yp -dy =4at(a &)
. 3 3

CirboosarensHo, BeauyuHa obpasyeMoll 1OBepXHOCTH papHa 8 :ma? (m— 4.

d) Haiews Temepp BCIO NOBEPXHOCTE chepOMIa (IDIMUCOMMA BpA-
(eHin). Man ypasmenis Mepuniasa umbems

Y _ e
X b V&iE—32 ds _I/ TE Q- g dv,

NOITOMY
b
4ana ————
A= Vot (a2 —- B idy.
0

. 2N

Eemr coeponit cikatTelit (@ > 4), To, Innokusn, » — Vol nonyyaems
s — =

2axabd loca——h]/ arzf!ﬂ‘

.",1+I~d2’=2:5.11«—1—][{12__&2 g 5

Ecan skcOeNTPHACHTET: MepuuiaHa Maan (kKakb 310 MMbers MhcTo, Hanpuubpb,
Ads zeMaH), TO npHOLKCHHG MOowHO B83aTh 4 =4 ma? (1 — L 2. Bn cayeab
pactanyraro cbeponsa, nocark Toro Kakb 3aMbBH#MD @ Ha # W HaoGOPOThH,
49TOfbl OIATE DHOSHANWTL depe3d 2 ¢ POXAMTBHYK OCh, HAKAEMT

it

sy
= | Va—(@ B Rdy,
g
W, Tioniaras y = , TIOAY4HM B
[p—r

11

~

—— ) D2
Vi—Rdr=2xb+ “'Lﬂizarccos—l' :
Va2 B2 “




390 VI, 3. nPHAOKEHIY Kb TEOMETPHUECKHMD H3MEPEHIIMD. § 772

[Tpst Maa0MB sKcUEHTPUCHTETE NoAyuumMe upubansutensto 4 = 4% (1 4 L B,
WTakh, HOBEPXHOCTE CNAG0 SKCHEHTPHYHATO CHIEPORLA NPHGIHINTENLHO pARHZ
NOBEPXHOCTH WAPE, KACAMATOCA cHEPOHAA BLOND 3KBATOPA, YMHO-
#ennof Ha 1 T 4 £% cmorpn no Tomy, Syneth mu cdeponab cxaTolf MAH pac-
TAHYTBIY,

¢) Brmcanwe remepn nomepxHocTe H 0GBeML TOpA, T. €. KOABUA, 0Opa-
AYCMAre BpAlUeH{eMD KPYTa OXOJO HPHMON, JCKAIIEH BD ero IIOCKOCTH. Ecay &
BCTh PA3CTOWHIE OTH LEWTPA KPYTa M0 OCH RpauleHin, H pagiyce ¥pyra @ < &,
TO pagiych napamieny K= b - @¢cosd* u dv=a adf, crbrosarentHo,

F)
_4=4.-7,a.f(b bacosDdl =4xtab.
by

MNosepxnocts nmberds 1% OCOGEHRMA KACATCABHEBIT OAOCKOCTH, KOTOPBIT Ka-
CAWTCA MOBEPXHOCTH BAOAL Napaiiened ¥ pazabiswirs € HA  BEYTPEHHIOD
H BHBWIIOe vacTh. Hrabol onpenbauTe NOBEPIHOCTH KAMAOR HAP 3THXB wacTel,
JOCTATOMIO 3HATL HXh DPA3HOCTB!

&t
A — A= 8:ra3/cosﬂd9 — B xal
hi

Touno TaKD Ke, WHAMNAPD, onpelbidemblil VIOMSHYTEIMH [IBYMA OapafTCiIsMu
pazicklaers Koabllo Ha nBb dacTd, OOLEMLI KOTOPHXD OyAyTh

Lo

@
V’:‘Z.m‘] (6 | acos9Peosldd) — 2 1ab
&

Py
"= 2ma f(!; A+ acos HEeostdl - 2qak?
JI”’
TAK'h 4TQ DOBEMDB BCETO KOMBUA GyneThb

F T
V= ZEaJ (bt acosifeosldl = dman? bJ cos?8 d9=2 a2a2d.
¢
Kpomb ToTo, HMbBeMB
3 -_t{'.'l‘
{12+ a? costhycos 6 J6—4 ﬂabE='4;'ca*"]

n

V= Ve 4 aa

:‘!"—\
re—

3ambTHME, YTG MOMOBHHBI pazBocTel 4'— 47 w I 7% papuul cooTsbr-
CTBEHHO DOREPXHOCTH H O0beMy Wapa pajiyca =, nosiomy onb He HaMbHAKOTCH,
KOTJA KOJAbUO GYAETH TIOCTOAEHO PACHIH[TLCH, OCTABARCH BCET/1d JAKTIOYEHHBIMB
MeKAY oCoGEHHBIMKE KACATCIRHBIMH DIOCKOCTAMA, lipeaunonaras nocabamin Hemo-

#) 3 — yrons, obpaayeMulit paaiycoMs KPyra, IPOBENENHHIME YEPEIT KAKY D
HHOY AR TOuKY M HA OKPYWHOCTH, ¢'b NMCDHCHIMKYASAPOMB Kb OCH BpAlIEHid.



§ 772 TIOBEPXHOCTH M OBBEMB Th/IB BPALIEHI. 391

apHEHbMH, Of6pacuenie storo dakta mckopd (§ 774) 6yaers mame. Ecam, nako-
Helb, & < @, To Kpyrbt mnepechkaeTs oCh HDALLEHIS. H BHIAMAA MOBEDIHOCTH

OyACTh
(-2
arc cas | —
ft

A=daa | (h+acost)db =4mzabarccos (— —::—) Fdnal a2
Y

[}

4 oObeMb OrpaHHYMBAEMAaro ew Thia

( b )
&TG D8 | ——
W

F=2xa | (#-LacoshPcozl 41—=2m a2 arc CGS(—— —::) ok 32—:1(2 a0 Y a— B2
B
Bt uwactHoMt cayuak, npu b=0, noaydaemd waph v 4 =4 a2, F=1 mad

. . af €
fy Tlosomums, ute Kapaionga »=2a cos? (7) BpaIaeTcs 0Kono ceoedt
ocu camMeTpin. Pagiyen uapamatend, cooTwbTeTBYIOMER JaHHOMY 3HadeRiw §,
. . f
§ymeTs R =#sin), 3nCMCAT® AYrH Kapmiowab &5 — 2@ cos 5 do, Tnostomy,

TaKbL kKAKL O W3MbBHERTCA HAOAL KPHBOH TNOCTOANNO Bb OIHOMT HATIPARACHIH,
TIOaYYHM b

56 )
d = lma® | cos? ; sin ol il = % na
0

Utofbl BHIYMCANTL Bech 00LEMB Thid, OU'PAHHMYEHHATO MAHEOI0 MOBEPXHOCTEI),
yIOGHO UPHRATH # 33 mepeMBHHYE) WHTECPHPOHBAHIN, TAKD KAKD # [OCTOAINHO
BO3PACTACTS NPH ABHKEHIM OTH TOUKH BOADBpATA KPWROH ;10 seprumnel Takb Kaxb

] ! ) S —
cosi=" -— 1 R*r‘slllﬁ-:}—]/‘]?rzr—w’,

TO TOTYACEH TIOAYUHMD

Fi
]

BRa—-r2r—aydr = Ll oot

V= 57

(]

Ilas upohpre nonesHo CPaBINTE 3TH PE3YARTATH €h ThMH, KOTODBIE DAY~
YAKOTCA €CaM PA3CMOTPHMb, HANPEMBPD, HARMEAGLIHIA ONHCAHHBIA 1wapb. ro6n
onpenkadTe pagiyce K HAMMEHRINArO W3k KPYTODD, €T LEHTPOMDL HA OCH CHM-
MeTpiR, KACAIUMACH KapMionabl, HOCTATOYHO 3aMbBIRTL, YTO MO YCAOBIO MHHH-
MyMa DOMLKHO 6aTh R d K —0, a noroMy x0opna KacaHif Jo7%HA GHTh HOPMaiLHA
kb gapaionnt. Orcioaa cakayern, uto paniyCh napannean Kacadif, coBMamamniti
¢h paniycoMd JU HCKOMArQ KPYra, PaReHb MAKcusyMmy rsinm . Do Gyaets mpu

. T : 5

= g » TAKD 4T0 ¥ — 5, HcxoMbllt pagiycs /¢ — '4 ay 3. Tenept nerxo
KOHCTATUPODRATL, UTO WAPB padiyea & 6yiers AMBTL 06beMb, HhCKOARKO GOAB-
mif ofbema pascMaTpHsacMaro Thaa, B TO e CAMOE CTPAREMAHRO M A% TIO-



392 VI, 3. nPHAOMKEHIT Kb IEOMETPHYECKHME H3MBPEHIAMS. $§ 772—774

BepPXHOCTeH, XOTA A4 pHorl BT 9TOMB Heabssl GOm0 Gurh ynbpenneiMs. Udtatens
MOMeTh HODOBHLML Jxe OSPa3oMb BRYACIHTL O0OGBEMB Thid, o6pasyemaro
a06010 yauTKOW 7 =acos{+ b 6ean ssotmoll Touku (b > @), Npa Bpaweniu
KpUBO# OKONO oOcH chmMeTpin. Owb madiicts I7=4 b (22— {2). Bb cayyah
b <@ 310 4MCNO H3OBPAKAETD, BEIMUHNY OFbEM3, IARANYSHAAIO MEXLY no-
BEPXHOCTAMH, 0OpasyeMniMu IBYM# fETAAMH KpUBON, HO KAMAAN H3b ATHXD
metenn, BIYTPEHHSA W BHBINAAA, OTPARHYUBAETh Thia, OGheME KOTOPHIXD PABHbLI
CoOTEBICTBRIHD

it Mt ‘TL ORI 2

Ga(a o u Ba(a =) o)

K1 atHM® pesyisTaTams NPHXOIMMBL NOYTH GC3B BHUMCACHIS b [OMOLILIG
apyroft gopMyim, KoTopad 6yaeTt BhIBCAEHa Bu kouubk § 779

LleHTpul TAXKeCTH,

773. PascMOTpUMB BB NPOCTPancTRE ancambis TOuwekh, cocToaul
H3B TO4eKb Kycwd S5 HBKOTOpOH Anwin, MOBEPXHOCTH M/ CAMOTO TPex-
MEpHaro npocTpacTea. LLeHTPOMBL THIECTH TAKOTO KyckKa S Ha3bi-
BaOTH TOUKY 7, KOOP/JHHATH KOTOPOH DABHEHI CpealluMbp  3HAYEHINME
(§ 712) roopnuHaTb, TOYeK® camoro s. Ecoau, wrobu umiTe atto ch
oupenbAeHRbIMb cAyiaeMb, § 0003HAYACTH AYTY HEKOTOPOH JMHid, TO
Koopauuatl §, %, § Touxw G onpeabasiOTeH CIbAYIOLMMHE VPABHEHIIME

Es =jxds, r,as=/;ya.’s, _C.a‘:/::ds.

Taks kak® Bescoe THHEHABOE npeoBpasoratie, IPONIBEICHHOR HALD KOOpaH-*
HataMK x, ¥, ¢ TOMCKDB 5, MOBTOPHTCH TOMAECTREHHO M HAlb &, ¥, &,
TO ACHO, HTO NO/OXeHie IenTpa TAMECTH OTH ANGOPA KOOpPAH-
HATHBIX'B OCe# He 3aBHCHTB®. 3amkTumb 31bcw ke, 4To ecnn whko-
ropas (mrypa uMBerh TIOCKOCTh CHMMETDIH, TO LEHTPL THMECTH €f
Oysett Jfexath BB 3To#ft niockoctH. JUBHCTRMTENLHO, €CAH nPUMEMD
ITY MIOCKOCTh 32 NIOCKOCTH (P x4y, TO KamIL BAeMenTh zd§ uHTe-
rp&TA, BERMIPANKANIATO &, YHHUTORHTLCH Ch APYTHMT 3JAEMEHTOMb — Z s,
w § Gynets paso 0. Db wacTHocTw saMBiHMB, GTO UEHTP® THKECTH
BCAKOM ILTOCKOW (UIYDH JIeMHT: Bb INIOCKOCTH caMo#l (WMIypel # YTO
UeHTPL TaRecTH urypsl, umbrouled uenTps cummeTpiu, Henpemhnno
COBNAJaLTH Ch ITHME IIEHTPOMB. Hakoneuws sambrums eme cabaywowee:
eCIH GHrypd COCTOHTH H3B HABYXE HacTell 8, M S, UEHTPHI TAKECTH
KOTopuixt (7, # (, H3BECTHBI, TO WEHTPB THKECTH BeeR durypst ak-
JAaTL oTphaok: npuMoft {7, {7, BDL OTHOUICHIH, O6DATHOMB OTHOWIEH{KD
51 Kb S,. 3TO BWITEKAEThL 1OTYACH M3b OYEBHIHGLIXT DPABCHCTED

$s5=15818 4+ &S, -.. .

774, Teopema I'ynppéna. Bosmemt cuopa dopMynrl, RUIBEIEH-
Bt BB § 771, 1im nomepxHoeTd Hau ofbeMa, 06pasyeMpixb Bpalie-
HieMb [MOCKOH NYrW § WM TIIONIAHY & OKOJAO NpstvoR, duwauwe#t BL
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HXb NJ0cKOcTH. Erad 3Ty npaAMyn NpHMEMT 33 OChb X-OBb, TO yNOMA-
HyThit ($HOPMYJIH MOMXHO OyJAeTh HAMHCATE TAKD.

zimZJE/_}de:Z;‘;-zg—s, V:n;jyfdxz2:1:/f_yrixdy=25r.-q-a.

CntjoBaTentHo, MOBEPXHOCTE H 00BEMs pascMmarpueaeMaro Thaa
NONYUUME, €CIAH YMHOKWUMD COOTRBTCTBEHHAO AMMHY HIW Nio-
waae ofpasylwmed GUIYypH Ha OKPYMHOCTL Kpyra, ONHCLI
BAEMAr0 HXB NEHTPOMDb TAXecTH, Ecoin meraeMn mnoayuurs He
BCIO TIOBEPXHOCTH W/AH Rech OfbeMb, 3 TONLKO TY 4YacTk HXB, KOTOpas
JEHHATD MEXAY JIRYMR MEpHIJ.]aHElthHb]MH MIOCKOCTSIMH, TO, OUERHIHO, HANO
Bynett BMhcTo BeeH OKPYKHOCTH KPYra B3ATE TONBKO TY ed Ayry,
KOTOpAs Ha Hedl OrpaHuuHBACTCA . YNOMANYTHIMK TTOCKOCTHMH. YCTaHo-
BHBbL BHILECKAZAHHOC, PA3CMOTPHMTL Temepth obmuhe nyry s wim mnio-
Wiajlb 0 Bh [MOCKOCTH, NRIyUieHcH BB npocTpaHcTeh Taks, uro oua
OCTAETCH TOCTOSHIG  HOPMANLHOIO Kb TPACKTOPisSME e Touexs. [lpu
STHX'E YCTOBIIX'B, OUEBHAHO, MOMHO PAICMATPHBATE OCSKOHEYHO Manoe
nepembiienie, 1L0CKOCTH, KaKb BPalleHie e OKOJO € XaPaKTEDHCTHKH
(§ 674). 1losToMy MOKHO H ANEMENTapOyid TMOBEPXHOCTL MAH ZieMeH-
TapuHR 00beMB, ofpaayeMuil Jyrofi S wad, coOTBRTCTBEHHO, 1110-
UAALW O, Npenefiperas He3KOHEYHO MAJbIMK BbICIIKX'E MOPA/IKORD, H306-
PasuTh MpoNane/eHiaMy MAHHEL § HIM iIOWAaud ¢ Ha nepevbedin o/
HXB [eHTpa TOkecTH. [l KOHeUHAro ABHXEHIA Takoro pofsa OyieMb
nostomy HabTh

A= fsdl:sfdl. Vm[oa’lf-rrjd.f,

T. €. IIOBEPXHOCTHL H oGHeMT Thnma, ofpasyemaro pascMatpu-
BACMOK (UTYypoOWw, MONAYUHMDB, YMIUOKAA § HIW 0 Ha AJHHY
nyTu, UpOHﬂ.EHHHFO COOTB'hTCTBy]OIl[HM'b MEATPOM™T THECTH.
OTH TeoOpeMil [0/e3HB [IPH BEIMHC/ACHIM HBKOTOPBIX® II0BEPXHOCTEH H
O6BEMORD, HO MOIYT'h ObITh [PHAONKCHB TAKWE H Kb AXOXAEHIIO 110-
JOMeHIsl LeHrpOsDd TAKECTH H3BBCTHBIXD BUIYpL.

775 MpumBpsl. a) Hentps TsxecTd Ayri WhITHOR JAuBin, CHMMETpHI-

HOH OTHOCHT&IBHO HOpPMAAH Hh RepinWEE, J&KHTD HA 3TOH HopMand; pazcroauie
ero f OTh AMpeKIpacsl REuHcadercda (cp. § 772, b} u3b pasemcrBa 2y . 2 5=
ab 1

= 2rab; cibaosateasHo, i = 7l
b cepenuud otpbska, ofpazyemaro KpaHHYME HOPMATAMH HA HOPMAIM Bb Bep-
munh, CUnTaeMaro ork AuperTpHcel. as onpenbienia mentpa tamectd & mao-
IMAgH, OTPARHIEHHON KPHEOW, LHPEKTPHCOW H KPAHHHMH HopManauu, uMbems

B cotg . Hraxp, HeHTPT TAKecTd {7 deXHTH

dopuyay 2m . 2as = mah. [NostoMy # = Y & cotg p, Takn 4t0 & NewHTH
B: cepeasnt O G.

h) [lentphr TaxecTH MOJHOH AYFH UHKJAOHIbB JICHWHTH HA HOPMATH BB
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BepuinHb, BL DA3CTOAHIH OTH 3ITOH BEPLIHHGI, PABHOMD

o

o= ads = Vydy = f‘i-(x

1
1a 2y 2a,
0

CabIoBateasno, (cp. ¢b § 772,¢) BeAHUUHA DUBCPXHOCTH, 0OpasycMol Bpanie-
miembk AYrY OKOJAQ OCHOBAHIA, PaBHA 3 . Ba = 1;—.-aa'—'. Caknya obpatHoMy
MyTH, W CUMTas H3BECTIBIME, uT0 06BeMb Thia, abpasyemaro BpalelieMs nno-
WA, Aexanefl MeMay KpHeok M eX OCHOBAHIeNM®, DAreHh 25224l pafizeMs
NOJOKENIe ULHTPA THKECTH 3TOH NAOWAIM crbIymmuEmMb ofpa3oMb: LUEHTDH TH-
WECTH JISMMTh, OUEBMIHO, HA HOPMANM BE BepuMdh BT pascrosmin 4 OTb
OCHOBAHINT, HOTOPOE NOAYYHMD, NPMPARHHBAA Jv%e® npomsBejeni 2oy Ha
3ma® Haxomums 7 = 3.

¢) Ha oxpy®HocTH Kpyra pagiyca @ woanMem® mheotopym ayry LM,
0603RAUNMD Yepeat # ¥ 0 KoopAMHATEL ueHTpa TswectH G oayru LM, npuun-
Masi leRTpD Kpyra O 3a nemoch H npamyi OL 3a noaspryk och. o cak-
naHACMy 8B § 773 sambuaHio MM 3HAaemb, wTo (¢ JewuTs HA NpAMol, pbasiied
yrors LOM nononams. Janbe, usb onpenbienis neHtpa TANKECTH HAXOAUMD

§

H in4

QnB.r::Z/acosg..adq.-:‘Zrz""sin 0,Te ¥ =a% -
4

Qrciona suguo, uto (§ 8849, I) obwee MbcTO WEHTPOBL TAMECTH AYr®
Kpyra, aMEwuruxs oburee nawano as 10ukbs L, 6yners koxXreouia,
BeDWHAK KOTOPOH BB L, a 107A10¢H Bb ueHTph Kpyra. JTHMs CBOH-
CTBOMDB KOXNCOMOL NOIb3YIOTCA TIPH YepyeHiu nocTpoelill cRoAOBE: (Bh ApPXH-
textypt) ¥). [IpnEuMan B0 BHMMadmie TO. kakkMD oGpasoms Tepepsuractes G,
Koria M OMHCHIBAETh OKPYKHOCTH KPYFd, ARHTAACH TIOCTOAHIO BB GIHOMD Ba-
apandeHid MOXIO OTATh cedb OTeeTh Bbh cBOHCTBAXE KoXJeoHun. [arte, aas
onpebrenia uenTpa Taweern (F kpyrosoro cestopa LOM, umbemn

o0
@20y = 2/ [!cosrp!dldq;=§-a25in 0, T.e ¥ = gas—léﬂ:
i 8 )

CabaosarcasHo, G' gbante orpbaoks O Bb orHomenin 2 ke L

d) Yrobe GelcTpo HAHTH LCHTPB TAMECTH N0 YOKPYIKHOCTH KPYTa paniyca
@, CTOHTE ToAbko 2aMbruTh cakuywniee, LIeHTp® TAMECTH, OUCHHAHO, ACHKHTL HA Pa-
Aiych, nepnennukynapHoMs Kb Xoprh noayokpyxHocth. PascTossie ero v oTEb
LEEHTPA KPYra nonyuumb, 3amhudd, yro npomanciedie 24 Ha sa (JABHY TIOLY-
OKPYWHOCTH) noawnO OWTh pabHO 4ma? (nosepxnecTh lapa paaiyca a) Or-

H

2a
croia 'J;:?. [loio6HbiMb e 06pazoMt onpcAbinMb LEHTPE TAMECTH 0O10-
4 .
WAaAW MOAYKPYra, npupasHnBas ofpeMs /7 = g_fmf’ Tpox3sefeHic 27H A

| 4a
zwa? {BeANYHHY TIOLIAAM DONYKPYTA), M BOAYIHMD 4 = TS OBumke, MOWKHO

TAKHMB e 1YyTeMb HaAHTH PeayJhTaThl Tpeibiiymaro npamkpa, eclid TNpHOOM-
HHMB H3%h 3AeMenTapHo#i [eometpin Bhpawkesis NOBEPXHOCTH IIAPOEOro nosca,

*y Cw. manp. ,Cours de Construction® N. de Vos (1. 1, ctp 276).
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B 00BbeMA MIGPOBOTO CEKTOPE, 00pasyembixb BpalleHieMb ayru LA/ u niolans
LOM oxono OFL, a uwenno 2nah H gna%, rab A& o0o3HA4RETH REICOTY
a(l — cos26).

¢} BenwawHa nonepxuocTH Topa (cp. ¢b § 772, €), onpenbasemaro pa-
alyeomt ¢ ofpazyiomaro Kpyra M pascTosnieMb #(>4) LEHTpA KPyra OTh OCH
.Bpanenis, pasua 2ma@.27b=4nahk; ofbems paBens mwal.2mb = 2ilah,
Ofwnbe, BeAMUAHA NOBEPXHOCTH M obhemb kaHaaa (Tubus) (§ 678,b) menny
ABYMA TNOCKOCTSIMA, NERIEHAHKYASDHbIMKE KB AHHIM SCHTPORDL, PaBHE Zoal H
aal, vk [—anMra ayrn  AMEIH NCHTORT MEMAY YNOMARYTLIMH [UIOCKOCTSME.
Eme ofimnbe, peavinda GoROROH NOBEPXHOCTH ¥ O0BEMT D&PBOHAYA/DHO IHIMH-
ApMuccKaro crepdHs, AediopMupyeMaro (HsMbHeslieMt KPHBMAIL H KPYy4eHis ld-
HIH UEHTPOBD THRECTH) TaKb, YTO MIOWARb Nonepeunaro chyeHisl coxpauscrcs,
ocTalercd  HeHaMbHHLIMH DPH BCBX® (POPMAXb, NPHHHMAEMBIAD CTCPAHCME, A0
7HXb ROPE, HOKA OHB [ TPHMETH, HANp., GOPMY EoAbla TpH  coRMBIIEHIN
OCHOBAIH,

f) PazeMorpuMb mh 3akadedie KAOTOUIY, HHTEPECHYID KPHBYIO, TPHAY-
MAHHYH /¥ M3yuCHis ssaerill audubparnin ') (pee. 96). Koopawnathl To4eH Ha
3Tol KPHEOIR H3oOpAkalTeA HHTerpantamn Ppenensn

g 'y

44 cos 74 sin

- ] - ‘{Tdrf, V== fq. .f,!q:,
¥y V2

75
2,

i

3HAYEHIA KOTOPhILh HE BLIPAXAIOTCS BB KO-

HEYHOMT DBHAT NpH NPOHIBOARHOME ¢, HO

U3BECTIILI HAME TIPH ¢ = =0, 4 HMEIHO & =

—y—c=1 a}f:rr.- ToTyacr RHAHMR, uTO

w® @

dx

HAKADHCHIN HKACATEJALHOA Kb OCHM X-0BD.

lMosromy, korna ¢  HambHaercs 07D

0 no =5, 10 KPHEBAA BHIXOANTT Kbk HAYANA

Puc. 96, KOOPAWHATDL, KACAACH BB HEMT DCH 4-OBb,

qTOfL 33THMEL ACHMOTOTHYeCKH ofuiDaThCA

oxom0 ToukH {c, ). [Ipn s3ToMBb EKPHBHU3HA €7 BO3PACTAETE HppuOpLio:
HAABHO IARHE 1YyTH.

= tgg, TaKT 910 0 0B03HAYAETDL YTOJB

_dy s

T ds at

]

dopMa KkpHBOH SCHO NOKAZMBALTE, YTO & B ¥ CTPEMATCh Kb npenbay ¢, no-
CTOSHAO Konebasch oxoxo wero. Ho nas toro, utofisl suabte pacnonosmcric to-
YeKDh KAOTOUAN OTHOCHYCARHO ACHMUTOTHUCCKON TOUKH (), ReofXxoauMo HyHHO
BEIMHCAATL npHaumenHo HHTerpadn pepeids 2). Taxs, HANpP., ccad pasthbanth
ayry O0 wa GeaxoHeuHoe uWcao nayrn OP,, PPy, Py Py,.... ofl1aa jiuAa

Yy Cornu LJournal de Physique® (1874, ctp. 9).

2) TaBanua 3HaYeHIH THXB MHTErpanoss nombuiena s ,Ocuvres Comp-
letes® Fresnel's {T. 1. ctp. 319). Cm. rtagwe wmuemyapn Abrtia o jwibdipadin
cehra BB ,Journal de Liouville® (18449, crp. 248). Uro xacacres pasanyHidXb MeTo-
J10BB BRIMHUCACHIH 3THX'b WHTErPANCEDb, TO YATATENL MOXKETE 08B ITOMT NPOYECTH
Bb ,Lecon d’'Optique physique* Verdet {1. 1, crp. 328).
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KOTOPHX® pasiia 2¢, TO, IPHHMBL €34 eTHHHUY, A1 KOUDIHAATB TOYeKD £, £,
£%, ... nalizeM® yncaa:

x = 1,560..., 0977, 1212..., 0,997, .
y=0875. ., 0.686..., 0,991.. ., 0,84C. ...

3ambTaMD, aro Py ects nanbonte yianemHas oTB OCH ¥-0Bb TOuKA, uTo /% Ha
ayrh PO naubauxe kb (Jx Aexallas TOYKA H T, A

3afiMemca Teieph onperbaenieMd UewTpa TamccTw ayrd O3 wioroumnl,
Koopanuarsi nckoMaro uenrpa Tsmeectd, no onpenbuienii, 6yayTe

% H
1 d% Cosw 1
== — | ——dw. n'=—=p
§ 295/1/9_/1’@ ¥ =g
1] 0 0

[onmmas noat / moGali wat IBYX® CUMBGIOWH Sl UAH COS, HORATas
P =14 u BLILONHMRD HUATETPHUpOBANe NO 8, HalucMb

? g ! p 1 1
R AR b R AU 12 WO G A O e 20
2°, -nfa.f w-"””“”f ‘”f Vi ‘”“?9./ e
) a 0 0 il

IMpuanMan 1anbe fp 3a nepeMbBHEHYID HHTETPHPOBAHIA H HHTECPHPYS [0 HACTHMb,
[0/ YYHMB

4 ]

¢ @
_a_ (SO S1a}, S =Sy e ()

= = TR = g R Sy~ ~=dap.
V2] ¢V Ve VI Vi
4] 1)

Tlonctamnad, HAKOHEUs, BMBCTO f 110 OHEPELH COS H SiN. HAXOGAMM®

E=zx—opsing, n=y—o0( —cosy)

Vitaxn, mertph mmectd gyre O neEHTL HA CONPRKACAKINEMCH KPYTh
85 M, H MPHTOMB Ha HMMHEMD KOHUE diaverpa, ucpleHNHKYIRPHATO KL Kaca-
TeanEol Bb O, MonowuMT Teneph, 410 (7 # (7 UCHTPh TAdecTn Oyrs M) u
OM, n 3ambrums, wTo HA ocHoBauip sambuaHiw, crhraunaro b womubs § 773,
nentpd tomeeth G oayruw MM, naxoaurcd BT Takod Touwt Ha ipamol ({7,
aaa Kotopoi HMBeT®: MbcTo mponopuin

2 HIE s = ==

GGy sy—35; GOy _sa g
(ralx $q GGy s o

'

Hrakh, UeHTP® TAKECTH XaKOH YCOLHO AYCH KAQOTOHOH €CThH
npaMol UeHTPD Nonodis CONPHUKACAONINICH KPYIrORD BE KOHUAXH
gyru, Bp aaumowenie cobaaewe cabaylomee sambuanie: ecan KOUUW AyrH cooT-
BETCTBYIOTD 3HAYeHiAMDB (¢, KPATHLIMD OT® 27, TO UEHIPD TAMCCTH NYTH
6yners HAXOAHThCY HA ed XOPIB M BB YACTHOCTH, eCAH OIMHD 43D KOI-
UOB® IYCH CCTh HAYAIO KOOPIHHATE, T UCHTP® TAHECTH COBNAACT™ Ch APYTAMB
KOHUOMb.
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[IoBepXHOCTH U OOBEMBI KAKUXB YrogHo THEND.

776. IoBepXHOCTH. Orpannymnance 0GLIKHOREMHHMH (BeTphuaio-
IMMHCE HA NPAKTHKE] NOBEPXHOCTAMH, Mhl NPHUMEMbh 393 OYEBHANOE, YTO
BCAKAS GE3NOHEYHO MAJIAY 4aCThb IIOBEPXHOCTH MOXETh ObiTh PASCMATDH-
BAEMA, KaK® JCWALAH BB KACATEARHOH [MOCKOCTH Kb NOBEDXHOCTH Bb
0IHOH KH3b TOYEKD pascmaTpusaeMod zacTH. Beskilt sneMents dady B
naockocth (Jxy 6yleTn Toraa opTOroHadwilow Npoekiiel fesKoHeulo
MaNO#l HaCTH MOBEPXHOCTH, MPHHHMAEMOH 3a 3MEMENTH NOBEPXHOCTH.
IT0THL 3neMeHTh wamhpsertcs, crbuoBaTtenbHo, orHowenieMs dxdy Kb
KOCHUycy yria, obpasyeMaro KacaTeJbHOW NAO0CKOCTbIO Eb TOukb (%)
et nrockocteio (Jxy. 1103TOMY BEAHUHHA KOHCHHOH YACTH MOBEPXHOCTH
6yuers (§ 659)

(10) A= ff[/’] T pr— g dxdy.

Muterpuposanic pacnpoctpadgeTcs Ha BChk napul 3nadenidi © u v, 0pH-
HAEKALWIH KOOPAHHATAMD TOYEK'B M3MEDHeMOH HacTH nosepxHocTH. Bh
5ToH ¢dopuynh sakawdaeTcH, Kakb UaCTHHIH  ClydaH, BhiBefeHHAS BB
§ 771 dopmyaa ana nosepxHocTell Bpawenia. JIblcTRUTEABLIO, B 3TOMB
cryyat, nonaran Va2 fyt= R, 2 = f(R), umbems

p=5F R = R, P = R (R).

TMepexons (8 maocxocts (Jxy) oTv JleKapToBbXL KOOpAMIATE Kb (10-
ASPHBIMD [10AYYHMb

A:f /Vn + Ry RdY dR = [fRdBds:anRa’S-

OxnHaxo, ec/in XOTHM: HMBTH HACT), IOBEPXHOCTH, OIPAHHYEHHY 0 HBKOTOPOKY
COMKHYTOW) KPHEOW, TO H410 OcTaTbest LpH popmyat A4 :ijziﬂds;
3TO 3HAYHTDH, YTO 33 9AeMeHTH Bb .4 M GepeMb BenuuUHY TOR yacTH
NOBEPXIIOCTH, KOTOpasi orpandyeHd MepupiaHaMu ) w (4 &0 w napan-
neaamu K n R4 d K. I10Th 37eMEHTHL NOREPXHOCTH  MOXETh GHTH
pascmaTpupaemb, Kakb NPEMOYIOJILHHKS, CTOPOHAMH KOTOParo OyayTh
snementnl ds v Rd() mepuniana w mapamiean, oTkyaa u c1bayeTl Ha-
NHCAHHasA BhIlLle POpMYAA.

777. Tipumbpnl. 2) [las BUYHCAGHIN BC/AMYHHG YaCTH  TOBEPXHOCTE
‘' (a
wapa &2 4 32 4% = a%, no copumyat (10)nonyunme A = ha dxdy, rak

. . -
OCTAETCH elle OH]JCIL‘B.THTI: II])EJI'B.‘IH HHTE[‘I)H]’)OBBH]W 0 A3AHBbIMD I'PaHHUAMD
BBIYHCASeMON wacTH IHAOBLPXBQACTH, Ecaw xotums OQAYUYHTb BCHr OQBEPXHOCTH
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wapa, To 3aMByast, 4To BB YOIb OOMOMUTCILHEIYE & M ¥ 3AWTIOUAETCR BOCHMAS
€51 4acTh, HafiieMs

o Vi g

A-—8a o x —= —==4aa dx=4ual

Bo aBHCTBHTENAGHOCTH, BB NPHIOMEHIM Kb Wapy NpermouTuTeasHbe nocrbinas
§OpMyAa NPeAMAYINATO §, KOTOPAR 34BCH NPHROIATCA Kb

4 =a? [. / cos g o il .

Ee MOMHO BBECTH TaKKe NPAMO u3b QOPMYIH, NARHOH BB HAYaTh, Mok
AYSCH BLIPAKEHINMH

¥ = @ COS @ COSy, ¥ = a@sinqpcosyp, & — asing,

61 CHAY HOTOPLIX® (TOAYTUMDB

_ a o olx. Midegdy ” o .
A'ff; dx d.y_.. ] TG ) siny = ' cos y dgp du

"HeobXoNuMo ToALKO HMbTh BE BHLY. YTO 3J€MEHTR WHTErpald NoAMeHT BHTH
BCErAd NOMBKHTENbHEIMN ., HanpuMbps, upy BouncheHin ncefi NOBepXHOCTH apa,

IT
Hag0 MbBHATL OepeMBHHUYIO i TOALKO Bb apeablaxs oTb 0 10 o W BHCATE

27 fn P

1
A=2af dg Jcospdip =202 dg = dak
/2 Way T
b &

Ecmn 6w Mo noweaany nawknate p ors 0 1o v, To nocratoutio Gpkio 6n H3Mb-
HATE ¢ oTh 0 A0 st H HamHcarh

S 3
.4=2(1’-’/d<p/1c0sw]dwz4a'3 dg =4 zad
G b
bj [lpeanowums cebb rtenepb MsmbpuTL BETHHMHY NACTH NOBEPXHOCTH
TOrO e wWwapa, Aexamwel sdyTpu kpusofl DBunianu (§ 767.]). 3Ta gacte nosepx-

HOCTH TIPOCKTHpYyeTcft Ha mmockocTs O x ¥ mo Kpyry ¥2 = x{@ — x) ¥ cHMMe-
TPUYHA CTHOCHTENLHO 1aockocTH (O x 2, c1bEoBarciLEO

arc sin — Fx.
€ a4 x




§ 77 NOBEPXHOCTH M OFBEMB KAKHXDB YTOAHO Thilb, 399
O6o3rauas Yepesk 8 TOT®R arcus, KOTODHH HaXOIHTCA NCAD JHAKOMB HHTErpania,
nMbemh & = @ tg? 0 v wHTErpHpoBaie no wacTams (§ 723, d) nacte
Ll
bdx=tx—a | tg?irdi = (8 — sin b cos 9).
CDS"

T
Takb kawb & uambasgerca ote O Ao g o KoTZZ X HamEHgerca otk O no o, 10

noayunred A=(1 -2 a% Topaano cropbe npHazeMb Kb 3TOMY pPEAVALTATY,
NPUMBHAA TOMAPHBIA KOODAMHATILI

L
= 2a2qu' [ccs yr oy ~2nr-/( sing) dy — (o0 — 2) a2
q

C) flonmsiTagMes BHMACIHTD BEMHYHHY Beel NOBEPXHOCTH 3.1JHIICOW A, Hat

i 32 &2
ypasienia ;IJ + i + — 1, BAXOAHNMD
e x 2 v 2 f 2 42 ,”2 3.2\
p=— = — 1 — g2 g2 =2 <,
’ et 4 I #ta 22 al h

b ¢ m % 0003HAYANTL SKceNTpHcHTeTH chuenifi NOBEPXHOCTH 3AAMICOHNA
mnockoctamy Ux s 1 Oye dopuyna (10) nacts

A—8 S- e —a dxdr,
A
P

ok HITErpHpoBAtic pacapocrTpadsercy Ha uch udpel 3HaucHiA & W ), VIOBIe-
12 ra
: x ¥ .
THOPHIILLSE HEPABEHCTBY P 7‘;—,, < 1. Ofo3nayas dvepesnh / cTOAWIY DoONb 3HA-
f. fid

KOML WHTEI'pAna PAAHKATh, JCIED HAXDIHMD

b At oo
(F—mﬂaé+(ﬂ—wﬂ'ﬁ==ﬂ—l,

TG HABOOHTL: HA MbICIAh {10JA0KUTh

3 21
- —V cas i, Tﬁf = = ?12 sin 4,

rab b uaMbegerca ore 0 a0 2 ,atare 1 go oo [pHHBMas § M 7 32 HOGu#
nepeMbHEBA HHTET DHPOBAHIA, npeofpasyeMs mnpelbfymid Hurerpant (§ 737) b
crbaymomitt

w &

CAGIRY NP
_f I I
1 a
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B 10 Ke BpeMs 3aMBTHME, 4T0 ecad ¢ (f) A 1w (/) 0603HAYANTE DANUKAILL
BXONAIiE BB BHIPAWEHIA x H ¥, TO

J ¥ oy, .
rr = a ¢’ (fjcos b, 7”—61-9 () sin 8,
o x d
(Tx—rup(z‘)sinﬁ a—";r; t(f) cos &,

[MosToMy

A

A == Sab[f{ ' Hpicosts + (D (Hsin® 0} 1didl,
" b

ecrd 3ambTuMy, 4T0 @ (f) ¥ w(7) byarnig Bospacraminia, a notomy umborh mo-
TOWHTENBHBIN nponaBongm Takp kak®s Hyrerpaan oTb cosih 48 n sin28 /8 po

nperhaaxs O Hz— paBHB Z;r ( §725, e), To Bynemn BMBTB

A=2mab ['{r.p’(t) O @y ide,
¥

H HAKOHCUL
@

, [j (- &) P dt f (1 — ) 2 dt |
A=2mahb — — 4
NS e avE—aET J PR V= (P g |
1

Hanbite Bb o6meMT cayuah ™Mbl HITH He MOXeMD, NoTomy uto nmbemy 3abcs
annunNTHYeckie wmaterpanw. Ho, npu ¢ =7, 1 npa 4 = (), Msl npuune 6bl CHOBA
¥b QopMydamb (§ 772, d), OTHOCALIAMCH KT CHATOMY M DACTARYTOMY CHEepoHRy.
HakoHeu®, €ca¥ 3KCUSHTPHCHTETH ¢ W N OYEHb Manbl, TO PA3NOHEHIC BhL PALE
A2eTh

A=daabil—-t{E+M™+ 3,

H Takb Kakbh 2 = a & {1 — (& + 4% 4 . . . ). To noayvaerca 1} mpufinkenHan
hopMyaa

g F
A=4mab (%) =4 (?}[;&(})ﬂ.

d) YTto6bl BRYNCAHTL BEJHYMHY NOBEPXHOCTH 3ANMICORAL Cb KOCTATONHONY
TOMHOCTBIO, HAZO [6AL30BAThCH TAGauiamu Jiexawnpa (ch ABOBHLIM® sxouomg,
a4 Inf 3TOIO HANO CMEpPEa BHPA3ATh < BB THIMUCCKHXT HHTerpanaxs F u £,
Ecan nonomHmM®b & = sin @, 1 = & si0 ¢, TaKe 410

&
= -V <1, a=arccos —
...[';2 a

5 O npubaHAKEHHOMD BLIVHCIeHIH NOBEPXHOCTH aanMmconza oM. ,Caleul
intégral* Boussinesqa (ctp. 78) v aambrey Peano Bw ,Rendiconti dei Lincei«
(1890, c1p. 317).
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&
TO OICTAHOBKOIO / = sng npeodpasyeMs hoAyueHHoe BplWe BbipawcHic 4 BL
cabrywee

o

a4 tmal [ cast'a ,i-q' — +
sin a [ Jocoste V1 - Esin g
0

44
-F" (I — %2 sin fl) — i“t T == l )
J o —2siv gy VI #2sin? g |
0

Me ywe umbems (§ 767, h) 3nauenie mepsaro mnurerpasa

T
’ ! o Eh ¢) —tgqel 1— Tsindg
s = Fhg) (. 9) ;g”,g»-——’-
Lo ocostp ¥l —/A2sinte - A

i)

Mnterpaposanie uo yactam® jaeTh cabayoueee BLIpawCeHie TOFO o MHTErpata:

i

Ll r{(p .
J o= BEsin?q) 1T - ABsinde

0
OTKYa BHIDOAHMD
€
/ d g _ f(A ) #sin g cos ¢ )
J (L —ksintg) Y T—Fsinte 1~ # (1)1 - i2sin?g
0
CrboBaTentuo,

. 2mab

sin e {cos2 a- F(ka)+ sinte - E(ba)+sinecos eV 1— #2sin? a} .

Moactasnad, HakoHens, aMbeTo £ W o HXDB BhIpAXEHiA BL @, #, ¢, MBl U NpH-
JeMt kb Popuyats Jlewanapa

. Z2xl e b2 g2
‘4:230-—}-7‘/”2-%_):(,]‘ ¥ gt

¢
arccos —| +
— a

f P

fa €5
a2 |- ———, arccos — ;-
™ ( ) & a? -2 a

Mpesaaraems wuTaTemo, ads YOpaxHedis, goxazaTh, 4TO npu a®— 624 % Benu-
UHHA NOEePXHOCTH Hambpsercs yucioMbs ma?+ ol E a2 F, b A w0 F

8
. 4 N
NOJAHLE IARHOTHYECKIE HHTCIPAIHN CB Mony:[em.l/l - F) . Taxs, Hanpu-

MBph, npn a2: 822 =3:2:1, nafinenny 4=ma®-252620923....
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e} Papmyaoro (10) moxHO BOCNOALIOBATBCA, YTOOW JIOKA3aTh1), uT0 A18
nosepxnocret mmbers MbBcro mhuro nomoGHOoe TOMYy, uTO MBI 3aMbTHAd ¥
NAOCKHID KPHBHIXE BB § S91. A nmenHo, ecau BhghinMe okoao Hbkotopof
ToukH A Ha MOBEPXHOCTH HBEOTODPYID YacTe ¢, TO monmas Kpueusua K BB
Toyxt M ects npenbds OTHOMEHIZ BeAHMuMHH ThBIecHaro yraa @, obpasyemaro
HODMANAMH Kb MOBEPXHOCTH, NPOBEACHHbIMH BB TOUKAX'B IPABMLL ¢, Kb BeIH-
yuat A noBepXHoCTH camoft ¢, Korma 3Ta nmocAbIHAS cTpemurcd oGPATHTLCA BB
Touky M. TlosoWuME, 4TO KPHBH3HA, NPEINOJATAEMAS HENPEPHIDHOW, GYIETH
MoN0kHUTEARHA (uTOGBl MMETE ABn0 b onperbacHEBME CAyYAeMB), B BHOEpeME
£ CTOAb MaJkow, ITobhl # ko BCEXT e Toukaxws K Omao Gonbme myas. Tlepe-
MbEHBIA % H ¥ BB Qopmyab (10} Moxno 3aMbanTe nepeMBHHLIME » ¥ §, KOTOPLIA
HezapucHMBL, Notomy aro {(§§ 579, 691)

d(n,q)_}rs
(e, y) st

—( 4242k >0

3ambTHBL 3TO, HAXOZMMB, UTo dopMyra {10} aacts (§ 737)

4_'[/1_@"‘1—__:]_‘[‘/‘_3’7”{7_
J arpraty # (4 gt gyt

rab 2 ofo3HauaeTe unca0, cpelHee MCHY 3HAYEHiAMH K &b TOYKax® 5.
C1b apyro#f CTOpPOHH, MOCTPOMME KOHYCH, TPOHIBOAALIIA KOTODPAT( NapaliefbHhbi
HOPMAJMAMB Kb [OBCPXHOCTH, IIPOBEIEHHMMD BAOAb rpanunsl ¢. [lo oupeadb
aenilo, ThiecHbifl yroas, 3aKNOMCHHKE MEXIY 3THMH HOPMAJIAMH, H3Mbprercs
BEIHYMHOK MOBEPXHOCTH @, KOTOPYIO 3TOTh KUHVCL BLIBIAeTs Ha maph pa-
giyca 1. ©h UERTPOMD BB Bepuindh KOHYCA; a TaKh KaKh KDHBH3BA 1IOREPXHOCTH
afore mapa seank pasua 1, To npeaeriylida dopdyna, npuMiHeRHad Kb WIADY,

J4CTDb
f f dp dg
©= e
(0 + 22+ 4%
m

npd TEXB we upelbaaxs HHTerpuposanid. Otcwna u cnbnyers, uto A4 = ="
MosToMy, KOTAA ¢ CTPEMHTCH COBDACTE €h Toukol M, To Jua 9TOH TO4YKM
NOIYYHMD

K:]imx:lim%—-

778. O6nemnul. Ecan Tpefyerca snuuciauTh 00beMs Thna, orpa-
HAYEHHATO YacTbid JAHHOH MOBEPXHOCTH, NPAMEIME LUHAWHAPOMB, TPO-
eKTHPYIOIUMb TPANHILY 9TOH uwacrd HA unockocTs (Jxy, U caMok 3TOIO
NAOCKOCTRIO, TO MOXKHO (cp. ¢t § 768) npuuate 3a aneMeHTH o6bema I
nozoBusiit ke ob6nemt, cooTBBTCTBYWOIMIA S7eMEHTY AaHHOH nOBepx-
Hoctd. Takofl saemenTh o6beMa HaMbprercs npou3sefenieMn OCHORaHiA
dx dy Ha Bwcory z, Cabgoearenvho, GyideMb HMBTL

an zeffwm_;:_.

1y Cu. tawke ,Natiirliche Geometrie® asropa, c1p. 214,




§§ 778—T779 MOBEPXHOCTH H OFBEMKl KAKMXTE YTOLHO THIb. 403

eat 2z dynknia otTe & W oy, onpelbaneMad ypasHediemh XaHHOH 0o-
sepxHOcTH. O6mnke: MOWHO pa3bHTL Kakoe yroaHo THao wa ameMenTh
Tperenro nopaaka dx dydz m, onmpasce wa oupenbrewie TpoHuoro
YHTerpana, HAalKuCcATh

12) Vo [ ffdx dvdz.

Tlpn stomb npentaw nocrbaosaTe bHBXE WHTEIpupoRaHilt onpeabisiores
b KDKNOMBb caydak Ha OcHOBaHiH ¢opwmet  pascmatpusaemaro Thaa.
Eciau, nanpambps, Thio uMbeTs omucanryw BB Hawarhk sToro § dopmy,
TO MOWMHO CIepBa 0pH TOCTOSHHOME X M ¥ BHIOANWTE HHTErpHpo-
Banie 2, OTKyAa W™ TIOAY4aeTcsl sHadenie 2 Ha fganHoft L10BEpX-
HOCTH U NPHUXOAUMb C10BA kb PopMysik (11), MoxeTs Tawke cnyunThes,
uTO MDH HOCTOAHROMB 2 M3BheTedh OynaeTth pesyasTars o (g) HHTErpH-
POEaHis dxa’y, T. e, 4ro M3pbcTia maomans cbuyeniw, npouzBeneHHAro
BDb pascMaTphsaeMomd Thak naockocThio, napaanensHoio naockoern Oay
8% DA3CTOAHIM 2 OTb HeA. Bb 9Tomb cAyuah Beluucrenie [ croawica
Kb NPOCTOMY HHTErpHPOBaHiK

{13 foo(s)d—:.

Takoe Bbluucashie cnoauTed kL pasahaenito Thia Ha 3neMeHTH LEPBAro
OOpAAKa, TaNb Kake 0 (2)dz H300paxaeTs o6beMb €104 maHHaro Thna,
JMEWANIAF0 Meway naocKocTsMH z u z--dz. Takb Mbl v abaann Bw
vacTHOME cayyah Thie Bpalenis, BB KOTopoMb (3} =g /% Cyure-
CTBYCT'E (e3UAcTeHHOoe MHOKECTBO JPYIMXD CrMocoGoBb  pazdupanin
Thna Ha Ge3KOHeYRO MA.ble JJIEMEHTH TperTharo nopsaka. HMib Huxb
ocofiendo wago sawhkTuts TOoTL (§ 733, b), KOTOpH# moaywaercw npu
apuMmbhReHIH MOJSPHLIXD KOOPAHHATH. |IOBEpXROCTH MIApPOBH, onpelh-
NAEMMXD pauiycamu # H #--d#, TIOCKOCTH, onperkageMbs 10oATOTAMH
® H ¢+ dp, U UOBEPXHOCTH KOHYCOB®, onpenbiseMbls 10HPOTamn
Y M Y4 dy, OFpAHRYNBANTL BeakoHeuHo Manoe Thao, KoTopoe
MOMHO Da3CMaTPHMBATh, KAKEL MPAMOYTOAbHHWHA napaiielennneAb cb ped-
pamu dr, r|cosyidp m rdip, npedeSperaw Ge3KOHEYHO MAIBIMH
BHICITMXE NOpsAAKkosb. Takumbs o6pasoMb NPHXOAMMTB ¥b Hopuynd

{14) V:[‘/frz\c051;:[dz'd(pdap,

KOTOPYIO MOMHO BBIBECTH H aHaauTHueckd Ha® (opmyawm (12) (§ 737).

779. Kb mpyromy pasnowenio Thab Ha ademeuTw BTOpOro mO-
paska (cp. ¢v § 769) npuxoanmb, KorAa abT0 HAETH O BhlMMCAEHIH
ofbeMa TH4, OTPAHUUYEHHArO YACTHIG UAHHOM MOBEPXHOCTH M KOHYCOMT,
00pa3yIonin KOTOPAro COeAHHANTE TO4KH TPAaHHIOB FTOH 4acTH TMOBEpX-
HOCTH b AaHHOR Touxoi. Ecau nomberuMbs Hayano KOOPIHHATDL BbL
BEPIUMHY KOHyd, TO €CTECTBEHHO BAfTh 33 3/eMeHTh o6bemMa o0bLEMD



404 VI, 3. nPHIONEHI KT TEOMETPHYECKHMD H3MBPEMIAMD, §§ T79—T80

TOFO KOHYcCa, OCHOBAHiEMB KOTOPAro CAYMHHTL 3IMEMEHTE NOBEPXHOCTH
V1+ 2 4- g2 dady (§ 776). Taxe xaks 0fbeMb 2TOr0 KOHyca pa-
BeHb OQHOH TPetH MpOHsBeleHia TIONIAAH OCHOBAHIM HA BHICOTY,
PABHYIO pa3CcTOAHIKD Kauana KOOPAMHATEL OTH KacareqabHOH DAOCKOCTH,
TO MBI NOAYYHMB

(15y = ;f f(s —px—gy)dxdy,

ApH veMb, 2cnH nownanoburea, HambHATD 3HAKL saemenTa. Ecoi, Ha-
npumbpe, TpebyerTcs BuuMCIHTL oObeMth 1hla MexIy NOREPXHOCTHK
BPAILEHIR H KOHYCAMH, NPOEKTHPYIMIAMM 18d NapaifientHbXb Kpyra
W3T TOUYKH, AeXALled HA OCH Bpaluenis, o moaydutes (§ 776) dopmyna
V:%—ﬂ:_/ R(Rds— zdR). 31a dopmyna npuMetrDs 0COGEHHO TEPOCTOR
BUAE Bb [OMADHBIXG KOOPAMHATAX®, €CAM NOJAPHARN OCb HANPaBAeHa
no acu spawedis, 4 uMenno 7= 2 v | #% dc0s§, KOTOPYHY MOMHO BEIBECTH
¥ n3b Gopmyiast (14). Bupouems, 5Ta hopMyna He OTAWYAETCH Cywe-
CTBEHHO OTDB BolBeneHHOH B® § 771 u cBoamTcn kb nmocatuded, ecau
Kb . o6bumMe €d yvacTaMbh npuGaEuMh  OfmeMT KOHycd, OCHOBaHieM®D
KOTOParo <OysuTh nepembiHulf napawielbHeii Kpyrb pasiyca K, a
BEPILHHOIO — TIOI0CE

Ia R'-"3=§;’L[R[Rd$ 4 22dR),

V+§:zf('3z-=;r[R’-’d;:.

780 TlpumEpet. a) Becy o6neMh saanmcodya

a2

a*

pasens

4ol

V=8ff$dz‘fl_y'—80ffV1—x‘
g N a 5

w, @

o e

y oy,

T. €. BCIH BuINHWEMB npeabab oTAbARHLIXE HHTCCPUDOBAHIM

b o a .
flonaras y = o Va2 - &, MPHBLIAEMD BHYTPEHHIA HHTErPAN D Bh NPABOK %ACTH Kb

a2 ST g2 1 3 22 .
1;(1 - ?)fv 1= &dt —?:r[;(l _ --6-1_2)
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Crtiosatenniio,
1

V=2nbc (l ——Tl;n,J dy = 3 gabc.

K1 atoMy pesyanTaTy OPHBOANT®L u hopmyaa (15}

THME BIH ADYTHMB 1HYTemD, a Takwe (cp. ¢h § 770,§) Bouncasns cnepsa o (3.
® nppubuad sarhvb  dopuyay (13), lpu BCAKOME NOJOANTCALHOMD yucab u,
PABHOMD OTHONHICHIID YETMATD YWCId Kh HeYeTHOMY, ofuigbe HAHZEMD. 4T0 OOh-
eMb Thia, OrpaHWdenHArD [OBEPXHOCTHID

£ +L e o =1,
a‘lfl. LH n
pasednr
# 1

dahe ”H') a . : 8uabe !(3{)
V=2 § sieyda= """ =7 N T e L
1 2 3o a3
{2 /(-j
. 7)o "

Bt wactHoeTH, any offbeMa, OrPAaHMMCRHAre THIECUOK AaCTPOHACK

oyt et =t

4 L3 2
= &

4
a, T.'C. HeMHOrO  §0Able % HACTH ofreMa OIMCAHHArO

amauenie [T —
35

miapa.
b} Korga anmaHnconib 3agdH® O0/UEMb ypaRHEHieMb
ax2 b e+ 2 v+ 25 ~2hay=1.

10 ynoGube npraaraetcost popuysa (L3), notomy 4ro naockoe chuckie, mapantenuice
niockocrs O X v HA PASCTOMHIM = OTT Hed, nmbers ypasHueaie puia

At =R 2 2 L2y =0

H GAOWALR €ro, KaKh MLl 3HaeMDb (§ 770.h) paswa o (2) = — 20/ /(@'d — FH2
[Ipn NOCTOSHHOMT 2. H3L CPABHEHIN ypaBHeHif KPHBOA Ch ypaBHellEMb ILOBCPX-
HOCTH MOAYUAETCA

a'=—a, =4, k=h, [ff=fz, =gz, ¢’—cP—1.
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CatnoBaTentHo,
a h g I
P A !
D= | 2 =220 —(ab— i
‘ & S e )
H 10TDMY

) i - 2z 1
aei= == (1= 25 [atndem —2ET 4 Looga)
e Vab—i2 al - B ’/. ) 3]/7:7;/,2_‘_ 3 20(2)
0

[Tpeabap waTerpupoBanis #e /7 PaBHE, DUCRUANO, KOPHAMD YPaBHeHIn ¢ (s) =0

py— p
T. e, &+ Vg»)— P /E-. Hraxs, I = J—:_.
D 3V

c} MNpeanoxume cebb puuncauth o6bemb ofmefl uYacTh ABYXD
KPYTOBLIXD UHJAHHAPOBE, OCH KOTOPHXD B3AHMHO NepPNeHIHKYIAPHH. [Iycrs
a 6yners pagiych Hakfoabliare UIs LBYXb UHAKHIPOB®, & & — pamiych Apy-
roro. 3a OcH ¥-0Bk H 00D BO3LMEMD 0CH O0OHXD WHIMHADOB®. ¥ DARHEHiR
UHEAHHAPORE OyayTh 2% 4 2% = @, a2+ ¥ = 4242 Vlckomeld 06bCMDB Oyners

ke VWi — o i

=28 / /11/(71 —xidx dy =38 f'[’ (@@ — <Y (BB a2— x¥) dx,
a8 b

WM, Nojarast x = Fasin g,
s
V= § #2af / V1—#sinlg-cost g dy.
]

HurerpupoBanie 10 YacTaM® LaeTb

/‘Vl — sl costpdg —

Ty Py Tyl 2 cost g -
Vi —Fsinfyg . cosgsing +f(]/ | — R sinZg +Tltie4smT—) sin® g d .
s

Bripaxenie nofbs 3HakoMb NocTBARSAID HHTErpada Jerkoe npeobpasyercs Bb

I e I Ty

— 2V T — Hsinfe - cos? g - ; ——— "
4 ¥ £ B2V Rsine

CabiloRATENBHO,

ja
aa / ¥l sing - cos® gl =
&

$7

(144 f V1—Esin2g dg —(1 — £
G

N3

b=

_dy
Vi—Bsinfg
0
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H HAKOHEID®
Vesad{ (1 F-R)EE (1 B FWE .

B®: uacTHOCTM, KOMIa UNAMEAPH PARHBI Mexny coGoll, moayymmt ' = % (2a).
Bo obwemt cayuak (§§ 736, 757) nmbems

V= 23&3(23(1——

B TR .
B 4§ '

[lozToMy, KOrna £ cTpeMwTcs XB Hya0, I (kakb 9 crbloBano oWHIaTh) Cb
BO3PACTAIUNME MPUSAMKEHieMb 6yaeTs MaMEPATRCA 1POH3BEACHIEME MIOMWAAM
chuyenin 7 A% a® MeHbIAre UWMAMHIPA Ha AMMNY 2 a oTpitaka, orchkaeMaro npy-
FHEMB [UIMRIPOMB HA ¢ro ocH. Haobopors, opu %, Grd3koMb «n 1, ofpeMn &7
npriinvantensno pasents § £(2 @

d) Jdaubl f1B5 B32aUMHO [ePIEHIUKYIAPHEIR, HO He nepechraloliacs npsaMein;
pascMoTpuMh IBHKeRie OTphaka NOCTOAHHOH JIHHB, 0UMPAIOLIATOCA CBOHMH KOH-
LAMH HAa JAHHBIA Tpambld. O603HAYMMD 4Yepesd 2 a DAIcToAHie MCHIY NAHHBIMH
NPAMLIMU, 2 9ePe3b « YTOAb (MOCTOAHHBIH) MEXIy ABHCAWHMCH OTPB3KOMb H
OOUHMD MepneBIuKyIAPOME Kb IAHHBIMD NPANbIMbL; TOPIE AMMHa oTphaxa 6y-

2a
JETH osa” INombecTMb HA4al0 HKOOPAHHATE Ha ofWWif NepneHINKYIADDL Kb

JAMHEIMB UPAMILIMB Bb O/HEAKOBOMB OTh HHXTD Pa3cTofNiM, a ocH x-08% W ¥-0BB
BO3bMEMDL COOTEBTCTBEHHO I[ApaniefbHbIMU ITHMDB NpAMelMb. [IpH TAKOMD Bbl-
Goph ocett ypasHeHie 110BEPXHOCTH, OPA3YeMOH NBHKYIHMCA OTphakoMD 6YaeTh

2 2
(a— oF Tlatap

[Mo3Tomy chueHie TIOCKOCTLIO, NEPEHIMRYIAPHOID KB OCH 5- 08, BYAeTh 3MUHICH,
KoTophi npe 2 = 0 ofpalaercs BB KPYrb, @ NpH 2 = + 4 CcIpeMuTca obpa-
TUTLCA BB NpamoakHeRnefl orplaoxs, Jexauwifl Ra TOt EaM npyrod u3b AaH-
HBIXDL NpPAMBEIX:L. KoHUH 0060uXbL OTpLSKOBE —OCODEHNLSA TOYUKH MOBEDPXHOCTH,
Tlpe DaHHOMD MEWIY — @ M - & 3HAYeHin & cooTnbICTRYINIH aanHOICH nMbeTh
noayocy (& — s)tge n {@+ 2)tg . Taks Kaks cyMMa X't BENHIHHA 110CTOSH-
Haq, 10 (§ 626, ¢) u3b srore crbayers, uto orubariuas npoexuilt Bchxn LM
COBb, COOTHETCTEYIOWMAh PASAHYHBIMD SHAUEHIAMD 2, HA [IOCKOCTE (Jxy 6YIeTS:
actpouna. MupiMp coosamd, ofpazycMan fOABMKHBIMb OT[IB3KOMB NOREPXHOCTE
6YNCTEH BCH 3aKMONATHCA Bb URIMHAPS ¢b BhICOTOR 2 2, npAMoE chueHie KOToparo
CCTL ACTPOBAA. CThIpe LYTH, N0 KOTOPEIMB 372 NOBCPXHOCTE Kacaercd 60xkoBod no-
BEPXHOCTH UNAMHAPa, BMBCTE Cb NpaMOMHHeAHbIME OTPB3KAMH HA JANUBIXB MpH-
MbXb, 06pasywsT UbYTO Br pOLk TeTpasapa, CXeMaTHUeckH H306PANaIIATO
tdopMmy ofipaayemaro Thaa. Takk Kakb nrowais samnnca (§ 770, @), coorehreTRy-
lowWare nadHoMy 2, pasHa a{s) = & (af — =) tg? 1, T0 s 0BBEMA HAIBAHHATD
Thaa 1onyunms

= Q:Ltg‘-’a/‘[n#f—ﬁ) ds=4$madigia,
B

T. €. § o0beMa UMAHHAPA, NOTOMY 4TO ATOTD nMocabimil Hambpnerca iponaBene-
nieMs BhICOTH 2@ na maowane (§ 770, j) npasoro chuenin w(2atg ), pas-
HBIMB 3 T a® tg? o)

e} PazemoTpums obfmiee MBCTO TGUEKkD, L/MA KOTOPLIXB CyMMa 06-
PATHHXD BeAHYHAD pPAZCTORHIH oTDH ueTHpeXxb OOKOBLIXh rpanch
MPpaBHABHATG TeTpaaipa uHcao noctosHuoe Ilyete O, O, Ua. U3
0003HAY20TL Be¢PIUMALL TETPARIDA, A& #: DNA3CTogHie Kakod YTOOHO TOYKH O1h



[ Lok} VI, 3. nPHAOKEHIA Kb FEOMETPHUECKKMB H3MBPEHIAME. § 780

rpaHK, npotHBoackaulelt Bepmiuph ;. DTo pascTomHie CUMTAETCA OOAUKHTEAL-
HBIMEL HAM  OTPULATEALHBIMD, CMOTDA MO TOMY, JCHHTL 1M Pa3cMATpHBacvas
TOYKA OTt PAICMATDHDZEMOA TPAHW Ch TOM K& CTOPOHM, UTO H TETPARLDB, WIH
Chb NPOTHRONOMONKHON. YpARHeHIC TOBCPIHOCTH GyieTs

i 1 1
(16) b + -+ -=1{y
T qi 2 Gy

HO HH OfHA H3D BOLIBEACHHLIXH BbILIE POPMYIB He NPUMEBEHMA Kb TAKHMB KO-
oprgHatams. [lostoMy nepefieMd kb JiekapToBHMB KOOPIKHATAMB, NPH YEMD
yi06H0 OyieTd bLGPATH KOODAWHATHBIA OCH CxBIYHOMEME 06pazoMb: 3a ocH
X-0Bh, y-OBB, & OBh Mbl BO3hMEMB IDAMLIA, COEAMHRAIOWNH  CEPEIHHH
Oy Qy. Gy Qs Gy Oy cooTebTeTReHHO ©b cepelunavn 0, Gy, O304, O O,
Ofioariayasl 4epead 2@ PRsCTOgHie Mew(ly ABYMA NPOTHBOJEXKAWMMH pedpai,
BHOMMDB, 4TO KOOPAMHATH Touckd (g, UV, O, O 6yayrs coorehreToeHno
—a, —a, —ay {—a, a, a) (2, —a, a), (2, a, —a), A TeITOMY

9’01/3_2—1‘*-}’—34-“, %ngxv,.v%—z»ktr,
Q¥3=—arydeta, @Visxty—sa

VYpaBHewie (16) npeobpasyerca b
17) w4 sala?- 4 ot a?) =0,

Mpi wMbems, caknoBaTeaLHO, MOBEPXHOCTL TPEThATd nhopfika. Ona umbern ue-
THIpE IBORHLIA TOUKM 8B Yriakb TeTpas/pa, N BUlk. TaKb €Ka3darh, pasnyTaro
TeTPa30pa; OHA Kacaercs rpaHel ky6a, ONHCAHHATO OKOIO TETPasapa BAVIL pe-
deprd, H NepeChraeTcs AIATORANLNLIMH [MOCKOCTAMHE 3TOLC ky0Ga no mecrd Oapa-
Boaamn [liockoe chuenie, napamneabpoe maockoctd O xy BB pasctoaniv 3 oTt
HER, €CTb IMIMNCD, H30OpaXaeMbli ¥PABIERICMD

, 2z
a4 x gy = - 2R
i -

T. €. IAUNCH, OCH KOTODATO DApalieibHel cropoams (0 (s, O3 Os, a Depulumsl
AexaTh Ha OBYXb u3b UECTH napabods. [lodyocd 3TOTO 3AMMNCA PARHDI

Viala =z n Vale -

H3b TOr0 OOCTOATEALCTEBA. MTO CYMM# HXb KBALPATOBSG BCAHHHHA [OOCTOALIHAR
MowHo 3akmounth (§ 626, ¢), uto mpu wu3mhHeHIM 2 JAMENCH TEPEABHrABTCR H
HedOPMUPYETCHA, OCTABASIChL BCEMAA KAcaTeIbHBIMh Kb eThipeMDb anaMs wyba:
TOYKM KACAaHIA ONUCHIBAKTD ueThpe peGpa Tterpasmpd. Jas Toro, wrabul Beidd-
T 06beMb Th1d, OTPANHYEHHATO HAWKI MOBCPXHOCTNIO, AOCTATGURO 3aMBTHTD,

4TO nacaas saaunca a{s) = wa ) a — 22, u dopuyaa (13) nacts

"= 2sma [ Va? — 28 de = L ofeb =~ a3 . 49348022, . ..
b
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710 4 ecTh BeAHYHHA RCero 00beMa. 3AWNUAI0LIAACH, OYLBHIHO, Med(1y obb-
eMOMT: § @? BUOHCaHmaro TeTpaszipa u ofhemMoMd 8 @% onmcanmaro ky6a. 3amb-
TUMD, ¥T0 ypaBHeric (17) MOWHO Takxe HANNCATE BB Buak

x v 4 1
18 arc &in -— -| arcsin - arcsin — = —=
{18) P e T T a 27

Tags UTO &, V. £, 4 0003MaYaI0Th CTOPOHLI UETHIPEXYIG.ALHHKA, BIHCAHHATO BT
EPYrh IidMeTpa i

f) Mol pexOMeHNyCMh YHTATEAK H3y4YuTh Gonbe 06wWif BOLPUCT O NMOBEPX-
HOCTAXD, Ha08pakaeMulXm ypasresiems (18), koraa Bb npasoll 4acTa By1eTh
KAKAM YroaHo noctosHHad. 3aBck Mbl OrPAHHUKMCA pascMoTpbileMb TOH H3B
3THXL NOBEPXHOCTCH, KOTOPAA COOTRhTCTRYRTE 3HAYCHIO T 3TOH MOCTONHHOM,
T. €. WpeacTaBiserh coforo ofumwee MEBETO TOUEKs, PASCTOANIN KOTOPEIXD
OTb TPEXD NAOCKOETEH DPAMOYLOAbHON CHETCMAM KOOPIHHATH PABILE
CTOPOHAMD TPEYroAbHHKA, RIHCAHHACO Bh KPYTL MlaMeTpa &, ¥pas-
HeHie 3TOH §OREPXHOCTH Bh anrefpauyeckoMs suich 6YIeTh

b tati{at | b b st —24222 D%y 20202) = (),

BT CMeXHOCTH Ch HAYATOMB KDOPAMBATL, TAB WACHOMD WWECTOH CTENEHH MOWIO
irperedpeds 00 OTHOUIENIO ¥b HIEHAMD UETBEPTQil CTEMeHH, 3Ta NOREPXHOCTH
yooioGastercs cHcTemh YeThpexh MAocKocTel

—atoyl— 20 =y -y A {—xFtrt sy yitalv+y—a=0.

nepechXA0IMHMCH No  TPEMT APaMh NEPTEIIRKYANPHHXT OPAMBIXD. JRKAIHXD
Ha NOBEPXHOCTA. ¥ 3T0fl NOBEPXHOCTH YeTHPEXKPATHAW TOYXAa B HAYanh Koop
HHHATD W WECTb JRGHHLIXD TIPSIMbIXG, Bea no-
BEPXHOCTL 3aKMONeHa BHYTpH ky6a ¢b ped-
pomb 2@, TpPaHH KXOTOparo KacalTes  atol
NIORCPXIUOCTH 110 BIHCAHHbIML Bb 3TH I'PAHE
xpyrams. OHa orpaavausaett Thio, umbioiee
RUZL 3AKPYLIENHAro HAa yraaxke d pebpaxs
kyBa Cb IPAUAMH, BUPOHKOOGPA3HO RLIAGAOMEH-
NBIMH A0 HeHTpa. YT106bl BHYHCAHTL 0OBLEMD
Takora THA3, BLIYKCIHMD  CHEPEA  [LIOIUALL
CRucHiA N0CKOCTRIO, TAPANICILHOW ONHOH M3
rpadel Kyoa. Ito chyekic cocTONTD, Kakh Ml
yBAaEMD (pue, H7), H3B NBYXDL PABHNXL HIHM-
COBD Cb OGIIHMH OCAMH. JTH ZAAWICH COBMA-
130Th Bb OAHES Kpys', KOrAd OIOCKOCTL COB-
najaers Ch TPaHelo kKyBa H NPeRpananTced Bb
OlHY H3T TPEXb DAPT OPTOTOHANLHLIXE OTPh3-
KOBh, TPHHEALIEHANMXE TORCPXAAICTH, KOTAA OIGCKOCTe ChueHld Tpoxommts ue-
peat NeHTph KySa. JlocTaToqHO MAMHCATR ypAableHie NOBEPXHOCTH Bh RHIH

/

A}
R R L [ 1 —

22

),
a?

qraBL BNMIBMIL ypasdaesia ofoHLL $AAMACOBD. Bb N0JAPULIND KOOPIMHATAKE,
pocat TOro KAKDL MOAGKUMT & — & COS(r, MOMKEMh HAMHCATh YpARHEHIN WXb
TaK®

¢ R a? cos?
. ——— e
1-}-sing sin 2 4 1--singsin2?
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Otcona, nprmbiag BTOpYI MAE GopMyns (3), HaXOAHMB, YTO TLTOWAAE ChUERis,
TEPNERIMKYASPHALO KB OCH & OBb M MPOBEJCHHATOBD [A3CTOAHIM 2 OTH Hauana
KOOPIMHATL, OYVIETD

b

§ singsin 26 439
— 8 a2 cos? Fat ety
a{s) = 8 a? cos Q:/jlysmzq/snge
[

[prEABDb 32 nepembHHYI0 UHTCrpApOBanisn =1tg ¢ cos 2 5, nafnems

g

L]
d! B
g(2) =4a2 cus;(pjl TR 4 a® p cos g.
0

7T
Taxh kakb ¢ nomxno MavbeAtsca o1k 0 o ', To Hanbpno arctg (tg ¢) = .

2
Teneps dopmyna (13) macre

@ 3a ks

= Zfo(z)a’qz 8rlv“‘/‘q:-sinqvcosq:dm=a3f¢sill¢ dy.

q Q Q

B HAKOHEU®, Cb NMOMOLILK) HHTErPHPOBAHIA U YACTAMB
F b _ N0 o= o gt
V—ab{pcosg — sinp)? = = ad,

I1oTe O6BEMD HE COCTABAAETH M § OO0beMa HAMMEHBIIATC WIAp4, 3aKTONAD-
maro BE cebb Bcl0 moBepIHOCTE Thna, Wapa, OYEBUJHO, KOHUEHTPUUYECKATD Cb
3TOKY MOBEPXHOCTLIO ¥ KACAIOINATOCA €d Bh 8 TOYKAXE, KOTOpby OYIYTh TOH-
KAMH 2aKpyracHin gosepxiioctd. [ToaoBubiM®h He BuUHCAERIEMB HAHAEeMB, HYTD
o6keMB KaMiol H3b BLILEYIOMAHYTHX'E BOPOHOKEL paBens }m a3 [lostomy
ofpeMD Thia, NMOX0MAT0 HA MIPARLHYIO KOCTh, KOTOpPOE TMOAYYHTCR, KOLAA 3afod-
HUMB H § 3T4Xb BOpPOHOKB, paBeHD §xwad Jerxo nosbpsercs, uTo To, 470 HAUD
YIaJuTh Ha yraaxs kyOa, 4To0n INoAyuHTh pascMaTpHBaeMoe Thio, COCTABAAETD
HHYTOXHYK 4acTh BCErD oObeMa KyGd, a uMeuso Q00228 .. ..

AWMPDEPEHUIRMBHBIA YPRBHEHIA.

YpaBHeHia ¢b ABYyMA nepeMEHHBIMM.

781. 3anaua WHTErpApPORAHIA BB TOMB Buab, Kakh MH ee [0
CHXD TOPDh pascMATPHBAAM, €CTb JIMIUL YACTHRIA Clyyal 344a4H, BB
KOTOPOH padkcKUBAIOTCH (yHKRUiH OTh OLHOH HAH HBCKOMAR-
Knxb nepeMbBHHHIXD, CBA3SAHHEXD CBh NepeMBHHLIMH H NPOH3-
BOAFBMK HCHOMBIX® @QYHKUifl onHuMB® HAu HBCKOAbBKHMA
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cooTHowcHiAMY. Takis cOOTHOWeHin HaswbawTea nubdepenniano-
HLIMH YyPABHeHIAMM H pasucKadHie HeH3arbeTHRIX® QyHKuiA
€CTh TaK)Xe 3anaya HHTerpadeHaro ucducaenid. Takb, zaupu-
mEpe, BB npocThbHmeMt cayuab, KOTOPHMBL Mbl crepea H 3aliMemcs,
AaHo suddepentiarchoe ypasnenie f(x, v, ¥, ¥, ...} =0 n tpe-
GyercAd HallTw Bcb (yHKIK 4, KOTOPLIA TOWOECTBEHHO YLOBIETBOPAKTL.
aToMy ypaeHerito. Takis ypasHeHiI® Ha3wBalOTCH OGLIKHOBEHHLIMH
IHpdepeHIianbHEIMH - YPABHEHIAMH, BB OT/Huie OTb ypasHeHi# BT
YaCTHHXB NMDOH3BOAHLEIXD, Bb KOTODHA BXOAATD: usb HAd Hoake
HE3ABHCHMLIXD TMepeMBHHBIXE M YACTHLIN NPOM3BOAHHESA HEH3BBCTHHIX'B
¢GyHkuili 00 pasmM4HEML nepemLHHLMB. Kakb BL TOMDB, TaKb H Bb
IpyroMs caydal nopankoMb ypaBHeHid HasBRAKTE HaMBHICIIIM nops-
AOKD MPOH3IBOJHLIX'L, Bb HEr0 BXOIRMMXb. Mb [0YTH HCKAIOYHTENBHO
AyneMb 3aHHMATHCA 34EChH YPABHEHIIMHM TEpPEALO NOPHIKA.

782. O6wmi#i muTerpan®s W 4YacTHBIE WHTErpanwl, IIpeamono-
HHMb, YTO ypaBuenie f(x, y, ¥') =0 cnocofino ompestants 3, Kaxkn
HeupepuisHyw ¢ynxkuio otk x u 4.  ITlpenctasuvn cefk, 4TO uepess
KAMAYI0 TOYKY (%, ¥) upoBeaena lpsMas, yraoBod xosddmuients ko-
TOpOH pameHT cooTebTcTuylowemy 3Haueilo 3. [lonomumb aanbe, 4ro
noaeukHadr Touka A, BRAAA v3H HEKOTOParo NpOMSBOMLHAKO M0JO-
awenin A, TPOX0HTE GE3KOHEUHO MANKE NyTh MO MPAMOMH, TPOBEIEHHON
yepesw M ynomasyTumT, cnocoGomk, a0 Touku M, satbmb usb M,
10 nupuMob, nposenenHod uvepeswr Af,, no towwm A, M T. 1. no Ges-
KOHEYHOCTH; #ACHO, 4TO BAOML RCefl ONMCHIBReMOM TAKMMB O6pPAZOMB
KDHBOH HaHHOC ypasHedie yposierteopuerci. Ecean rak wubyne sub
3TOH KPHBOH BO3bMEMD ADYTYK HAUANBHYK) TOHKY, TO NOAOGHBIMD e
ofpazoMts MOMWeMD HOCTPOMTE [APYLyI0 KPHBYW Cb ThEMEB #e CBOMH-
CTBOMDb, H Cn1bBOBaTEABHO, BLIXOAR H3DL (e34HUCIeHHAr0 MHOMNECTBa:
Ha4a/bHHXD TOYEK'b, MOWEMD TIOCTPOHTDL fesurcieHHOe MHOWEecTBO Ta-
KHXb KPHBbIXb, COCTaBMmIOwNXb cemefictso F(x, ¥, ) =0. 310 ypas-
HeHie, uaoOpamaiouiee Ge3ddcIeHHOE MHOMKECTBO KPHBHIXL, YAOBMAE-
TRBOPAIONINXTE  NaHHOMY nHA{epeHUiaALHOMY YDARHEHilO, HA2HIBACTCH
00IWHME HIOTErpPaloMb 3TOMO YPABHEHIH, M 3aKI4YaeTh BbL cedb
Ge3KOHEYHOE MHOIKECTRBO YACTHHXh HHTETPANORE, COOTRETCTRYIOINHX S
pPas/|iHbIME 3HAauYeHisMB nocTosHHOA . Mrake, nannmmMe auddepen-
UiaibHEMb ypasaeniems f(x, v, ¥ )=0 TOuKkM HA [INOCKOCTH pacrpe-
AbnawTen Ha wbkoropwA onpenbAeHhbiM COBOKYNHOCTH, HO Wb Cyli-
HOCTH, ¥ He CBA3BIBAETCH £ X, MOTOMY 4TO 3HAUEHIEMb NMOCTOAHHOHW &
BL 06MIeMD HiTerpanrh MOMHO TAKD PACMOPAAMTLCH, YTOOH MPH JaHHOMD
Mo NPOM3ROAY 3HAdeHIM x TepewbHHAA y NDHHANA T4KKE MPOHIBOMLHO
sasiannoe sHauesie. [lostomy, ecnn wmenaemb anpentanTts vhkotopylo
QyHKUIO ¥ b nomoulbi auddepeHuianbHaro ypasdenis (epparo 1o-
pALKA, TO MAOMKHH ellle N0OABMTL YCAOBie, Bb CHAY KOTOparo, Ins
HhEKOTOpParo AaHHAro 3MaveHid x, ¥ NOMKEHD NPHHATL 3aMAHHOC 3HA-
yenie, MHMMH cTOBaMH, €CAM Ay M ¥ 3a/LaHE MO MPOH3BONY, TO
Cyure XTBYeTHs Takaa QyHKuis x¥ OTH ¥, KOTOpPaA yAOBIETBO-
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praeTh ypasueHnio f{x, y, ¥) =0 u upuHuMaeTH 3unavenie ¥,
pn x =x,. Onuaxo, ans Toro, uroGel 3Ta Teopema nmhaa mhcro,
HeOOXOUNMbL H3BBCTIMS  OrpaHM4eHid, KOTOPLIY He BHTEKAThL HIb
#13I0IKCHHBIXT: BEFIIE pascymaeHid. ITH pascy:knedin 0aw1Tb HAMB BO3-
MOXHOCTE OTHaTe ce6b OTUeTD B CYUIeCTRUBAHIM H I'eOMETPHHECKOMT
sHaueHin o6wIATO HHTErpana, HO HHKOMME O5PA3OMBL HE MOCYTEH HACH
H30ARMTL OTh CTPOTATO AHAMMTHYECKATD NOKA3ATENAbCTBA CYUIECTROBAHIA
HuTerpaaa '), 3xbck MBI OTPAHHUMMEH TOALKO  yKa3alliemh H4 €M HH-
CTREHHOCTHL OOIIAro HHTErpana, T. €. Ha HEBOIMOMITOCTL CY WECTEOBAH A
ABYXh HE€3ABHCHMNLIXD QYHKIIH 22 0 o, KOTOPHS, GyAy4n PUPABHEBH
0poM3BOAMLHON TOCTOAHHOH, W306pa¥aty Om OOWIA HHTErpadk OAHOTO
M Toro we NHddepeHuialbiaro ypaeleHia nepsaro Nopidka. Bb cavoMs
nbb, TaKb Xakh H3b YPaBHeHH #=const. ¥ v =consi. nomxHO nMOAY-
YMTHCA OOHO W TO e 3uadedie ) .(coBnaIawHlee ¢b ThMb, KOTOPOE
MOAYYaercd N3b AAKHArO ypabHeHis f(x, v, ¥')==0), TO A0/MKHO TaKwe
GuiTh 3—%‘ ';3::0, a cnbaoeatensio (§ 57Y), memuny # H ¢ AOMKHO
? .

CYUIECTRORATE COOTHOIIEHie, Bb CHAY KOTOPATO TNPHPARHATE # HAH T
MOCTOAHHOMY DPAaBHOCHABLIO OLHO Apyromy *).

783. Ocobenurlf WuTerpans. O6wil wurerpans Fia, v, a)=0
y:0BNeTBOPAeTs ypasHchio fx, ¥, ') =0 u Torma, Korna @ He 0O-
CTORHHaA, a $yHKuin OTDL & W 3, HewBHO onpentasemas ypaBreniemn
Filx, v, @y="0; rkicreureasno (cp. ¢b § 621}, noayaaemoe n3nb Hero
3HaveHie 3° BO BTODOMB NpPEeAUOJIOXKEHIM cOBMaiaers ¢k ThML, KoTopoe
NMOAYYHTCH W MPH & TOCTOSHHOME. OCcofeHHBIM® HHTErpaioMts H
HA3bIBAGTCA TOT®, KOTODbU NONYYaeTes uepead HokAodeHie @ H3b
ypaeHenit  F(x, v, ay=0 n [Fi(x, v, @) =0. [eomerpuiecku 3To
BepaxadeTcd crboyowuUMs ofipasome: JlagHoe auddepeHliansHoe ypae-
HEHie Y/IORNETBOPHETCH He TOJAbLKO GC3HHCIENIMbE MHOWECTBOML KPH-
BHXE, H300pamaeMbixl. 0OMNHMb HHTEIPAIOME, HO M OTHOZIONIEID 3THXB
¥PHBLIX'E, M300pawaedo#l 0coOeRHEIMT MHTErpa/ioML. [lo3tomy ofuixHO-
BEHHO M [OBOPA1T, 4TO 0CODeHHMI HWHTerpaJb ecTh orubawiyan
6e3UUCTEHHATO MHOMKECTBA Y4CTHBIX'E HHTETPANOR'L. baaroaaps
CYWECTBORAHI OCOOPHHATO HHTErpaja To'Ka, ABHTAWIAACH HE{IPEPHEBHO
TAKB, YTO O IOCTOAHHO YAORIETBOPAETH JannoMy supdepeHuiannHomy
yparnemnilo, He ocymmIeHa HenpembnHo ocTasatscy wa onpenbaenHon

3 Mo atomy ROApoOCY Ao o6patHThcd ando Kb ,Lehrbuch der Analysis®
Lipschitza (crp. 500), anbo &w ,Traité d Analyse* Picard’a (1. 2, cip. 292),
sambTes Peano ows LAtl dell’ Accademia di Terino® (1885—86. ctp. 677),
sambreah Arzeld By Memoric dell’ Accademia di Bolegna® (1895, c1p 257;
1896, ctp. 131), Peaao aders MOKAIATEABCTBO CYINECTBOBANIR HHTEMDANd MO
OJHHMb TGILKO YCIOBieMh, YKA3AHHKIME BB HAauanh atoero naparpada.

*) T. €. ecan # = const,, 70 n @ = ¢ (#) —= const.
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yacTHO# KDHBOH, a, HA000pOTH, MikerTh, npolas nhkoropyw nyry
orudaomelt, cCOMTH 3aTEMB Ha ECHKYIO APYIYH) HAcTHYH KPHBYIO '),

784, Cnbayers 3zambIuMb, 9TO 0COGEHHBI HHTErPATE MOMHO-
[OAY4HTh, HE BHUIONHAN KAKOro JHOO uHTerpypoBanin. Ecan nbeau
yacTh ypasuenin f{x, 3, ¥')=10 ecTe HenpepuipHas ¢yHKIiR ¢b Herpe-
PHBHLIMA MEPBBIMH (POH3BOIHNIMU, TG OcOfenuu B HATErpalt no-

AyuMTCa 4depest MckaAwuenie y W3t ypasuenih f=0 u %’;:0’.
Bb caMoub nkah, duxcHpyemt OAHY H3b OE3UHCAEHHATO MHOMECTRA
KPHBBIXb, H300paaeMHXt OOUIMMT UHTErpanoMb, u [ONOHKHMDb, 4TO
-OHa Kacaetcs b Toukh 4 TOM kpHBOA JmMAiM, koTopas wioGpamaeTca
0COGEHHLIMD HHTErpanoMb. PascMOTPHM® ADYryl0 HacTHYW K[pueyio
{n306pamaeMyio IPYTHMb YaCTHBIMBL WBTErpanoMb), Ge3koHedHO Banakyo
Kb nepsofl, u nycts A" Syners Geakoreuno Gapakas kb A4 TOuKA ed
KacaHis ¢b 0cofeHHOW KPHBOW {oTHOarowet). HeHo, 4To 06b uacTHLI
KprEnd  HMEIOTL ofuylo Touky A, Beskoneuno Gumskyw Kb A,
KooparHATI £ M 7] KOTOpOR cTpeMsiTcs Kb npenbaaMb a My — KOOD-
AMHaTaMDb TOUKH A, worna A" crpemurcs wh A, Tyere " w 4’4k
ByayTh yraoeeie Kos(@MUIEHTI KacaTenbikixb Bb Toukh N kb Asymw
YACTHBIMb KPHBEIMB, Nepectraownyes 8w Af. i, 4to cb 1ipubiu-
weniemd A" kv 4 atM kecatemwuns mb A CTpemATes COBDACTh Cb
KacarenbHol Bb 4 KT ocobenHo# kpusoll. Cakuosatennio, onHOBpE-
mMeHHO Oymems nwhtn lim&=x, limy=yp, Umy =y, limji=0.
Takp kaxe 10uka M NpHHALIENHTD INRYMD KPHBHMbB, YAOBTETBOPA-
OMAME  UaHHOMY AubdeperiianibHOMY YpaBHeBild, TO [IOMKHO GHTH
fE g vYy=0, f(& nn+ A)=0. Bropoe ypasuenie, Gyiyun pac-
TMOJIONEHO 0O crenewaMmsd /i, obpatarca &b fir (5, 1, ) =0, ecim
oTGpocuMT neh wieHs ©h creneHaMu J, Hauupas co BTopoll. Cabuo-
BaTe¢AbHO, 8B npeatat (1. e. HAa ocobennol  kpusofl} umbemb.

f(rj Jh )’/) =0 u ,fi;'(xl v, _,1",) =0 .‘)

785. Uro xacaerca WHTerpHposania AH@depeHUianLHEXD YpPaBHe-
Hifl, TO He CYL(ECTBYeTEL MeTOnb, NpumbBHHMOH KO BCEMB ypaBHeHiaAMb,
H HAMb TIPUXOJHTCA OFPAHMYHTLCS yxazauieMb HBKOTOPHXDb OTAKIBHBIXD-

1) 2rumb 3avb44RieMb, CTOM6 OYEBHAHBIMEL, YTO YKA3LBATH HA HETO Ka-
WETCH Jake HIAHILHHMDL, DUEHR HCKYCNO BOCROAB30Bascs Boussinesq aaa
JCouciliation du véritable délesminisme mécanique avec Uexistence de la vie
et de la liberté morale* (Paris, Gauthier-Villars, 1878). CMoTpH Taxkxke 3T100m
Toro e aBTopa .3ur divers points de la plilosophic des sciences®, c1p. 82

¥} HMan pascywaenia § 784 ascrByers, 9To ecau ocobemibili HHTETpan®
CYLUECTBYETh, TO OHB MOXETH GhITh NDAYYEHT YKASAHHWIMD NYTeMb), b NpO-

THBHOMB CAyuah WckmioucHie ¥ H3b ypasHeriH f(x v, 3")=0 u f;,(,-v_. » =0
MOKCTL MPHBECTH KB YACTHOMY HHTErpany M uane Kb $ynxnin, BoBCE He
YAORIETEOPSAOIEH IHDPCPLHLIAIBHOMY YPABHLHIO. :
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CAY4Y1€Bb, Bh KOTOPbLIXH MOXHO IIOMOMBID YACTHLIXD MPiEMOBs HAHATH
0010l HHTerpais,

a) FEcad ™Mbl BoBeldeM® H3D [Q4HHATO YPaBHEHIA OO0 HSb BO3-

: dy
MOXHBIXD 3HAuEHIA 1’ W NOACTABHMD d';— BMECTO 3, TO npuieMb Kb

pascMoTpbuito ypasHenift suna udxH-vdy=0, rob # ¥ ¢ Ianawm
dynkuin orTv ¥ ¥ y. HMHTerpupoBaHie BEIMOMHAETCA HENOCPENCTBEHHO

# naeTh
[Iu dx fv dy = const.

Bb TOME cayyah, korna ¢ dywxuia omHorox, a ¢ dyHxkuia oanoro .
Torna roeopsrs, uto nepembknbm oTabaedw, Orabienn nepemEunx b
BCErldd MOMHO [IOCTHTHYTh, KOTI2 # H ¥ pDaBHL NPOM3BELeHIAMD
dyHKUi# 0aHOTO x na QYHKUIM OAHOIO 3. A HMMEHHO, CTOHT® TOJbLKO
pasabauTe BCe ypasHewie Ha Ty QyHkuilo OTB y, KOTOpad BXOAHTH
MHOKWTEJEME BB 24, X Ha Ty QyHKU0 0Tb &', KOTOPAd BXOAUTS Bb 7.

b) [lepemtunms Bcerna MomHO OTALAMTH, KOrad # H @ OIHO-
poaHblg GyHKUin onHOH M Toli e cTemenu. JIhHcTeuTearHO, nonaras
A =1x, HaxomMMDb % = X"@:(7), v= a4 ({} u ypasHenie NpunuvaeTs
BHA®

wpdy L) (fdy +xdi) =0

Pazabnas va & w Ha @4/ M ubTerpHPYA, NOAY YHMT

¢) Od4eHb npocTo HMTErpupyetca ypamiedie f(x, ¥, y') =0,
€Ci Bb HEro HE BXOAMTB X HIH . Mul NDeANONOMHM®B, 4TO ypaBHe-
Hie He MOMEMD WIM He Meiaemb philaTe OTHOcHTeasHo ¥ ' Huaue, usn
¥y =), wm ¥y = @ (¥) ToT4ack NoayuHan Gui

}‘*frp (x) & x, nan xz./.wd('zj).

Ho 3aTo Mbl 1pennonomuMb, YTO yparueHie MOMKHO PEUIMTE OTHOCH-
‘rensio x win y. Ecaw, Hanpumbpn, x = @(y'), 10, nonoxuss 1 =/,

umbems y = fl dx :fgo‘ (fytd ¢, Mckmouenie ¢ w3b  ypaeueniit

x=pH)ny=~Le —fgo (f}d¢ naers wckomoe ypaBHeHie MexAy
%, ¥ H ¢. TouHo Takxe u3b ¥ = @ ( V'), NOJOAHEBDL ¥’ = /, NOMYYHMD

_ {dy _ [gwar

X = r LD

H f

=

#H T @
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d) YpasHenie BTOPOro nOpANxa, He coAepKallee X WIH ¥,
JIETKO CBOAUTCA Kb YDABHEHI) [MepBaro MOPAAKa. A HMMEHHO, eCln He
BXOLHTD ¥, TO MOMXHO pascMATPHBAT: ' Kakb HewsBheTHYIO dyHKIH,
OTHOCHTEALHO KOTOpOH ypandeHie OymeTh yme fiepBaro NopsKa; HH-
TErpUPORAHie ero, KOTOPOE MPeINONArdeMb BO3MOXKHLIMDB, TIPHBELETD
kb ypasvenio F{x,y',a) = 0, rak @ npoussonbHas noctosnuad. Hir-
TETPHPy¥W 2TO yDaBHEHie, NPHUOEMB Kb RCKOMOMY YPABHEHIIO Mesay
X W ¥, xoTOpoe 6yeTb COZEPMATE yxe ABH NMpoU3BOALHLIA NOCTOSH-
Hetl ¢ H b. EcIH BB JaHNoe ypasnedie Tle BXOMMTL &, TO CTOMTL
TOABKO DPUHATL ¥ 34 HE3ABHCHMYH NepeMbHHYIO, DascMaTpHsath v/,
KaKb HeHasbcrHylo ywKUi oTh Hed W 3amhTHTL, uyTo

oo Ay
A T dy’

Takumb 06pazoMb NOAYYAETCS YpaBHEHi€ UEPBATO MOPHAKA, HHTEIpH-
poraHie KOTOparo nacre ypasHenie F{y ¢, a) =0 u 1. 1L

€) Ecau Bhipaxenie y', BHEBeReHHOE W3hL AAHHATO ypaBHeHiw, By-
LeTL MmepBOH (CTeneHH OTHOCHTENLHO ¥, TO YpaBHeHie Ia3mBaeTcH
AWHCHNBLMS, W €r0 HHTerpHposaHie sceria soamomno. Jb#icTeatesno,
fI0MOMUEE ¥ = # 7, T4k # W v dyuxkuin oTe x, upeofpasyemb ypar-
nenie 3’ -y @ (x) = f(x) 8B o - (v +vq)u =/, u cBeaeMu ero
Kb #'¥ = f, UDHHART, 33 © KaKyld Hulymb dyHKIil0, yooBTeTBODSI-
0Wy© yerogio @ 4 v = 0. Cb TioMowLo oTakAeid nepeMbBHHLIXD H

7fr{ L /q}d.r
HHTErDHPORaHix HaltaeMb ¢ = ¢ . Cnbnosarensho, i’ = fe' ]

HaKOHeU'b
wf edz fw LE
=g e Jdx.

Hraks, HY®HO BbIIOJHHTL, KAKD ropopaTh, Asb Keaapatyps, T. e,
ABA NPOCTHXEL HHTEIPHPOBAHIH, YTOON mOayuHTE OOl MHTErpaNh AH-
#eftgaro audupepeduiansHaro ypapHesia 1epRaro MOpAIKa.

f) ¥pasueuie Bepuyaau y' 4y (x) =" f (%) Towacm TpH-
BOUTCH Kb AHHEHHOMY, CTOHTDL TOALKO pasahauih €ro Ha ¥" M npH-

1
HATH 3a HeH3BbBCTHYIO (pyHKUIL,

g) HurepecHo ypasuenie Knepo v--xy ~+ f(¥). Oudppepen-
LBpYR €ro, NOAY4HM1, {x—{-f (¥)}»" =0. Tlosromy mnocabgosa-
TenbHo Modydaemb y" =0, ¥ = a, y = ax + fla)—3t0 o6win nu-
Terpass, ECJIH »" He paso 0, To momwwo Gute x-f-7 (4} =0,
HCKA4as ¥’ H3B 3TOrO M H3bL JIAHHATO yDABHEHIA, MOJy4dMD ocoéea-
1HTH MHTErpalb, MOYTh, KOTODHMb MBI €r0 anhch Hanui¥, W ecTb TOT®,
toTOpHA MB! Ykasann Bb § 784,
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h}y Ypasuenie y = xg(y’) 4 w(y'), ecm oHo He ypardenie
Knepo, npHBOINTea Kb JuHeRHOMY; AHQ@EpeHIHDYA ero, NOAYYHMD

dx | xg'(r) + v (30 _
dy’ g {2 o

(miHefiHoe oTHOCHTeaLHO x). MuTerpHpys ero, mpuHsBh X 3a HeHdnb-
CTHYIO Pyniiiio oTh HesasncuMOH nepembHHOR 3, TOuyuHMT ypasue-
wie Buaa J(x,y',4) =0, a uckmouass 3 3L 3TOTO M M3DH IAHHATO
ypaeueHia, nogydsmbs ofuiff waterpads. O6wabe, worza aano ypar-
Heie ¥ = f(x,)"), onddepenunporanicMs HIB Hero BHBOIHME

af df
r_Ua Y]
Y ox  da T

Ecnn s ymbems HHTelUDHDOBATH 510 ypasdernie (nepsaro NMopsaaka or-
HOCHTEALHO ¥'), TO, HCKTIoUas 1" HIDb ero obwaro nuterpasa F(x, 3, @) =0
H AAHHAI0 YPABHEHDEL NOAYYAMD HCKOMOE COOTHOUIEHIE MEWIY X, V H 4.

i) Ecan eipamenie 3, puBenedHoe H3L NAIHATO ypamRHeHis nep-
Bar0 Nopwaka, OYAETh RTOPOH CTENEHH OTHOCHTENHHO ¥, TO HMHTe-
TPHpORaYie BLITOANAETCH JHUIL Bb COBEPIIEMIID HCKIIOUHTEIBHBIXD CHY-
4aAxb, KOTOPbIMH Mbl 3aiiMeMcs bh cnbaywnems uaparpadrb. 3akes we
OrpaHHuMMcH ykasaHieMb HbrkoTOphIXDL 3ambuatenbHeXL cBOHCIEL Ta-
KHXTh ypasHeHifi. T ypasHenis EMBOTEH BHADL

Ho=0g (@) + oy g (%) o x)

v HazbBawTcH yparHeHinmu Pugwatwu {(Riccati). Ecan wawumsn wa-
Hyib MyTeMh WAHLEHO OJHO wacTHoe phuledic 7, TO IOJHOE MHTErpH-
pOBaHie BBIMOJHACTCS TMPH  MOMOMIM  JIBYXB KBAApatypbu. [loaaras.

X =1 1,, OPHBEREMb YDaBHeHie KDL AHHeHHOMY
F+Quyp g
H, crbaosarensHo, oOuU# wATErpant Oyners
J‘(z 1w 4 prdx
&

2 Oy
jej w4 4(17 dx

Eciy mapbetnnt nma uacTebixbs pbhiuenin 2 W o, To HHTerpuposanie
CROIMTCA Kb 04HOH weaapatyph. J/IblicTBHTenbHO, BHIUMTAH H3IB JaH-
Haro ypasHeHid TowiecTsa

(1) ¥y =1u—

wW=ugtuyxty, V=12¢+vy+y
TIONYYHMT YPARHEHIE

d i
qrog iy —u=(y+tugty d—r;lﬂg(y—z') ={y+netzr
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BrluuTag 0MHO H3L ITHXH YpaBHeHIl H3b ADYroro M MHTETDHpYS, HaH-
AeMb

. i — w)epda
c yo— 1 J
) yon )

A= -

Ecru  panke uanbordnt TpH "acrHeXtb phileHin #, @, w, TO MHTErpH-
poBanie BhlofHgeTcA Ge3® NOMOWM  KBAAPATYPL, MOTOMY 4YTO H3b
NPEALIAYINATO COOTHOIUEHIA TOTYACH BBIROAHMD

Hraks, anrapMoHHueckoe OTHOWEHIe KAKHX'b YTONHO HeThpexs
YaCTHHX® phmicri yparuenia Puxkkatw ccre uvcao unoctosu-
Hoe. Bp 3awnwuenic ykawemtb elle Kpaline NpocTywy OpMy, Kb KO-
TOPOH EBCerda MOXHO NpueecTH yparHenie Puxkatu, [lonaras

- .
7J rdx fxzi_,;
§—ve , = [4 el v

M NpUHMMaf 7 33 He3ABHCHMYI0 MepeMbHHYI0, a s—3a neussheTHYI0
byHENio, HAXOLHMEB

Yo -z ¥yt . —?jm
— —FK = [

of ¢ 2]1*-’” 3/'):“,1 17
e @ g - i

g 7z
H ypaniedie jpHHUUMACTE BHAB
o8t f ()
786. [lpumEpel. a) Y1odbl npontTerpHpoaaTe YpaBHeHIA
(Ba2— v ydn — (P — 32 xdy =0, (- 3yDrdxr+Ba2 MWrdy =0,

moctatosne (§ 785, B) momowosite ¥ = £ W ThMb Tpeofpal’onaTh AAHHHIA Ypan-
HeRix b cabaylomis

dx {1 3Pyt —0 odx (3 ["’]_I’_d 4 ~0,

& 2F(1ER T s V71 A
HHTErPHPOBAHIEMD Halilemh

al 24 af 1<

A= ee——
- 7
T e x4 t=a 1/’2 ry, a4yt =a ]:"a—"—’_—_ )_Jﬂ,
HIH BB NOANPHLXD KOOPIHHATaXD # — @ |sin20, r=a } cos26  Harerpanss

nepBarc H RTOPOr0 YpaBHeHiM n300pamaloTL, cabaorareasHo (§ 589, m), Hea-
KOHEUROE MHOWCCTBO AEMHHUCKATD, KACAMHINXCA BL nodlock ocefl BAW OPAMLIXE,
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ABNSUMED (OTIOAaMb YW MEKAY ocami. 3aMbramb, uTo ARE JCMEHCKATH, 1O
1pON3BOAY BLIGPAHHKA OJHA Bb ONHOMB, APYFad Bb ApYraMb ceMmelicTsh, me-
pecbkaioTea BHB Nodoca moah MPAMbIMhL YLA0MD. JIerko aaxc npoebputsh, 4TO
ofa nanRawa rnddepeHiaibELA  YpasHeHid BrpawawTsb ofulee CBOHCTRO Kaca-
TeNLHOH H HoOpMany, 3 HMEHHO —-CBOHCTBO COCTABAATL Chb PAAIYCOMB BEKTOPOMB
yrosk, pasHbli YABOGHHOMY YIIy HAKIOHeHia padiyca BekTOpa Kb HCIOABHNKHOH
npdMoit. 3Ta nNpAMad ecTh KAcATENLHAR BB NOAICH HIM HOPMAaAbHAS OCh CHM-
METpiM, CMOTPA N0 ToMy, 0 CBOHCTED xacatedrtoft niu O cBoOHCTRB HOpMAAH
wets phub. Ecun Mm Taxyle 3anayy BHIpasuMb ypasHeHiemb, NPUMBHSS 00~
JAPHBIE KOODAMHATHI, TO NMOJAYYHMB YypasHeRin #' =rcotg20 # = - +1ig 28, u
uHTerpupoBanie yhMaercs ocoGeHHO NPOCTHIM®.

b} Yrofsl mpounTErpUPOBATh ypaBHEHIR
fax+ by Fada4 (@ a+0 4 Ndy =0,
MOWEMD NPHHATh 34 HOBHIA LepeMbunpa

foavtbyde n=a s+ byt

ecad @ &' — b a’ He pasEo 0 (uHaue Mewmdy &
Hie). ¥pasaenie ofipamaercs Bh

H %) cywecTsozany Gul COOTHOLUC-

(E—amdi—{bs—andn—=20,

W 0If WHTECPHUPOBaHif modardems ¢ =— ti u 7. x Ecin ad’ =ba' u b To %e
BpeMn ac¢'==c¢a', 1o ypaBHerie, 0CcBOGOKICHHOC OTh TBANTENA ax - & ¥ -0, [3CTh
ax+ a'v = const. Ecan me @¢’ Z=ca’, TO MOKHO HANKCATH

(ax+dvidlax +avy+ad{ea ey =0

TaKb 4TO,HONATAH S = ax +a'y, y=cx +¢'¥ H OpAHMMAs { ¥ 2 32 HOBRA

nepeMbANBIA, NOIYYHMD YpaBHCHIe BUIda
(af- 3Mdé+ ady =10

Hns ornhiedia nepemBHHLXB AOCTATOLHO BBECTH HOBYIO nepeMbunyw = =af+ Iy
BMBCTO 4; TOr4da LOJAYYUHMD

(Pe—auwydiqads—=0
t) ¥paprenie vsinx 4 ¥ cosx = 1 — nuneiddoe; yToDBl €0 HHTErpUPC-
BaTh, AOCTATOUHO (§ 785, €) onpexbamis kakyw HuOyRb QYHKUIO ¥, yN0BAETBO-
PAKHEYI YpaBHERiw ©sin x 4 o' cosx =, 3aTEMEe MOAOMHMTL ¥ == # v M HalTH
8ch MyHKUin, yvaosieTBopMOWLA ypasHelilo v’ cosx = 1. Taxumn obpasomsb
HaHjleMb ¥ = COSx, # = igX¥ 4+ B ¥ =s8inx +— A CO5 X.

d) Ecau npegnoseno ypasHeuie (¥ — a'y') cos ¥ = 1 — xsin ¥, 70 cnepra
phwaems ero otaocureasdo v (§ 785, h), a sarbmb puddepennupyems

y=a(v — gy 4 secy’, xsiny' + %,—:—, cos 1t = 1.

PascmatpuBas Temepp X, kaxh HeM3BBCTHYIO QYHKLIO OTB ', HAXOAUM®B

& = siny + acosy
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W BBIBOINMT OTClOAA

(1 a?)siny'=x a'l/—lmcv-v L (14 a?)eos ' —ax= 'lfrlqta-ax-

TloxcTaBnaa 3TH pe3yAbTaThl BB JanHee JHbdepenuiancHoe ypaBHerie, HaHNEMb
ofuifl unTerpans

atx)llat—a?

¥ - x arc tg LA TS (SRS S )

¢) AHAJNOTHUHO HHTCTPHDYETCH ¥paBHenie v — x v -+ a2 f{"), andde-

PEHUMPYA KOTOpOE, HAHlemMT

77777 %f y) R
d\,,+ ‘ZI(J")*O'
OTKYNA, MOAOKHBD ¢ (¥) = / o NoayunMb
W

=-—4o (e’ ()
Heknwouan v' ¥3b 3TOT0 H HIB JAHHATO Y PABHEHIS, HOTYYHMD OB MATErpANL.
F) Yrobul mpOWHTErpHPODATR YDABHCHIE
(0t — 2B d WL e vda dy - {(H—v)da® =0,

p'BIIIﬂEM'b VpﬂBHEHlE OTHUCHTEIbHO ¥V H sambuyaemn, uro HAJYUeHHOES VpﬂBHEHlE

Vv=a3 + Valy? L 82 ecth ypauHenie Kaepo (§ 783, g). Crbnopareasuo,
abLlifi MEFErPanD JANHACO YDPABHEHId CCTh

y=cxk VaTd LB om0 — %) 4 Texy + (52 —p?) =0,

7} A

PR

a ocobeHublil puTerpamns OyaeTh "’+I =
- =

g) ana ypasoenis y? +? + 25" = 0 toTyacs BHAHMD wACTHOC phiueHie
1 1
¥ = 4 TIOTOMY [NOCTATOMHO B bopmynt (1) nonoxute u — o —4, =0,
yroGul HAHTH 0Ok WHTerpant

— 4 glogx = .
ry+70gl const

s, 1
Htckoawko obwebe, ecau manc ypasdenie 32 4 —+2 £ 3" = 0, 10, upobys yao-
. o .
- m
BI€TBOPHTE €MY BHIDANEHIEMD ¥ = HAHAEMDB, YTO 2 AOMKRO YAOGASTROPATH
yenosim m2 —2%km 11 =0; npi £2:=1 noayuHML TAKEMB 0GpA3OMDB ORa

YacTiLXb phuledia

i =

PR T | _L._)’ef'l/-é—-?-l‘

X
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a sarhmb mo dopMynk {2) r obwid’ vuTErpans

xy=h+ V& *_1‘:*

Mpu #2 < 1, wbaecoobpasnbe npeobpasosaTh ero kb CIBAyIOEMY BHAY:

v b VT gl Y P loga).

KT toMy #e peayastaty (cM. § 725, d) MomHo upHATA Cb NOMOLIEK) TOXCTA-
HOBKH &' ¥ = 3, KOTOPaA Belerdb X% oTobaeHi MEpeMBHHBIXb

ff.r 2hda ~0
¥ T @—2kat+1

h) PascMoTpuM® Teneph Rooble ypaBHeric PHEKATH, KOTOPOE Mbl Yike
npusenu kb BHRY ¥ + a3 = f(x) (§ 785, i) M yKamemD GesudcIeHHOE MHO-
MECTBO CIYYae8DH, Bb KOTOPHXDB MHICTPAlb 3TOT0 YPABHEHIA REIPAXAETCS Eb
anreGpandeckn-J0rapReMudeckoMs BrAk. DTH CIyYay OTHOCATCS KB PeAnono-
wesilo, yTo f(x) mponopuioHasbHA CTENEHH X NYCTh Flx) =5 x". Tonownps
¥ =#& - ¥ NOAYYHMB ypablienie

us' i Faety+ w2t ant =0 2"

ba™

KOTOpOE NPHEEACTCH TPOCTO Kb 3’ au 2t = - SO BolbepeMb TaKG,

utobbi owb yaomneTsopand yeaosiamb v+ av?=10,u | Zauy = 0. dTHMB

; 1 1
yeaoBiAMD YIOBIETBOPHMB, NOTOKKED ¢ = — - U 3aThMD # = = Cabnosa-

=3
22
TenLHO, npechpasoBaHHoe ypaBHeRie OyneTn &'-|- @ % = &+ unpusonnTes

1 -

Kb TepRoHavanbHoll dopmb, ecaH MolowuMb & = — , & =x,°. BB camomh nkab,
1

Ml Torxa GyleMb HMbTh

d v . o _ .
R B e

d 3
1 .
H CTOMT: TOALKO B3ATH ¥ = et uTOGH ypaBHeRie NPUHANO NEPBOHAYAIbHbIM
dw b a -4
1 9 7
BHAB, T, & = -+ avi=bx/" tabay=—=, b= —-, = — —5-
’ d x, Fays = 0% LTIV S PRI R n+3

Mpeacrasims cebd Temepb, YTO YykasawHoe npeoGpazosamie noeropsercs Hb-
CKOMBKO Ppa3k. Mbl NoayuuM® TOrZa PR YpasEeHid PuxxatH, 8b KOTOpHX:
nokasaTenb # 3aMbHAeTcA (10CABIOBATEIBHO NOKAIATENAMH #,, #Hp, Hy, ..., KO-
TOPbiE CBSI34HL! COOTHOIMEHIEMB

H;

+4
M= L g

!

pH UEML #y= %,
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{lpuGasasd uncao 2 kb 06buMs vacTamMb PABEHCTBE, NOAYYHMD

) ;-2 1 - 1
. 2= =, T — —=]=—
Hiq + (e, +23 + 1 B2 w4 2
3ambpsus ¢ wepess 1 —1, 7 2, .., 2 1,0 u ckAagLBad, HAXOLHMB
1 i 1
w2 uf2

B npeaicwentoM® ypatHcHid nepembHHEIA HemocpelcTBeHHo org BafOTCH npu
n=0. [103TOMy Mbl MO¥EMD1 YTBEPWAATh, 4TO YP4BHEHie HHTETPHPYCTCH,
¢cAH BB pAlb 4dceddr #y, My, #y, ... BCTPBTUTCHA YHCAO, PABHOE
ayno. CrbrosaTeasHo, OMO HHTETPHUPYETCH, €M

! . 1 = nbaomMy ynen
T T a2 Zwopa o HPIOMY v

CoOeTREHHO TOBODA, HY:KHO, YTOBH {uicao ¢) Omno whAbiML M TmOAO-

1
2n + 4
HETEAbBHHMD, HO Bb CHYuab OTpunaTedsBare ubsaro yucna, Mel CNpaifeMcs

. 1 P
crbIyomuMs 00padoMs, B javHoME ypapbHemin abaaemb ¥ = -, x = xl“‘i‘l.
M
b

. dy )
Toraa ypaoHeHie DPHHHMAETD RH/Ib Hi: +a p? =102 bt a = 2T

1 #l .
TAKD HYTO [ean, Hako-

a 3 4 _
PR nli w17 Qa4+ 4 2n+4°
Helub, ato irhioe yucno He Ghno 6l KOHeYNBIMB, T0 DOTPedOBALOCH Ghi Gea-
KOHEUHOL YHCIO NpeodpasoBadiil; He 3TOTD cAy¥ad, cooTHBICTRYIONINR 3HaueHilo
#= — 2, BbL0D TOALKO 9TO Paznbpapt (CM. @) HHAMhK HYTEME.

&y =

[ Mpumbuanie. Ilpn » — 0, unrerpans ypasresia v + a1® =b wam

dy + (@) —hdy =0 Gyrers & + O = 1 BRPAXIETCH BT Jora-

4y
ay? b
pHeMAXT. 3awbuas, ¥to Beh nocaBAOBATEIbHE IpeofpaloBaria asre(paHdecKis,

Mbl BUOHMT, 4TQ BE PA3CMATPDHRACMOM T Cﬂy'—lﬂ‘B, T. €. KOIja irkaoe yucro,

#
2u—4
yvpashenic PukkaTW nuTerpiapyercsl #b anreBpaHYECKHXD W JIOTAPHEMHAYECKHR b
dynkuiaxs | .

Mr1ak®, pesroMHpYsl, MOMEMbh CKa3aTh, 4TO0 ypasyenie ' - ay? — b
HHTCEPHPYETCH TTPH

TP B I SO U SRR S N I ST
1 3 5 70 2 9 a 3
4,
*} Ycaosie QHT- =/ = ubnomMy YHMcay, OaeTh
i g ,
Ty =g Ty hoaanan i=0, —1, 2, - 1o -4 3 2 1,

¥

NOJNYURMTE HANHCAHULIA 3HAUCHIA.
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i) Ypaenenie BTOpOTO nopaaka »”= f(x) Bcerna Moxuo (§ 785, dY
TPAKTOBATH, KAKh YDapHCHie nepBaTo TNOPALKA, NPHHSBL ¥  3a HensphcTayw:

GYHRLO: ‘v’—ff(x) &% b MPOHM3BOALHOIO NOCTOSHHOM A, COAEPHAMEHCH B
ebipamcHin  unarerpaad.  Hanbe umbemt y —f)r dx —=ay —j xdy, T e

A= xjf(x) dx —j xf1x) dx co BTOPOK MPOHARONBHOK NOCTOAHHOI, COAEp-

afecs Bo BTO]DOM’!: unTerpash, Taks 4TO MPOUIBOABHAN HACTE B BhpaKeHin

¥ 6yaeTh ax -k &, Kakd B cabaoBad0 OMHAATH, YpawrHewie »7= f(y) Taime
CBOIHTCH TOTYACH Kb ypaBHenilo nepBaro nopaaka (§ 785, d), ecam mHanmuemsb
»'dy" Bubcto 37 dy, TaKD yTO NOCABAOBATEABHO HaHleMB

i}-’E:fff)‘)dy. A-=f‘_*—_d—y:.— .
Voo friyay

M sabcy nvBioTcs ABE NPOH3BOABHLIA NOCTOFHHEIA, TOARNAKINGK npH nocab-
AOBATEABHEIXD MHTETDHPOBAHIAXD.

i) YUTobBu upOMHTErpHpoBaTh YpaBHewie ¥7 cosy --3'2siny — »’, yMio-
XHME Bce Wa oy W aambaaM® 1'dy uepesn _y’dy Torna noayusus, ocsoﬁo-
A¥BL ypapHenie oTh OUEBHAHArO WHTETpana ) = { , YPaBHCHIC NEPBArO NUOPAIKS

2

{
(—é;’— cosy + v siny=1

KOTOpOe, KaKh Mul yie BHABIH, nmbeTe ofiifl muTerpans 3= sima + tg a cos p.
CatgoBateanHo,

pr] £l
x=/ - dy = / cos a dy r-a{—cmalogtg}+

siny — g acosy sin (y—- )

abaua APCH3IBOILHLIA FIOCTOHHHDIA.

k) TlonoBHbiMb we oOpasoMb MOXHO INpHBecTw ypasHerie v (1 4+ 3y’
= 3 (1 73), xn mnny
d v 1L 3y

Ay T T

B WHTErpWpoBark (§ 745, ¢), npuHsBs ¥’ 33 HedaBucumyw nepembumylo. ModHo
TAKKE ClEPHBA NPYRECTH ypasHelie Xb BHIY

M+ 2 (dy—dy) = (1 tup)dsy — (1 —vH dv' =y~ vy dy,
u aarbml, nocabaoBaTenbHO BHIBECTH

d{v—y" vidy , s
— -~ = ., Vo= 2V 1 — 2
v gz ¥ + £1 1

paate,

) /42 — 2
e /J|/e1;+1 E o4y
. S ‘

¥ HAKOHEI,

x—a-tklog{y+ V31— 2} Flog(y— £V AH1--42),



§ 786 YPABHEHIA Gb IBYMA NEPEMBHHLIMH, 423

rib @ u & nupoHsBONBHLE NOCTOMHHBIA, Iib uacTHocTH 1pH £ =1, ccau iepeah
ThMbh  NoaokuMD: = — log (1 — %%), monyunM® coBckMTB npocTol  HHTErpatTh

=¥+

1} ¥pagdewie 317y"= 1'% 4 y"¥ npugosntcH, eCay NpHMeMb ¥ 33 llepe-
, ol y/ I"'d DAt

MBHHYH HC3ABACHMYI0, KB YPABHCHIW Kiaepo » =y J , obumil ua-

Ay \dy
TErpalb RAHHATO YPAEHEHiS HakneMb, cIbl0BATEILHO, HHTETpHPYA YpaBHeHie
Y=ay—al a uMeHHo y =t a - 0¢*", rab @ M b NPOMABOALNBIA MOCTOAHHABIS.
Ho ocoGewmmit Anrterpanrt ypaeHeHin Kaepo 4 3'— 32 ofHapymubaerd emie 6¢3-
UHCMEFHOE MHON(ECTEO HHTETPAMOBL JIAHHACO YPABHEHIS, 4 UMEHHO (@ — x)v =4,
HE 3aKIYANLIEXCA Bb O6lleMB HHTerpast.

m) B zaknwuenie nokawxeM® na mpumbph, sakums obpasoMb HHTErpu-
poBdHie NADPCPEHNIAIEBIXD yPABHERIH MONETD CIYMHTH Kb pasbicKanilo 3amb-
YaTedhHRXh CBOHCTHSL ¢iyHKuiii. PascmoTpuMd ypasneiie

(3) _r:__fllr_ R a."w ==,
V1--#sin2g 1 — E2sintey

ouesraio HMtilolee obUlil uuTCrpans
{4 Flk, ¢)+ Fk, v)=const,

[lonsiTaeMen Temeprn WHAYE NPHATH Kb HETECpAAy TOIO de ypanHenin. OyHKNin
i =sin ¢, ¥ =sin 1, pascMaTPHBAEMHIA, KAKDL (QYHKLIN OTH H€32BHCHMOH Ilepe-
MBHHOR v = & {k, @) uan &= f(&. 3", 0yeBBIHO, HMBIOTD NPON3BOAUBIA

P e PR 4] Iy =
w=cnsq -} 1-Hsinde, o =cosyp- 1 Hsinfeg

H, crbaoBaTeNsHO, ¥AOBJETBOPAKTE ¥PABHEHIAMD
= (=33 {1 = B, 37— (1A b2 A%,

Orcloaa cnbayeTs
P et = — (t— o (1 — Rl
pu— " =2 R uo (82— 07,
a ToToMy
v’ — o 2R uo ey wu'— ue'

----- - = e, et T gy . = consl.
4 o I Aoy 1 —R2agter

Hocnbauee ypapdenie, ecad nojcTasnms 8b Hero BMBCTo #, o, o', o IXB
BLIDAXEHIA Y&PE3b ¢ M i, DPHHHMAETh BHIb

3 sin ¢ cos - ]-_’rl — 2 siny - sin sy cos g V11— #sint - ¢
1 —/2sin? @sinZyy © T const

3T0 ypamHemie ecTb JMRWL pyran $opMa ofluaro HETCIpAAa ypasHcHin (3).
MosroMy, ecan of03HAYMMB uepest sing Ty yHKNiO 0T ¢ M 4, koTOpas
HanHcaHa BB IhBof wacTH ypaeweris (5), to, Bb cuay aambuamia, cpahaarHare
Bb KOHUB § 782, Momem® yTBepmuath, uto Jubpan uacTh ypasmeHia (4) ecth
QyHKUIA 0T 0, KOTOPYK GOOZHAUHMD uepest f(g). Taxkb Kax®, aarhe, npu w =0,
a= (Ha ocHOBaEiK ypamucuin (5)), To F(k, ¢} = f(¢). Hraxs, nosyuaerca
cabayiolian reapema: Ecau

Fib, o)+ F b, w)=17(4, a),



424 VI, 4. IHSGEPEHWIANGHKA YPARHEHIA. §§ 786—787

TO ¢, ¢, W CBA3AIL YPARHCHIEMD
(1— B sin? @ sinZy) sing — singp cos w1 — Esindy 4 sinp cos gV 1— 22 Sin ¢,
Bb 3T0MB COCTOMTL BEChMA BAMHAMA, OTKPLITad DAICPOMD, TEOpeMa caokeHis

SAMANTHYECKUXD HHTETPAJAOBD (IEPBATO BUIA ]]. [Moacano 3aMbBTHTD, yTo nocaba-
HCE CODTOOieHie Momerb ObTh HATHCIHO elle BT C.fl'lillyl(lllﬂ‘lx'b Q)OpMaX”bZ

COS 5 = €o8 p o8 4 — sin g siny 1 - F2sin? g,

tg ¢ V1 — Fsinty ’#—thw} l—/»-qmdq;
1 tgotgel (I —Fsinfg)l — & sin? )

tgo =

Bv wactrocTs, npu £=0 Haxoaumb H3BECTHLIA dopMyan TpHIOHOMETDIM, Hak0-
wig seipaxcedia sin (p + ), cosig 4 ), tg{p Ly, 3ambrumn euwe, uro npu

T .
¢ = ’? , I0AATAR @ —=1), MOKNO HAKTH aMIIATYLY v, 418 koTopo# F(k, g)=1F(4),

A —_—
a nMenng ¢ = arccot 1 — 42, Takumn obpasomt nEaacTes BosMOMHHMB ph-
IeHie QaHel, nocTagaentoft pauste (§ 777, d) aanaum.

FeomeTpUueCKiss NpUNOKEHIsN.

787, Ilnecxia kpuBbiA. a) [oaomnMb, YTO HLIETCS KpHBad, 147 KOTO-
poll oTpB30KDb, 00paayeMbll KACATCILHOKY HA MAHHOH OPAMOHA, OTCYHUTHBAEMBA
OTH Januofl TOUKH, ECTE DAHHAA PYHKIIA Yria MCHAY KACATENRHOW U TOK) KE
NpAMOI}; yCI0Bie 3ajayu BLIpaXIeTcd, Kawb Jderko Buabrn, ypasucwiemn Kacpo.
HMckoman KpHBaa H3oOpamaeTca OCOOEHHLIMD HHTETPANfOML, 4
ofuli#f WHTErpal® 1a€Tb COBOKYHNHOCT BCbXb KACATEALHBIXE NPAMHXB. LEcan,
HANPHMEDD, MEMATh, 4TeOH YIOMAHYTHH OTPB30KD IIa OCH X-OBL, CUHTAEMBIH
OTh HaYand KOOPIMHATD, Onirh nponopuioHa’TeHs ¥ -— npednonoxenie, Kb Ko-
TOPOMY NPHBOLHTH HOLPOCH O pashickanin avThmonapw (§ 627) npnMoH OTHOCH-
TENEHO TAHHOW TOUKH — TO HAA0 BYNCTH MHTCFPHPOBATL YpABHeRie y=xy —ay’®
Orciona ubdepenuponanieMt Haxonnmn: anbo ¥ = 0, oreyna ¥ =k u anJI']:uL
y=~rhx—ka, 4To AdeThb ceMeHCTEO KacaTelhHLIXD KB uapabonh x?=4av
anbo x = 2ay’, u 3arhue 22 =4 a2y, [logobuLiMD e 06pasoMb, ECAH HIIETCH
KpHEa#, Bh KoTOpoi BCh oTphske, o6pazyemble KOOPIHHATHLIMH OCHMH HA Kaca-
TeNhHEIXD, HMBIOTH ONHY M Ty “He LIHHY, TO IoAy4aetcs Iuddepeuniannuoe

ypanHenle y =y | r;y /Vl +'8, ® gocTaToyHo Gygerd HaHTH (§ 784) oco-

OeHHBIH HHTETPANb: P +_y* —at Mcraroyenie, koTtopoe HAaAG IIPOMSBECTH,
YTO6B. NMPHITH Kb 3TOMY PE3YALTATY, B CYIUHOCTH HC OTAHYACTCH OT'h TOIO,
KOTOpOEe Hajgo Oblno 6bl BHMMOAHHTh (§ 620), phluas 3Ty 3anauy b TouxH aphaid
TEOPIH OTHOHARUIHXD.

by  AmajorHuHeiMbL 0GDa30OMb UOCTYRAKTH, KOTAAa BMBCTO KacareqbHOH
PascMATDHBACTCH HOPManb, k JH(depeAniansuoe ypasHenie umbers Enan
x4+ 3= {3y, IT0 ypaBHeHic MOWHO TOTHACH DHBUIKTL OTHOCHTCARHO ¥
{c. § 785, h). Ho MoHO HAYATR W ¢h JIM@$CPCHIHPORARIA 5TOTO ypaBHeHid,

1y 06D unrerpasaxt (JMMMITHIECKHXL) APYTHXDL BHIOBTL cM. Schldmilch,
Comp der hoh. Analysis, Tomu 1, c1p. 339 n catan.



§ 787 FEOMETPHUECKIS HPHIOMEHLI, 423

H 2aThME MCKMOYMTB ¥ HM3D TOAYHEHWAro ypasgeHia 1 -}y 2L yy"= 7' (») 1"
H #3% JaHHAro. TAKHEMD MyTeMb IpHIeMb kb AHAeHHOMY ypanreRito

L P =)

S T W 1172 ’

xoTopoe ymboems muTerpuposaTth. Ecan F(x, ¥, @) = 0 6yfers ofimif puTe-
Tpanh STOTO YPABHCHIA, TO, UCKMONAA 3 HAT [AHHATO YpABHENid H ypaBHeHiA
Fx, ¥, a)=0, nonysums oOwmi# MHTerpaxs jawnaro. Ecnn, HanpuMEDB,
WETACMB HaHTR KPUBYIO, JUIs RoTopoft Bch oTphawu, ofipasyemwie ocamm koop-
AMHATH HA HOPMANRXDL, MMLIOTL ONHY H TY He IAHHY @, T0 IPHIEMD Kb ypaB-

HeHilo ¥ + vy = a_y’/]/-l—}-y’ﬂ H Haxo[uMb ofulil HHTErpand 4Yepesh MCKIIO-
qenie " U3b ypaBHEHiHt

ay' 1 ) @ 1
X = — e [l — b o], = - 1+é-——,o)-
2V 1+ ( 14— T2V 14y ( 14372

Bupouems, A0CTaTOYHO 3HATL OAHY KPHBY®, YAOBIETEOPAILLYI) NOCTARICHHOMY
yenosiw, yToSEH 3HATh BCH TaKiA KPHBbIA, M MBl MOMEML OTPAHHUMTLCH,
Hampumhps, sHaveriemd & — 4. Torma upensuiyinisi ypaBHeHis oGpaTaTeH Eb
cnkavionmis

wee T { P (P}, = = (PP,
81t} 8(1-+y2*

H HCKAIOMeRICMB V' HARIEMB

2

¢ 2 VI
R R

CnhaonaTeNLHO, HCKOMhiH KPHBbIY — KPHBHA NapanalelbHbf acTpouanb,
BEPIWHHL KOTOPOH JICHKATH HA OCHX'DB; 3T0 OyAYT®s nmostomy (§ 626, e),
KaXb H HAAO SLIIC OMHAEATH, BCh GEIUNCACHHBISI 3BOAbBEHTHl 2CTROMAH

2 2 2
&3 v¥ —gs,

c) [lonoxumb, uTo HIUeTcs KpuBad, obdajaomas cAbLYKIIHML CBOH-
creoMb. Bb kawack Toukt KpuBofl OTPh30KE HOPMAMM MY TOYKOIO 1A KPHBOH
H OfIHOH ¥Zh KOOPAMHATHHIXD oCeH paBeHD JaHHoH @ynkuin orphaka, cuHTaeMaro
OTh HCOOJABUMHOA YOukH, 0OpasyemMaro HOPMaakld Ha Toll we ocH. [lonyuaems
ypanHenie ¥ 1--3? — f (v 4+ 31 vddepcHunpys cro, IIOIYYHMD YDPABHEHIC,
KoTopoe pazbubacTcs WA aoa

{6) l+y2+ry7=0,

Hekaouas ¥ n3b 00caBAHSro W H3b NAHHACO yDARHCHIA, HAXOMUMT OCOGEHHLIH
HHTETPANB, KOTOPBLIH H H300DPaKacTh MCKOMYTI0 Kpunyw. Ecaw ke mnpounTerpu-
pPYeMsb uepBoc ypasucuic {(6), To oAy YHTCA YpaBseHie x4 ¥4'— g, M DOACTABAAR
BEIpANCHiE 37, B3WTOC OTCIONA, Bh MAHHOE YpaBHeHie, HalneMb (¥ — aP-f o= f3(q).
3To ypamHerie ceMcHCTBA Kpyronb, KACAKIIEXCR IOJAYYEHHOH BHIIC KDPHBOH.

d} Ecan xoTuMBs HafiTH IIOCKYI0 KDHEVIO, AR KOTOPOH Paulych KpH-
BH3HHl BB KauOH Toukh ecTh gaHHasl QYHKLIA OTh ABCIMCCH TOMKH, TO MOJHHBL

HHTErPHPOBATL YpABHEHiE (1+_1-"4)A‘-§ =" f{x). 3nbkce nepewbuHbIs TOTYach OT-



426 VII, 4. AHOPEPEHIIAALULIS YPABHEHIA, § 787

' &
22
abrsioTCA, M NoAYH4eTcs  —

N
o = H + =
VEREE ff( ‘w1 Hanpuwmtps, ana fix)= s

monyYaeMs KPHEBYKO ynpyroctH (elastischc Kurve), nag6pasacMyw ypasHe-

. atdx . .
HieMb ¥ = ﬁfﬁi' Jta KpHBan ecTe upoguab ynpyraro kawHea (Klinge),
NPUKPHIAEEAATO ONHMME KOBUOMs © DAcTArHDaeMaro WBKOTGPOW CRICK 33
APYFOA KaleUs.

e) HalTH MIOCKYIO KPHBYW, 414 KOTOPOH pPaliych KPHBH3HL PABEHD
anuEb  HopMany [T. . oPph3Ky HOPMasH MOHIY TOUYKOK HA KPHEOH H Heno-
ABHXHOK 1IPAMOIY). Y paBHenie, Bhpaxawiuee ycJagie sonpaca, ecThb

ki
4oyt o ,
(_‘+-1,_) — 4y V1458 oo 14472 =4 v,

Ecad BosbMeMb 3HAKD —, TO 23TO YypasHeHie COBMaiaeTd Cb UEPBHMD HID
ypasHeniit {6), ¥ posTOMY KpyrH (Cb LEHTPAMH HA JIAHHOW MpAMOR) nNpUHALIE-
WATh Kb UHACHY HCKOMLIXD KpuBbIXE. [Ipd anaxb + , noayunms 1-4-y2 = py"
HIH, yMuOKas Ha 4y H aambusa y"dy uepesws y'dy,

dy  vdy

5 Ty Y=Vl =

r o Y R— A alZ _x
x=(?10g"}———%._, T. €. -.y:_:__(eﬂﬂ + e n)-

N

3to ypasHenie ubnHo# auAin,

f)y Ofwsbe 6yners ypasHeHie KpuBoixs Puborypa (§ 595, k)

(1-4- Vi):_ r’r‘_y]/rl‘—i;_}'—g, 1. e ‘_i_y.z: k_-v_j’".

das usrerpHpoBaHia 3aMBREMEL onATe 17dy Yepesn ¥'dy H NOAYUHMDB

dy o vdy’

OTKYHd

_v:a(l—i—;_v'ﬂj‘ﬂ‘, T e = l/

Orcroma cabnyers



§§ 787788 ITOMETPHYECKIA NPHJIOKEHIS, 427

Ito obwee ypaeHenie kpHBuXb Putoxypa. OHO NPUBOANTCE Kb AUTAPHOMHUECKH-

h—1 < =
anrebpanueckoft gopub ToALKO mpM O3 HAM 7 ubroMs (§ 7B1), T. €. xoraa
A ubnoe upeno, [lpn & —=--1 1 £ — 1 nodyyaems OUATe XPYro B ubniyio
npnilo, 0pR k£ =— 2 UMKAOHAY, IpH %2 = 2 napaboay U T. L

g) Euwe Hosbe obwen SyAeTh 3a/a4a 0 pA3LICKAHIH KPHBLIXD, A KOTO-
PBIXD PANiFCh KPHBHIHL eCTh AAHHAR YHKLIA OTH AIMHB HOPMafH. JTA 3alava
Geeraa phuIaeTcs NpH TOMOUM ABYXDB KBALPaTyph. JbAcTeuTenswo, LINHA HOp-

Matn # = ccﬂ (7 — yron®h KACATEIRHOH C¢b GCbIO X-CBB). Kpususwa {§ 591)
S @
1 o i d . d vy 1 o
o ds  dy cosp= dy w ~ w T iy

VpaBucnic ¢ = f(#) npeofipasyercd 65

dy _dw _ du_
¥ " 1+ f{a)
1 AAeTh
- f _un
¥ — ne mrTe_ i ().
Cnknonatersno,

o — == K0 T. 1.
J 1} 'l{)

. Vo= gT ¢ ‘wepndn
' . Vo — g2

Kb atoft sazawt npMBOAHTCA BOOPOCH O PASbICKAHIM HoBepXHOCTeH BpalleHis.

onpenbasemMbixb AAHHLIMT COOTHOUICHIEMD MEHY [MABHBIMU PALiyCAMH KPHBH3HbI,

788. Tpaextopin. 3anada © TpaeKTOPiAX® COCTONTE BB PAshiCKaHin
KPUBRIXG, MepechKAMUIMX'b 10/ TIOCTOAHHEMD YIVIOMb @ BCH KPHBbIH AaHH&ro
ceMetictaa ¢ (a, v. a)y=10. Ycuosia 3a1a4s BHpaXawTca TEMDB. 4T0 OPH BLAKOMD
AHAYERIN BapaMeTpa « JOIKHO HBITL

daq  dq
_}:’ B :)f (ji Eg;li)v
(j 'r : il tg )
oy duw
T. €
ix o v
1N d g =0 @ ' I

Jx

. : aq
— §ine -+ —Ccosw CO§ ) — ——8in o
g.x oy uy

Toncrassnn smbeTo o ero BuMpadenie, KOTOpPOC HOAYYaeTcAd H3ITL ypabienia
¢ =0, Haxojgum® muddeperniarbiHoe YpaBHERIE TEPHATO TIOPSAKA, HIITECPHpO-
BAHIC KOTOpPArO0 Ja2Th ypaBHeHie {x, ¥, ) =0 npyroro cemelicTra, Beh
XPHBLIA KOTOparo oSAagaiort TpebyeMbiMb chRoficTioMb. Bb yacTHOCTH, BOTpocs

. i
06b OPTOTONAILHLXE TPAGKTOPIAXD (0 = —’2—7) KpUBLXDL ¢ =0 phmaercs



4928 V11, 4. DH4GEPEHUIANLHBIS YPABHEHIA, § 788

WHTErpHpOBaHieMs N CPEHIianLHATO YPABIRHIA, TIONYYIACMaro HCKIOUEHICMD &
3D ypapieRia ¢ =0 W

e A
dx'bzi*d‘} Taw

[pupesems whcxoabko nprMbpOBE.
a) Hailtn opTOrOHaNLHWA TPABKTOPIM KPYTroRD pallyca @ ¢bh UEHTPAMH

na naHHofl npsiMol (koropyie whiecoofpazno OynCTL [PHEATE 34 OCE X-ORD)
[as 3TOrD HAMO UCKAYHTL & #3L ypasuerid

" dx dy
ottt S5
TI0A0MAHBY: ¥ — @ 5i {0 ¥ YCNOBUBIENCH, 4TO [IPH 0 — % x == (), Noayudub
x = V&?{Edv—a ZFDS‘JG df=a (cos&+]og lg—? IE
. - sin G A 2 }

T. € TPAEKTOPiH (OYEBHIHD, TPAKTPHCH) NOAYHAITC OepeIBKeHieMb KPHBOH,
onpesbageMon ypaslediaMu

\
y

]
X =a (cose — log tg 5} , ¥—=asing,

napatieablio OTh A-08b. Jlerko npophpHTE, 9TC PBOAIOTA 3TOH KpHmo# — whnmaa
npnis. [Ipu opodssoasHOMB yrat o, Mu HAWAM 6bl ApYTis 3BOJALREHTHI
nbhoROM THHIH

b) [lyuexns kpyroen s2-p vt —a® =12 pay MORHO H30OPATNTH THKKE
ero  gudepenniashHBMT  ypaBHediems 2xy dx = (¥? -32- a? dy, Koropoe
TOAYYACTCH Yepesh HCKMouekie 4 HaD MepBONAYA/NGHATO YPABHCHIA H nNoaydae-

; dy | x
Maro u3h Hero auddepenunposanieds. 3ambua EJ% Ha — i AACTh  audde-

peNUiaAbHO¢ ypaBHeHie OPTOTOHATLHBIXD TPAEKTODIH KPYTOHD LAHHAr0 My4Ka,
A TAKD KaKT NMOMyuaeMoe TAKHMB 00pa3oMD ypasHenie 2xy dy = (32 —x@4-a¥) dx
OTAHYAETCA OTH AHMQpdepcHUianpHare VPARHCHIA ZABHATO TIyuka TOALKO 3aMbHOW0
x HA y W o? Ha — @2, TO Ge3b BCAKATO WHTErPHPOBAHIA HAXOLNMB, 4TO HCKOMBIK
OPTOTOHANBHEIS TPAEKTOPIH COCTARISIOTE APYTOR NYUEKD KPYTOBB &7+ 32 +a =2 Az,
O6a TyYKka COCTABINIOTbL OCHORAHie Takb HAIBIBACMLIXG JHOOAAPHB X'h KOO]-
gunars (§ 413) # = é— log J—ln 2 = arc cot qu..

A1

c) Oaperhienie oproroHaskHLIXE TPAEKTODPIH Kakoro yroaHo cemeHcTBa
KPYCOBL OPHBOMATCA Kb WHTEIPMPOBAHII0 ypasHeuia Puxkartd. (1oA0KHMEB, 410
KDOPAMRMATEL £, # LeHTpa W pajiych @ whkoroparo kpyra 8yayTs Tpu m3eber-
HA GYHKUIM 0T AYTH § AdHid ueHTpoBh. Obosdaudvb 4epess ¢ yronb
MEXIY KACATENbHOX) Kb ITOA JHHIM 4 OCB& ¥-0BB, 4 HCPE3b 7 ¥TONE MEWAY
HOPMAJBKI KD 3TOH Ke JMHIH H K4CATEILHOK Kb TPAEKTODin BB Toukk (¥, ¥)
BcTpbud 9 Cb yUOMAHYTHIME Kpyroms, Mbl mMbemb

yx=§¢—asin(f4+q¢), ¥ -=w4+acos{l ] q)



788 FEOMETPHYECKIA TNPHOKEHIS. 429

u, crbiosarensno,

a: da
e oS g = sin{l+ )

d G 143
ds (

as T ~-Q—) cos (8 - ¢},

d_y_ A i o (d 15 .
e = Sne + ds gos W+¢)—a (\Bﬁ -+ Y, sin {0 + ¢).

N dx e
Takp waxks — dy Apxuo Buire pasHo tg {8 - ¢0), TO BRAMMB, YTO HewasboTHAR

dyHKLIA 3 AOTKHA YNOBAETBOPIATh TMPepenuiansHoMy YpabHeHi

a8

L cos 0
ds 0 73

==t ae—— a3

Bh KOTOPBIXD @, PARiyCh KPHUBH3HBI THHIA DEHTPOBD ecTh M3BBCTHAS dyHKIiN
N
OT®: §- Tenepk JoctaToyHo OyfgeTb NPHUBATh 33 HewsrbeTHylo dyuxuin i‘_-tg'3 -

yTofibl PHATH Kb YpasHewilo PHKKaTH

\ ., 1/1 1
alErglgal o

Bripouest, 451 uayueHis csadcTBd Tpaekropin 3wanie o6l{aro HuTerpa’a ue
seotixonume, Bocuonesonaniminck A peperliankAbiMb YPABHEHIEMD MOCTONLKY,
IIOCKOABKY OHD JIaCTh BLIPAMeHie mpoHagonnofl §7 oTh § no 5 uepesn HapheT-

; R . Ax
HhA yHKUH, Mbl MOMXEMB NpeiuAyuHs Bbipamexis do d} HATIHCATD TAKb:
& R

d.x o S dy , ,
E*(suu - a’ysin {0 4 ¢, d;=—(sm6—u)cos(0+rp).

Cobaorarcanto, anbdepermiant nyrs TpackTopin ds = (sinl —aq’)ds, a Tann
ds .

KaXDh YIONh CMQWHOCTH, OYEBIIHD, PAREHD A% + —, TO BHAHO, YTO PALiychL
4

KPUBHANGl oupexhasercs GopMynow ¢; cos b — a (sin § —a'). Bw uacTHOCTH, pH
a’— 0 {a — ocToARHAsS) HAX0oAMME ob0OIeHie M3BHCTHATO CBONCTBA TPAKTPHCHI,
a HMEHHO: [afiycs KPHBH3HE BB KaWA0H Toukt opToroManbHOH
TpaekTopin ceMedcTBA KPYrOB® NOCTUORHHACO papiyca JAeXUTh HE&
coorRETCTBY WIIEH HOPMAAN KT NIHHIM HCHTPOBT. [Janhe, merko BuakTh,
Y10 HaKD TOAbKO OyierT M3BbcTHO sbipawerie 0, Kakb BYHKUIN OTB §, HATY-
panRHOE YpABHCHIE TPAEKTOPIN MONYWHTCA 4epe3® HCKAIOHEHIe S #3h YPaBHEHIH

§) e fsinOds, o =atgh,

Haxomentr (§ 626, f) npr a’=— 1 HAXOMHMD, YTO HEHTDPH KPHBH3HB Bb KaMXK-
Zo# Toykd OprOTOHAJBHOM TPACKTOPIH CONMDHKACAKINIHXCA KPYLOED
AJAHHOH KPHBEOHW MEXHTD HA KACATENALHOH Kb 3TOH KDPHBOH,

d) Hrobw HaliTé opTOCOHAABHEIA TPAGKTOPiM cemelcTBa OfHOMPOKYCHBIXD.
KOHHYECKHXE cBueniil
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COCTABUMB CNEPBA ¢b DOMOLLID AuddCpeHuMpanallia ¥ HCKnKueRis napaverpa 4
Kaddepenuianbuoe ypasuenie 3taro cemelcrsa

(ydx—xdy)(xdr 4 ydy) L+ (a? - dxdy =0,

“Taxe xaxt 3aMbHA dy HA — =

o x dy
MOKHO 3AKNOYUTH, UTO HCKOMBIY TPAacKTOpiH GyryTs vh e Komnueckia chueRis.
IT0 CT4HOBHICA HACHBIMD, €CAY 3aMBTMML, 4TO NPH NAHHLIXL X H _V H3b 11epBaro
ypaBHeHid NoayuaoTcs ABA sHadeHid Kis A. OuHo H2b HEXL Membiue 4% 1
COOTBBICTEYRTD 3AMMICY, ADPYTae, newamee mewny 52 n a? — ruaepboas. Cah-
HOBATEIBHO, 4epedb KAMLYW TOUKY Ha IVIOCKOCTH 1POXOAATE, OepechKadcs
OPTOOHANBHO, IMIMMCH ¥ THAEPOGAd, QOKYChi KOTOPbIXD ALHATD BhL N3HALIKD
TOYKAXD, U Th 3HAYEnis A, KOTODbIS XaPakTepusylTL 3TOTH 3RJAHNCH H 3TY
runepbony cpean BCEro CGMeHCTHA KOHMYeCKHXh CHUCHIK Cb ThMH ¥e (Okycamy,
ByAyTh 3AAMNTHYeCKIN KoOpAHHaTH Touku {em. § 770, o).

3rore  ypasiesis ne wmiHAeTs, To CTCIONA

789. ToBepxHocTH. 2) [Ipn naobpaweniy OrpaHHYEHHWAT UYACTEH 3EM-
HOH 1IDBEPXHOCTH NPHXDIHTCH PA3CMATPHBATEL, TAKh HA3bBAeMbIA JHHIH YPORHA
(Niveaulinicn), T. . cbyeniy NOBEPXHOCTH TOPH3OHTANBHLIMH TJOCKOCTAMH Y pas-
Hemie mopepxXuoctd F {x, ¥, 2) =0 0pH BCAKOM® NAHHOMDL 2 u306pakaeTh
NpeeKuifo ARHIM YPOBHH HA FOPHACHTAIBHYI0 MIOCKoeTs U wy. Hckiwoucie =

g

#¥3b ypaBHeHt F'=0 n T dx + (27 dy =10 paeTe mMddepenuiansuoe ypas-

Henie 1poexuifi BobXT ARHIA ypoHa. Mx'k orHGarwman — ocobeHHbIE MHTETPANT
3TOFO YPABHEHIA — AA€Th TaKD HasWBacMmylo AuBilo Thuw (oM. § 661), orhpa-
.CEIBACMOJi [1OBEPXHOCTRIO Ha TOPH3OHTAJBHYK TUIOCKOCTh A BEPTHKANHHATO
nyyka cebrosuxs ayded. Ecau, narbe, saambHuMD 85 mddepentiaibions ypas-

. . , i . .
Henin auEil ypoBRH ¥’ Ha — 5 10 ODUM METerpank noBaro muddepenuians.

Haro ypanliepin 0pefcTaBHTh napin panboawmaro nafenid-- opTOTORAM:~
HLIA TPAEKTOpIH HHIH ypoBHal).

b) Onpexbienie apTOroHaIbRMXD TPAEKTOPIH NPAMOAHHCANBIX S
-0BPA3IYyWIMAXh THHCHAYATON MOBCPIROCTH BCCILA MOWETD GbiTe UOIYURHO
NPH NOMOLIH OIIOH KBaaparypbl. MU HOHYCTHM®b, 4TO 110N0XeHie TOUKM Ha
AHHERYATOH DOBEPXHOCTH onpenbaactea ofiwenpuustivMu (§ 669) xoopaunaramu
# H ¥, TdKB 4TO

X=x4av, Y=y-+bv, Z=sz+cu,

Tk 2, v, 2, a. b, ¢ 3aBACATE TOAbKO OTb 1. OBo3Hauls ucpesp &', 3, .. .. ¢

HPOM3BORHLI 3THXb Pynkuid, nvbeMd dX ~ '+ av)du 4 ado, v 7. 0. 8
ycaogic oprorouaasHocTH X ad X =0 ofpawaerca »b

lax' - by'Feedu + dv = 0.

OTCI00a TOTYACh HAXOKMMh HHTETPHPOBAHIEM® o = -—f[a &+ by 4 e du

Haiing oaay Tpaexrtoplio » = f(i), HalimemD, uro Bch MPYTiA M306pawalorcs
ypasHeniems o = (4} - const. u, crbnosateabro, Ak kakia yroaume TpaexkTapin
-onpexbanoTe Ha achXd 06pasyMED OfvHAKOBHE OTPhIKH.

¢) Jas onpexbreRis acHMOTOTHYeCKHMX® AR adHeluaToR nosepx-
HOCTH Depemt ypasHerie (§ 703)

T Gadu 4 Rde? L28dudu =79,

) 06» uacabLoBaBiK 3THXDb K NPYTHIb 3aMbuareibHsiXT Anuifl cm. ,Cal-
cul différenticl Boussinesq’a, ctp. 229 243
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B8P KOTOPDOMD

| dx odx oy Pox dx Ha
"Au dv o0m2 dn dv do?
|
' ' s | 55
qo ooy Exlg |4y dy G

dit dv o du do o2

i |
i
|

o)

03 dz sz
o u P R

6..
du do ou? |
jdx dx  d'x |
‘ o av dudz!i
oy oy 2y |
du Ov dudrv

c}i dz diz
du dv dudy |

G
L
|

3nbch HARO NOjCTABHTL BMBCTO &, v, 2 Bhpawehia X — x +ao. Y= v 4 be,
2L = z -+ ¢V, TAKL 910

B=0, @— b & oL

s & B

Mexily ThMB, Kakp & GyieTp kBaaparnudolo dyHKUiE oTB ¥, b Koaddn-
nienramMd, Boobile, 3dBHCAUIAMM 0Tk #. [cid NOBepXIIOCTh PA3BEPThIBa-
wmaacy, @ (§ 667) & = 0, u ypardeuie (7) npusogures wb d1w?=1{0, T.¢.00a
ceMeliCTBA ACHMITOTHUECKHX'h JWRIA COBNASAIOTDL BE OAHO, COCTaBIAcMoc abpa-
aywumamu {r = const), EcIn NoBEPXHOCTh HE PpassepThisatolawca, To &
He pardo 0, W yparuenie (7) pacnagaercss Ha isa: oz = 0 — ypabuenie o6pa-
IYIOIUHAE — #
o

% de vy () 4wy () - oy (e

o it
Chahnosareseio, onpeagbnedie acCHMNTOTHYSCKHXB TUHIN KOCOW NnueH-
yaToid NOBEPXHOCTH TNPHBOLHTICH Kb HHTCIPHPDOEAHIK YpaBHedin
Puukara. Ortcwona cabayers (§ 785, 1), uro deTeipe Kakia yromrHo
ACHMINTOTHYCCKIS JAHHIE epecchkalT» ofpazymomid BDb YETHIPEXD
TOYKHAXD, AHIFAPMOHHUCCHKOC OTHOHIEHIe KOTOPHXE 418 BckX® obpa-
3YKMWAXE OAHO W To wt'), Jdanke, mocTatoyno suate OBH ACHMOTOTHYECKIN
NHHIK, 4To0L HaHTH Bk APYTia Cb MOMOULBIG ORH OH KBAAPATYDH, HIM ONHY —
ytobLl Beh Apyria onpeikanauch Chb IOMOLIBIO ABY XD KEAJAPATYPb.

d) TlpuscacHic Boupoca kh ABYMT KRAAPATYDAMT BOIMOMHEC BCETa IId
JMHCHUATHIRE NOBCPXHOCTER ¢b HANpPaBAAKMIERN DAOCKOCTHID, MOTOMY YTO

ba a’ "
28 q () = ! by 1
e o et |

1y TeomeTpHyeckoe N0KA3aTeABCTBO ITOH TeopeMu Iaat A. Demoulin,
BDb Kyprantb ,Mathesis* (1899, crp. 159),
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o6palideTcsl Bb HYJb TOMICCTREHHO H ypanHeHie (8) OPHROAHTCA Kb JHHEHHOMY,
KOTOPOE HHTCTPHPYETCH ¢b HOMOILIO ABYXE KBaapatypr {§ 785, e). C» apyro#
CTOPOHBI, uTo(h REILEHATIHCAHAWH onpedbauTens obparuacs b Hy/Is, JOCTa-
TOUHO, uToGE CYLIECTBOBAAY TPH NOCTOAHHHA (He pasAwA (0 AHOBDEMEHHO)
I, m, n, 18 KOTOpHXb J& -|- #1h + ne =0 TOWIECTBEHHO, T. €. uTo0bl BCH
oépaav}omm OLIIH Oapae]bHbl ORHOM HEDoABMKHOE miockocTd, MomHO TaKme
npeieHibTh BOZMOMHOCTE MHTErPUPoBaNiA (B) ©b HOMOLIbLIO ABYXh KBAAPATYPH
Bb ToMDb cayuak, xorna pbro UaeTh O HAXOWIEHIH ACHMOTOTHYRCKUX'H JAHHIH
HOBEPXHOCTH, NOPAAYEMON rAABAMMH HOPMAAAMH HEKGTOPOR KPUROH,
NOTOMY YTO 3Ta KPHMBAR H ecThb ONNa H3B HCKOMBIXD KPHBHXB. IloacTasmas
eMbeTo &, ¥, & Bupawenis X =y +4ie, Y=y +pe, Z =24 rz 4 npudu-
Mag Bo BHHMamie dopuynn Ppene (§ 636), Halzemb

a— ;zi ( il 3 r!z) _ 1

R du 7] T

Bmhcrh ¢n ThMT ypasnenie (8) npnmrMaeid KpaHue npocroit BHAB

el 4ol

CCAM OCTASHM Kh croponh HsgherHu#t a priori materpansk v=0. Orcioda cab-
z

oyers o —2¥F % /—-r ,, * "PH YeMB TOIL 3HAKOMD KODHA YCIOBIEHO
J

CYHTAT © NOJOKHTEIbHBIMD. B YACTHOCTH, €CNK 0603HAYMME Yepeab K Opous-
BOABHYIO NOCTOSAHHY™ IIMHY, A7 KPHBHXE ¢b NOCTOAHHBML KPYUCHIEMB

Ro
NOAY4HM: ¥ = E o JEAS UMAHHAPHUYECKH X'h HAHTORKME® ARHIH ($ 65D,¢)
=¥ R, u oc6mmke nna beAkol kpneo# Beprpama (§ 658) cb nepembn-

-
3 “

, 1 .
HHMD Kpy4eHieMD ?—T:const. 3Ta nocTodHHAA He MPOH3BOIBHA, &

3ARMCHTE OTL PAICMATPUBAEMON KPHROH W OAX KOCOrG Kpyra paBHAd (lepRofk
Kpupuand ero.

e) Urcbu onpeabanTe reomesHueckiss AMHiE KOcCOTO TEAHKOHAA
(§ 655, b), npuvbuumMt BTOpoH H3b ykasaHHRIXB Bb § 705 wnpiemors. Taks
KdKD KOCHHYCH HATPABACHIA HOPMAMH Kb NOBEPXHOCTH IPOHNOPUIOHAIBHbLL HUC-
naMmb a4y, —ax, 22493 10 noamnn UMbTh

avidydiz—dsd?y) —ox(de dfa — dx d2e)+ (224 1) (de By—dy d2x) =

T, e

@) ardx+ydy)diz—a {’t‘ x+ vty da + (24 (e @y —dydde) =0
Meway TBMD #ab pamenctea a2 - 42 = #2, MPUDOMHMHAA COOTHOMICHIE

da? | dyt = dy2 —r2ded
BHBOAHMD
cdx Fydy=rdr, xdfx+yvdiy=rdir—idsl

W, kpoM: Toro, kakb Ml 3uaemd (§ 558, c), umbwoTe mkcTo pabeHcTEA
dx @2y — dy adw = (#2102 L 2092 — pd29) d8.
CrtaoparensHo, ypasreuie (%) npeofpaayerca Bb

2rp?

H: H ¥
g
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£CAu OCTaBUMD BB cTOpOND mururpand § —const, MaofpaMalonlil UPAMOAHHEN-
dr’
nna ofpasylomis. JIEBYIO Hacts MONKHO WAanHcaTh 8% Buab #/ Jpc HO o ecTe
crreHEbe B3ATH 3a HenabheTHyk QyHKOi 2 —»'% Toraa nomydmmb ypapredie
du 4ru 2,
dr 24 &
1 HawkctHo (§ 785, e), 4T0 3TO YPaBHCHIE MOWKHO BHTErpHpOBaTh, MONACAA

2o dr
P

U ve = (**+ %o,

rat moeam WeusphorTHad PYHKUIA @ AOMKHA  YIORICTBOPATb  YPARHCHIWD
dw 27

ar_ ] (r- + afp’

QO1cioa BHITEKAET

Vo
Ve T A e U= 75 (2 L o) (P 4 a? - B2
Ch TNPOM3BOABHOK NOCTOANHOW A. HaKoHews, noayuaMs

l) ¥

+ (g — 00) = - —_— .
Vi@ e ta—

[paBas wyacTh — JAAUNTHYECKIR MHTErPANh — BooOLle He BLIPaXaercd BT anre-
Gpauveckn-rorapiemmueckoMd kuik.  Ho opr =0 Baxomnms ofpaaywomis
(0i=const.}, a upn &—a apyroe MHTEpeCHoR ceMeRCTBO rec/1e3HIeCKnXs NHHI,

KOTOpOE JAErKO BHEOIHTCH WAL ypasHeditt sunift Kpusuasw (§ 707, b), rans
Kakbs TorAa

'V 2 -l @ - a

H IIAKOHCIED

1) B 3ackmoncdie NadjieMt ACHMNTOTUYECKIiN AWHIM W AHHIW KpH-
BH3RL noscpxuocta Ulepra (Scherk) by

z X
sin ~shy sh L.
Q€ 73 a
Jerkoe Rblugcienie 13eTh
- & y :
peos - —=ch-—-sh=-, g¢os-—=sh—ch=>
a a a a a

1Y) Crefles Journal, 1834, crp. 200. 3ty nomepxmoct, G. van der Mens-
brugghe (Buletin de VAcadémic de Belgique, 2-as cepia, tomn XX1, c1p. 552)
M3CABAOBENE W (OCTPORI® ONHTHHMD MyTeMb.
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. x
Ecax ppenewd runepfoanueckil aMmAHTYAM £ ¥ % OTB - M 2 1ake uto

a
§ 109

X x . & -
sh = =tgg c¢h =—=1fcosf, th—=sin{ u 1. 1,
a a a

T0 noayunMmb S =siny, O =sin¢, T. e. & U 1 n2mEPAIOTD YIAN BAKIOHEHIA
oceit y-ovb 4 (COOTBBTCTBEHHO) X-OBB Kb KacaTeabHo# miockoctu. Ecian Teneps
€1l NPHMEME BO BHMManle, yTo

I

dx = , d‘y=adﬂn
cos & cos 4

=1

mlrrs

TO, HA OCHOBaHIH uaphcTHRIXB dopmynt (§ 686), noayunms
’d 1 9 & 0y
H=0, A:—?co&gcosw;.

Cabnosartearso, Pa3CMaTpHRaeMaad NOBCPXHOCThH NMPHHAANCKHUTL Kb MAHHMANh-
HbIMB NOBEPRXHOCTAMD, W a0CONRTHRS  BEeJHYHHB [IABHLIXD pa,uiycom.,

X v . .
KPHBU3Hb! DaBHH & ch 3 ch e Ang onpenbaenia AuHi# KPHBH3HB YN06FED

dx _ dy
AL Ao’
T e df=dv? orkyaa &1 y-—consl. Jas onperbrenia acuMNTOTHYECHHX D
A HHIH HYMHO TIPEHAC BCETO BHYMCTHTL », &, 7. M3b Bmpawenidl p u ¢ TOTYACH
BBHIBOANMD, AHDODEPCHIIHPYd Nepsoe Mo &', BTOpoe 10 1

Oyners Bocnonb3oBaThes dopmyaamu Ponpura (§ 698) w nanucare

[lpanovunas, uto H =0, naxoiums

Tofr A4 T+qr 142,
2pg ryq EX

Mexny thMp umbem

sinf sing  cos®y

w‘z‘f’, ra 1+
cos? &

H MoaToMy Adddepernianbuoe ypaBlenie acuMNTOTHUECKUXD JHHIA Gyaers (§ 703)
d2 + 2cotEcotpdldy + do? = 0.

3To ypasHeHie AeTKO MPHBOLUICH Kb YXe pascMotpbuxomy pasume (§ 786, f).
JocTaTtourn NOM0KATE # = €OS 4, ¥ = €OS £, uTObB HaiTH

(1 —uydet + 2uvdude + (1 — ) du? = 0.
O6mifl uuTerpan®, cabioeareasHo, GyieTs

(11—t cosla -2uvsinncosa 4 (1 —o¥)sin?a =0,

sinacosf+ cosacosy =1,
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rak o -—npodssoabas noctosiHad. OcoGenHbft mATerpans cos (s + #) == @
H306pakaeTh OfHY M3b AHHIH KPHBH3NL, KOTOPAd Bh NPOEKHiH HA TIOCKOCTD (471)
Kacaerca BchBXb ACHMNTOTHYECKHXh JUHIA. ITO JUHIT KaCAHIN HOBEPXHOCTH Cb
OUHCAHHBIMbD MHJAUHAPOMB, NapamacabHeiMt Ox. OHAa COCTOHTE 3B Ge3NHCIen-

HAaro MHOMXECTBA pPasHBIXDb KPHBHXDL, ACKAWHXD REb MIOCKOCLTAXD COS% = 0.

Besxag #ab 3TeXb KPHBbIXD (KAKb M BCAKAR NPYrasd, MOAYYeNHAR kb chueHiu
AAOCKOCTBIO, TIEPHEHAHKYIAPHOW Kb OCH $-ODB) HOX0XA HA PABHOCTOPOHHKIKY
runepbory. Tawb Kaks BL NAHHOMD caydas £ =+ cosi, MC ==sing, 1o 43,
OYERHJIHO, €cTh YIOJb CMEKHOCTH, HO M0 OOHON H3b PAHLIIE BbIBEACHHHIXT
GOPMy T, PaNiyCh KPUBH3HE PAHEHD

TAK® YTO IR BBIDAXEWiH Ayrd HwbeMb s =j9 di=alogtgf, a cakioBa-
5

LR
TEALHO, g=a(r;"{ ¢ ‘“). Mraxs, HaTypannHoe YpamHuHie pa3cMmaTpuBaemon
KpusoH nojolHo ypasHedilo LbnHo# nHHiM paBHArG CONPOTHBARHIA
(% T67. ¢

JInneiinblsn puddepeHyianbHbls ypaBHeHiq.

790. Ilpououmncaemt Tenepb paicmorphie anddeperianbHbX b
ypagHeniii c¢h ABYyMH nepembHHbIMU W 3aliMeMca CNeianbHO TAKHMH, BB

KOTODHIA HerarBCTHAY (IWHKILIA M ed MpOM3BOAHBIA BXQMATL JHHEWHO,
T. €. YpaBueHiaMH Buaa

(10 2™ 4y UL ) LA R ) - - () () = S ().

Out HazesaTes AndediusiMyu anddepediaibHpiMu ypanHeniamm,
Ecou f(x) =0, 1o ypamrienic HadbiBakOTh MEMNONHBIMT (WIH TaKKe
ypasHevieMd Ge3nh NocakATIAFO 4aeHa):

an "V(.,t] -l-)’("_”fl (%) +,)’m—2’f2 () b ) Ly f ) =0

210 ypasuedie (11), oueBuuHo, obaanaers TEMB CBOHCTBOMDB, 4TO
Bcikoe ero phirenie, T. e. BCakas QYHKLIA y, €My YAOBIETHO-
pAwwas, dyieTn eMy yAOBACTBOPATH H TOFIA, KOTAd Mb YMHO-
UMD 370 phirenie Ha MOCTOAHHOE WHCAO, A4 TawKe H TBMH, UTO
eMy YIOBAETHEOPAETTH CYyMMa KOHEUHATO MHMCAA YAaCTHHXD pb-
weHill, yMAOWEHHNX T Ha MOCTOAHHBIN yHcaa. [lpeanoctast Bhi-
WECKA3AHHOE, JBTKO Teneps AoxazaTh c<dbaylontywo rteopemy: Ecamn
Vyy Moy oovy ¥, OFVAYTD B AuHe#HO HE3ABHCHMbLIXT YaCTHBIX®
phimenift Henoauaro AMHeHHAro ypaBHeHiN #u-TO NOPAAKA, TO
o6ill unTerpant 3T0ro ypasnenis 6yneTs

(12) F=apy e day -l Ay ¥y,

rak @,, @, ..., Iy IPOU3BOJbHLISL MOCTOARHAIA.
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[ Opumbyanie. OG6uiiit HHTErpars AKHHEARATO YDPABHENIR 3aKNIH-
gaerhb Bb cefh sch phienia ypasuedis, 4ero Henwas cxa3aTh 06n
YpAaBHEENIAXD Me-THHeARbXE, MOTyMHUXxt: HMETe ocobeunmnd phuoexis.
JoKkazaTtenhcTeo 3TOH TeOpeMBl MOMHO HalTH Takke, nanpuMmipn, 8L
»Kypch nuddepenniantnaro u unTerpansharo ucumcaenif’ K. [locce,
3-e wsn. 1912, crp. 610 ]

Orpanduamca aaA GOaeILel ACHOCTH CAYy4aeMb 32 = 3 M TOJOKHM Db,
uro #, ¥, w OyayTE TPH JAWHeRuO HeszasHcumblA YHKIiH, yao-
B/JAETROPAIONLIS YPaBHEHIIO

(13) T Y pix) 3 g (%) R vyl =0
JTO 3HaUNTE, 4TO0 HMleMmb TpM TOXilecTBa

wt utgd w g tap =0, '+ ytep=0, wwgswytwy=>0.
[losamHMB, YTO y €CTh Kakoe HuDYAL APYTOE, OTAHMHOE OTb #, U, W
phinenie ypasuewin (13). UYrobm Bch ueTmpe COOTHOMWIERIHN MOTAH
CYUIeCTBOBATL ONHOBPEMEHHO, HeoGxoaumo, 4ToGH 3Ta MyHKUia ) Ouina
CBA3AHA ¢b ¥, ¢ H @ COOTHOUICHIEMDB

r 4 r
| A .
2t wowt oy
—
‘ voov o w '
[ af P s E
W w ! i l

a aro tpebyers (§ 3735), 4TOSEl MeXAY HeTHIPLMA 3ITHMH (YHKUINMA
CYUiecTBOBaNO JHtielinoe coorHowmenie. Bb 3T0 coOTHOUMEHiE Memay
Y, #, U, ©® HeOGXOJMMO HO/MKEHB BXOAWThL ¥, WHA4Ye, BOMPeKH npen-
NONOKEHII0, 24, T, W He OnIM OW AxHe#no HesasucHmul. CabposaTenbho,
y=au+bv+cw, b g, b, c— NOCTONHHBIA W TPATOMD RNPO-
U3BOALHESA, TAKL KAKH 00 CAhAaHHOMY Bh Hazant § sambuadino Hanu-
CAHHOE BHIpAXEHie ¥ YAOLRETBOPHUTL ypasueHito (11}, xakosel Ot HH
OLITH 3HAYEHIR NOCTOAHHLXDL @, b, ¢.

| MpumEuanie, Ccoika Ra Teopemy § 375 b AavwHoMTB cayuatk
LOCTATOYHA, NOTOMY 4TO. ECAH (yHKIiM v, #, v, ¥ Oynyre phuueHiamu
AuHelHaro opHopogHaro MHbQepeHLiankHArO YPABHEHI B HEnpepbis-
HeMK Ko3dwpumieHTamMy, TO YwazaHiui BY npwMbuanin XLIV (1 wacre,
crp. 428) kb § 375 WeKIOUHTEIBIEIE cayyal He MOWeTt WMbre mheTa.
Jnst monpodHocTe OTCHNdeMb YHTATENd Kb OAHOMY H3T ThXB KYPCORDL
HHTErPanbharo WCUHCAEHis, KOTOPLE ARTOPT HA3HBAETE Rb NPEAHCAORIH
Kt croemy kypey (I vacte, c¢tp. VII). Kparkas rnasa, nocemuienias
asTopoMt AnhdepeHUiarsHpMB  YDABHEHIIMD HHKOMMD OODPA3OMT HE
MOIKETD CYHTATHLCS HCYEPNHBAWWE 5TOTh ofwuprwi oTababL wHTE-
rpanpHAro HCyucaeHid, |
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791. Korma ofimid wmuTerpanbs yparwesin (11) wnasberews, 10
o6l wHTErpans TOJgHATO ypasheHis (10} MOweTn OwiTt BHpameHb
qepesh 7 KBAAPATYDL, Cb NOMOWEE npiema, KoTopm# 1o JlarpaHmy
Ha3blBaeTCAd HaMbHeHieMl, HPOH3BOMLHBIXL TOCTOAHHHX L, [lombi-
TaeMcs yJOBReTBOPHTh ypasHeniw (10} THML we soipaweniemsd (12),
85 KOTOPOM® 0OLB &,, @y, . .., (x OYIEME LOHHMATL TIDHIHIHO Bb-
Gpandbia (ByHKIIM OTh x. BoO3bMEMD ONATH AMS TPOCTOTH YpawHeHie
3-ro nopanka

(14) Y7 3 () 7 (3 v (x) = f(x),

H NOMOWHMD, 4TO M3BKCTHH TDH We3aBUCHMWA dacTHeig phinenin w, v, w
cooTBBTCTRYIOMATO Heno/iHaro ypasuenis (13). [lonpofyews yunomieTro-
pute ypamtenin (14) seipameniems y = awu + dv 4 cw, ik a, b, c
TpH HenapheTHbi® QyHkiin OTh x. Mw  BCerZa MOKEMB MO/UHHHTL
HXDb ABYMb YCIOEiSMD

a'w+ &y Fw =0, a'w b+ =10,

[lopcTaBumb Temeph BLIPAWEHIA y M €TI0 MPONIBOIHBEIXD

Y=awt bo'Fow, ¥=aw'| bo"4 cw”,

V= au " b e ' u" b cwt.

B yparhenie (14); toraa Halldemb TpeTLe YCHOBE, KOTOPOMY NOMKHBI
YIOBETBOPATh ¢, /, ¢, uTOGh ypamHenic (14) yi1OBTETBOPSLIOCE,
4 MMEeHHO:

a’w’ | bV dw” = fla);

Crbaosarenso, a', &, ¢ ompeaknaiored U3tk cHCTeMbl yPaBHeHiH

a’n + o “dw =0,
@'’ =B fw’ =0,

a'n” + e 4 ew” = fla).

2ta cuerema amters onwo onpenbaednoe pliuedie, moTomy uTto w1, T, W
nesasucumel, a c1buoBaTenbHO, onpenbanTens CHCTEMH
low o u" |

T

|

ow oW oW’

We pasent nymwo. Onpenbanss Takumb obpasoms a’, &', ¢, Mbi Haii-
AeMb W g, D, ¢ Cb MOMOMLIO NPOCTHYb KBAAPATYDh, 4 3aThMb M v —
o01Iil WiTerpant Ch TREM: TIPOH3BOABHBIMH OCTOANHLIMH (KOTOPWA
BXOIATH Bb KBaAPATYPhl, Bwpawawowist «, &, ¢} BL ofwens cayuab,
KOKARE H3b KO3PGHUIEHTOBT @; 3aMBHHTCT HBKOTOpOI onpendbreHHOW
diyuKiiers OTb &, CAOKEHHOIO Cb NPOH3BOMLHOK TNOCTOAHHOK. Myl
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BUIHMB, cnEI0BaTENLHO, YTO oOWil #HTerpars ypamuenin (10) umbers
BHAB

(15) Y=Yotayyybagtyt oo+, v,

rat a,, @y, ..., @n— 1IPOHIRONLHEIA NOCTOHHHLIA, A 7V, — WhioTopas
dysknia orv x (o4eBHIHO, YAOBAETBYpAKOWAN ypaeHeniio (10) opu
ay=ey,= - - - =0). Moxers cayuurcs, uto Gymers HashcTHO Kaxoe

Hubynn vactHoC phwenie y, noauaro ypaedenia (10). Toraa socra-
TOYHO BHATL # HE3ARHCHMLIX': MACTHHIXD Dhmedilt 4y, ¥y, ..., Yo
HEMQIHATO YypasHeHis, 4rodel NOAYHHTL OfNL# HHrerpant (15) mos-
HAro ypasuedid, He npuGbras kv metoat Jlarpawxa, IlBHcTeuTensno,
ecid b ypastenin (10} nogomumt v = 1)z, TO TOTHACH YBHAMMD,
4YTO 2z OJO/MKHO YAOBAETBOPATH ypanuediio (11).

792. Teopema. Ecau wuspbcTHn s auneHdHO He3asHCw-
MBXDb, YACTHEXDB phwenil Aenoawaro nunelivaro npudde-
peHianbHaro ypanHeHis #-ro nopafika, TO HHTErpUpPOBAHie
cooTBhTCTRYOWIAr0 MOAHATO ypaBHeHid CROAMUTCHY KT HHUTe-
rpHpoRanin AHHeHHAro ypasHeHin (w— #2)-T0 MOPAAKE W Kb m
cabaywoumums 3aTEMBb KBaApaTy paMb.

HEHCTBHTERLHO, TYCTE ¥4, ¥y, - .., ¥m OGyoyTs pbuwenia ypas-
Henist (11) ¢

’

, S (m—1
RCT SR SR 51 2
L4 " I
(m—1)
R I SR ) ’
o= z h =z 0
|
, r 12 {m—1)
| Yoo J’m RS -ym

uxb gnpenbautess Bpouckaro. lloneiTaeMcd, Kaks K Bb UpentAyULeME §,
YAOBAETEOPUTh ypasHeniw (10) suipawenieMs v=a v, 4@, Yo+ - + @ Vies
MONYMHHEL TIPOH3RONHKIA ], 2, . - ., ey YCIOB0 6T nponopuio-
HaNLHBIMH  anrefpavdyecKuMs JONOAHeEHIsiMBb nocrhanaro croabua sb
onpeabantent «, Take uT0, oOf03Ha4an uepesb = Ko3hdHUIEHTD
NPONOPIIOHaNLHOCTH, Gynems HMhTh

™" i o
S' I T . —

o Ay, =0, ‘2,ﬂi_3‘(£1)=0("UT L, 2,..., 8- Ea:yg”" Do gz,
1 1 1

Jlerko BHALTE, UTO TOr7a MpOH3BOAHMA OTH 4 onpelbnawzca c1bayw-
wumMy GoPMYIaAMH

wm m
o . 3 ‘
) =‘2: aty;”) (mas v<m), M — 2 a*_yE’"} + as=,
1 1

m
) . pa— () -
y[1} — S’a;yi"i] + “g('l m) + [:1‘. - ) l+ R Ty, v(ﬂ”" » > m),
1
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[Monetague® 3TH Bhipawenia BB (10) npuaem® ko ypaBueHin suia
gzt + ey z(’n—m-—l) 4ot G z=f(x).

Ecm Oyners wzpbcrens oOmifl HWHTerpadt 3TOro JxHHeHWaro ypasHeHia
(s -~ m)-ro nopsaka, To GyIyTD Taxwe H3BKCTHBM H # QyHKUIR &,
OTKyAa 3arhMb Cb IOMOLUBIO # KBAADATYPDH onNpelBaaTes H QYHKLIIH ;.
[Mpeapiayuiee 10KA3ATENLCTRO €CTh €CTecTBeHHOE 060GWenie pascy-
waueria 8 § 791, coorsbrereywmaro npeanoaokediro s = xn. llpn
m =g — 1, NPHNOMMHAA CKa3aHHOE O AHHEHHHXT ypasHeHiAX® uepsaro
nopanka, noayudaemd cabaywwii pesyasTath: MiHTerpuposauie nu-
Heluaro ypasHenis u-ro nopsaka, ecaw HapbcTHw #—1 au-
HelfiHO He3aBHCHMBIXE Phuwenilt cooTBbTcTBYIOMAro HenoANaAro
ypasHeHiqa, OPHBOAHTCH Kb #-1 kBanparypams,

793, NpamEpsl. a) Nusedinoe ypaedchie nepearo mopaaka v -+ y¢(x)
= f(«) mcerna MHTETPHPYETCA BL KBALDATYPAXD, NOTOMY dTo W3Bheremd obwuin
—j Fdx
UHTETPANs HEMOAHArO ypaBHeHit ¥+ ¢ (¥)=(, a nMeHHO ¥ — @

— f pdx
Metona Jiarpamxa naets a'e — f(x), crbaoBareasHo,

* fqux — § qdz fqnfz
a4 = { é Jjdx, y=e¢ fe Sdx,

b) ¥YpasHenie BToporo mopsnaka V7 ye 4 ¥y — f HETCrpUpYyeTCH Cb
BOMOILBID TpeXb KBaiparypb, €cad nasbornma  cdywkuis #, yrosaeTsopsnlUaz
ypaBHenil #"+ u'@ -+ ryp = 0. JbAcTBHTeNBHD, 1OMAFAg ¥ = d#, DPHWIXOIHMDb
b ypasHeniio a”u + &' (2 %' @) = /. ITo ypaBHeHie Nepsaro MNopsnika OTHOCH-
TeapHo @', W & NDAYYAeTCA H3bL HEro C¢bh NOMOWIBK ABYXBL KBanpaTypbh, a

3aThbMb HAXOOHMB
fq:dx
l e
— dx.
q)tLv
w? e

¢} Tlonesno 3ambruTh, YTO HHTCIPHpOBAHiE KAWIATO HENOJHAro auHeH-
Hare YpaBHcHI® BTOPOrs NODAAKA NPUBOJHTCA Kh HHTETPHPOBAHiD ypasnenis
Puxkatn u ognoll cabaywinest aatbme xpagparyphb. DbiicTeHTeaLHO, TOACTAHOBKA
rdx
V=g IPHBOAHTD ypaBHEHIC

¥ ye +yw =0 b '+ 2t eg+ =0,

Benbncreie 3toro, cBOACTBA JHHERHLIX® YpaBHeHid Opocamrs ¢BBTD HA ypas-
nenie Puxkaty ® obpaTho,

d) Cb moMoupi0 4erhIpeXb KBAAPATYDD HHTeTpUPYeRTCs ypabHenie (14),
koraa HapbcerAd NBF HesasHewMBl DYHKIUH # H ¢/, YAOBJETBOPAKINIA ypamHe-
niro (13). ThitcTBnTeasHno, nonaras y=au+0v, a'= —vs, V=usz, e=ut'— v/,
NONYYHMB

M= aqu'4 b, y'=auw'+ b+ az, y"= a4+ bv"+ e+ 205
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Haunoe ypasuenie npeoGipasycres 8 n2' {22 -a@)s =/, W Cb MOMOMEIO
IBYXD KBAaIpaTyph LdeTb

3arbMP Ch NOMOUIBI0 ABYXB ADYTHXL KBAAPATYPh MOAYMUME M OBWH auTe-
rpanb A3HHATO ypagHeHis v ———z;j uzdx — ufz;z dx.

794. YpasneHin cb» nocToAHAbiMH kKoadduuienTamu. Ecin
KO3huLienth npH  HeHaBBCTHOH (QyHKIIH ® e DPOH3BOAHHX® Bb
ypaeHenin (10) uncia DOCTOAHHEM, TO JETKO MOMHO HafTH # JHHEAHO
HesaBHCUMbIX'b phluenid wenosnaro ypaeuenin (11}, a sarbws, wssber-
HbIMb NIyTeMb, Cb NOMOIILIO # KBAaApATYpb COCTABHTL H ofwiit uHre-
rpank rogHaro ypasHenis. [LBHcTBHTeaLHO, NONMpofyeMd YIOBICTBOPHTL
ypaguenilo (11) supaneniems y =¢*; 3710 ypamHedie ofpawaercs (iTo
COKpameHiH Ha £) b ycnoBHoe ypamuenie, onpeabidmimee £ — Taks
Ha3hIBAEMOE XapAKTEPHCTHYBCKOE ypaBHeHie!

p&) =& AL RS =0

Eciu seb wopns Ay, &,, ..., £, ypasuenis ¢ (&) =0 pasmunHw, TO
hyHKUIH e, b L, ¢f¢ ByayTh JMHENHO HeaaBucHMus phrrenin
ypasHexia (11), noromy 4rto wuxb omnpeabanrcab Bpoxckaro pasens
npouzpenediio e~ na (§ 27, d)

| 1 & k2.0 B
1 hy BE L AT

f—=i—1
o 7 LRy STy RN N P =
N i—1

1 k k'ilg A kn“_I

n

HMrakp, o6mifi HHTerpans nemnoaHaro ypasHeHia mumpamaercs
thopmynoi0

(16) y=a, " a4 oa, B
rab @, @y, ..., @, — MPOHBBOILHbIA MOCTOAHIILIH, Teneps nona-
raeMb, 9T0 @y, Ay, ..., ¢4, Takis dywkiie 0Tk X, NPOHIBOIHLA
KOTOPHIXD @, @y, ..., & OnpeabIsioTcn CHCTEMOD

Qope »=0,1,2, ....n—2,

1 W R 1" PR
]g'”a’g’ _'_k “.'ez ++k a gt = .
1 %L 2 " 2 13 j (x) upH y=#n—1,

i, crhroBaTensHo, BelpaKalTe GopMylawu

,_CFS()

¢ = -
BT Tk
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Toraa mertona Jlarpawka naets oSIUil MHTerpant NoAHATO YpasHenis,
Bb BHAb

Pt Ex e b oFn® e
'y_éc—'(k?) [ f(r)dx+m) e " flx)dr 4o |_§f'(}c‘_r,)_ e flx)dx

Hanke, ecau xapaxTeprcTudeckoe ypasHedle Hwbers kpaTiibie Kopuw,
T YHLAO PAINHYHKIXD 4acTHBIXD phuleid ¢ Gyners vedkHie nopaaka
ypasuenis, u dopuyna (18) ywe ne wnaoSpamaers ofularo wHTerpaia
Henojinaro  ypasiienis. [loupoGyemtd TOrma YIOBMTETBOPHTL  STOMY
ypasHeHi BupawernieMt p=x* ¢t JIbBas ero wacTh npHsemeIcH Kb
npou3senenin < ua

il —. sl ad ']- u—2 i€
g (B) + g (B) + 'i%_’x,, @R £ g ().

Ecin @ 6yners » — kpatHuiil kopeds, T. e. (§ 450, ¢) ecn
gl) =0, ¢ @=0, ..., ¢ ia—1,

TO TpeABIYIIEe Bupaxenie ofpawiaeTcds TOMCIECTREHNO BB HYAb NpH
k=a u n1a Beakaro u3b sHavedin O, 1, 2, ..., (r—1) uucaa p.
[Tosromy, ecan xapaktepHcTHYecKOe ypaBHenic umbers kopHu a, 3, ...
COOTBBTCTREHHO KpaTHOCTH #, 5, ..., TO OOWMiA wMHTerpans He-
nosHaro ypaedenia umbers popmy

y=lagta x| - | a,'_lxr—-L) e N (R TR SR o AT

rub # MOCTOAHHMIXD @y, dy, .- ., Dy, O, ... mMpouzsoMLHel. Bob 3a-
KAKUEHIE YIOMHHEMb, 410 0fsikHonenno KostduuienTst nnddepen-
0iajbHATO ypaeHenis seutecyBendb!, [dK®h Kakb MPH 3TOMDL KEIATRNBHO,
yToGL W v NPEACTaRIeH® Ok Bb BEWECTEEHHOMD BHAh, TO OTT MHMMON
tdopmrl cTapaoTes H3GaBaTLCA, 3aMBuas, uro cymma gdtl 7L hele—tha
IPOUCXOIAINAT OTT KawIOoH Tapsl MHUMBIXD COODAMEHHBIXb KODHeH
(§ 447) wmoweThr OWTL npelcTaBAeHA BbL  BelIeCTBEHHOMB  BHAK
(Acos fx + Bsin#x) e, rak nocrosunmg A =a-+b u B=i(a—5h)
OVAYTb TAKWE BCLLECTBEHHEL

795. NpumEper. a) TpedyeTca NpoHHTerpHpoBaTh ypasieuie 174-v—=/(a).
3abeh XapakTepucTAuCcckor ypasnenie A2 =0, moatoMy ¢ W ¢ — 4aCTHbIS
PHIICHIN HCNOIHAIO  ypasHeHia.  Mxb mowao 3ambuute, Kakb Obin0 ckazado,
phrienieMi  sinx 1 cosx  OBmiA unrerpans ypasueHin 3741 =0 6yicrs
y=asin x5 cosx, Mavbredie pou3soabHblXh HOCTORHHBIXE 146TT YpaRHeHie

a’'sinxy + b6 cosx =0, a’cosy — H'sinx = f(x),

H3b KOTOPBIXB BHBOAHMD 4= f(x)cosx, §'= —f(¥)sina, n cabiosaTenpio,

v = sinx [‘f(x) cosxdy — Cusx /‘f(‘:r) sinx dx.



442 VIl, 4. THOCEPEHINANLHLIA YPABHEHTH. § 795

b) HMarerpuposath ypashenie 3= f(x). XapaxkTepHCTHUecKOE ypannewie
ambers Tpouci kopem, 0, W oOwWif HHTerpar®s ypaBHeHis 3= ( Oyaers
y =a+ bx - cx? uto MoxHO Ghine npexsuahTe. HawmbHesie upoHIBOALHHXB
TIOCTORHELXD RACTDH CHCTCMY

at+bxtea=0, 042520 =0, 2 =f2),

H3B KOTOpOH HaXoLaMb @' = +x2f(x), b'= - x f(x), ¢ =1 /(x). OO6wift unre-
rpanb ypasHesin v == f(x) bynern

y—i / >f(vm_r/'ffcr r/v+xtxfff(x)d*’

BﬂpO'-leM'b, 3TOTPh Py TLTaTh NOYTH OUERHAEND, (MOTOMY 4TO, NoJArad

ff(_r) dx = f;(x), f.fl(x) dx = f5(x), ffz (x)dx —~ fy{x),

HHTETpHDOBﬁHiEM'b N0 YacTAMDBb MOAYIHMDb

[rr@az—shie s [2rw dx = 2fi0) — 23400+ 20,

H BupaxecHie obwiaro MuTerpaia GyneTs y = fy(x).

c) Hurerpuporats ypasuenie VIV L 2 2 +2x7+ v = /2. Kopnu
XapaKTEPHCTHUECKArO YpaBHeHls Gynyrn — 1, — 1, 4, — 7. OBui# uuterpans

HENONHATO ypaRneHia OynpeTs moatomy v=—la--dx)e * 4 acosy 4 Fsiny.
Mo Mezoxh Jlarpamxa eriducasercs 3aThMTE o6ulil HETEIPAlD JAHKATO ypABHEHIN

¥ ={;(1+x}e"r/"j(x) dx —Ye” f.t:e’f(x) dx

— 4 sin xff(x) sinxdx -}cosx /_f(x} cosx dx.

Korna flx) 3amano R KBanpaTypsl BHIOOJHEHL, TO WHTETPAlE OOBIKHOBEHHO

NPUBOIATE Kb BADY {13), T. &. OOHAPYMHBAKTDL uvactEoe phienie 1y, KoTOpOE

MOMHO TOPHBeCTH Kb mnpocThilieMy BEAY, OTHHM3s OTh Hero Bch caaraemes,

YAOBAETBODAOLLA HenoanoMmy ypasHeuilo. Hanpumbpd, ans f(x)=¢ * Hatiems
Y

Y=g e .

d) Hrrerpnposate ypasseule y =x_y '+ 42v”. Tlpofyn yAOBICTROPHTB
3TOMY YPABHEHIH BHIpAAEHIEMB ¥ = X", HAHIEMb, YTO # AOMKHO YAOGJIETBO-
parb ypaBueniw I = # 4 #(#--1y, 1. e. # = + |. Cxbiosareasuo, oGmi#t HHTe-
rpass OyIeTs ¥ = ax - ? . [ante, ccnu nmpensodeno ypasHerie y = ayf -

2y 4- f(x), TO MeTona Jlarpamka OaeThb

y—‘—’«’f_f() le'/f(ﬂ”)d-”-

e) Urofw NpomHTErpHpOBAThH ypaBueniec ) - xv + r-"-y"’ X, BORCHMME,

KAKD Bb NpelndyuieMs npusbph, BB HenoadHoM® ypakHneHin y=x", u gafiemb
=+ 7; A TAKD KaKb

xti . philege = coslog x = ¢sinlog x,
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10 coslog x M sinlog ¥ GyIyTh uacTHLA philenia HenoaHaro yparHeHis. Jaake,
4aCTHOE PBINERIC DOJHATO YPaBllellid OYEBHAHD, a MMeHHO § x. Floatomy obuiif
HHTCIPATB NAHHAID YDPABHEHIN 6YeTDh

¥ —+x+t asinlogx 4 b coslogx

f} AHATOr4YARIMD 00PA30MB MOXHO MHTCMPHPOBAThH YpaBHeRie x2y” —-
—(2pu—1)xp’+ u*y =0. [lonarag y-=x* RaAlAeMb 109 # OAHD TOJBKO 3HAUEHIS
B o=t HO DNHOTC uacTHATO phuichisx " jocrarouno (§ 793, ) aas cocrasacHid

oﬁLuaro naTerpada. [lomaraa y = x'2, 1A8 onpenbiaerin & TOAYYHMT ypaBHenie
42’ =0, norclona Haknems s=a+ 0 log x. Crbaoparennto, v —xi(a-}blogx).
}u) TOMY We pe%quary MO¥HO NPHITH, a3MbHAS He3aBECHMYD DepeMbllyio.
Monekums x = ¢ Takb kas (§ 558, a)
Ay _ay [d? dy
Vs @ t a3y vi=p 2t 1,} _— '—}i *
- dir - AR df
TO YpaBHellie obpallaeTcd Bb
d?y
e QJL me%f— 0.

3nbce ko3 HUIGHTH TOCTOANHLBIE H XApAKTepRCTHYECKOe YpaBHeHie HMBeTh

- ¢
NBOHHOA KOpCHB i CIBAOBATENBRO, OGULH MHTErpanh GyieTw euaa (a-+h1)e
H N JIAHHACO YPaBHeRiA MOAYUHMB p=x"{a 4+ b log x).

2] HoaofHeb xe afipasoMs s rHTerpHposanis ypaouewia {1—a?) p”—
—x 3+ v = ) noaaraems x = €08, TaKb UTO

..»,,___ 1 ’{_"’ w_ _ tatsdy 1 &Py
T tdt T T Endidt T sint f dE
diy

lannoe ypapuenie npecfipasyercs Bb +3=0w avbeMd yacTHmn phueHis

dar
cost=wx, sin{ = 'l’rl “a® CrbaoaTeabio, ofimit HATErpaids _v=ax| b]fl— a2,

h) 3ambHy onHONW HesaRHCHMOR ncpembrHOB npyrow wacre akaaoTs b
nhAbK) ADCTUIHYTB TOMD MAH APYTOrO YHIPOUICRIs janharo  ypapHeris. Taxs
Hanpambph, ypasuenie (14 x2) 37+ x3'= y2v obpaniaetca, mpH sambub x Hosow
nepemhHACK / (0K NPOH3BOALHOK), Bb YpaBHEHie

@2y dy
ay pra 0 i oIy RN AP Dy
(1+a2) F d!3—|—L{1+.L)t' w{—fodt [I:x!
dy t‘” x
3nECh MOXHO YHMYTOKUTE YIEHD Cb i BBIBPaR® £ TAKD, HTOfb — w73 v 0.

1. e. B3ABDb {' =

»
d
——, M c1ba0BATRNLRO, #== _JL —log (x+¥ 1522,
¥1+ at V1§

INpu Takol nomcTanoBK® laHHOe ypaBHedie obpawaercs Bb

a2
ert obulft muTerpant y—ae'’ L he ™, 3awbuam, wro d=x L V71 T+ 2,

e x4 Vl -+ x2, Haidoemb, 410 OOWIA WHTErpanrh NAHHArO yDABHCHis
6ynert

=*y U UMbk

y=alz+V I+ be(—a V1T a2
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i) [ITDf?bl HHTCCDUOBATL  yYPaBHeHie, pa3cMaTpusaeMoe JIewaHapous,
¥ =4y 4 xv”, norowuMt ¥ =#£ H 3aMbrumb, YTO

1 dy 1 dy 1 a2y
2 7 i [ A, .
e TY T iFdt T andr

By

¥ .
= =47 u naerp ofhuil HATErpaIH

YpabHeHie TIPHHHMARTD BUID T

ry=a {.’EV ?—i— be 2};:’; .

Jlenaw® (Lepaige) sambrnan, uto Gonbke obwee ypasuewie v = miyv'+ xy”/
HHTRCPHPYRTCH NPH Ge3qucacHHOMb MIOwecTeb sHaucHilt m.  [bHcrsureasuo,

zde
NOACTAROBKOI0 y = &= (§ 793, ¢} at0 ypasHeHie MOMHO NMPHBECTH Kb YPas-
Heniw Purkatd: x (2’1 2Y)4mez = 1. [losaraa s=wu2 n onpexbias 2 1aks,

yrofin xo'+mu=0 (4ero ¥ NOCTHTHEMT, B3ABL T—A& ), | HaliemDd, 9T0
HOJKHO YAOBAETBODATh ypABHenno xo (w'+o#?)= [, 1. e o' fu2x™ ™ = 2™
TMoacramoska x = £ 1pcoBpasyers Rocabanee ypasHchie L cabayoulee:

du ol l—n)—1 fm-—1
m-kgxm I3 =¥ .

1 B nosaras i =

rante (npenno:laraﬂ 12 2  IONTYYaeM'h TaKde ypﬂB[IEHiE

—H

du w B 1-2m o T 1
di T 1l=m l—m® A8 7= l—m "’ MoTeMY s ya = M T

CrbpoBatensro, flaunoe ypapHenic uHTerpupyercs (§ 786, h) mpm sHaueHiaxs
mee=+ L, L. =%, d TE

j) lonwTaemMea HHTETPUPOBATL YPABHEHIC He AHICHIOE
YISy 2(y —x¥) =0,

cabiya myrH, yxasanHomy ManaloHOoM® (Mansian). Toaciums ¥4y = &,
4To RpeolpasyeTb LanHoe ypaBHeHie wh ' 23 = 237 1loassyace MeTOLOH
p3MbucHlS TPOH3BOALHLIXD MOCTONHHEIXD, DARArAEMD J — se o 5= we ™,
rob % W v IOMKHD YIOBIETBOPHTL YCAOBiAMB #'— ve ¥ o'=2ude . Hcraw-
yas x noayuumes wdv-=2utdu, orxyna of = ul —al (@ — npoOHIROAbHAN

nocronnuas). [loacrapiag satbme BB w'— ve™  BMheTO v oero BHpamedie n
MHTETPHPYA, HAXOAUMD

et =T = d'“ ‘

Vid—al

Bb npagoil 4ACTH 3AMMOTHuCCKif WATerpanb. Ecmm 6bf Mbl yMBIN BBIPAIATL #,
KaKb QYHKODO OTB X, TO (IOAYy4HAH Obl v OBl HHTCTPATL y==ue % Bo mca-
KOMb ¢Ayuah MB MOXeMBb HAHTI Ge3uMLAEHHOE MHOMKCUTRO YACTHHYB phuwmenin,
B3neb & = . Torma nosayuaetca

*‘-'-L_C_;_L — J;l .
4 =T B 3’4‘176639
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AwWanorpyaeIME 00pa3oME MOKIO TPakToBaTh Boabe afiinee ypastcnie
WA Dy - — 0

H HAHTH ero ofilifi wMuTerpalt RL ABHOH, KoHeusHoH fiopub, TIPH BCSKOMD L[I-'.-

NOMB  3HAYCHIH % Hanpumbps, obuwiiit wwTerpans ypasHemig vi-—ydy" =1
(— = - 1) Oyilers
" yr=ae®® 4+ bem ™ Y14 dab.
AT0 MOXHO NONYUMTL H APYrHMB NyTeMms (§ 785, d).
k) Tlpaaowchie paioss BechMa NOAE3HO TPH HHTEr PUPOBAHIA DBKOTOPBLIXD -

JHdrpepentianpupxb ypasgenit. Hanpumbps, ypasuenie o 4 x‘.}"Jr-%"'_}‘ =0,

Berphuatomeecs 8% Mexanukb, HHrerpUpyeTesH b MOMOWBI0 PAAA

X2 at xf

A= I T T G D GE T 24 G AR )

Ob#icreutensno, 3amkyas, uro jﬁ‘ (t)—i— fﬁ,(x) +/,(x}) = 0 1 nmomaras 8b npesa-

NOKEHHOMD YPABHCHIM ¥ — a'' /), (nx). HAXOLUMD

u\#

j', (nxy+—

G r)+(x yiuled 3))

S, nx) = 0.

3710 ypaBHCHIE MOMCTD COBNARATH Ch OPENLAYIWHML Toabke NpH wm{w43)= G,
v =2 4 4 [MosTomy xomko Gbire ANG0 =0, v=4, aubo u=—23, y="-- 2

CabnoBatenhHo, HCKOMBIt OBILIH uHTCrpant 6yaers ¥ =afy(na) Hba™ ‘D’/LAB(nx).
Brpouems, Pyusnia f_, A /; ouens NPoCTO MOTYTh BBHITE ELIPAMENbl Bh KOHEY-

1—,—1

nwomb Bunh. Jlag 3Toro 3ambTUME, WO f),,,r_.J ) = - j,, (x). Mewmny 71HML

(& 332, a) Mbl BUIHMK, YTD

. a2 x"‘
Jylx)=1— ) '—I 5 g4 = cosa.

Otkyna cnbayers

©
S o) =1 f—f.-x' cos v ddx = x sin x 4 cos x,
(1]
zanke

@ = Lpe =T pman D gl Sy S,

a2

Oxomvareabno 061§H HHTETPATH MOAIO HANWCATh BL CabaylomeMs Buab:

a b . . .
= o {(sinwx — nxcosnx) -+ ey {cos a5 m.xsin nx).
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I} BecbMa RaWHYIO pOAb MIPaeTs rHNepreomMeTpHYecrifl pans 1}

? Lallta) - i+ 42 a(l+a)(24-a) - 2052+
3 o )= 1--—
e e S i )

YOOBAETBOPHIOMIN, KAKL nerke npoebpute, [ayccoBy mAddeperniatoHoMy

YpasHeHiln
(r—at)y + {y— (0 +at D)y =cdy.

At

[Mpatya ynonnemopmb 3TOMY ypasHeHilr OGoasbe oBmEMEL nmpa){(enieub
y= =xFln', 3y, %), HaﬁmeM‘b, yro aubo 10amHO OWThH ¢ — 0, o' =a, 3= 3,
v =y, nuabo g = . v, & =14+a—y, ¥=14+8—7 7 ~2-~' Cq‘sﬂosaTewbHD
obulitt uATETpans ByJeTh

y=afle By x)+bs" T (la—y, 1+3—71, 2—5 )

TMonesno 3uHATb, WTG THOCPreoMeTpHYECKid panb 3akawuaeTs bb cedb, Kaxp
YACTHBIE CAYYAM, MHOri H3mheTHBIA pasaokedin. Tawkh, HaNpuMBps, Npe =7
Wi ¢=y=1, i a=7=1 0 y=12, gaxogumt pasnowetia dyuxuin (1 —x) -
e 1 ! . . .

e = fog (1 —x). 3ambrame BB 3aimi0uedie, yTo HAWIEHHHA BBIIE ABA
HACTALIXD PHILEH]IA COBMAAYTSH Fh OAHO TPH ¥ = ; KO u3AhCTHO, 4TO AOCTATOUHO
3HATh oAHO phuwenie, 4rob6h HaHTH W o6wWi# weTerpadb. Taks, Hanpumbps,
npu 3 =1 ypaencnie bysern

{x—afyy | {1 -2+ a)x v —ay,

H JOMYyCKAeTH yacTHoe phuwcnic {1 -— Y% [lpocroe sheucaenie (§ 793, 1)
HOKAWETD, YTO OOWiH uuTCrpars OYILTH

l—x . (J—xp  (1—x)pP A
1] +1—|—n ‘ 2*]77+T7a ‘)

11Penoaaras, KOHCYHO, YTO MpaBasd 4YiacCThb HMBETH CMLICAD.

F=all—s) %+ b(

[ MpambBuanie (. Becxawmapa, waL HIAIGIHCKArO Hamamia 1905 rona),

Bt nporHsHoMb cayuab, T.e. npw = —un, Ak w=1 2, 3 .y [ONyusMb
_ n X l \ an—1 l it ___Ll
=(1-2"{a |- blOgl'_xﬁ—l_b?(l' o+ 2(1 YT 4 "

(Hpu a=0, y=a+blog Tf{-}'

Bnpouemt, 2atpyanenia, scrphTebiacocs npu p=1, Mouuo uabhwars, aamb-
THEE, YTO NPelIOKEeHHae ypasaenie Be MawbHM1®L cBOEro Buma npH amMbud 7
ma 1« 73 -y ecan N1pH 3TOMB 3aMbanvbe v Ha 1- y. OTcona crbiyers, 4o
¥ MOKHO [HCATh Taxe Bb BRIB!
y=al ST =8, y—a, | —a-34n l—2)+
—bfla, f 1+a+d—v 1 —2aj

2 Bb YACTHOMB cayuah 3=y =1

v=a{l—ay "+, 1, 14+, 1—-x)]

1y Cu. Novi ,Algebra superiore® crp. 286 win Jordan ,Cours d'Ana-
lyse® 1, I, c1p. 154,
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YpaBHeHis co MHOrMmMu nepembBHHBIMU.

796. ¥YpaeueHin ¢t nojHeIMB puddepennianamu (Totale Dif-
ferentialgleichungen). [Tonowums, 4T0 BMbBCTO ypashenis udxy 4 vdy =0
{pazcmMorTphbHHACO BhIILE), A4HO yDaBHEHie

(17) wdn +odv+wds =0,

BT, KOTOPOME i, ?, @ nasbcTHEA QyHKIiH OTB ¥, v, z. Eciu oany
Azb Tpext nepembHnnixb, HAnpumbps 2, Oyaemb DA3CMATPHMBATE, KAKT '
(GyHKLUi® OTHL ARYX® APYLHXD (HE3IBMCHMBIXB), To ypasHewie (17),
OUCBHAHO, pasnaraetcs Ha cabayiowis asa:

dz u 92
(18) L

dx T ay w
OTKYIa y)Xe BHOHO, 4TO MYHKIIH #, #, @ He Broank npous-
BOALHL, [BHCIBHTENLHO, TAKD KAKD

2z o 1t v o4 o 02z 6 v w0 v
dxay évw | wosw  dydx  oxw  wdrw
T. €
g o Law #ndw v t_i_ui_u;zlr_iw_
dxady wady wldy wloz wddez
»()'35_'»: _lewv, @ (J_wi Hou _nn 61&!,
dy ey wax o dx wlds wt ds

10 MpHPaBHHBa%® OJHO ApYroMy 3TH Beipawenis (§ 368), naknemn

g d dn  dw g du
9] Hl— — . — ol — - — H e — = .
() H(dy az) + {dz dx)+“ (d:c @y} 0

Jdro HeoOXOAMMOE ycioBle A48 CYWeCTBOBAHIA 32BHCHMOCTH MEXAy
Tpema nepemBiHLIMH X, ¥, z, NoaHble AHbdepeHLiantl KOTOPHX'D CBA-
aauw cooTHoweriems (17), Yro6s nowazars, uto ycaonie (19) s®
TQ We BpeMs JOCTATOYHO, MB MOKAMEMD, YTO €C/Ad OHO BHINOJMHEHO,
TO MHTErpupoBanie ypasrenis (17) waw pamiockibHbIxb eMy ypasHenik (18)
803MOxHO. Bropoe ypanuenie (18) Mommo pascMaTpHBATh, KAKh 06 LIK-
HOREHHOe nH(pdepeniliaibHoe ypaBHenie NEPBATO TOPAAKA Cb ABYMA
nepeMkibIMH ¥ M 2 (UpHHHMas & 33 11OCTOMHHY0). OB803Hadasl 4epest
{x) NponzBOJLHYI0 QyHKUlK OTH OIHOTO X, MOWKIO IlamucaTh oOOLULiR
HHTErPANE ITOrO ypaBHedin BL Buab

(20] ft'xl }"l 3) = 'I‘(x)s

TAKD KaKbh, XOTH X M DAa3cMATPHBAETCs, KAKb TIOCTOAHHAHA, HO (DYHKLIH
# W ¢ OTB HErd 33aBUCHTD, YTO M HANO O0O03HAUHTR., 3ambTuMb TeHeps,
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yto aubdepeHimpys ypasuerie (20) (npu nocTORHHOM® ¥), Mbi CHOBA
NOJOKHK TIONYUNHTL 10 AKH(phepeHNiaILHOE YDABHEHIE, MHTEIDHPOBAHIEMD

xoTopare noayunaock (20).  OTcwona nonyynMb (cpasuusaﬂ fBa BHIpa-

HeHid dy

1of  1of

v iy waa T
rak w vpunkuHo BHIOpaHHAn (yHkuis orb x, v, &. Ecan Xormms,
utofbL M mepsoe ypaeHedie (18) ynoereTBOPHAOCH, TO JOAHUE! BLOPATH
bhyHkuio ¢ (x) Takb, arobul nps Auddepenunposanin (20) o x (npw
NOCTOANHOMD ¥) MOMYUYRIOCh OBl

df Of s of
21 L e e el i Pl L
(21) () ; ry it
- of

A nas »TOro 1Heo0XOIWMMO (M IOCTaTOUHO), HTOOM o R Buina Py HK-
uiew oxHoro x. Bech BONPOCH CBOAMTCR KE TOMY, YTOOW NOKa3aTe,

. . 0
4To MpH BeIMOAHeRiM ycaoeis (19), npowasonnas Do y OTB ;)—];—-,uu
PaBHa HYJI0, NPH Y4E€Mb 3 PA3CMATDHBAETCA, KaKb Pynxuia ot & W v,
onpenbngemass ypasnesiemd {20). Muumu c1oBaMu BOAKHO OLITH

e = B

Ho e umbers Taike

i (df . duy  dnu 0 jaf w2} dnw  duwu
1 = - —— - — =t = —_— =
aylox " } ay dz(dx = v ~os
[MosTomy, ecan npufasuMT, eiue uwnens
onw  duv *f o
dy 0F  dsdy  dydz

YMHOWERHBIH Ha #, To nocakjiee ycilopie NpHMET® BHAB

; (r}{uw E}{,LU) Lo (gﬂ.ﬁ . c),u.ﬂ:{} o (() 0o d{..:.-u) —0.
z oz ax

ox oy
A 310 paBeHcTBO TOTYACEH TNPUBOAMTCA Kb (19), noroMy uro nbeasm

ero 4acTe paBHA npowasedeHilo j¢ wa ateyw wactn (1Y), cromensiomy
Cb BuIpaNeHieMb

/,-fiiu o duy du c)u) (O ();1
u(“c"fy dz)ft}(ucﬁ”_ +m{, gx ! dy) =0

Ecaun ycnosie (19) Beinoaneno, TO MOMHO JTBEDMAATh, YTQ YpashHe-
nie (20), Bb KoTopoM® (0 {x) TIOAYuAETCH Cb NOMOILID KBAnpaTypH
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#3b (21}, 6ynernb unTerpajomb ypasdenin (17}. 3ambTuMDb BB 3akiio-
uenie, uro abeasm wacTs ypaehenis (17), Koraa ouo HHTErpHpyeMmo,
nhagerest TouHsIMb AndepeHuiatoms (§ 741) no yMHOWeHlM Ha Bh-
Gpandyw Hamnexaumyb o6paloMb QYHKLIIO OTb ¥, ¥, 2. A uMenHo,
ectn  Handimemd ypapdedie (20) Bp mHab D (x, v, 2) = const
(nepeHocs ek He YIOCTOSHHBIE uleHW Bbh ABBYyW0 4acTs), To Gy-
aeMb HMETH

d‘I‘_l')_jf* 0 (%) = ntt, ?f_p={)-’f=,u.v.

d P op _of
dx  dx dy oy

de os M¥
orkyla w(mdx--vdyv+ wdz) = dP. Teomerpuyeckn pascmorphuun#
BONPOCH CBOAMTCH KB cabaymowemy: naHa HbKoTopad €OBOKYMHOCTE
fe3KOHEUHaro YHc/ia naockocTel (ypasHeHid KOTOPHIXL NMOAYHAKTCA HSb
OLLHOTO NpH Oe3YHCNEHHOMb MHOXECTEE 3HA'EHIH OAHOIO HE3aBHCHMAro
napaMerpa) {cM. § 782) u TpefiyeTcs HaHTH CHCreMy MOREPXHOCTEH,
KACAINMXCH ITHXD [MOCKOCTEH BB HA3HAYBHHHIXB TOUKAX®. W3b npe-
ALAYIINXD H3cThaoBaHilt Buano, uto phuenie sro#t 3anaum BooGuie
HeBo3MOWHO. [lpHu¥Ha 2TOH HEBOIMOMHOCTH 3aKAWOHAETCH Bb TOMb,
YTO HULYTEH MNOBEPXHOCTH {KOTODHIE MOIYTbH H He CYIIECTBOBATh).
3amBTHMB, 4YTO, HAMPOTHED TOTO, CYUIECTBYETE e34HC/eHHOE MHOMECTRO
KPHRHX® JHH{H, YLOBIETBODAWIIHXL 3THMT YCIOBiAMDB, Aake TOrA3,
xoraa ycnosie (19) ne punoaneno. JblcrBHTeNbHO, HCKAKYeHie 2 HaD
ypasueniit (17) w npoussoahHo# 3asucumocTd ¢ (x, ¥, 5} =0 npu-
BOLHTE Kb AupdepenniaibioMy ypagHenilo nepBaro nopagka ¢hb AByMH
nepeMbHAMMH, KOTOpPOe Ecerla umbeTs GeskoHeunoe MHOWECTRO pb-
ek, nonyyaeMu¥s H3B OLHOCO TIPH Ge3UHCIALIHOMD MHOMXECTBH 3Ha-
4enifl 0UHOTO napaMerpa {(NMPOW3BONEHON TOCTOSHHOIA).

797. OGLIKHOBEHHMISI COBOKYNRMIA THipdepenianpnbIa ypas-
HeriA. TMocTaguMb Teneph ROMPOCH, KAKOBRE LOMKHR GHITE COOTHONIEHIs
MeRNy Tpems nepembuuuime x, ¥, z A Toro, wrofel audepenuians
UXT Obm riponopuioHantHbl H3BBCTHEIMB GyBKOiSMB #, ?, W OTD
xr, ¥, &

K]

(22) dv_dy _d
v w

I'eoMeTpuieckH 3TO 3Ha4WTH BO BCBXB TOUWAaxbs NPOCTPAHCTBA a priori
HABHAYUTE HATIPARAEHI KACATENLHEIXD KD HEH3BECTHRIME KpHBHMT. Fcxons
uzb 3ToM ToukW sphHia, He TpysHo yemorpbre (cM. § 782), 1o cyie-
CTBYeTH oo? TakuXb KpWamxb. CnblosaTenbHo, ypasdeHid, cocTasisi-
POLWig WNTEIPANLHYID CHCTeMy ypasHewif (22), momxHbl ObITh BHAA

(2'3] F(x!_1lj a2, a, b)=0) G(xs_jh =, @, b):on

it g v b npoussonkuL noctosHnww. M sb camoms abahk, ypasuenis
(22} npeucTaBiROTE HE UYTO HHOE, KAKDb ABA OOBIKHOBeMHKsH AHbDde-
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peKuianbHbA YDAEHEHIS mepearo nopaaka, KoToped Bh Honbe obuieh
gopmh MOFyTb ObiTh Hamucaun cabayiowuMs o6pazoms:

(24) flo v, 0¥ 5N =0, gyrazy =20

P’hmnm; 3TH  ypapHeHin oTHocuTenHo z W 5 8 =@ (v, y. ),

yix, v, ¥). [llpupaBuneas sTOpOR Bupameme npouaeoauoﬁ nep-
B4r0, MOJYYMMDL COOTHOWIEHIE MOMIY X, ¥, ¥, W 3", T. e. anddepen-
piankHoe ypasHeHie 2-ro nopsika MeXay Asyms nepem‘hnnum{ xr Moy
Huterpupya 3o ypasdedie, I0AYUMMD RuIpaxedie 1y uepesb x H 48%H
NPORIBOABULIA TIOCTOSAHHEA @ W H. Iloacrammas soipawenin ¥ K 3 B6
z = @(x, y, '), noiydums u Bupamenie z uepess x, @ M H. Takums
ofpasomMs m OyayThb NpOMHTerpupoBaHel ypaeueria (24) wam (22).
BawbrHMs ganbe, uto ypaedenln (24} moryrTs GwTH IlpCﬂCTﬂBneHbl Bh
silb (22), ecan pHIUMMDL NepBEA OTHOCHTENLHO gﬁ H EI" [oaobueiMb
xe o6pasomb o6cTONTH A0, KOMAA DPELNOMEeHH TP OOHKHOBEH-
HHXb AndbepeHliaibiEXD YPABHEHIA TepBaro mopAnka cb 4-ss ilepe-
mEHHBMH %, ¥, 2, £. [lpeacrapumt. cefh aTv ypaeunenia phuweHHbIMK
OTHOCHTRILHO [POWIBOAHLIX® ¥, ¥, & MO §. &'=u, V' =9, &= w,
rak #, ¥, w OyayTs W3BbeTHHA byHxuix ovh ¥, ¥, 7, I Busezews
W3TL nepearo v = ¢ (Z, x, 2, x’) W NOACTABAMT BHIPAKEHiT ¥ H I
OCTaNbHLA ABa; 3TH NOcAkAHIA NPUMYT: BHAG!

S x e 2 8 2=0, g{irz2)=

OTrciona BhiBeEMb BHIpaweria z=4M{{, &, &, &) u &' =1 (4 x, &', &)
# NPUPaBHAeMT BTOpPoe npouspoadol nepsaro. llouydennoe Tam{m; ny-
TeMT coOTHOmeHie Meway 7, x, ¥ x", ¥ Oynel's ofisikHOBeHHOE AU~
tepeHuiaipioe ypagHedie 3-ro 0OpAIKA, HIUTErDHPOBAHIEMD KOTOPAro
HalileMDb BuIpakeHie x uepede F U TPH TPOH3BMbHBIA (OCTORHHGIA.
INopcTapaas  HalineHHOe BuipakeHie x¥ W €r0  LPOHMIBOAHLIXBL BD
= (f, x, 2, "), a 3aThMb BUpaKenie ¥ W 2 8D Y= (, ¥, 3, ¥'),
NOJYUHMD H BHpaMeHiA 2 H ) Bb / H ThXb Xe TPEXD NPOHUIBOILHBIXE
MOCTOSHHKXD, Boobime, eciM gana cHcreMd # OOGRIKHOBEHHBIXD Ludde-
peHmiansHLIXh ypaBHeHid nepsaro nopizxka cv g 4+ 1 mepembHHbMu:
dx d.xl q’xg ax,

H Hy ty “,

TO MHTETpHUpOBaHie STOH CHCTEMBI, TIyTeM'b ucikiloueHis # — 1 nepembi-
HelXh TIPHRONMTCA Kb HHTETPHPOBaHil oanoro audipepeHiianbHaro
YPABHEHIN #-T0 MOPANKA Cb ABYMA nepeMbuHbIMH, H TAKHMB 006DA3OMT
CHCTEMA COBOKYNHBIKG WHTEPAIBHEIXD YpaBHeHid nogyuaertcd Bb Buih

Fix, Xy Koy ooy Xy Gy gy o @} =0 (=123, ..., m,

Kyad BXOJATD # NPOHSBOMLHBIXL NOCTOAHHEXD, Baaromaps npucyrcTsio
TUXs NOCTOAHHHMXD CHCTEMY # (IYHKUIHR OTH ONHOH HE3ABHCHMOH
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nepeMtHHON, KOTOpPHA LOTKHB NPHHUMATL 3apanke fanHkw4A
3HAYeHiN QAN AaNHAro 3HaveHid He33BHCHMOA nepeMhnuoit
MOMHO onpenbkasirs cHcTeMOI0 # COBOKYTNHBXD Auddepen-
LiaAwHBIX'® YpaBHEHiHd nepBaro nopAaKa.

798. YpaBHeHifn B YACTHHIX'L MPOH3BOJHBIXDB. [IpocThiintee
ypaBHCHIE BB YaCTHHIXL NpoH3roAHHXB {§ 781) ecte TO, KOTOpOE
CBA3BIBAETD YACTHHAl MPOM3BOAHMA # M ¢ HMeHsshcrnof @ynruix = oTb
ABYXTL He3aBHCHMHWXh repeMBHHEXDL x H 3 ¢b 3700 dyHKniew #
He3aBHCHMLIMK nepemiHHLIMH. Mu octanormMca 3ibch MMaBHEIME 06pa-
30MB HA TAKMXb YPABHEHBIXb, BB KOTOPHS $H # g BXOAATHL Juieiio,
H KOTOpGISL 1103TOMY M HA3bIRAOTCH AHHeAHBMH, Hxp obwiil Buab ects

(25) up —wg =,

rob u, v, w wapbcTHele Gynakuin otk x, v, 2. Bonpoch o paswmickauin
BChYXb Pynxkuiit 2z, YIOBIETBOPAKWHXD TAKOMY YPaBHENO, reoMeTpH-
MeCKW CBOAMTCH Kb pasbickan[lo Bebx® nosepxHocred, KOTOPHISA Bb
Kanclol Touxk (x, ¥, &) KacaloTca 0pAMOH, NMPOBEAEHHOH uepesh 3Ty
TOUKY Bb Hanpasfedin (g6, v, @)}, MOTOMY uTo ypasHcHie (25) moxHO
PA3CMATPHMBATE, KAKh YCIOBlE HNepHenuuKyaspiocTH npaMol A4HHACO
Hanpasnenis (i, #, w) b HOpManwo {p, ¢, -- 1) Kb UCKOMON novepx-
HoctH (§ 659). Pazcmatpusan soupock b sroll Touxw 3phuis, He
TPYAHO BHAKTh, UTO BCAKAA TAKAH FIOBEPXHOCTL OyaeTh oOIMMDL ME-
CTOMTB KPHBLXE HEKOTOparo cemelicTBa, NPHHAANSKAWACO Kh NBRANKIB
deskoHewwoti crcremt  kpuBLxh (23). ComoxymHOcTe BCEXbL 3THXB
NoBEPXHOCTEH AoupKHA, cbLOBATENRLHO, UOBYYHTLCH, €CH YCTAHOBHMb
HBKOTOPYI TIPOMAEB0JbHY 0 33BHCHMOCTL MEXAY TOCTOAHHbIMH ¢ H b
8L ypasHerinxb (23). YpapHeHie BeuKoli 110BEDXHOCTH, YAOBACTROPAIOLICH
ypasHenito (25) N0MKHO TOSTOMY NOXYYHTHCA fepeadb wekmOdeHie @ W
W3b ypasuenifi (23) W nNpouaBOIbHATO coOTHOWEHI @ (@, b) = 0.
JToTh NPefyrasaHneifi PesyanTaTT TOTYACh MOATBEPIMTCH BhIMHC/IEHIEMD,
[losoxume, 410 f(x, v, £) = 0 ecTh TaKoe COOTHOIICHIE, KOTOPOE
onpeabnsert z, kaxe QyHkUi OTb X M ¥, YIORIETBODRKWYIO YPAas-

nenio (25). [Tonaras e (25) p = — o/ o g = — LAV LV -,

dx/ az’ oyl dz’
BODMMB ypanHedie (28) k1 muOy
. Lof o aF  af
(26) " | u—(j}JrcaasﬁO.

NHHEHHATO W OAHOPOAHATO YpaBHeHi, KOTOpOe TOTHACT MOMHO
NPOMHTErpHPOBATH, €CAM H3BBCTHA CHCTEM3Z WHTETPAALHHIXT  YPaRHeHid
cicreme (22}, [Ihictrutentno, npefcrasumb ceGb, uro ypasuenis (23)
phlIeHE OTHOCHTEALHO MOCTOAHHBIXb!

@ gle, vy, 2)=a, plx ¥ —26.



452 VII, 4, LHOOEPEHIIANBHBIA YPABHEHIN. § 798

BamhTHMD, 4TO PYHKWLIM 0 W 9P HE3aBHCHMBI GAHA OTB OPYTOH; HHaye,
3a71asb onpelfaennoe 3nauenie 418 @ Ml He Moram Gbr BuOpath b
no npoussony, Tenepb oxasbisaeTcss, yro ypasHenie {26) yuosierso-
pseTea, KaKb Mpu [ = ¢p, TaKb M TDH /=4, notomy uro, Lnbdepes-
nupys ypasuenis (27) n sambosn dx, dy, dz NpONOPUIOHANLHEMA
HMD %, @, 0, [OAYY4EMD

(7 a ¥
aq, w0 a_;,_)

dg
(28) 1:—+U —I—? == (. oo dy-|—w £=0.

[ToHuman Temepb mosb f Kakyw yrojado dyHkUi0, YI0BIETBOPAIOIIYIO
yenosiie {26), sambuaems, 4TO COBMBCTHOCTE 3TOrO YCAOBiM Ch (28)
TpefyeTs, 4TGOB!

S ) )

dlx. v, 2 )

Crnbnosareasto (§ 579), Mexay f, ¢ ¥ 4 LOMKHO CYIECTBORALL COOOT-
Homenie, Ouo HenpembHHO copepwuHTb BT cebh 7, unave @ u 4 He
Getn 6bl HesasucHMumH. MTakt, S = @ (1, ). Yro kacaetca ®, TO
3TO CHMBONB COBEPLIEHHO 1pOW3BoAbHON ynkuin, Kaxb On Mel 1in
BHOKHpATH @, Beeraa Oylemb HUMETh

0f dodg dedy odf dadg  dmdy odf _ dodg , dody

dx dgox dpaox Oy o@dy  dwdy dz dgdz  owor

OTKy A4

>ﬁ _dw 3, ()(p_*_.d_ru v, U“—..»D,
d.x d:;pA-r O e X

u ypasHerie (26) ysomnevsopserca. Teneps Mbl M BHAHMB, 9TO LOCTa-
TOYHO NOAOHHTE (g, 4) =0, 4TOOH YAOBIECTBODHTE YpaB-
pnenino {25). O6wwbe, uHTerpHpoBaWie JUHEHHATO ypaBHENIN B #
HE3ABHCHMBIMH nepeMbHHEIMH

(29) 11§x+m,__;+...+”

dx
— == ¥,
fox,
CBOXHMTCA KD HHICTPHPOBAHID NuHeHHaro W DLHOPOMAHAro ypasHeHis
¢h 72+ 1 nesaBHCHMuIMM mepembHHLIMY

(30) P2 ALY AR AR }
* Ny dux, (R

a4 AR MHTErpUpOBaHid TNOCThIHATO HYKHO HITErpHPOBATHL CHCTEMY
OBBIKHOBEHHBLIXS COBOKYMHEIXD ypaBHenin

dx  dxy dx _dx,

7 1 1ty u,

2
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W NpPeNcTaBUTh HHTErpamuHytd CHCTeMY Bb Bulb
glx, Xy, %, ., x)=const. (f=1,2, 8 ..., #),

Camoe ofmee phwenie ypasuenin (30) 6yners f=w (p,, @g, .+, Fu), 2
ypagHenie (29) yrosreTsopurcs CaMbiMb O0wMMD OGPA3OMB, €M 110-
NOMHMY 0 (e, Pas « ooy ) = 0, A5 W €CTH CHMBOAD HPOHEZBOJAL-
Ho#t dynxuin.

799. [oaeauo zawbrurs, uTO, 3Haw 0AHO Hacvhoe phurenie f—g¢
ypiBHeHia (28), MoxHO yOpPOCTHTE HWHTeIpHpPORAHiE, CBOAA YHCIO Hesa-
BHCHMBIXD TepeMbBHHBIXb ¢b Tpexs HAZ k. Taks kax®t ¢ saknwyaeTs
gt ce6bk no wpaiinelr mbph oany n3b nepemhlHLIXb, TO BCErda MOXHO
NpeinoNoXKuThL, UTO (¢ 3aRHCHTL OTH &, uambnaa, ecan nowmanofinTes,
ofiosHauenle nepeMBHHRYEL; cakioBATENLHO, MOKHO NPHIRTE ¢ BMECTO 2
3a HesaBucHMy® nepembuuyo. 3awaovas Bb CKOOKM 4ACTHBIA MPOH3-
BOAHBIH, B3ATLIT N0 HOBOW cHcTeMb HE3aBHCUMLIX® TIePeMBHHBIXB
X, ¥ ¢, NONyYHMB

Qi:({?f)_i_(df)dfr r?_/__(ﬁ) ((}f)dq af {r)j‘}g

Jx ax deldx o \dy d i dqg

Jy ¥

H ypaeHenie (26) npuBemercH Kb u(:‘{\) + (gl) = 0. Bonpocnb npu-
O O

BOIHTCA, CAhAORATENBHO, Kb HHTEIPUPOBAHIIO 0ObIKHOBENHArO Aude-
peHLiaTbHATO ypaBHeHIA b AByms nepembmupiMH: ¥ = (X, ¥y, @),
Bb KOTODOMD ¢ TPAKTYETCH, Kah (loctoannaa, Obunhe, ecan narhcThe
7 HeIABMCHMBIXD WACTHHXB phwenid yparieunin (30), . e. ¥ dyinadi
F1r Pyy « - ., YIOBTETBOPHWWNXT ¥pansHenito (30), npu ueMt HH Oidna
¥3b HUXb He ecTh YHKUiY JPYrHXhL, TO MOXeMb MPeodpasosaTh
ypaeHedie (30) BB apyroe, nopodinoe eMy, ¢b # —¥ -4 1 uHezasucu-
MbIMH nepemhodsimy, (b 3TOMy nocabineMy MpPHXOSMMDL, NPHHABL 34
HOBRIA He3aRMCHMblA Nepembrirs QYHRLI ¢, s, ..., B3aMbHD k-
KOTOPHIXE: 2 NMPEHHUXD,

800. Urofitl uHTerpuposath, crbays Jlarpanky., Kakoe YrORHO
ypaBHEHiC 8D YACTHLIXB [POHIAOAHLIXT Mepraro TOPAIka b JABYMH
HE33BHCHMhIMU nepemBHHRNMH

@) Sy s o) =0,

uieMs  elle OAlto codTHOWeHie o {x, v, g, p, g) = 0, 4TOOH HIb
Hero ¥ JaHuaro {(31) swpasuTh p M ¢ BB QYHELEXB OTH X, 3, &, H
aaThMb HAWTH & WATErpUposaHieMb ypaBHeHin dz —;brix+qd1' b
noaHbiMu Asddepennianamy.  Bageb gacTHbiA NpoWssoaHbA NO X, V, &
ot f=0 u g=0 noaysums

f+r)fdp .af8y -0 df+df dﬁ+dqu' 0 af dfop dfdy

dpdx  dgox | dy  dpdy  dgdy erpd* dgdz

dgip dgdy —0 de‘{d dp dgdg . of Jgdp E’ﬁ‘)ﬂzo

aﬁopcax dqox ay Capay ogoy % 5% opoz  dgiz



454 V1, 4. THOOEPERWIAALHLIN YPABHEHIA, § 800

o g
HcknwouuMs orcions ap H &(f-’

U N0AyYedHBs 3aTEMD BUpamerdisd ocTaih-

HBXB YETHIPEXD NPOH3BOJULXE MOJICTABHMD Bb yp&BHEHiE

9p | 0P 07 ,99,
Jy d.s dx ' T ag

poipakaioimee (§ 741) Heo6xoAuMOE M HZOCTATOYHOC YC/AOBIE HHTErpH-
pyeMoctn ypasienin dz = pdx-bgdy. Toraa noaydnwwb ypasHenie

ofdg arog (. 0f , ofidg 3\ dg  [of  of dg
(32) 539x Ggay (Pdp-l_qdq)éé‘( ”’az)ap+< TCs) g

310 Jurefinoe OUHOPONHOE YpaBHEHiE BB YACTHHIXD TPOMBEOIHBIXb
NEPRATO MOPYAKA Ch NHTHIO HEIABMCHMLIMK liepembuubiMH (X, v, 3, p, ¢).
Ero unterpuporanie 1npupoanTca, Kaky Mh BHakan (§ 798) kb unTe-
rPHPOBAHIKD CHCTEMB YETHPEX'S OOLIKHOBEHHBIX® COBOKYNHLIXD ypABHERIH
nepsaro nopaaxd. BupoyeMs, (0 sawnomy 3ambuaniio [Uapourra (Charpit)
IOCTAYHO 3HaTh O/AMH® JAHNIbL WHTerpaas (phweHie) ypasHe-
nig (32) ¢b onHOH NMpoH3BOALHOR NocTOAHHOMH, uTODsL 3aThME,
Ch LOMOMILIO HHTErpUpoOBania ypaBHewil dz = pdx + ¢ dy, TNOAYHHTH
camoe oSmee Bupamenie pyuxuin z = F(x,», a, b), yrosnerso-
psuoniee ypasnenito (31). [lpu sTomMs @ H & DascMaTpHBAIOTCH, KaKb
HOCTOAHHbIY HIM KaKb NepemBHHLIA, 110['IHIeHHbA H3BBCTHEIMG  yCRO-
BiawD, [lonowmumb, nas Boabwwol sucHoctn ), uro ypasdenie (31) npu-

BeneHo Kb BHAY: 2= (x, ¥, 5 ¢); nycrs ((x, ¥} Kakan HnGysb

dynruia, emy ynoanemopﬂmmau TaKs 4TO TOXILeCTBEHHO Oynemtn
dG

bt G = ¢(r SIN C, 7) Ct npyro#l cTopoHm, onpeabiums @ u b

W3ab ypaBHeHhifl

oF oG  oF 0C
(33) =% = =22

dx  Ox oy dy
TIpHHUMA BO BHMMaHie, YTO NPELIOWEHHOE YpPaBHeHie INOMKHO YAOB-
JNeTBOPATHCH HE3ARUCHMO OTb @ M 6, Koraa Nonowums g =F(x, ¥, a, b),
Mbl BHEHMDL TOTYACH, HTO

- \ .
Flix,r.a, ) =0 (x. ¥ Z‘; : %‘) =@ (w v, da_i ‘Zf) Gix, ).
Cabnosarensso, F'(x, s, @, b) sakmouaers Bb ceft Rch BOIMONHEM
diyHKUiM 2, YAOBIETBOPAIOLLA JAHHOMY YPAaBHEH{, M HA 3TOMDH OCHO-
BAHi¥ Ha3LIBAETCA NOJHHMMDB WHTErpaJOMb 5TOro ypabHewin, Mexay
ThMB, B3SRbL YaCTHBIR TNPOH3BOAHLIA OTH TOwAecTBd £ = (5, u npuun-

Mas BO BHuMadie ypasxenie {33), BHHMDB, 4TO ACMKHO OHTo

O_ng dFab 0F da 0Fdb
dadx | 0box ' drzéy+dbd_y

(349 0.

*) Cyurast MoKa @ U & NOCTONHHBIMH.
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DU COOTHOLIEHIN, YAORIETBOPAIOUUACH TOMAECTBEHHO MpH @ M f TOCTO-
SAHHBIX'B, OCTAIOTCA CNPaBel HBLIMM H BB TOMB ciydab, korua @ u b 6y-
AYTH HaIIexaldMT. 0GPa3oMb BHIOPAHHEA (YHKDIM OTH X u y. OTH
dyukuin Synyrs MO0 HCIZBUCUMBL, AHGO BT (POM3BOALHON SABHCHMOCTH

ola, b
01Ha OTDL Apyro#. Bb nepromt cnyuab onpenknurens d—((—a-—) He paBsedb
aF 0 F
HYMI0, 4 DOTOMY LOMKHO DBITh a =0, WIO’ OTKyZa UIf @ v H moayva-

ored A8 pasanunbn QYHKIiH, N0OACTAHOEKA KOTOPHX® Bb 2= F(x, ¥, 4, b)
14eTHh T4Kb Hasbisaemblt ocofeHHBA MHTerpaas. Bo sropoMm® ciay-
gak, xorna bh=w(a), it @ ]'lp{)HBBOJIbHaﬂ dynknia, ypaenenin (34)

IdF
NPUBOAATCH Kb OLHOMY —— + @ (a) 3 b =0, U 19 @ K b NONyIHMB

BLIpa(€HIA, Bb COCTARL KOTOPBIX'b BXOAHTh CHMBOAB MPOM3BONLHOH
dyuknin. Houcrasmn uxy Bb z=F {x, v, ¢, b) Nonyunms Taks HA3H-
saeMblil oG UIiH WHTErPANL NAHHATO yDPaBHeHis 1)

1) Unratenio, MenaoeMy O3HAKOMHTBCA NOLPoGHEE b 3TOK BAKHOK

Teopied M WaliTh Mo Hell yUPAWHEHIA, Mbl PEKOMERIYEMD COELIANbHLIA COUM-
uenia Forsyth'a u Goursat.






NMPUBRB/EHIE






MPUBRBANERIE

dyHkUia BeiepwiTpacca.

801. ®ynxnia, Ha KOTOPYK Mbl yKasain &b koHUk § 282, nmbers
crbaywiiee Bhipaxenie:

Jixy=cosmx > beoswax— tPeosmaty 4 Beosaat - -

Y HBKOTOPHXT, HAANGKAUHMD O0GPasoMb EbIODaHHHXB, @ H &
HMapkeTHo, uto npu | b} < 1 310TH pays paBHoMbpHO cxomsulites (§ 319)
H, cAboOBATENLIO, €70 CyMMa — HenpepniBHas QyHkiis oTb ¥ (§ 322).
Mbl noxkakemb Tenepb, uTO, WeCMOTPS Ha HEMpPEPBIBHOCTb, f{(x) HM
NpU KakoMb sHaueHin x He HMmbeTwn npouasonuo#, Cnepra, dux-
CHpyH 3Hauenle a7, COCTaBHMBL 110cAblOBATENLHOCTE TakuXb WHAWXB
{NOAOKHTENEHEIXD  WIH  OTPHIATEALHBIXE) 4YHCENDL (g, g, (g, ...,
uTo6n Bck pa3dHOCTH

X~y X — &y, @X —dy, GPX— g, ...

Gew Gombwie — 4 M He Goobwie §; A% 3TOTO  AACTATOYHO  B3ATh
— @ = [} —a"x]. [Nonowums Teneps

TaK® 4TO

§< P (x—xn) < 3, L a(x
Ecan @ =3, 1o Gynemn uMkTb
X —

¥ NOITOMY



460 [PHEABEAIE. § 801

Touno Taxke

’ r 4 R .
Xy & > Xy >x3> -, ling, =
R

Teneps pascMOTPHME /B4 OTHOLLEHIH HpHPALUeHifl

NS S A G S G ey

xr— x, &, — X

[Teproe GyneTt 1bBocTOpOHAEE, BTOpOE npasocToponHee. JIBRocTopoHiee
OTHOIUeHie npHpallenii

) — Jla) _ 2.:# preosf{ma’s) - cosfma’a,)
T X, - -«

pasnaraerca Had <AdracMmbif

o Z( g Costnay cos{ma’y)— cm(wa x,) n {E’g,?ﬂrv %(jan{-vx)g cos(w a® T EN
" (x —ay) AD" x Ky,
OrHocHTENRHO TiepBOl cymMbl 3aMbTHML, 4TO

cos (w4 x) — cos (n @) _

sin { v X
o ¥ 1 xﬂ) 2
2 ot E %

— crsin (ﬂa
T
2

a" (x — )

sinx

Takt Kak® aGCoONIOTHLIY BeAHYMHN Silxy H He Goakwe 1, ToO

aA6COMIOTHAS BeMHYHHA 1OCTBARATO BhpaKeHia He Hodpitie . OTcwoia
cahayernh, eclHH PeIlONOWHMD h >0, 4To uepsas ML CYMMB Eb (1}
£0 a6comoTHoR Beanunnt Gyaerd mennlie, ¥whMD

n—1

N’ i (“ b)n -1 T "

'r_/o;,(ab) —5 <.ab_](ab)
CnknoBarenbHO, ee MOXHO NPeACTABUTL Bh BMII'L 1 {a by, Tk H
cofepwuTea mexay — 1 v 1. Yto wacaercs BTopoH CyMMbl BB hop-

mynk (1), 1o zambrumnh, uTto

cos ("7 x) - cos (a5,

— —cosGra" Ty {1 —cos (ma® 7 (o — X))} —sin(a a"J‘*'x“] sitl (:ca”"‘"(x—xn)] .

[Mpeanosaran Teneph, 4TO 4 HeueTHoe IrbAoe YWCAD, Mbi BAANMD,
uTO Lyra

fo v o on

-1 . . 1 _
aa" M, =ma atx, = wa (i, —1)

€CTh KpaTtdoe OoTh & W MOpH TOMD YeTHO® WA HedyeTHoe, CMOTRd Do
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ToMy, 6yAeTh AM (t, HedeTHOe HWAM uverHoe unucao. Orcona cab-
Lyern, 4TO
cos (7 a" T a) = — (— D%, sinf{ma®x) =0,

cos (ea™ | %) — cos (e )= (—1)" {1 — cos {ma™ (¥ —x,)) b

[TosToMy pascMaTpuBaeMasi CyMMa TIPHBOAMTCA Kb

el

1 — cos (o™t (g — 2}
(2) (—1)% (ah) Zb" (Tﬂ_i f(x———tn )

Bet uieHp 0O04b 3MAKOML CYMMbl TOJOMHTEALHLI HIH  PABHBL HYRO.
[lepeuiit unews paseHs
1 —cos{nag” (x- x,))

a{x— %,

Jyra ma*(x —x)>4x, w =3mx. Es KocHHycs, cahjnosartensso,
MEHBLUIE HY/JH WAN PABEHBL Hynw, NO3TOMY Pa3cMATDHBAEMHF UAEHT, BE
KOTOPOMB YHCAHTEN: He MeHblle 1, a snaMenateqn pe Gosmbme 3,
Gyneth He MeHslne 4. A Bca cyMmma b dopmyat (2) mosromy na
ebpro fGoabme 2. O7vciona aakNyaeMs, 4YTO BepaKeHie (2} MOmHO
npescTaBnTe Bb suak ( 1)% . 2 L(af)”, rab £>>1. Hraks, Bysemp
HMBTh

Sy =7 )

A — .“{‘n

w2
=( ])15” (e b) {; + — _T\J .

Brpaxenie Bb ckoOxaxt Breria Gomsiie, ybMb

abﬁ(lﬁ—-g-ft)

2 bz
3 7=

2
Tab—17 3
¥ Gyilerb TO3TOMY NOAOMMTEALNWMT NpH all =1 - s, Cw apyrofi
CTOPOHBL, HashcTHO, 9TO (@ #)* ch mozpacTaniems s upeB3OHAETHL RCA-
Koe xaHHoe uwncao, Mrawe, sbBocroponHeee OTHOWenie npupamenift
BO3pacTacTe GeanpenhinHO, korsa HezaBHcuMas nepembHHas cTpemurcs
Kt npenbay x npoxoma nocmbaoBarejpHOCTL 3uaueHilt xg, &y, X, .. ..
CogepuieHHo NoaeBHOE e BRIUMC/ICHIE NaeTh

1) A L2E . oy
L o P )

Xy X

rat &> 1, a §° neantn mewny —1 m 4 1. [losromy npasocropou-
Hee OTHOWeEHie Tome GeanpexbilL.HO PACTeTd MO AGCOMOTHOH BRAHuHNE,
HO NpU BCAKOMD 3HAueHin 22 uMheMT 3HAKD, NMPOTHROMOJOMHLIA 3HAKY
ABEOCTOPONIIALG OTHOILEHIM, KOTDA He3aBHCHMan nepembHHAf CTPEMMTCA
Kt TOoMy me mupeabrty &, upoxods wocnhiopaTenhHOCTh 3HAueHiH
PO N AN



462 PUBABAEHIE. §§ 801—803

Kpomt roro Buneps (Wiener) 1) nokasanb, 4To MOKHO COCTaBHTH
H IpYyrif nocabooBaTe/BHOCTH, MM KOTOPHXb OTNOUWIEHIA nmpypaweHif
OYAYTH CIPEMHUTLCH KB MPOM3BOABHO 3aNdHHKWML npesbaavs, Bureps
BOCTIOAL30BAACH Takwe ¢ynxniei BefepmTpacca, u4TtoSnt TOKazaTh
(cm. § 692, b), yro NMOBEPXHOCTh, He OyIyud AMHeHUaTOH, MOMETH
6blth pasdsepralBalomew ey, PadymbeTcs, mMartepianbHO Takyo NOBepx-
HOCTH HENL3A OCY{MecTBHTh, MTOTOMy 4TO Y Hew HbBT®H KacaTeannoit
IJ0CKOCTH HH BL OAHOH Toukt ?).

HEroTopbis cebabuia 00b McuicIeHi¥ KOHEYHBIX'D
pasnocTei,

802. Korma nana whkoropas mnocakrosaTelbHOCTE HHCENb

,, g, Hy, ..., TO KOHEIHOW PA3HOCTLI WIAH MPOCTO PAIHOCTHK

KaKkoro HHOYOb WIeHd HA3WBAWTE TO YHCIO, KOTOPOE HARO <b HHMB

CACHHUTL, 4TOGE MOoAyuuTh Crbiywowid uneds. CocTasaenie paszHoOCTed

u/ieHOBE HEkOTOpOH mocnbnoBaTENEHOCTH ecTe onepalis, ofiosHauaeMas

cuMBonoms A

A My == “’F-l—l — up.

[TpocTotlt nepexofd orTh ONHOMD uieHA KT crhiywutemy (3ambna ogHOra

APYTAMB) MOMETH OblTh TalOKE paacMaTpusaeMma, kakk WhxoTopas orne-
panin ¥ rtakoro popa, uto

Foy —

"IJ = uﬁ‘f“ .

[TpaBan uyacTb €cTb He 4TO WROe, WaKb 2y, + A1, W NOTOMY MOMKHO
cKa3aTb, uyTo onepauin A u V HaxouuTch Mexiy €o800 Eb CHMEO.IH-
veckoit 3apucamoctd ¥V ==1-+4. Ecan e b supawenin Au, samb-
HHMB 2,4 Yepess Vi, 10 noayaums A =V — 1,

803. Mu noxawems Teneps, yro znakn onepauin 4 u ¥V non-
UHHAOTCA  aArefpadyecKoMy BbMHCIEHIW, MO MPABHAAMD, H3MOWEHHLIMD
b § 350. Cnepsa 3ambTuMb, 4YTO KaK®L f -- KpaTHOe NpuMEHexie
onepauin A nauwes #,, TAKD H g — KpatHoe es npumbHedie Kb iy,
DAOTE iy, TaKb YTO MMbBEMD

1

P = =
y Hy = My g

M) .Crelle’s Journal®, 1881. Crp. 221.
2y ,Lehrbuch der darstellenden Geometrie*. Toms U, Crp. 33.



§% B03—804 HCUHCAEHIE KOHEYHBIX'D PA3HOCTEH, 463

vy, nonactaeaas V', sMbcro i, ,
N =Vp+q_

Hanbe, sambTumn, uTo omepauin A u ¥ MOIyTh OLITL MEpECTARANEMEI,

noromy uto V Au, nsofpamacTs unens, crbaylomid 3a Au, b nocaks-
nopateawtoctn Auy, Aw,, Auy, ..., 1. e, duyy,, swkcro koroparo,

ouesunHo, MOkHO nucate AV u,. Hraxs, VA =4V. Orcona cnb-

AyeTs, 4ro paat onepamii A u F, MOKHO MPOH3BONHTL Eb KAKOMb
yroauo mopaaks. llanke, Tawp KdKb PA3HOCTL CYMMBI, OYERHIHO, PABHA
cyumt pasHocTeR CaaraeMeiX’s YIEHOBED, TO

j“'ﬁd(Vﬁ I)ZAV—A:FA—J
—PE ) — — D= — 1,

O6unbe, NOMYCTHUBT, YTO
=¥ —1"
AOYUHMD
AT =g = —Wa=¢ -1y,

TaK'h 4TO BhlNEYEKA3auuas (GopMy/a cnpaselinsa LPH BCAkoMb p. OTciona
BBITEKAETD, 4TO I8 BoIpameHisn H-0B PASHOCTH [EpBaro wieHa nocab-

LOBATENLHOCTH 1y, #,, Hy, ..., HMBCMDB
: 2 plp— 1)
o)) .d-”noﬁup — + [ g #pa— iy

Hust nwoboro apyroro wieHa HMbemn

Ay = Py =P Ay =V — 1y,

i plr—1),
L Tttt g e —

Ecax, naoBopors, mendeMb BO3CTAHOBHTH CaMylo 1tocabnosaTenbHOCTh,
3Had nocabilOBATEBHEIH DAZHOCTH MepBaro 4YIeHa, TO HARo UPHMBHHTB

dopuyny V¥ = (1 4+ 4)*, kotopas naers

(2) upu-zfo+~4uo+p(ﬁ )/f’u+ + Ay,

804. Pasuoct oTb 0%, Tak® HA3wBaIOTDL MJA KPATKOCTH Toctb-
JOBATEIEHLIA pPasHOCTH TepBaro 4ieHa HOCJ’I"B)IOH&TCJ’IBHOCTH HHLETD

0f, 1% 2¢ 3%, .... Ha ocnopanin dopmyan (1) umbems

@) po=p Ly 2D gy



464 NPHEABNEHIE, § 804

Cocrasnag, HanpuMmbpb, pasHOcTH KyOOEB, [OYHAEMD CABIyIOUIYIO
TAGMHLY HHCETb:

0 1 & 27 64 125 216 343 512 728 1000 ...
1 7 19 37 61 91 127 169 217 271 ...
6 12 18 24 30 36 42 48 54 ...
6 6 6 6 6 6 6 6 ...

Kaxb BMAHMB, YeTBEPTHA PAIHOCTH BCEXDL UI€HOBDL NOCTBAOBATEARHOCTH
paBHu Hyaw. Mbl Bckoph yBHAMMB, UTO 3TO JHlbL HACTHBIH caydad
onHOR oO6wiefl TeopeMsl, KOTOpan A4€Tb BO3MOMHOCTL OOpATHO BOACTA-
HOBUTE MEPBOHANATLHYI0 NOCTEA0BATENLHOCTE MYTEMB MPOCTOrO €10-
WeHig ). Drto moneano Ha npaktuxbh npu cocTasnenin Tabamub KeBan-
paToRL W Ky6ost, Boaspatumea KL ¢opmyak (3) H BuBEAEMD HIB
Hes NpOCTOR cnocofb GLICTPO BHUMCASTE pasHOCTH oTh 04, 3ambuneb
p Ha p -1 u cknannsas noayuaeMyw dopmysy cb (3), Hahmemnb

A0 AP = P — 'i'l(pf—l)q-)—%ﬂ(p-—ﬁgf---:L-l.
Mexay TEMb mpasas uacTe, yMHO}KEHHEH Ha p, AaeTh

Pq+1 P (P l)g-i-l p(ﬁ (P z)q+l ek p= AP Oﬁ“i‘l'

CntrosatentHo, uMbeMs

4) A0 p (0 + AP0

Mpumkusis 3Ty OpMyay, BechMa Jerko cocIasuTh crbayouyo tabauy :
A A2 A8 At Al A8 A A8

o'l 1

0¥ 1 2

03 1 6 6

0f| 1 14 36 24

0* 1 30 150 240 120

08 1 62 540 1560 1800 720

07l 1 126 1806 8400 16800 15120 5040

0¢| 1 254 5796 40824 126000 191520 141120 40320

*) CM. dopMmyay (5) § 806, rob A —0 mpu v =p, p+ 1, p+2,
ecad v — Ubaan @yHxuia cTeneHd < p.



§§ 804806 HCYHCIEHIE KOHEYHBIXT PA3HOCTEMN, 465

SneMents  pTOpPOro cromfua noaywaoteds  cabayrowHMbs o6pasoMb!
HaudHag ¢b 2, NPHGABUBL 3TO YMCAO Kb | ¥ YIBOWED CYMMY, noay-
vaemb 6; npubasuel 6 KB 1 M yIROMBBL cyMMy, moayuumb 14;
(144 1)2=230 v 1. 1. [aa cocrasnenis 3-ro croabua noctynaeMb
AHAAOCHYHO, 4 HMeHHO: NpubaBngeMb NEPBOE YHCIO cTOASUA KB CTO-
AULEMY OT®H HEro ¢ibBa 4HCAY OPENBAYINATO CTOAGLA H CyMMY yTpauea-
eMd U T, A, Taks, Haupuubpe, HaunHas cb 6, noaydaems (6--6). 3=36;
danke (36 14).3 =150 u 1. 0.*) Tabauny, COCTARAEHHYK TAKAMB
0Gpazoms, nonesHo WMhETH mepenb co0OK), KOTAA HANO BHUKCAATE paa-
HOCTH OTB (¢, uTo RCTPHYAGTCA BO MHOIMXE HHTEPECIWXT BOTIPOCAXh
Ananusa.

805, Tlonesno takwe sambrure nbkoTopum cBOHCTBA, KOTOpRI
nerko BemoaaTca Wb (4). Tlpewxne scero, 4707 = 0, korza g
JblicTeuTensHo, nOMycHAd, YTO STO cmpasendueo mu rkKoTOparo 3Ha-
ueHis ¢ (2 310 ouesmaHo mpH g=1), #3b dopmyan (4) Torwach
YBHIUMD, HTO 3TO OyneTh c¢npaseaiiiBo H mpu aambrb g na g--1.
HMsb Tolt e copMyast BbiTeKaerh, eciH MOJOMHME ¢ = p-- 1, uro
A7 Qr = p! Hakounewn, sambrums, uro 4707 scerna abantes Ha p!
Bt camomb nakab, wamuueMs dopmyay (4) crbayionuMn ofpazomb:

AP0T = ﬂ_jp_] 0!.7—1 + PAP 0;!—1

1 npumtHumb 31y dopMyay HECKONLKO pash KO BTOPOMY 'IEHY ilpasoil
vactH. Torna moay ums

R O e\ s BT bl | 4 p? 1L g1 gr— 1

Cntnopatenso, 1707 pbawtes Ha p; a Takd KaKD BO BTOPOH uyacTH
BXOMHTD TOAbKO {f - 1)-EIs1 Pa3HOCTH, TO MOWKHO CKA3aTh, uTO A*0¢ mhauTea
wa p(p-—1) Otewona enkayeis, YTO KAOKALIE UTeHb BTOpOﬁ. 4acTH pkanrea
Ha p(p—1)(p—2), a notomy n Ar0¢ nhmtes wa p(p—1)(p—2)
H T. 4. Takumbs NMYyTeM® Cb NMOMOWLID UhMu nocnbiOBATENBHLIXE 3aKAO-
‘eIl 9c110 yBHARMB, 4To A* Q¢ nbautca wa P!, KakoBo Gul HH GBIIO 7.

806. PasnocTn QyHEUIH. TTonowmuMt Teneph, 4TO COCTABIEHA
nocabnosatensHocTe snavenidn f(x), f(x-+4), flx-+24), ... wbko-
topoit dyuwuin y. Pasnocte p-ro nopsmnxa (p-as pasHocTs) nepsaro
uucaa, no Hopmyak (1), Gyaers

I Y e 2 ﬁ . P(bl) . ) L0 /S T o
Aty [k ph) = TS @A (= R+ g fe b (= ) — L f).
Ecan pasnowmuMmb Kawiuil 4iens npasofl dactH no dopmynt Taftnopa,
TO Halnems, 4T0 Ko3dduuienTs MmpH ~¢ Gyners
jv)
S
»l

) ,
y y P » P(]ifl) yo_ _
Lolr-Lo-v+B5 e g = )

¥} [lepBoe 4MCAD KAXKIAr0 CTONMOHA PABHO TNIEPBOMY WYHCHY NpeBIyINAroQ,
YMHOMEHHOMY Ha p, raibh # nomeps croabua.



§ 807 MCYHCAEHIE KOHEMHBIXD PASHOCTEH. 467

uanpumbps, UMbte 4107, 10 HyxHo 3aMErTuTh, uTO pazaokeHis 7 HA JeTnpe
whabld coaraMbld SyAyTh

1+41414+4, 14H1-42+3, 1424242,

{lepBoe W TpeTehe cuMTaercst MO YeThipe paaa, a Rropoe 12 pasw. Cabroeatensyo,

4 12 4
A7 =TI 2 ) — B4
A0 ‘7‘(4: o +2!2121) 8400-
b) Uaa diyuxuin o =—§: nonyyaems
. 1 o I
SRRy Sl T
P ok h _ 272 L
ST RN TR PO Ay o, Ry (YR A oy )
1 Boobuie
Py (WA
sle+m)y(x4-28) - (x| ph)
Iloaowuss /2 = —1 u 3ambBAHEDL & HA »i g gopMyat (5), nonyunms
1 1

UTTT aa i p @O e SO er ),

Pazparasa gawielt MHOWHTedh 0bBOH YacTH BB pALb (FeOMETPHYRCKYHD NPOi-
peccilo) ¥ npeacTasaas cefh yMHONERiE BHNOJHEHRLIMB, JeTKO HAIEMB, HTO
AL Qr Y ) )
—P' — pasHa cymmb scbxt npodaseneHid H3d ¢ ubALXL NoAOXKH-

TEAbHBXB YHCCAB, PABHBIXD: HAW HEPABHE XD, HE NIPEBOCIOAAWHNXD P
Taunms 00pa3oMT CT2RHOBHTCH OWYEBHAHBIMB JoXalaEHOe AL KoHUhk § 805
CBOHCTRO.

¢) Obwacrennoe sr § 802 ofo3nayenie NOABONACTE BOCNDAL3OBATHCR

CHMBONMHECKHMb BbiyucaeRieMd (§ 350), Takd 9rto passUUHNE Pe3yALTaTsl Mody-
4aHTCH BecbMa ferko. 3aMbTuMe, uTO

=&k Fuy x4 =142V 1224 O,
# npeodpazyeMsb BhipaXeHie Bb cKOOKAX® Bb

1 1 1 . xA X2 P

lfo:(l—x)—xl{*I T AR I

Torza ToTyach moayuutcs




468 TIPHEABAEHIE. §§ 807—808

Ecan, danpumbpd, Rads PARb
JaR) =19 |- 27a2 3 3% 8 4 ATt —
TO Jerk0 HaliTH erp CyMMy

x40

2 gl v 50
f(x)z(l—‘lr)z"'ijb_ P 20

A—wp " T gt

Mul oWaZEMB, 4T0 f (&) ecrb dacTHoe oTb ABIEHIT NOAMHOMA CTCHCHM g Ha
ol
(lﬁ.rﬂ‘*”_

d) IMogofreMs %e 06pastMb, KOTLA JaHb PALB
L VWx At F a4
SO =gty T
NORYYHMB

x2

2!

X

-
fix) = P e:n_g_u..l — . A0Y 2T + %'_4?07)

M1aKb, cyMMa 1aNMaro paja ecth NpOHsBeacHic & WA TOTUHOMB CTENEHH § Cb
ubap vy kosdduuientamy. Orciona enbavers, 4To cyMma psia

U
3 o

1'1
ntataTs
p2e 'a wbnoMy KpartaHomy oTh ¢. Hanpuwbps, HMbeMs

1 4 9 , 1,8 7 B
T Tat ke phg oo

808. HMcuncnenie woneydwxb pazHocTelf HMbeTs MBOrO nones-
HLIXB (pHROXedilt B AnreSph, 0 d4eMb uuTATEAR MOMETh Y3HATH BEH
ApPYTHXB cogudeHlax®s 1) ®). 3abce Mol orpaHHuuMcs ykasaniemb Ba To,
KAKHMMDL OOpA30MB OHO MO¥EThL CAYWHUTh Aaa phloenid 3anaud wHTep-
noauposanis (§ 343), 1. e. aas cocrasiaewnin ubnod dyHruin y,
npHHuMamnet sapanbe sagadHBIA  IHAYEHIA Vo, ¥y, Ve, .-
OpK XEHHBMX® 3HAYEHIAXB x,, &, X, ... HEIABHCHMOR TEpe-
mtuno#i. [Ipencrasums cefb ente TpeTeio nepembadylo f, KoTOpag
cooTsbreTBeHHO napamb (X, ¥,), (X, ¥,), (¥, ¥y) ... nepeMbHHEXH
X H y npunnmaers sHauemia O, 1, 2, ... IlepembuEnia x d y, pas-
CMaTpHBaeMbisl, KAkt QYHKIiW OTB #, AoRmHB, cabioBatenwno, npy { =4
APHHHMATL SHAUCHIR X, M ¥,, M TAKb Kake Boobwe wu,= (1 -+ A)¥u,,
TO MB{ MOMEMD HAMHCATL

(6) x = (1 + j)[r{n y = ':1 +-’—1}£}'1)-

1) Bertrand. ,Algébre. 2-ad uvacrs, crp. 239, 249 1 ap.

*) Jl1A 03HAXOMAEHiA Ch TEOPiel) KOHEWHMXB pasHOCTed H pasHoobpas.
HBIMH €A TPHIOHEHIAMY PEKOMEHIYEMD JHTATENK COUMHEHie AkageMura A. Map-
KoRa  JcuHcaenie koHedHMN® pasHocTed®. 2-oe uaganie ,Mathesis®, 1910.



$% 808—809 CBORCTBA BEPHY/JIEBHXb "THCEND. 469

HckawueHie / M3b 3ITHXL YpaBHEHIl Bb KOXKLOMB IAHHOMB Cayuak o
HACTBE HCKOMOE coOTHOMeHie memay x u v. Ilomomemb, Hanpumbpd,
YTO Xy, 34 &y, - .., A BIWTH Uepeab DaBHEHE MPOMEKYTKH A BB
unreprant (&, 1), BB atoms cayuat Ax, =4, A2x;=0, A%, =0...
H, crhloBaTENbHO,

i — I
r=ay+ ¢ Ax,+ {1 g )_l~ w e =ay i Eh,

4TO, ENpOYeMb, MOXHO Obuio npensuakre. 3ravenie 7, noayuyaemoe
OTCHN4, MOJCTABHMT BO ETOpoe ypasHeuie (B). Ono ofpaTuTea Toraa
8x HewtoHORBY opmyny ?)

S, g X Ay mpw —ay Ny
F=xo+ h 1 ! I ( ! 1)

CeoiictBa BepHynaieBbIX'b 4HCEND.

809. BepuynnieBm 4ncaa (§ 351) ouenb npocro BeIPAKAKTCA
8b pasHoCTAX®E oTh 0¢. ilbHcTsnTeabHO, pascMOTPHMB NOCAbBLOBATEE-
HOCTL YHCENTh, MepBblfi uleHt koTOpol #,= 0, a ocTadbHble onpedk-
aaeres hopMyaolo

= 0"+ 17427+ - (=D

TMocrkaosaTentHoCTs nepswXb pasHocTeil w Syzers 09, 1¢, 29, ...
Catposarensno, A?p, == AP=1 (7. OTCI014 BHTEKIETD, €CIH NPHAOKHME
dopmyay (2) § 803 r BovMeMb H > g, uTD

P('ﬁ 1) P(P ) A2 2)
i A0+ RIS rER RS

20t (g

Ecin pasnoxuv®: npapylo uyacTs (0 CTeneHsMb p, TO KO3ddutienTs
npu p OyneTn
— AV L0 — L P

Be absod wactH npy ¢ > 1 kKosdduilients mpH p 6yIETh TOTH e,
yto b 174294 ... L g 1. e (§ 358,a) B, flpn g =1, oHw
pasews B,— 1 =—0,. [lpu BeakoMB Ipyroms nevethoms g, 5,= 0,
NO3TOMY MOMHO CKa3aTs, YTO KO3ddHIieHTs NpH f Bb #, BCerda pa-
Bens (— 1Y B,. HMrake, nubems

(1 (=) B, =407 — 3 207+ 4 PO

)y MarepecHoe npuaoxkenic 3to#t popMyan Kb oTAbBAeHi0 KOpHe#
naeTs reopema Chagquet v Matrot (Mathesis, 1891, c1p 218).



470 [IPHBABJEHIE. §§ 809810

J1a dopMya MOCAYMHUTDL HAMD L9 NOKA3ATENLCTBA OXHOM HHTEPECHOH
TeOpeMEL,

810. Teopema llUraygra u Kndyaenma (Staudt und Clausen).
Beakoe Bepuyanieso uncno B., pasHo ubiomy uucny Gess
CYMMBl OGDATHHXD BelHYWHDL THXb NMPOCTHXL YHCENB, KOTO-
pud ,IL'l'SJ'IaIOTCH Il'l'SJlHTe.TTHMH 2?1, KOTjJda HXD YyMEHLIUHMMTD HA
eanuuuy 1),

a) Hokawemb cnepsa cabpyromtywo memmy: BceAkoe cocTasHoe
yucno p, 6onnuee 4, ecte abaurens uncaa (p—1)! hcren-
T€/IbHO, YHC/IO fi, ECTH OHO He NPOCTOe H HE KBRAAPaTh fPOCTOrO, MOMETD
GbITh DA3JIOMEHO HA NBA MHOMHTENA, He DABHLIXL Mewiy co00K H He
paBHLIX® 1. DTH Yyucia BXOLATE BB COCTAED npoussesenis 2.3...(p—1),
crknosatensao (p-—1)! abauress na p. Ecad p keanpaTs mpocToro
yHcna pe, TO npouzeelledie 2.3-..(p— 1) codepmuTs BE: cefih MHOMH-
Tenefi v 2 ¢ m noroMy mbautea Ha 2 ut, a cabuoeateanno, H Ha p,
ecnd 2u<lp, 1. e pu>2, CubrosaTennHo, MeWAY vHCHaMe p, He
NpOCTHMH, TOMRKG 2% cocTasadeTs HCKMovenie,

b) [locmoTpumb Tenepr koraa Ar -'0f nkaurca na p. Ilo noka-
3anno#l nemmb oHO nbAMTCA HA p NPH BCAKOMB COCTABHOML P, KOTOpOE
Gonbwe 4, motomy uTo Takoe uuciao p mbauTh (p—1)!, woropoe
camo ecTh AbauTens AP~ 07 (§ 805). Ho u npu p==4 Byners 10 xe
camoe, €CIM ¢ YHCIO  4weTHoe; AhHcTBMTENLHO, BB 3TOMB Ciylab
MPAMO BHIHO, 4YTO YHCIO

4{,_13 0% = 4 (36’*'1 + 1) _ 3. T;uz

ecTb yucno whaoe, noroMy uro 377!+ 1 nhamrca ua 4. OcraeTcs pas-
cMoTphTe cayualh p mpocroro.

¢) Paspbnume ¢ wa p—1, u nyers g=4~(p—1)+r. Taxov
Kakk #<p—1, T0o A?710°=0. [losromy. ecin Bb nsshcTHOH dop-
mynk (§ 804)

BM'hCTO [] HOCTABUMBb ¥, TO ﬂoﬂy‘-[HM'b
0=y Loy ML Dy gy,

fIpH YcAoBiH, uro # He pasHo (), Eb KakoMmb cayvab Bb 0pasof 4acTH
Hazo ewe npubasute -+ 1, I[losromy, Af~10¢ Bbipamaercd Taxwe
dopmynom:

1) TMpurosnamoe 3nkeh T0Ka3aTe bCTsD, IpuHALIekiTh Radicke (Paauxe).
Cum, ,Nouvelle Correspondance Mathématique®, 1880, ¢tp. 503.



§§ 810—8t1 CROMCTBA EEPHY/MIEBHIXD YHCEID, 471

S

$ PP g0 gy 4,

=N —(p—

=

no Teopemb Pepmara '), npoctoe uueao p, He nhammnee a, akauTw
a’~!—1. Huelmu ciosamu, a7~! €CTh KPATHOE OTb p, YBENHYEHHOE
Ha I, B TO e caMo€, OYEBHIHO, MOXKHO CKazaTe M ofb g*{r—1),
Orciona cakiyers, YT0 PABHOCTE

rak, Boofwe, o0 =0, a upn »=0 umbems p=(— 1), Mexay TiMs,

al —a'—a" [P

abmred va p. Mrakes, A27107= g (mod p).

d} Hsv mpenwnymaro wuscrbioranin BHTeKaeTs cabayowee:
A7-107 we nhtauTcs HA H TOALKO NPH H NPOCTOML H g Akas-
uteMcs Ha p— 1. Bb nocrbanems cayuak ocraroks orek nhaenis AP—10¢
Ha p paeens (— 1), T. e. pasenb — 1 (wim upu p=2 cpaBHUMD Cb
— 1 (mod p}). Tlostomy, echu Bb dopmynds (1) nosomums g =21
¥ ofoanaummt yepest «, 3, ¥, ... Bch NpOCTHA uucaa, ofiasalomiis
ThMb croferBome, yto 2x phantes wa n—1, §—1, y—1, 10
NOJYYHM'B

1
By, = ukaoc uucny — (rl + 1} + 2 e

YTO M BbIPAXALTDL TeopeMy. 2Ta Teopema of/erygeTs cOCTasaenie Tad.
aMub  Bepuyniiepsxt uucens. Toubko ©b ew nomoubwy Anamcs %)
MOr'h IOBECTH BBIYHC/IEHI® ITHXD YHCeab, Hauatoe Omoms (Ohm), 10 5, .
Kpomb Toro, owa 10 H3BRECTHOH CTENEHH pACKPHIBAETD CBA3b MEWIY
Teopiefi DLepuyatiesnxb uHcens M HEKOTOPHMH TPYIHBIMM BONPOCAMH
Teopin uucedns. Taxb, Hanpumbps, Kymmeps ?) 10K2324L 3HAMEHHTYIO
teopeMy $epmara o HesoaMomHocTH pbumTh BB 1hAWXB  YnCaaxs
ypaBHeHie x*- y* = 2" npu x> 2, aam BoBX'B NPOCTHYBL UHCENB, KOTO-
puis He nbaaTh wncautenel Bepuyaniewxb uncens 5, 5, ..., B.—s.

811. Bb § 361 Owno noxazano, uyro Bepuyaniesw uucaa cb
YETHBHIMB NOKasaTeJeMb HMBIOTH NO OuepesHO 3HAKA - W —; Teneps

1

MEl ToKaweMb, rbaya Jumukuy (Lipschitz) 4), uto, naumuan cv whko-

1y Baltzer, .Elemente der Malhematik® (2-as wacts, § 13) win UeGul-
meRD, ,leopid cpaspenin*, crp. 31—32.

2y ,Crolle’s Journal® {1878, crp. 269). 106wl cocraEnTh ce6b noustie o
MEXAHHYECKHXH 3aTpPYNHEHIHXDh STOro BLHUNCICHIS, 1OCTATOYHO YKa3aTk HA TO, UTO,
naunHan ¢ Byyy, 8L ucanTent 6yreth Gonke 80 undpb.

2y ,Crelle’s Journal (1850, crp. 130).
%y ,Bulletin des sciences mathématiques et astronomiques (1886, crp. 142).



472 TIPUBABJEHIE. § 811

Toparo mMbcTa, TO We camoe cCNpaBeN/HBO OTHOCKHTENEHO LBABXT 4Ya-
cTel atuxt uucens '). IBHCTBHTENRHO, MBI HMbeMD

Bu=2—(+Y Bgo—= — 27298230 — (§ +- 4 + 4 + )

By =1—G+4) | By~ —6— (44
By =1-(+4+h By = 56— (b + 4+ 4+ 4)
BG=1—(-'3+.1;—:§) Bgr,= *528"'('%+‘-}+§+'1'1)
By=1-(+35+d | Ba = 6193 — (4 + 4 + o)
Big=1—(4 +§+rn) | By= 86579 (4 4+ bt
By=1—W+i+1+1+0) \ By= 1425518 — (4 + §)

I

Takt Kakt B, >0 npu p newertnowmnb, To 1hMs Goabe ubras ero
yacte GyneTs >0, H HAQ0 MO3TOMY [AOKA3aTh, YTO NPH P UYETHOMH,
He MeHknieMb 8, baas 4acrte Bb ng 6yners < 1. MMonowwet p =24,
Haljemp Ha OcHoBaHiM ¢opMyaw (2), uto wbraa yacTe B; .. nasbkpro
MeHblle, YBMB

1,1 1
Butgvat o tapg

3 < By, 4+ logdnd 1),

Takb Kakbk {§ 183) M, —logwn < I/ | —logn—1}<-.- < H;—logl=1.

Mexay ThMb, mnpunomuuas dopmyay Crupannra, umbems (§ 365, a)

-4
(4 #)! 1 1 . 2n :
=B =g (g )4V ()

CaboosatensHo, uwbnas vacte Bn 3y, MeHbue, uhMe

- gt
log@dn+1)—4a) e(f :
e
u TeopeMa Jlummuuna OyaeTs NOKA3AHA, €caM  yJactci HAHTH Takoe
anauenie #, mpH KoTOpoMb nocibanee soipawmetnie < 0, NOTOMy uTO
TOrAa AN BCAKOTO #, GOAbWATO HalIoeHuaro, oHo Takwe Bypets < 0.
Hns aro#t whan poctatodHo onpenbHTh # TaKb, 4TOOB OMHOBPEMEHHO
ObIl10

2n > e, logdnt+ 1l <4a)e

W TOTYACH BHIHO, YTO 3TH HEPABEHCTRA BBINOAHAWTCA NPH # =15,

1y 061 3THXDL UhIBIXD YACTAXD TPaKTYercs BE ABKOTOPLIXD H3cabmoBa-
uigxp Ipmura (Hermite) 8» ,Crelle’s Journal* (1876, erp. 93).



§ 812 nOCABAOBATENBHLIN NPOHSEOAHBIN ®YHKHIH OTB OYHKIIM. 473

NocnbaoBaTenbHbIA NPOU3BOAHLEIA (YHKLiK
oTbh PYyHKIN,

812, TlonoxuMb, 4T0 NOCAEA0BATENEHHSA NIPOHIBOAHEIA HBEKOTOPO
dyukuin ¢ usebcrn, B cocraguv cymmy (§ 467)

i utr)
—_
{th [ b !
1
. u .
Takt xak®s npouasonuas GyuxuiH &, = — pasHa & = (r+ e,
TO IIPOM3BOAHAN WIEHA &, &, ... &, (¢ T 7+ +# = p) BB Cyumhb
U, i Gyrerv paeHa
s
(1) 2 (et D o6 6 byq " eyt
1

Yrofe OAHHL H3Db 3THXD YIEHOBD COBOAMDL b JAHHBMD 'WIEHOMD
(2) P, boy fp w - &g, 1 — byt o =p+ 1)

7
cymmbpr {1y, TONKHO GuITh

FLm O o Ty g = 0 Ty = 0 = b P = 0 e 1=

u, crknomrarensno, g, 1. Eeaw 3ro raks, To wiews (2) sorphrures
¢, pass BB (1). Wraws, ewiueHassaHHbifi wieHn sakiodaercs vv L,
CTOJILKO Pa3h, CKOMTEKO €AMMHIL BE cyMMb Thib @, KOTOpble Gonblue 1,
T. €. (p+1—m) pass, rok m ecTh ynca0 TEXD @, KOTOpHE paBib 1.
Pa3cMoTpUMD Tenepb uliedsl

L (."1'71 (rp—ret+rg+ -+ =2

cymmel L7, ; 1, H yMHOMMMD KX/ H3B HWXD HA £,, nomblad 3TOTDH
HOBBLIA MHOMHMTENE NOCHBAOBATEABHO HA Kakaoe H3h 7 MBCTh, KOTODHWA
OHbh MOMETDH 3aHHMATb

R A B T &

TakuMb 06pasoMs MEl TIOCTPOHMB CXEMY, B KOTOPOH uleHb (2) GyneTs
SAKMOYATBCA #2 Pash, Bb TO BPEMA, KaKDb YMCAO BChXb YIEHOBH CXEMH,
0ueBnANO, GydeTs pasHo /&, (/, , 1. Cikaosarenswo, wnens (2) Gyiern
saknoyathen {p+1—m)+ m=p -1 paze wp {7, ;45 {1,
H noromy Gynemb uMbTh

(3) Lo =@t N Uypy =it U ;.
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9ta QopMysd BupPAMAETH OCHOBHOE CBOHCTED anropweMa /., Oua
OyleTs CNparesiMBa ©Oe3®s OTpaHHdeHil, eCin  YCIOBAMCH TIONATATG
{/, =0, korna £>p nm i<1.

813, Tenepe Mu Hmkemb BOSMOXKHOCTL HAfiTH OOuee Bupamedie
p-off npoussosno# dynxuln f(x) = ¢ (y(x)), ecan nocabnoparentHuA
NpousBOAHLi QyHKUiM @ H P uapbereb. g HPOCTOTHL HONOKHME
v = f(x), @t =y (x), TaKD 4TO ¥ = ¢ (#), U AOKAMKEMD, UTO

4 },( )

‘(u) ., "(a) . g (1}
p!:!pl!)bﬂsl**z')‘[ b

gt oaT Upatroo

Basse npoussosHyl 10 &, NOAB3YACh Npu sToMB  dopmynow (3},
YBHAHMB, YTO [O/yuenHOe BHpamenie O6yIeTh OTAWYATbLR OTb (4}
Tonbko 3ambuow p Ha p 4 1. a Takv Kaks dopmysa (4), ouesuiHO,
cnpapennnea npH p = 1, To oHa crparenTpea W BooGuIE.

814, Npraoxerin. a) MMpodsBoRHAR NOPAIKA p OTh ¥ = (¢} MOMETE
GLITh BLIPAMEHA ChL NOMOILLEE aaropHema (§ BO7, a)

3 i
r & ’ 1 udiop
U= § = ¢

= #! Ly #!

Dopmyaa {4) aaere

- i _ ) o 0 Y e o ) ae i
] v 1 ¢ 40 l_ge/f() Py 3¢ A8 0P 4
b) Monaran, BH 4ACTHOCTH,

Y 1 hit _
i (%) = + —=;, TAKB YTO iffn(f 1:5) sin (."71)%

noryunMs, kakb Havberdo (§ 3540, p=e™*. popmyna {5) nacTn Totaa npu ¥ =0
caboyomee BolpameHic Didaepona uncha E‘“ yepeab pasgoctd orn 0%

Eps= = 2 QA0F — 2,807 £ 400
A0 A0 07

j-« (21007 — 20107 &+ j208) 4. ..

¢) Npu ¢lx) = 1 dopmyaa (1) gacts
i=p
T{( 1);”1,:-&-1 U,,_ Jb.

P 3—1 ’

ITonaraa nocataosaTeanno

_I P _i CRE
u_;(l—e Y, #—=—0 (e

2



§ 814 nocabIOBATEIBHLIN TPOH3BOAHBIA GVHKIUH OTH CYHKLIH. 475

H noyaras Bb nocabgued dopmynrk x =0, nolyuyuMt cabAywLiz  BeipaweRis
DepuyanieBbxs ¥ JHACPOBMXD YHCEND:

e }_P[ 3 l ,E?:‘_’_ - *%[ G 1_}
p' = Y b(,, Sy [ em =2 Y e
d) Iloaaras, HakoHEUS,
y=U+an)(l+32) (1 4+ya)-- ="
0003HAYHMT: uepe3b §, W ¢, CYMMbl 7-bIXb CTEfleHeHd umcerh o, 4, 7, ... H

npouzeederit uxt no ». Tlpe x =0, usbhemn, oueBumHoO,

A w s,
Ty — =

»! ¥l v

Ecau a1 qopuyad (4) noaownmb mocabioBaTensro @ (x) = €%, ¢ (x) = log x.
H & =0, To cHoBa HaBzemb dopMmyiam Bapusra (§ 467)



3AMBUEHHBIA OMNEUATKMN.

Cipan.  Cmpowa Haneramano Hymno wnmamea
21 3 cB. e ae™
65 2 cn. Mponymeno uvA arTopa craten: Kaelinb
- a G d
71 9 cH. d_‘f_ E
229 16 cm. 706 706
a2 : E
» 10 cH. W 2} (-R) v:a '8 (R)
238 9 em. k;. h.;, e By (11-1, By, ooos I

Bt nepeoit wactH Kkruru 3ambuenbl ewe cbayiouia

ONEHaTKH,
427 4 cs. 253 353
" 9 cs: NOJA0KHED H=2p HONOHHBD 11 =2p, ¥ =0

" 13 ¢n. 363 362



[lpeameTHbIY yRasatens,

(Hucoa o00o3pauamwTs <TpaMMi Kiuru).

Aptumoaspa. 133

ACHMTTOTHYECKIS AHHIH Ha no-
Bepxnocty, 184 (Bo wacTHoCTH, HA NOR.
epaienin. 229). Tcopema Beantpamu
OTHOCHTEJILHO KPHBBIHK ACHMIT. JHHIH,
204, 226. Tcopema IHHenepa  OTHOCH-
TCALHO KpyueHia acumnr, aamift, 225,

ACHMNITOTE MAOCKOH KPHBORM.
Ac. anrebpanueckolt kpeBoi. Y8.

Actponaa. 81, 131. Actpouna, xaxh
runounxaonia. 91.

BesxoHeuno maaas seaduuna. 3.
Mpenknt oTROwEHiA ABYXB Ge3KONEYHO
MARLIXD, 7,

GepHyanu. Jubdepenuiansuoc ypae-
Henie Bepuyaau. 415

Bepauynaiesm umucaa.
Iltaynra v Kaaysena. 470.

Geprpanosst kpuemist. 175,

GuunoMmiannuue  guddepenuians.
338,

bunopMaldp Kb EpHBOH
KpHBH3HH. 140.

Bestepmtpaccona bywkuia (me-
npep. gyuxnia Geaw nponzsoxnol). 459,
Bupiaun. Kpusas Busianu. 373.

BHHTOBas AvHiN, WanHApUYECKan,

33.

Teopema

NBOHKOH

170. OrHoweHie KPHBHIHLI TOCTOAHHO,

171, Kpyrosas BHHTOBas #AuHia. 168
(6% kpusHanw mocroahHel. 170. Konu-
YECKaA M IHIHHAPO-KOHHYECKAS BHHTO-
gas JauHig. 171.

"amma (dyHxuisa), DTopmyna Jle-
wanapa aaas I (x+4). 360. Qopmyna
PaaGe. 263. Topuyisl LIA BEHUHCHEHIA

T (x). 365. TaGnuubr ana log I'(x). 359. |

[efHKOHAD, pAa3BepTHBAOLIHC.
170. Tex. cb HANPABIAOWIEH MIOCKOCTHE..
170. OHb HBASCTCH COMHCTB, MHHHMANh-
HOH aHHEHUATOH NOBERXHOCTLIO. 210,

[eonesnyeckas KDHBW3IHA KpH-
BO# Ha noBepxHocTH. 200. [ena. kpu-
BU3HA OOpANMIACTCA BB HYAh HA I'COUEINY.

_ anmiaxns. 206,

Feoge3nveckin NHHIN HA NOREpX-
Hocte. 184. Popmynst Be#dnraprena, 229.
lcones. nuuin ma Komyck. 173, leoaea.
JnHiM HA no. mpaledia. 230,

Teoneanueckoe KpyueHnie Epu-
BOH Ha nomepxmoctd. 221. Teod. xpy—
yenie ofpallaeTcd BE HYAR BLOJIB JINRIA
KPHBH3HLL 222,

Fuucpbonwueckina TOUKH noBepx-
Hoctd. 182

TuneprcoMerpuueckitt panh.
446. NMuddicp. ypasnenie [aycca. 446.

nanHble pamiychl XKPHBH3HB
non. Bb Kakof#t anbo rouxh es, 207.
[Fnanmas wHopMaabs Kh kpuboil

ABOAKOH KpHBH2HH. 140.

Fopnopaa (cTpuKuionHas) JuHiA An-
HeHuarott nos. 185

JOuosino# wputerpann 293, 3060.
Beenenie HOBMLXB nmepembHrbXb. 306

JArOofHMR xacaTedbHblA DIOCKON
KpHBOH, 116.

JABodHB A TOYKH MADCKON KPHBOL..
109,

Arypors. 115
HekaptoBs aucts. 100, 112,
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Odvgdeperuiand Pyukuin oTh 0a-
Hott nepembunoi. 9. [eoM. sHauenie ang-
$epenuiana. 10. s-bifl nauddepentiars.
11. Hawbnenic Hesasucumoll nepembr-
Ho#. 156. YactHuA nuddepenniars dyni-

uin OTh MHOTHXD nepeMBHHLIX®.  21.
Noanoitt nuddepentians. 22. FEro reo-
MmeTpHdcckoe sHademie. 24. llocabuosa-

TenbHOe jMppepenunporanie. 24,

Duddepenuiagspnoe ypasneHnic
{0BLIKHOBEHHOC H BB HACTHLIXE [TPOH3-
BoAHKXE). 410. OObikH. and. ypasdenis,
KOTOpLIA MOWHO NPOMHTErpUpoBath. 414,
Jlnnedueia aud. ypasrenin. 435 (cw mocT.
kospduuientamu. 440). O6niku. coBO-
KymHua aad. ypasuemin. 449. [ud.
YpanEEHIA Cb NOAHLIME AHddepeHbia-
JamH. 447. JTaHelinEIA ypaBHEHIN 0D 4acT-
HBIXD NOH3IBOAHEIXD. 451

Judpdepeduiasbabie NaAPAMETPH.
0.

Ayra. Duddepeunians ayrd niockol
kpusoit. 52, Jup. nyrs xpusoi AnoAkod
kpusuaEel. 139, [Jawwa ayre KpHeOH.
368.

HUsmtneHie UPOH3IBOJLHB XD NIO-
CTORHHBI XD (METOAA HHTETP. THHEHHLIX D
aud. ypasHEHIH), 4d7.

HM3onupoBaHHKE TOUKM KPHBOH,
109.

Huxukarprca (ykazateanduna) Jio-
nena. 183,

Waterpant (weompenbneHusllf U
onpenkrennuit). 237, [ipyroe onpeak-
aenie. 241. Ycaomin HHTErpPHPYEMOLTH.
246. Kpurcpiymn Pramada, 256. [Jpofinott
uuterpans. 293, 300.

Hurerpasn o6MkH. An@. ypas-
HeRil; obuiift unt. 411; wacrH. uAT. 411.
ocofennsif waT. 412.

Hrarerpupopanie dynkuin nyrems

noacTaHosky. 266. Hdrerp. no wacTAM®. -
277. HMIAT. uyTteMb pasioMeHis BT PHIb. |

287. Kparnoe wunrerp. 292. Mnr. pauio-
HAMBHBIXE EHbdeperuiatons, 323, uppa-
WiOHAABHBIEE, 330, OnHOMI&AALHLIXE, 338,
TPACUEHZEHTHNXE 343, MOABLIXDL AnQde-
penuianoss, 321.

HeuucaeHie KOH@UHBX'E PA3HO-
creft, 462.

Karans (moBepxHoCTR). 196.

Kapmionga. 66. K., kakp snHnm-
kaouna, 90, kakn kaycruka kpyra, 138.
I[loctpockie ueHTPoOB® KpreH3HEL 80.

NIPEAMETHBIN YKASATE/b.

Kacanie n-ro nopaika mMewpgy muo-
ckamy KpuepiMH. 120, Kacawie memay
t{IOBEPXHOCTAMH H KpHBoIMN. 160.

Kararensnas kb niockod KpUBDE-
56. Kac. kb anrebpanyecko#t Kpumoit. 57.
Kac. kb Hennock. kpusoil. 138. Kparuatmec
PascT. MCHKAY ABYMST GE3KOHCYHO Gana-
KUMH Kacar. (teopema Bouse). 156.

Kacatcanublg RO3BpaTa Kb INI0-
ckofl kpusoft. 116.

Kacareabnwms H3ruba Kb NIOCKOH
kpunoi. 116.

KacarteabHeld ®H KacaTcabHAA
NA0CKOGTb Kb NMOBCPXHOCTH. 178.

Karenwonnn, 174. Kar. — emuncTs.
MUHHMAMEHAA 1108, BpameHin. 210. Ero
acHmuToTHYECKiA JHHIH. 231.

KayctHrxa nnockolt kpusofi oTHo-
CHTenkHO TOYKH. 135.

Ksanpatpuca. 65.

Knaccsd aare6papu. xpusofl. 116.

Kaepo. Jud. ypasrenic Kaepo. 415.

Krorouaa. 395

Kouuuecxoe chyeHie. Pasauynes
NOCTPOEHiA UEHTPHBDL XKpuBH3HH., 33 o
caba.

Kouxonam niocko# xpueoil. 66.

Kocwa kpyru. 168,

Koxneounna. 64.

KpaTHBA TOYKH IIOCKOH KPUBORH.
108. Chazb cb dopmoii Tecce BB cayuah
anrefpanucckoft Kpuno#. 111,

KpuBrana naockoft Kpueo#, pa-
MiyCh KPMBH3HBI, UEHTPEL KPWBH3HLI. 72.
dopmyasl 441 pajiyca KpHBu3Hsl. 76.

Kpueu3na (nepBas) HCIMOCKOH
KpHBOH, pagiych kpuBusHu, 148. T'eom.
anadexie 3HaKa KPUBKU3KHEL 153, [TpsMnts —
€[HHCTE. KPHBBIA, ¥ KOT. KPHBH3HA BCEraa
paBua uymw, 143. Bropasg KpuBH3Ha
HennocKo# KpuBOK (cm. kpyuedie).

KpHBH3HA KPHBLIXD HA NOBCPX-
noctr. 202. Teopema Menbe. 203. Teo-
pema Jifisepa OTHOCHTEALHO KPHBUIND
HOpMaabahixb chaeunid. 206.

KpnBH3HA MNOBEDPXHOCTH, CPLI-
mas, 209, noamas (Fayccosa), 211. He-
NaMEHAEMOCTs NOMHOH KPHBU3HL [pPH
crubantp, 212. TloBepxdocTH cb MOCTO-
fAHHOH EpCAHEH KPHBM3HONA, MHHHMATb-
unig nok. 210. [loB. ¢k nOCT. noAHoH
ansusubﬁ. 212.



UPEAMETHBIA YKASATEMND,

Kpuebrs, naockia 52, nsoskolt xpu-
8H3HH, 138,

Kpyuchie, pagiycdh kpyuenis Kpa-
soit. 148, 150. [liockifn EpHBLIA ABAA-
JOTCA €IHHCTB., ¥ KOT. KpyueHie Beeraa
paBro Hymo. 151, 'eoM. 3Hauemie 3Haka
Kpyuenin, 154.

JIHHCHYATHIA NOBCPXHOCTH (KO-
Chift M passepTaisaloisica). 185. Ycaoble,
XAPAKTEPHIYIOILEE PAIREPTLIBANILY HOCH
non. 186. Hopmaan wn Kocoil nexefua-
ToR OB, BLOAL  ofpasymomedt. 190,
Onperkaenie acHMITOTHY, AHHIM Ha Kocoh

JuleHy. MOB. 3aBHCHTB OTb YPaBHEHiR
Puxkartn, 431
Jludiv kpdBH3HB HA noB. (84

217, $opuyms Pompura, 218, Teopema o
AAHIAXD KPHBH3HEL, KOTODHA SBAAKITCH
[IOCKHMH HAM cdepHy. KPHBRIMH. 219

JlorapueMnueckad kpupas, 60.

LleHTpBl KpHBU3HEL 78,
Jdorounkavra. 101

MHHUMAIBHEA MOBepXHOCTH. 210,
Munum. nos. Illepra. 433. Cum. Tarxe
FeAHKONI'L Ch HANP. MIOCKOCTRID H
KATEHOH 'k,

MowoTtounma dyuxnin, Mxu un-
TerpupyemocTs. 231

Henrwan dymrnis, 37 u cabu

Hopmane kn naockol kpuroil, 56.
Hopm- k% noBepxnocTH, 178,

HopMaausasa naocxocTs Kb Kpi-
BOM MBOAKOH KPHBU3HLL. 140

Hopmaannas KpHBH3HA KpHBOH
Ha moBepxHocTH. 206, Ona ofpauaercst
BB HY/b 1Ia ACHMITOTHYECKHX'b AHHISIXD.
206,

O6vemtl That mpameHia, 386. O6nb-
eMbl MPOH3BOABHBXD ThaB. 397.

Oru6awman ceMeltTBA KpPHBBIXD.
126. Ornbanwas »! nopepxHocrett, 192,
=¢ mopepxHocTef, 194,

Onpcanan¥  OKOAO  MOBEpPXIINCTH
KOHYCDH H UHIHHLE. 180.

QcoBeHHOCTH MOCKAXD KPHBLIXD
Bb KOODIHMHATAXD Toukd, 103 n cobm.
Bb TAHIeHUIANbHBNXD KOOP/AHHATAXD, 116,

Oco6eHHBA TOYKH N
moBepxHocTR. 180,

TMapabonnyeckin TOYKH DOBEpX-
uocta, 182,

JTHHIH Ha
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[Tepeconmpuxacanic {cm.
KacaHie)

[lromann NIOCKHAD KPHRLIXEL. 374,

Ilnloke epoBw dopMyauw {oTHOCH-
IiACA Kb OCOBEHHOCTAMB ANT, KPHBLIX D),
116.

[Mosepxuocrn. 178 u caba. Ilos,
2-ro MOPAAKA, HXh [IOJHAS KpHER3HA, 212,

NopepxuocTa Thon BpaweHia, 386
[1oBepXHOCTH OPOHIROALHLIXH Thas. 397.

MNonkacareasHas nmIockod KpHRoH.
38. TlonsipHasn noakacaTefxbHasw. 5Y.

MoxropMaae maocko#t xpupod. 58.
llpaapHas momnopMank. 8.

Monspa. 70, Tlocrpoemie uearpa
¥pueHinn. 85.

TlonspHas NOBEPXHOCTE KPHBOH
AROHKOA KPMAKZHLL 193 DBOMOTH KpH-
BOH CJYIKATH Fe0ies. JIMHISMH HA NOJADH.
noe. 200. Pefpo posspaTa ecTn odulec
MECTO LEHTPOED COMPHKAC, MAPOBE. 20].

Mopanok®s anredp. kpusoit. 116.
Tponssoanas. [lponse. @yHkuiu

COtHH-

(¥, ¥, 5) Wh gaHHOMB HAnpasaedid. 29.

[TpOH3BO/HLIA  BHICUIHX D
diynkuin o1d Qyrxuin. 473.

Mecesmocdepa. 212, AcuMnToTHYE-
cxig AMHIM, 232.

PaspeprwBaoWisca noBepx-
HOocTw. 185, 212. Mxb aubdepenuians-
Hoe ypanuerie. 194, [naBHBIST KPHBH3HBI,
213.

Putokyps Kpueusa PuGokypa. 86,
92.

NOPANKDB D

Purkrkartu. Jugp. ypapuenie Puxxaru.
416,

Ponw anrefipaun. kpuno#i. 116, Kpu-
BHS HYJIEBOr0 Poaa  (YHUKYDCA/bHBIA).
117,

PyuaertH. 88.

Pagw dynxuis,
rpuponanie. 287,

Cunycw-cnupaiu, 68, 92. Paniyce
KpHBU3HBL. &1.

Conpukacanie Bn cnyuak nnoc-
KHXBb KpMBHXB. 123, Conpukacatomilica
Kpyrb;, OHb BoOGmE nepechKaeTt KpH-
Byilo. 74. Ecam ¢ro paniyen moeTHraers
max. HaH min., To uMbers mbero mepe-
conprgacanie, 125.

Conpukacaouifi Epyr+ &b KpH-
BOMt NBOSKON KPMEHaHBL 163,

[Townentioe unre-
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Conpugacawumisca noeepXxHo-
CTH Kb KPHBOH aBoakoll XKpueuznnl 16(.
Conpngac. maockocts. 140, 161, Craudo-
HapHaf conpukac. maockocts. 161 Kpu-
Ban Boobiuc nNepechkaeTs CONpHY. IJio-
ckocth. 154, Mcraouenin. 159. Conprkac.
wapb. 1586, 162, Kpueas Boobie HE
nepechkaers ero. 163. Flepe-conpukac.
waps. 164, OGmee wMbeTo UCHTPORH
conpHKac. Wwaposs. 166,

Conpuxacawinigacs
nosepxuocte. 181.

Cnupann, apxumenosa. 62, Apxum.
COHPaAb, HAKE MOA3PA IBOAbBEHTH KpY-
ra. 137. PunepSomnyeckan cnupaas. 64
Jlorapresnueckas cnupann. 61

CnpaMiaaomia mA0CKOCTH KpH-
BoH nBoskofl kpuBu3mbl. 140, Mxz oru-
Gapowan, 201,

Ctpukuionnaa (ropiopan})
JAHAeHuATON NoeBepxHoctn. 185,

NpsMblA Kb

SIHHIT

Coepuueckia kpuebid. 165. Mxp !

HeHTPH KPHBH3EBl. 203.

CihepHueckoe Kpyueunie Xpusoi
IBOSKO# KpHBH3HbL. 168,

TeopeMbl O CPEIREM® IRAYeHiM
(nepBas B BTOpasn). X52.

Touku Bo3BpaTa NAOCKOH KPUBOM.
109, 111.

Touxu aaxpyraeHis nosepxHOCTH.
217.

Toukn uHarnGa maocKoR KpHBOH.
103. Cesan cb dopMoii cece BB cnyyab
anreGpand, KpuBbix®. 105.

TpaekTopin cemeHcTBA KPHUBHIXE
HA NAockocTH, 427.

Tpaktpuca. 132
Yront kxpyuenis. 141
¥ront cMemHocTH, 81 Caydab

I10cKof KpHBo#, 71, BB ciyuab HpuBof
/1pOAKON KPHBH3HEL, 141,

YKazaTeabRUIIA
Honerna. 183.

YauTka. 66.

{unaMRaTpuca)

MPEJIMETHLIA

CTean {SIko6ians). 27.

YKAZATEND,

YHUKYPCAaawHEIH KPHBBIA (Hyse-
soro pona). il17.

Ppene. Popmysn Ppene nad Aub-
fepeniianosd GYHIAMEHTAMBHRIXD KO-
CHHYCOBD KDPHBOH 1BOAKOH KPHBH3HBI.
148.

Ppedcan. Materpaas Ppenenn. 395,
PYHKILIOHAABHNH onpeaban-

HeHTpsl TAKCCTH.
I'yabnéna. 392

Hugnonna. 69. [inHa ayrm u KpH-
BH3HA, NaTyp. ypasuenie. 87, B8. 3Iso-
AWTOH UMKNOMALL ABAAETCH TAKKe IUKAO-
una. 132,

Wlinouas aunia 60. lleurpel kpu-
BH3HbI, HaTyp. ypaeHeHie. 86.

IlfnEas axkmig paeHaro colpo-
THB/Een{q, 61. LleHTpPE KPHEN3HDI, HATYD.
ypasHenie, 87,

JBoapBenTa kpyra. Haryp. ypas-
Henie. €8.

DBOMIOTA W 3BOJLBEHTH ILIOCKOH

392. Teopema

. kpusoH. 128, Paniyce «puBusHbl 3RO-

JOTR. 130, DJBOAKTH ¥ 3BONLBCHTEl KPH -
BoH aBoskoH wpuewadol. 190.

DHaepoBsl MHTerpaas. 262, 338.

JaannTryeckie wurerpaaet (1.,
2., 3. wupa). 334. Tloauspie paterp. 1. a
2. ouaa. 346. Tlpeodpasosanie Jlannena.
348, KamnblH aaaunTt. wAterp. 1. suma
BLIPAKAETCH Yepeab NBA 3NIANT. RHTETD.
2. Bupa. 349, Teopema ciaowmenia ans
ammdnT. RyTerp. 1. Buaa. 424,

JanuuTHUcCKiA TaGaRub Jlewan-
npa. 349.

FAaguuTAYECKIT TOuYKH
HoctH. 182.

JnM- 1 rHNO-UHKAORABL. 39, Onb
NoZOOHE CBOHMB IBOMKOTAMD, 132.°

SIkoGiant (dyHxuionarsHu#® onpe-
nknureae). 27.

fxotu. Matpucca AxobH CHCTCMbI
dymewit, en 3Havedie BB eonpoch o
He3aBHCHMOCTH dyuKuifl. 45.

nopepx-





